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THE EFFECTIVE WIDTH OF A CIRCULAR
CYLIFDRICAL SHELL ADJACENT TO A CIRCUMFERENTIAL
- REINFORCING RIB

Pert 1
Theoretical Studyx

by

Bruno Thﬂrlim?nn 4and Bruce G. Johnston'i

— et wmm e e e Ge e e R TS R e G M G Sk @i e mEm e Spe W MR G e S ame e

INTRODUCTICHN

~ Formulsgs are derﬁved for the effective width of
circular cylindri¢31 shells relnforced by ribs in the cir-
cumferential direction, In cases whgre the shell can be
considered to extend‘t§ infinity the effective width depends'
on two pafameters, J:ET snd :ﬁfln' ngj. The first psra-
meter is s function of the redius "a" end the thickness h
of the shell, the second contalins in addition the factor
n representing the influence of‘the'stress.distribufibn
in cifcﬁmferential direction. | ‘

G-w-t-a-&nSirrplificafi‘ons, the influence of which fqrce!'ﬁ’;'—

shell roof proportions ﬁas investigated snd found to be in-

significent, are introduced in order to present s graph for

the effective width in different ceses,

*Abridgement of a doctoral dissertation by Bruno Thirlimenn
submitted to Lehigh University in 1950. (Reference 12).

+Former Roberts and Schaefer Research Assistant at Fritz
Engineering Leborstory, Lehigh University, Bethlehem, Pa.,
now Resesrch Associate at Brown University.

' tProfessor of Structﬁral Engineering, Civil Engineering:

Dept., University of Michigen, formerly Director, Fritz
Engineering Leboratory, Lehigh Universlty, Bethlehem, Pa.
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For the limzting,%ase where the radius "a" of the shell
increases ‘to infinity the corfespondence to the effective
' .lﬁidtb'qf & T-Beem with s Streiéht axls 1s established.
| ,Theyproblemgof the effectiﬁe width of T-Beams_ﬁith 8
s;faight axis (Fig.1l) was'eXfeﬁsively investigated during
the'pest 30 years (see Ref. (1).t° (5))%, The actuel stress
diéfricution in the flange is rejlaced by an 1maéinary_constant

stressfdistribution over the effective width. Teking insteead

of tﬁe5aCtuél flange e flange of width equel to the effective

width,fthe.ordinery beam.theory_cen be used to calculete the

%

fiberfsiresses and the deflecpion of the rib. The sdvantages
of this procedure are,quitelcbvious. '

The csse of & curved T-Besm weas considered by U. Finst-
epwalder (6), who trested the generel unsymmetricsl case with
certaln simplificstions. E. Bleich (7) 1nvestigated the
bending.of curved knees of T- and H- sections. Th. v. Kerman,
£8)<préséntedra formuls for the effective width of a stiffened

LN |]
'8,

shell which considered the effect of onlv two parsmeters
and "h"gv}'
o o : ‘ The epplication of cylindrical shells stiffened by ribs
o 1n e circumferential direction (Fig.2) has entered many
d;ffereptnfields, including shell arch rocfs, airplane fuee—
lagee}féfessure vessels, sﬁbmarines, hot metal ladles, etc.
The”aﬂelﬁeis of sﬁch structuﬁee is very involved, and there
seeﬁe $c?be,a specific need for establishing the effeétive_ﬁ
w1ath'nftcylindricai shells adjacent*to ribs in order to .

o simplify thelr asnalysls. . _
v : *See iiet‘bf references at end of’ reportv e
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I. Definition of the Effeétive Width:
Conslder a circulsr cylinder of redius "a" and thickness
h, stiffened by a rib and subjected to arbitra;y redial losds
in the plsne of thelrib (Fig.2). The distribution of the
direct forces Nef=6ﬁfh% of the shell in circﬁmferential
direction may be as shown in Fig.2, (N ) x = o being the

N’#h.f/fs/ a7 W
direct forceaa&eng the rib. }The width b of 8 circulsr ring

of equal radius "a" and thickness h under the same loads /s
ehell be determined, under the‘assumption of s donstant‘
stress distfr.{l;‘uet' ;:fl\?gp) N over the width of the ring, so
as to mske the ribd stresses of both structures identicel.

