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PROBABLE FATIGUE LIFE
OF

PRESTRESSED CONCRETE BEAMS

PART II: FATIGUE PROPERTIES OF
PRESTRESSING STRAND

by

R. F. Warner
C. L. Hulsbos

SYNOPSIS

This paper is the second part of a four part paper discuss-

ing fatigue life of prestressed concrete beams, Part I(l) discussed
a series of beam tests which resulted in fatigue failures of the pre-

stressing steel,

The fatigue properties of 7/16-inch diameter seven-wire pre-
stressing strand were studied in an experimental investigation involv-
ing static tests, constant cycle fatigue tests, and cumulative damage
tests on approximately 150 specimens. Equations were derived for the

probable fatigue life of strand elements under repeated loading ' of



either constant or-varied -magnitude,

The values of the test variables were chosen -so that the range -
of apﬁlicability of the resulting equations would cover the most im-
portant pfactical situations arising in the study of the fatigue life

of prestressed concrete flexural members.

INTRODUCTION

The fatigue properties of under reinforced prestressed concrete
beams are. governed primarily by the fatigue properties of the reihforcing
steel, Before an extimate can be made of the fatigue life of such a
member, it is therefore necessary to have detailed information on thg
fatigue properties of the tension reinforcement. This paper presents
the resulfs of an.experimentél study of the fatigue properties of "
7/16-inch diémeter seven-wire strand, a type of prestressing steel
used extensively in the United States in the manufacture of pretensioned

prestressed concrete members.

The strand fatigue tests were divided into two groups. The
conétant‘cycle tests comprising the first group were designed to pro-
Vfﬂé an empirical relation bétween minimum and maximum stress level
and pgpbable fatigue life. In the cumulative damage tests comprising
thgfsecond group, the spécimenfras subjécted-to a fatigue loading which-

fluctuated between a constant minimum stress level and either two or

three different maximum stress levels.  These tests provided data on



the fatigue life of strand elements subjected to varied patterns of
repeated loading. Static tests were also conducted to determine the

stress-strain properties and static strength of the strand.

In the description of the strand fatigue tests and in the
analysis of results which follow, maximum and minimum stress levels and
load levels are stated for convenience as percentages of the static

ultimate strength,



NOTATION

standard deviation of log N

number of cycles

mean fatigue life

mean of log N

probability of strand failure at or before N cycles
stress interval; R = Smax - SL

fatigue limit corresponding to Smin

maximum stress levels in a repeated load cycle
minimum stress level in a repeated load cycle

predominant stress level in a cumulative damage test

log N
log N - log N

D

parameters to define the shape of the load blocks for

cumulative damage tests



TEST VARIABLES

The constant cycle fatigue tests were conducted with minimum
strass levels of 40 and 60 percent of the static ultimate strength,
Various maximum stress levels were chosen to give fatigue lives varying
between 50,000 and 5 million cycles for each minimum stress level.
Apart from several tests which yielded fatigue lives outside of this
main region of interest, at least six replications of each test were
made,. Details are given in Table 1 of the different values used for
maximum and minimum stress levels and of the number of test replica-
tions. One test, with minimum and maximum stress levels of 60 and 80
percent, respectively, was replicated 20 times in order to obtain in-
formation not only on mean fatigue life by also on the manner in whiéh

the different values of fatigue life were distributed around the mean.

The cumulative damage tests were conducted in a manner simi-
lar to the beam cumulative damage tests described in Part I(l), by
repeatedly applying a block of load cycles to the specimen until it
failed in fatigue. A.constant minimum stress level of either 40 or

60 percent was maintained in each block of load cycles, while the maxi-
mum stress varied between two or three different values, as shown in’
Fig. 1. The rangé'of variables used in the tests are given in Table 1.

‘The smallest load cycles in any block are also the most frequently occurr-

ing and are referred to as the design or predominant loading. The larger,

less frequently occurring load cycles are regarded as overloadings. 1In

some tests the predominant load was smaller than the fatigue limit in-
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dicated by the constant cycle test data, in others it was higher. The

overloadings, however, were always larger than the fatigue limit.

In one series of tests the main variable was the number of
cycles contained in the load block. Otherwise, the size of- the load
blocks was chosen to be approximately one-tenth of the expected fati-

que life,

The cumulative damage tests were replicated either two or
three times, but in one case ten replications were made to observe the

distribution of the values about the mean.

SPECIMENS

The strand test specimens were taken from a 1500-ft, length of
7/16-inch diameter strand, which was designated Lot II, The strand was
cut into 74 pieces .ﬁM;pproximately 20-ft., long; two specimens were
taken from each length and were numbered consecutively in order of use,
Thus, each specimen has a length number, prefixed by the letter L, and
a test number, prefixed by the letter S; for example, L36-S45, etc. To
minimize the effect of possible variations in material properties along

the 1500-ft. sample, the test lengths were used in random sequence.

The specimens were held with a device which was designed to
minimize stress concentrations and hence prevent premature fatigue fail-~
ure in the gripping region. After a number of different methods had

been tried, a gripping arrangement was finally adopted in which the
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force in the test piece was transmitted partly through a cement-grout
bond- anchorage and partly throughma Strandvise anchorage - -at the end of

the specimen. Details of the grip are shown in Fig. 2.

The specimens were prepared in pairs., A 20-ft. length of
strand was tensioned to 70 percent of the. static -strength in a small
prestressing frame, and the elements of the gripping devices were
assembled around it.  When the force in the strand was released, the
Strandvises at the end of each specimen retained a force in the test
piece of approximately 45 percent of the static strength. - A stiff sand-
cement-water grout, of proportions 1.3 : 1.0 : 0.3, was then packed by
hand around the strand and the transverse tension bolts. The grout was
permitted to cure, and, jugt prior to testiﬁg, the transverse bolts
-were tightened. The spacer block was removed only when load was applied

to the specimen at the beginning of the test.

TEST PROCEDURE

A general view of the strand fatigue testing arrangement is
shown in Fig.. 3. The specimen was tested in a vertical position, with
the lower end pinped to a solid base and the upper end pinned to a hori-
zontal beam, The beam was pinned to a supporting frame at one end.and
rested at the other on a 22-kip capacity Amsler jack. Dynamic load
applied to the jack by an Amsler pulsator induced a dynamic reactive
force in the test specimen.  The loading‘was applied at a rate of

500 cycles per minute.
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In several tests dynamic strain measurements were made with
SR-4 gages attached to the upper and lower surfaces of the. beam:and
to individual wires in the specimen. ‘A comparison of dynamic strains
with strains measured under static loading indicated that inertial
effects were negligible., The test set-up was calibrated so that the
jack loads, indicated on dial gages attached to the pulsator, could be

used as a measure-of the specimen loads.

In the first fatigue tests, which were conducted with 60 per-
cent minimum stress levels, the specimens were positioned halfway bet-
weeb the beam supports. 1In order to improve the accuracy with which
the loads in the specimen were measured, the testing set-up was modi-
fied to allow specimens to be positioned.at the quarter-point closer to
the jack. To maintain uniformity in the test results, however, the
remaining 60 percent minimum stress level tests were. conducted at the
half-point position, while all of the 40 percent minimum stress level

tests were.conducted at the quarter-point.

The static specimens ﬁefe‘tested in a 300-kip capacity
Baldwin Universél testing machine, The gripping arrangement developed
for the fatiguertesté was used_alsé for all static strength tests. In
tests to determine load-strain curves for the material, elongation mea-
surements were made over a 50-inch gage length with Ames.dial.gages. To
compare the average strains measured in the strand with actual steel
strains, several tests were conducted With_étrain gages attached to in-

dividual wires in the test specimen.



TEST RESULTS

Static Tests

.Thé resuits of the static ultimate strength tests on Lot II
strand are‘qontained in Table 2. All specimens failed in fhe open
length of strand. .A mean load-strain relation, obtained from elongation
measurements on a 50-inch gage length, is shown in Fig.\4, where it is
compared with a load-strain curve obtained using SR-4 gages attached to

individual wires. The modulus of elasticity of the strand was found to

be 28.0 x 10° psi as against 30.0 x 106 psi for an individual wire.

Constant Cycle Fatigue Tests

The constant cycle fatigue test results are contained in Table 3,
where values of the minimum and maximum stress levels are given, in per-
centages of static strength, together with the number of load cycles aF
which the first wire in éhe étrand fractured. The results are summarized,
for purposes of analysis, in Table 4. Table 5 contains data from constant
cycle fatigue tests on the strand from Lot I, which was used for the

)

fabrication of the test beams described in Part I

One of the six outside wires was always the first to fail in
fatigue, .Successiﬁe failures éccurred in other outside wires until the
remaining wires were so overstressed that they failed statically. Those
wires which had failed in fatigue could be clearly distinquished by a

typical fracture surface containing a crescent shaped fatigue crack.

The number of load cycles separating the first and second wire
failures was variable. Sometimes the first and second wires failed al-

most simultaneously, with cpmplete strand failure following quickly. On

-9-
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other occasions, usually in tests with smaller load range, the interval
was large. However, considerable elongation always occurred in the speci-

men when the first wire failed.

In the majority of the specimens the failure section was in
the open region between the gripping pieces. Whenever the failure was
within the grips, a careful inspection.was made to determine whether
the strand had rubbed against the steel front end block of the grip. In
one test, L1-S2, this -had occurred because of incorrect grip alignment
during -manufacture and caused a considerable decrease in fatigue life,
This test is marked with an asterisk in Table 3 and is not included in

the analysis of the results,

The fatigue life of specimen L4-S6 was much lower than for
other similar tests. An inspection of the failure section showed that
fatigue had taken.place.in one of the wires in a region where a weld-
ment had been made during manufacture of the strand. This test result,
indicated'by a double asterisk in Table. 3, is also discarded in the

analysis of the results.

Cumulative Damage Tests

Fatigue failure under cumulative damage loading was similar
to constant cycle fatigue failure. However, actual wife fracture.only
took place during the application of overloadings. Even when severél
wires had already failed, further failures did not occur while loadings

were being applied which were smaller than the fatigue limit.,

The results of the cumulative damage tests are contained in

Tables 6 and 7. A small number of the cumulative damage test
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specimens failed prematurely as a result of rubbing of the strand against
the end bloeck of the grip; the test results are given in tables, but are

marked by asterisks and are not used in the analysis of the results,

" ANALYSIS OF CONSTANT CYCLE FATIGUE TESTS

‘Scatter is inherent in the results of all experimental work,
It is present in the quantities being measured because of the -
variability of material properties; it is further introduced by im-
perfect methods of measurement and testing. Often the order of the
scatter is small in comparison with the magnitude of the quantity
being measured, in which case the quantity is adequately represented by
the mean value, Thus, the static ultimate strength of the Lot II strand

can be taken as 28.56 kips, the mean value of the test results in Table- 2.