The totsl circumferentiel force "s" produced in the
shell bx'tbe ection of the rib may be found by %aking equil-
ibrium for a cut @= constent: |

:ﬁjo.dx - | (1)

The integral is tesken over the entire length of the
shell. The shell of the ring must resist the same totel \
force, (Fig.2): |
| S = b(Neg )y
Hence the width b of the equlvalent ring is:

bz __S |
(Ng )y=o | | (2)

If the rib end cylinder ere thought of as cut apart, the sction

of the rib upon the cylinder i1s equivelent to that of & string,
stretched around the cylinder, s shown in Fig{ 4, The string
has the pebuliar property of belng sble to act éither in tengion
cr compression. When the string force is c0mpreséion, it is
equivalent to & radial outward_llne losd esround the cvlinder,

thereby causing tangentdesl normasl forces ﬁb thet sre tension,

* See Flg.3 end 1list of notetions st end of report.
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or positive, as shown in Fig. $.

Likewise, the sction of the shell on the rib mey be
thought of as due to = string carrying the same force ss
thet applied to the cylinder, but with opposite sign. When
the'cylinder,and the rib sre jolned together, the string
forces cencel.

If the striné force S is constant, the effect: of the
string i1s the ssme as that of a constant redisl line losd
around the cylinder. In case S varles as s function of(g R
tsngential shesr forces (Ngx' in Fig.3) sct on the shell
in eddition, | ?'

In summary, the effective width b of & cylinder 1is
- found by stretching sround the cylinder a string under g
string.foroe S, calculeting the direct force (N¢f )gxzo directly
adjacent to the string and epplying Eq. (2). ‘The imeginary
T-sectlon, cmnposed cf the rib as web and theieffective width
as flange, has rib stresses equel to those in the actusl
structure.

II. €alculstion of the Effective Width: .

A solution of the differential equations for cylindrical
shells, ected upon by boundary forces will be summarized end
the effective width will then be calculated by the shove
described procedurs. |

l. Circulsr Cylindrical Shell Under Boundary Forces:

In'general, 10 forces and moments sre necessary in
specifying the equilibrium of an infinitesimsl shell element
of length dx snd width ed¢ of a'circular cylindrical shell
(Fig.s); The displacements u, v and w in axial; ciréumferentiai

end radiasl direction respectively, sre shown in the same figure,
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The general solutlon of the differentlel equations for
arbifrary conditions at the bouhdaries x = constantvis very.
compliceted.* Miesel hes derived en approximate solution'
sufficiently close for eny practical applicetﬂon. o Assume
e‘varia,,tion of the stresses in circumferentisl direction in
form' of 't‘oe func‘tion cos nse (n being the number of complete
waves) and; in addition, ess_ome the .seco'nd boundary x = L
suff:_l‘c‘ient'ly fer removed to be of no influence on.the boundary
X=0. NTheh; any uﬁknown quanticy H, where H stends for %
fofce,fmoment or displecaneht; hes the form:

H= ACe '/*23@1311351:1’?,4 f)*kzcosg/‘lg'#'f’)cos ng (8)

‘In the following Table & the most important forces, )
moments end displecements ere given in this form. The two
constants of integraticn are c end ¥ . 1 vand/"-g |
coefficients depending on the shell dimensions, Poisson'ef'.
raetio- 7) ano the number n of tqe hermenle under oonsideration.
-ﬁ k end k2 ere constents depending on the quaentity H. The
string* force 5 representing the sum of forces N¢ between any
‘point«XQend infinity, as defihed by Eq. (1) is:

L ‘ "
S s sy () =JN<§dx (4)

' By replecing Nd by 1ts valus from the Table A, S (x) becomes.

Sn( ) = EC2R f-/égg‘( 4 (1- ) (2+Zl)sin(/ﬁ§’”u)
/12 4 1 lg (l«- ) (2 4,&7J) cos%h‘i’ } cos ngadx

and performing the 1nte raticn~ x

s (x) ’-~ B _2{212 Ce“/%.g 3.4(1- _%)(2 #7)) sin (A‘gnb)
+ /‘11/42 cos(/ﬁg {f')‘) cos n¢p (5) :

X

*See Ref, (9), p. 123 and Ref. (10), p. 31.

- ¥¥%pef, (10), p. 48, MNiesedls ne-te-t—i-e-n-e were chenged +e een-f-em
-with the enes asdepted in- this pepen.
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TABLE A

a radius of cylinder

h thickness of cylinder

» Poisson'!s ratio for the material:

n the harmonlc under consideration (number of comnlete
cosine=-waves of the stresses in circumferentlal

dirsction)
C,y oconstants of integration
2 - R e 1
h ' 5
A= nfE |
x = 128 .
b | /42=*\/?‘/E\[1+§1“(1-1)+~A2
k! = k[1+_ %}:—‘(1- 'x%”")] |
H i I ko .
£ 9% = 1 0
2 . ,
Nx Eh(g + nk'l) Mo -~ My
Np E %—1- | /‘2{#1’3" %X*(l- 'rll'é') (’2+1>)] /‘1[/“3*' %ﬁ-}f(l- ;1-155(2+p)]
M, ~ E&h 4y (14 2B
| x ./% = Vas} =
M ) ah n® a
Snlx) E '2%2 | - FA (- ;1}-2-) (2+u)_ _Val
Gener'alv Case: :
| -4, € h
H = HCe ky - sin(uy §+y) + kp-cos{pq§+p) cos ny