For other groups of tests, however, the deviations of results
of similar tests from the mean value can be of the same order as the
mean value itself. Such a situation has occurred in the constant cycle
fatigue test data, Eor example in the group F data in Table 4, the
fatigue life observed in twenty replications of the same test variéd
between 235,000 cycles for specimen L64-S37, and 40,000 cycles for
specimen L16-S46, Although a portion of the scatter in fatigue test
results cah always be attributed té expefimental teéhnique, it is now.
generally recognizéd that considerable variability is inherent in the

@)

-phenomenon of fatigue failure
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With scatter of such magnitude in the results of similar tests,
simple  S-N curves and fatigue envelopes are clearly inadequate representa-
tions of fatigue properties. Is is therefore necessary to associate vari-
ability with fatigue failure by treatiné the values.of fatiéue life.ob-
served in.;est replications as a sample taken from an infinite pQPulation
of values which is distributed in some manner about a central or mean
value and which is represented by some distribution function. Thus, we
consider a probability of failure, P, varying between zero and unity,

;nd with each value of P we associate a number, N, such that the prob-
ability is P that failure will occur at a number of cycles equal to or

less than N.

Several investigations have been conducted to obtain informa-
tion on the shape of frequency distributions associated with the pheno-
menon of fatigue failure. Mﬂller-Stock(B) made 200 replications of a
constant cycle fatigue test on steel specimens and obtained a distribu-
tion'of_lives having a pronounced skew with a long right hand tail.

L@

Freudentha obtained similar results and has shown, by a theoretical
argument using several reasonable but approximate physical assumptions,

that the distribution should be approximately logarithmic-normal.

Weibu11(4)vhas suggested that although the log-normal distribu-
tion may fit test data well in the central region around the mean value,
it may not represent_extreme-vaiues very satisfactofily;' In most cases
~ test data are not extensive- enough to provide inférmation on the distribu-
tion at a distance from the mean value, and the logfnormal distribution

)

has been used in a number of recent investigations
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The log-normal distribution has the probability density function

p)?
£(X) . v (2.1)
= _— e .
oar

and cumulative distribution function

X 2

' 2
P = FX) = S T— e dx (2.2)
where X = log N, _ -0
an{/hanulO’are the mean and standard deviation of the population of
log N values; The functions f(X) and F(X) are completely determined

‘when values for/“ and U" have been obtained.

In order to iﬁvestigate the suitability of the log-normal
distribution to the constant cycle fatigue test results of this in-
vestigation a:X? goodness-of-fit test was conducted on the 20 replica-
tions of the group F data.* The details of the?k2 test are. contained
in Table 8, . A:X? value of 1,2 was obtained which was well within the
.05 significance level. A second )@ test was conducted using all of
the fest data contained in Table.3. The data for different load cyéles

were grouped together by making a change of variable from log N to Z,

log N - log N.
D

where Z= (2.3)

* For a description of the'}? test, see p. 85, Ref. 6.
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and TSé_ﬁ.and D are the mean and standard deviation of the set of data
being grouped, This change of variable reduces each set of data to one
with a mean of zero and standard deviation of unity. A plot of the
grouped constant cycle fatigue test data is compared with the log-nofmalf
distribufion in Fig. 5. The details of the'?? test for the grouped datad
are contained in Table 9,. Thej(z value of 10.70 is again well within

the‘0.05 significance level value.

The assumption of a log-normal distribution is apparently in
reasonable agreement with the test data and will be. made-throughout this

investigation.

In Fig. 6 fatigue life N has been plotted on logarithmic
scale against maximum stresé level for thelconstént cycle fatigue~dgta."
-‘Although the tests were not designed primarily to indicate~valu;s of
the fatigue limit, SL’ approximate-values of 71 and 55 percent have been
obtained for the 6Q and 40 percent minimum stress 1evels{'respective1y{

by extrapolation,

In Fig. 7 the two sets of data have been plotted together:c

using variables R = (Smax - SL) and log N. - A mean line has been fitted

to this data by using a relation of the form

Cl S
log N = R f ‘@é + C3R

The method of least squares was used to obtain the following‘
three simultaneous equations for the. evaluation of the open parameters

Cl’ C2, anq C3;
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n n n
1 1 _ log Ni
¢, R + C, E R, + nCy = __Rl
i=1 i=1 i=1
n n n
1 E -
Cl R + nC2 + C3 R1 = log Nl
i
i=1 i=1 i=1
n ' n n
E E 2 _ N\
n.Cl + C2 Rl + 93 Ri’ = /// log Nl R o
i=1 i=1 i=1
Solution of these equations yields the relation
Tg ¥ = =232 4 55010 - 0.0486 R (2.4)
where R = § - 8.
max L

Assuming a linear variation of SL between the 40 and 60 percent minimum
stress level values of 55 and 71 percent, the following equation is

obtained for the fatigue limit;

S. = 0.8S. + 23 | (2.5)

Equations 2.4 and 2.5 provide values for the mean fatiguellife corres-
ponding to any stress‘amplitﬁde in ;hé‘region under consideration. It is
of course possible,'and in some situations may be more convenient, to.
obtain the mean S-N curve corresponding to any minimum stress level bet-

ween 40 and 60 percent directly from Fig. 6 by linear interpolation.
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Since values of both the mean and standard deviation are re-
quired to specify completely the log-normal . frequency distribution, it
is now necessary to obtain appropriate values for standard deviation

corresponding to each stress amplitpde.

The best unbiased estimate of the standard deviation of the

population ‘is given by

n
_ 1 ;E ‘ L —2
D = | =1 (log N - log N)
i=1 ‘

where n is the number of replications and log N is the mean value for

the sample. Values of D for the seven sets of test data are plotted
against R in Fig; 8. Considerable variation occurs among thé points.,

A change in the position of the test specimens in the 1oading‘rig from
center to quarter-point reduced the scatter of the 40 percent minimum
stress 1evei test results quite. considerably; the larger values corres-
ponding to the center-point load position are probably due in’part to
larger experimental errors associated with that set-up. However, a
fairly consisfent trend is followed and both the quarter-point and

center-point set-up data yield reasonably linear variations of D with R.

The use of anything‘but the simplest relation is unwarranted
by the test data available, and for the purposes of this investigation,
a straight line variatiOn'isvassumed and fitted to the seven points.

A least squares fit yields for the standard deviation,.

(2.6)

D = 0.2196 - 0.0103R:]
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The S-N-P (maximum stress - number of cycles - probability of

-

failure) relation is thus given by the equations

(¥ )2
G T

P = ‘ = — d ‘ .
F (X) T e X | (2.2)
X = log N; =o°
M=Tg N - -1%3 + 5.5212 - 0.0486R (2.4)

P
]

'S - (0.8 5 ., + 23)
max _ min

g =D = 0.2196 - 0.0103R (2.6)

Values of P corresponding to values of X in Eq. 2.2, and

(6)

vice.versa, can of course be obtained most easily from standard tables .

It should be noted that the above equations have been derived

for the following ranges of variables;

40 & 8 < 60

min —

0< R € 15

ANALYSIS OF CUMULATIVE DAMAGE TESTS

A general, quantitative theory of fatigue failure must ob-
viously be based on assumptions which describe, at least approximately,
the fundamental physical and metallurgical changes which take place in

a material subjected to fatigue loading., However, investigators are
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nét yet in -agreement on the -essential nature . of the fatigue failure mech-
anism, nor on general principles which yield-quantitativewdata_on fatigue
life., Extensive metallurgical studies will be necessary before satis-
factory progress can -be-made towards this goal. Quantitative informa-.
tion on the fatigue properties of materials must therefore come at pre-
sent from engineering studies which are phenomenological and experimental

in nature, -and hence restricted in application.

Mean Fatigue Life Under Varied Repéated_Loadings

One of the simplest and most widely known procedures for pre-

" dicting mean fatigue-life under varied repeated loadings was suggested

o)) @)

by Palmgren and later by Miner . In this approach the éycle ratio,

o is defined for % stress amplitqde Si as
o= /N
where n, is the number of cycles of Si loading which have been applied

to the specimen, and ﬁ; is the mean fatigue life corresponding to Si'

It is assumed that fatigue-damage accumulates in the specimen in direct

" proportion to the sum of the cycle ratios., Damage is complete and fail-

ure 'takes place when the summation is equal to unity, i.e., for q

different stress amplitudes, when

q q | |
EE' T, = ;E ni/ﬁi _il . (2.7)
i=1 o §1: ‘ ' '

Two series of tests conducted by Miner on aluminum alloy specimens yielded

mean summation values of 1.05 and 0.98, with extreme values of 1.49 and
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0.61, However, tests conducted by other investigators(g)lhave in some

cases yielded results differing considerably from unity,

In Tables 6 and 7 a comparison is made between the fatigue
lives observed in the tests and values predicted by Eq. 2.7. The values
of :E:n/ﬁ'observed in the tests were quite close to unity, indicating
reasonable agreement between experimental and predicted v;lues. The
mean of the j{:n/ﬁ'values for all tests is 0.97, with extreme values of
0.48 and 1.65 and a standard deviation of 0,224. This value for the
standard deviation is quite comparable. to the values given in Table 5
for the standafd deviation of the quantity N/N obtained in the constant

cycle tests, Since

n/Nexperimentai;= Ne/EL

where.Ne is the observed fatigue life and NL_is.the value predicted by
thé linear summation theory, and variabilities of the cumulative damage
tests and constant cycle tests, as measured by the standard deviations,
are.of a similar order. It therefore appears reasonable to attribute
the observed écattef in §E;n/ﬁ.to inherent variability in the test

data rather than to inapplicability of the theory.

It has been suggested in some recent cumulative damage

10,11 . . .
( »11) that there may exist an "interaction'" effect between

studies
the'fatigue damage caused by repeated load cycles of different mag-
nitﬁde. Accordingly, intérmittent high-stress cycles can accelerate
the fatigue damage‘caused by low-stress cycles and hence have a far

more severe-effect on fatigue life than would be indiéated by Miner's

linear ‘equation, which is based on the assumption that the rate.of
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fatigue damage at one stress level is independent of the application of

other stress levels,

It will be noted that there is no evidence at all in the test
data of the damaging effect.of understresses when mixed with intermittent
overloadings. On the contrary, there is a slight but fairly distinct
tendency for understresses, i.e. streéses lower than the fatigue limit,
to improve fatigue resistance. This may be éeen in the results of testé
3AA, 3AB, 3AC, 3BA, and 3DA which are contained in Table 6, where the
summation values are always a little above unity.- That this improve-
ment is actually due to the presencé of the understresses and is not
simply the beneficial effect of intermittent application of the over-
loads is indicated by tests 4AA and 5AA. These tests, in which the
understresses are of zero amplitude - i.e. correspond to rest periods -
gave summation values slightly less than unity.. The evidence is of
course insufficient to establish a definite trend of ‘improved fatigue
life with the presence of understresses, however, it does seem reason-
able to assume in the following that understresses will not contribute

to fatigue damage.

Although no interaction effect can be observed between high
and low stress levels, tests 5CA and 6BA, in which the stress blocks
contain three different overstresses, yield summation values considerably
less than unity and might indicate an interaction effect. However, the
two other tests with three overstresses, 5BA and 6AA, both have summation

values greater than unity. No definite trend is therefore indicated.
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In view of the very reasonable agreement between test results
and values predicted by the linear theory. Eq. 2.7 will be used in this
investigation for the prediction of mean fatigue life of strand re-

inforcement under varying cycles of repeated loading.

Probable Fatigue Life under Varied Cycles of Repeated Loading

It was seen earlier that fatigue life under constant cycle
loading is distributed log-normally, at least to first approximation,
about the mean value. It seems reasonable to expect a log-normal
distribution to apply approximately also to fatigue lifg under varied
load cycles. 1If the log-normal assumption were made, pfobable fatigue
life would be established by the value of the mean fatigue life, given
by Eq.'2.7, together with a value which would have to be estimated for
the standard deviation. However, iﬁstead of assuming a log-normal
distribution and proceeding to study possible methods of estimating the
standard deviation, a direct -approach is made in the following by
generalizing the linear accumulation theory so that it may be applied

at all probability levels.

Considering a load history which consists of two stress levels,
S1 and SZ’ occurring in the proportions a and (l-a), the mean fatigue

life of a strand is given by the equation

}E:.n/N = 1

or
a N (0.5) (1-a) N (0.5) _
N, (0.5) N, (0.5 ' (2:8)

where N1 (0.5), N2(055), and N(0.5) are the mean fatigue lives corres-

ponding to S and the combined loading respectively.

1’ SZ’



-22-

In general, considering possible conditions where the linear
accumulation theory may not be satisfactory, the cumulative damage theory

for mean fatigue life would provide a relation of the form

$ [v.5), a] =0 (2.9)

where 0 € a S 1. Equation 2.9 describes a relation between N(0.5) and
a, as shown in Fig. 9. However, the fatigue lives corresponding to S1
and S2 actually consist of distribution functions with ranges of N1 and
N2 values corresponding to different probability levels, as shown also in
Fig. 9. Invorder to obtain curves corresponding to probability levels
other than 0.5, it appears reasonable to assume that the form of the N-a

-relation will not alter with the probability level, and that Eq.- 2.9 may

be generalized to

@[N(P), azl =0 (2.10)

to apply to all probability levels, It will be noted thatlélthough the

fatigue lives at S1 and S2 may be log-normally distributed, the distri-

bution obtained from Eq. 2.10 for values of a other than zero and unity

will not, in general, be log-normal.

Equation 2.8 may be rearranged as

N(0.5) {a [NZ(O.S) -Nl(O.S)] + Nl(O.S)}

- Nl(O.S)' : N2(0.5) =0 (2.11)

and generalized according to Eq. 2.10 to
NE) {a [Nz(p)-Nl(P)] N @] - N@ELNE) =0 (2.12)

Equation 2.12 allows the fatigue life to be determined for any
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probability level and any combination of S1 and SZ' In Fig. 10 a dia-

gram has been constructed similar to Fig. 9 using Eq. 2.12 and N values
corresponding to a 60 percent minimum stress level and 80 and 85 percent

values for S1 and»Sz. These load cycles were used in cumulative damage

test 3FA as § and S respectively, the results of which are con-
pred 0ol

tained in Table 6.. The predicted cumulative frequency distribution is

compared with the distribution of the ten test replications in Fig. 10.

This number of test replications is of course too small to
provide justification for the generalization from Eq. 2.9 to Eq. 2.10,
but in view of the complete lack of other test data, the reasonableness
and simplic¢ity of the procedure, and the . 5?;3M‘L corre1ation between

these few tests and the predicted distribution, it will be adopted here.

When q different stress levels are combined with relative fre-

quencies of occurrence a;, Eq. 2.7 may be generalized in the above

manner to yield

or (2.13)

e
Ni (P)

i=1

for any probability level P. Equation 2.13 will be used in this in-

vestigation, together with the constant cycle S-N-P relation, re-
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presented by Eqs. 2.2, 2.4, and 2.6, to predict the probable fatigue life

of strand specimens.

CONCLUDING REMARKS

It has already been noted that quantitative information on
material fatigue properties must at present come from experimental
studies, and therefore that such information is restricted in appli-
cation., It is important to emphasize the limited applicability of
the strand fatigue test data obtained in this investigation. All of
the strand tests were conducted on unrusted 7/16 inch diameter strand
from the one manufacturer. Strand which has been stored for some time
and allowed to rust will have poorer fatigue properties; some differences
in the fatigué properties of strand of different sizes must also be
expected. Considerable‘variation might also be expected between the
products of different manufacturers, and, quite possibly, in_the

product of one manufacturer over a period of time.

More fatigue tesfs are obviously required to investigéte each’
of these effects. Such fatigue tests may well indicate the advisability
of using an equation for mean fatigue life more conservative than Eq.'2.4;
they most certainly will indicate values for standard deviation greater

than those represented by Eq. 2.6.

The experimental study described above was concerned with the

fatigue properties of the strand in the life region between 50,000
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cycles and 5 million cycles. Approximate values for fatigue limit were
adopted, on the basis of an extrapolation of the mean S-N curves, and
were used in the derivation of Eq. 2.4. Some error in the values of
the mean fatigue limit does not however influence significantly the
"fit" of Eq. 2.4 in the finite life region under consideration. A

(5)

different type of test would of course be required to establish

accurate values for the probable fatigue limit of the material.

The results of the cumulative damage tests showed good
corrglation with mean fatigue life predicted by the linear theory pro-
~posed by Palmgren and Miner. A generalized form of the lineaf theory
has been developed to apﬁly to all probability levels, The cumulative
damage tests indicated‘that stress cycles in the loading history which
are smaller than the fatigue limit will not contribute to fatigue fail-
ure in the strand. Thus, beam loadings which cause flexural cracks to
open should not shorten beam fatigue life provided the stresses induced

in the strand reinforcement are smaller than the fatigue limit.

It is emphasized that the cumulative damage tests were con-
ducted in such a manner that the different load levels were distri-
buted more or less evenly throughout the life of the specimen. The
above conclﬁsions therefore may not apply to the more usual laboratory
fatigue test in which all of the loadings of a given magnitude are
appliéd to the specimen consecutively. The testing method used in
this investigation should correspond more closely to conditions per-

taining in an actual structure.
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The following paper in this series treats the problem of deter-
mining the stresses in a cracked prestressed concrete flexural member

-under fatigue loading.
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TABLE 1 - STRAND FATIGUE TEST VARIABLES

(a) Constant Cycle Tests

Stress Levels % Static Ult. No
Group . S . S Replications
min max g
A - 40 70 6
B 40 65 6
C 40 60 6
D 40 57.5 6
E 60 85 6
F 60 80 20
G 60 75 7
(b) Cumulative Damage Tests; Two Maximum Stress Levels
Smin 9 Max. Stress Levels, Size & Shape gf
s /o o, . ‘ .
Test Staticl % Static Ult. Stress Block No.
No° o N . 3
Ult 'Spred S01 X, /%3é;: Replications
4AA 40 40 70 30,000 0.40 2
4BA 40 60 70 30,000 0.40 2
4BB 40 60 70 150,000 0.40 2
4BC 40 60 70 10,000 0.40 2
3AA 60 65 85 30,000 0.25 2
3BA 60 70 85 30,000 0.25 3
3CA 60 75 85 - 22,500 0.25 2
3DA 60 65 85 22,500 0.40 2
3EA 60 75 85 15,000 0.40 2
3FA 60 80 85 15,000 0.25 10
3AB 60 65 85 300,000 0.25 4
-3AC 60 65 85 10,000 0.25 2
(c) Cumulative Damage Tests; Three Maximum Stress Leveis
S Max., Stress Levels, Size & Shape of
min, % % Static Ult. Stress Block®
Test |Static No.
No. [ Ult. Spred S01 SOZ o< /f%;g ;éé?V'Replications
S5AA 60 60 - 80 85 60,000 0.40 0.40 2
5BA 60 75 80 85 30,000 0.40 0.40 3
5CA 60 - 75 80 85 30,000 0.25 0.40 4
6AA 40 60 65 70 20,000 0.40 0.40 2
6BA 40 60 65 70 30,000 0.40 0.25 3
| 6CA 40 50 60 70 30,000 0.40 0.40 2

* for meaning

ofC(,/S y )/, see Fig, 1.




TABLE 2 - STATIC TESTS, LOT II STRAND

Specimen No. Puit ,' 1bs.
L1-s1 28,620
L2-54 28,675
L3-85 | 28,650
L4l - S15 28,450
L57 - 820 28,500
L13 - S51 28,600
L70 - 852 28,520
L70 - S53 28,450

Mean P ;. = 28,560 lb.

- Standard Deviation = 89 1b.



TABLE -3 - CONSTANT CYCLE STRAND TEST RESULTS

Specimen min max N. log N
L1-5S2 60 70 460,200% ----
L2-53 60 80 234,400 5.36996

L4-56 60 80 33,000%% ----

L5-58 60 75 425,500 5.62890

L5-509 60 . 70 3,306,000 6.51930

L9 - 510 60 75 304,800 1 5.48401

L17 - Sll 60 70 5,440,600 ——--

L17 - S12 60 85 103,000 5.01284

L15 - S13 60 80 211,000 5.32428

L15 - S14 60 85 70,000 484510

L4l - S16 60 85 88,300 4.,94463

L50 - S17 60 75 777,000 5.89042

L50 - 518 60 80 160,000 5.20412

L57 - S19 60 80 170,600 5.23198

L38 - S21 60 80 121,000 5.08279

L38 - 522 60 75 863,000 5.93601

L65 - S25 60 80 159,000 5.20140

L65 - S26 60 85 73,000 4.86332

L36 - $28 60 85 88,500 4.94694

L56 - $29 60 75 768,500 5.88564

L56 - $30 60 75 300,600 5.47799



Table'3 - Continued

log N

Specimen oin max N
L18 - S31 60 85 68,600 4,83632
L24 - $33 60 75 1,500,000 6.17609
L24 - S34 60 80 222,000 5.34635
L7 - 835 60 80 95,500 4,98000
L7 - 836 60 80 155,000 5.19033
Lo4 - $37 60 80 235,800 5.,37254
L64 - S38 60 80 271,800 5.43425
L57 - $39 60 80 191, 300 5.28171
L57 - S40 60 80 176,000 5.24551
L22 - S41 60 80 162,400 5,21059
L22 - S42 60 80 208,400 5.31890
L32 - S43 60 80 214,500 5.33143
L32 - S44 60 80 220,600 5.34361
L47 - S45 60 80 147,600 5.16909
L16 - S46 60 80 40,900 4.61172
Ll6 - S47 60 80 164,500 5.21617
L13 - S50 60° 72.5 3,630,200 mamm
L30 - S60 40 70 90,400 4.,95617
L30 - S6l 40 60 287,400 5.45849
L21 - S62 40 65 175,500 5.24428
L21 - S63 40 55 3,282,500&’ ----



Table 3 - Continued

591,000

Specimen Smin Smax N log N
L48 - 565 40 57.5 1,246,000 6.09552
120 - S66 40 57.5 1,159,600 6.06432
L33 - S69 40 70 92,000 4.96379
L55 - S71 40 65 152,600 5.18355
159 - §72 40 57.5 1,082,000 6.03423
L59 - S73 40 60 308,400 5.48911
L6 - S74 40 57;5 561,000 5.74904
L6 - 875 40 60 344,100 5.53668
123 - 876 40 60 274,000 5.43775
L23 - 877 40 70 105,200 5.02202
L69 - S78 40 65 168,000 5.22531
L69 - S79 40 70 100,400 5.00173
L62 - S80 40 65 116,000 15.06446
L1l - S87 40 80 37,800 4.57749
L 8 - 8105 40 75 36,500 4.,56229
L67 slbs 40 75 54,000 4.73239
‘L27 - S118 40 55 5,375,000 cem-
L26 - S122 60 72 652,800 5.81478
sz S124 60 72 1,873,500 6.27266
L29 - $130 40 57.5 5.77159



Table 3 - Continued

*%

Premature failure in grip. Not included in analysis,
Failure at weldment.

Specimen Smin Smax N log N
L29 - S131 40 60 573,000 5.75815
L71 - 5132 40 65 126,000 5.10037
L71 - S133 40 70 71,000 4.85126
'L31 - S134 40 60 359,000 5.55509
L31 - S135 40 70 76,000 4.88081
L37 - S136 40 55 174,000 5.24055
L37 - S137 40 57.5 715,000 5.85431

> No failure

*

Not included in analysis.



TABIE 4 - SUMMARY OF CONSTANT CYCLE STRAND FATIGUE TEST DATA

Stress Levels,

Noo.of

 Fatigue Life

Log Fatigue Lite

% Static Ult. A —
Group : Replica- N D 1 R
S min S ax ;ions' N T “Dy log N Vlogfl(Log N) D
A o 70 | 6 89,200 | 13,400 | 0.1503 L.9keo | 88,300 | 0.0671
B Lo 65 6 - 150,400 | 25,600 0,1705 5.1764 150,100 0.0768
c LO 60 6 357,700 [121,900 | 0,3410 | 5.5392 346,100 0.1162
D Lo 57.5| 6 892,100 | 304,600 | 0.3410 | 5.9282 | 847,500 0.1548
® 60 85 6 81,900 | 13,620 | 0.1663 Ik, 908l 80,980 0.0708
F 60 80 20 1178,100- 53,400. 0.2998 | 5.2233 | 167,200 0.1793
G 60 75 7" 705,630 421,900 | 0.5979 | s5.7827 606, 300 ' 0.2602
N = Mean fatigde life Tog N = Mean of log N
D of N D log N

N

= Standard deviation

= Standard deviation of




TABLE 5 - CONSTANT CYCLE TESTS - LOT I STRAND

l(Stress in Percent of Static Ultimate Stress)

Specimen No. Smin | fmax N log N
BS-9 - 42 . 63 220,000 5.3424
BS-10 40 70 ' 122,000 5.0864
BS-11 40 57.5 926,000 5.9666
BS-13 40 60 169,000 5.2279
‘BS-14 40 56.8 1,119,000 6.0488




TABLE 6 - STRAND CUMULATIVE DAMAGE TESTS
WITH TWO MAXIMUM STRESS LEVELS

%

Failure in grip - not included in analysis

Stress Level, % Ult4 Block Shape
Test Specimen N n/N |N /N
No. No, Smin Spred SOl o< /é%;; © ZE; e L
3AA-1 | 1L43-S48 60 65 85 30,000 | 0.25 357,300 1.08 1.10
3AA-2 | L48-564 60 65 85 30,000 | 0.25 385,700, 1.15 1,20
3AB-1 | L58-S885 60 65 85 300,000 | 0.25 221,000" -- --
3AB-2 | L45-888 60 65 85 300,000 | 0.25 96 ,500% -- -
3AB-3 | L12-S92 60 65 85 300,000 §0.25 540,000 1.11 1.67
3AB-4 | L66-S91 60 65 85 300,000 | 0.25 550,000 1.24 1.70
3AC-1 | L63-S100 60 65 85 10,000 1} 0.25 349,000 1.07 1.08
3AC-2 | L61-5103 60 65 85 10,000 | 0.25 390,000 1.20 1,20
3BA-1 | L41-S55 60 70 85 30,000 | 0.25 148,000% -- --

.|3BA-2 | L68-S58 60 70 85 30,000 | 0.25 324,300 0.95 1.00

3BA-3 | L40-5121 60 70 85 30,000 | 0.25 417,000 1.26 1.29
3CA-1 | L54-S56 60 75 85 22,500 | 0.25 174,400 0.71 0.76
3CA-2 | L68-S59 60 75 85 22,500 | 0.25 266,200 1.12 1.16
3DA-1 | L43-S49 60 65 85 22,500 | 0.40 335,500 1.65 1.67
3DA-2 | L55-S70 60 65 85 22,500 | 0.40 263,500 1.26 1,31
3EA-1 | L54-857 60 75 85 15,000 | 0.40 190,200 1,10 1.13
3EA-2 | L20-S67 60 75 85 15,000 { 0.40 178,200 0.95 1.06
3FA-1 | L44-S54 60 80 85 15,000 | 0.25 155,700 1.17 1.18
3FA-2 | L33-568 60 80 85 15,000 | 0.25 101,300 0.75 0.76
3FA-3 | L52-S113 60 80 85 15,000 | 0.25 110,350 0.83 | 0.86
3FA-4 | L52-S112 60 80 |. 85 15,000 | 0.25 139,450 1.05 1.05
3FA-5 | L34-S111 60 80 85 15,000 | 0.25 134,950 1.02 1.02
3FA-6 L34-8110 60 80 85 15,000 | 0.25 101,250 0.75 0.76
3FA-7 | L35-S117 60 80 85 15,000 | 0.25 158,500 1.19 1.20
3FA-8 | L42-S114 60 80 85 15,000 | 0.25 101,350 0.76 0.76
3FA-9 | L35-S116 60, 80 85 15,000 | 0.25 157,250 1.18 1.19
3FA-10 | L42-S115 60 80 85 15,000 | 0.25 131,250 0.98 0.99
4AA-1 | L11-586 40 40 70 30,000 | 0.4 232,500 0.92 0.96
4AA-2 | L66-590 40 | 40 70 30,000 | 0.4 205,000 0.82 | 0.85
4BA-1 | L14-S82 40 | 60 70 30,000 | 0.4 119,000 0.72 0.72
4BA-2 | L45-589 40 60 70 30,000 | 0.4 143,300 0.84 1 0.87
4BB-1 | L62-S81 40 60 70 150,000 | 0.4 135,800 0.77 0.82
4BB-2 | L58-S84 40 60 70 150,000 | 0.4 245,000 1.25 1.44
4BC-1 | L14-S83 40 60 70 10,000 | 0.4 148,000 0.89 0.90
4BC-2 | L12-893 40 60 70 10,000 | 0.4 135,200 .0.81 0.82

Ne = Observed fatigue life

NL = Fatigue life predicted by Eq. 2.7




TABLE 7 - STRAND CUMULATIVE DAMAGE TESTS
WITH THREE MAXIMUM STRESS LEVELS

Stress Level, % Ult. Block Shape
Test Specimen
No. No. min Spred S01 S02 X

/N Ne/N

N
S
g

5AA-1 | 146-S98 | 60 | 60 801 85 |60,000
5AA-2 1 139-S107) 60 | 60 80| 85 [60,000
5BA-1 [L61-S102| 60 | 75 80| 85 {30,000
5BA-2 |L39-8106| 60 | 75 80| 85 {30,000
5BA-3 |L53-5125) 60 | 75 80| 85 [30,000
5CA-1 | L63-S101| 60 | 75 80| 85 [30,000
5CA-2 |L 8-S104| 60 | 75 80| 85 |30,000
5CA-3 |140-5120| 60 | 75 80| 85 |30,000
5CA-4 | L26-S123| 60 | 75 80| 85 |30,000

295,700 | 0.97 | 1.01
238,600 | 0.80 | 0.81
235,200 | 1,00 | 1.04
250,000, | 1.07 | 1.10
48,100 -- -
172,300 | 0.54 | 0.58
232,500 | 0.74 | 0.78
147,500 | 0.48 | 0.50
82,5007 | -- --

°
°

°

[eNeNaNoNoelNoNolNo o)
L]
NN PRSP

.
°

°
°

°
°

[eNeoNeNeNoNolNo o]
° b
[ T SR R S S

°
3

°
°

6AA-1 | L60-895 | 40 | 60 65| 70 | 20,000
6AA-2 | L19-896 | 40 | 60 65| 70 {20,000
6BA-1 | L60-594 | 40 | 60 651 70 | 30,000
6BA-2 | L19-597 | 40 | 60 65| 70 |30,000
6BA-3 | L27-5119] 40 | 60 65| 70 | 30,000
6CA-1 | L46-S99 | 40 | 50 60| 70 {30,000
6CA-2 | L67-S109| 40 | 50 60{ 70 {30,000

238,000 | 1,23 | 1.24
192,000 | 0.97 | 0.99
149,000 | 0.73 | 0.73
150,000 { 0.73 | 0.73
144,800 | 0.69 | 0.71
328,000 { 0,78 | 0.80
419,000 | 1.0l | 1.02

°

=E=R=R=R=R=R=
°
F N S

OO OO0 OO
Moo N S
w1 U1 i

°
°

=z
[(]
i

Observed fatigue life

Il

Fatigue life predicted by Eq. 2.7

% = TFailure in grip - not included in analysis




‘TABLE 8 - 362 GOODNESS OF FIT TEST*

CONSTANT CYCLE STRAND FATIGUE TESTS - GROUP F

Interval 0 E 0-E (0-E)2
-<z < -0.675 | 3 5 -2 4
-0.675 ¢ z < O 6 5 1 1
0 ¢ z < 40.675 | 6 5 1 1
+0.675 ¢ z < 00 | 5 5 0 0
S |20 | 20 0 6
_ log N.- log N
Z = — .
D
0 = Observed number of test points
within interval of Z values
E = Expected number of test points
within interval of Z values
2§ (0-E)2 |
X = j;—j;———-= % = 1,20

For three (3) degrees of freedom, X,

2 _ .82,
0.05

*The X, 2 test is described on page 85, Ref. 6. »



_ | | L
‘For eight (8) degrees of freedom,_?(

E

= 10,07

0.05

TABLE 9 - X.° GOODNESS OF FIT TEST*
CONSTANT CYCLE STRAND FATIGUE TESTS - GROUPS A THROUGH G
Interval 0 E 0-E (0-E)2
- o < gz < -1.220 6.33 | -2.33 5.46
-1.220 € 7 < -0.766 | 7 6.33 | -0.67 v
-0.766 < z < -0.430 | 5 6.33 | -1.33 1.78
0430 < z < -0.140 | 4 | 6.33 | -2.33 5,44
-0.140 < z < 40.140 | 9 | 6.33 | +2.67 7.12
| 40140 ¢ 2 < 40430 | & 6.33 | -2.33 5.44
40,430 <z < 40.766 | 11 | 6.33 | +4.67 21.70
$0.766 ¢ z < +1.220 | 10 | 6.33 | +3.67 10.34
1‘,2'20 <z < + o0 | 3 6.33 | -3.33 | 10.11.
S| os7 57 | +5.33 67.83
Z.= log N -'TEE*E
- "D |
-0 = Observed number of test points
within interval of 7z values
E = Expected number of test points
- within interval of Z values
X 2. 2(0-E)2 67.83

15.51

*The ‘7@2 test is described on page 85, Ref. 6.




FIG. 1 - LOAD BLOGKS FOR GUMULATIVE DAMAGE
TESTS ON STRANDS
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FIG. 2 —STRAND GRIPPING DEVICE



- STRAND FATIGUE TEST SET-UP
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