Special Case:

)sin /ulg*y/) -./( (1+ n;_,)cos(/a]:fw') cos ng
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, To the tangentisl shear force in ciroumferentiel
direction Nxe (see Fig.3), théAfﬁistiné moment My go cons
tributes a component 1 fof ‘Expresséd ss s function of
the’string force 5, (x), the total tangentiel shear force

T becomes:

= =13s
o TNy f l.mx? 123 %(x) (6) |
/= e Zl.fls g oF
This shear force T used for designtag the diagonal

steel in .reinforced concrete ‘ehells adiacent to stiffeners.'

2, Effective Width of an InfiniteAy Long Cylinder

. , (Bolsson's ratioX& o)
The following derivations are greetly simplified 1if

Poissonls ratio W is tsken equal to zero, The influence of
thiénsimplificetion is inSigﬁ}ficanf for concrete. TIn the -
Casevdf-steel (W= 0.3) the érr&r 1nvolved-amouﬁts to only é.s%,
Ipfthe middle part of & infinitely long cylinder a
string’fbrde S is appiied (Fig;4). S can have any variétion,

" and may be represented by a Fourler series. The éffectivé

width will be derived for the n'® term of this series. Con-
sider the unit string force: . | .
8 & S cosne -=1 cos ng ('7)
Each of the two parts on both sides of the string will
carry half of this string fqrce. The continuity for the two
ﬁarts requires thet the slope in x-direction ét i‘z o 1s zerc.

By using Table A the twoiconditions- teke' theé. form:



B
x = 02 Sn(o) = E 3.1?{.?. C/ll,az éosy'cos n(P' = %- cos n50
dw . -
E"'}‘,‘{'" - EC siny/cosv ne =0

The second of these equations requires = 0 and the

other constant of Integration becomes: ‘ .
c =41 k
4 Eabu u
: {8)
y=0

'N}', is calculated by replacing in Table A the two

constants C and v by the expressions (8):
(N? )X=O = 28./1 [ﬂ + IA& (1"‘ 'rl—]z-;') J cos n? (9)

The ei‘fective width 1s the ratio of the applied string
per vns? wid +h

force S to the dirsct Force NpAat x = 0. (Eq. (2))..
b = S _ 2a
' M2 |1+ :

2
2/(42

If Mg 1s replaced by 1ts value given in Table A,

b = 1.52 \eh ' 1 u—
" (1= 1)
/Jl'* 11&(1 l)+ T__e 1+ n-

%3
(10)
In case of axial symmetry the nlumber n of the waves

of the string force S around the cylinder is zero (string

force S is constant). A=n being proportional to n
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will be zero too, and Eq. (10) reduces to:
A= 01 b =1.52 yan (11)

ST ——

Eq. (10) is essentlally a function of the two para=
meters ‘/ah and A . It can be shown that in practical
' h_1:nh_1 : 1 @ 1
applications (2 <& ; 22 <) the terms —z and A% (1 %)
may be safely neglected.® Then the effective width

becomes:
1

b = 1.52 yah

\/ R Ve (12)

which is an expression in terms of the two parame ters

\/ah andlonly. For the purpose of tabulating Fq. (12)
the following form is chosen:

b =X-Vah |
e — 3 -‘(128.)
K .52 ‘
[h_,_ 1 14,,_ lxa _
{12b)

Figs. 5 is a graph representing the coefficlient K
for the present (Bl=00) and several other cases as a
function of A . Note the rapid decrease of the

.'eff”ective width by increasing A

.
-------------- - W wr e me W W em WS W W mm e

* See Ref. (12), p. 37 for an investigation of this
simplification.
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The cross bending stress Gy under the rib will
be calculated. The bending moment My 8t x = O 1s:

(Table & and Eq. (8))

= - 1
(M) ym = T cos ng (13)
Computing the bending stress G and the direct

stress G} (Eq. (9)) the ratlo of the two stresses

becones:
R I e
p-
Plx=0 hN? 240 1
 hjud+X(1- ;E)
sl 1.7321 . 1

G 4 1,
? = - (1" "'?)
° (J1+ $le-1y 4+ 1 x’) 1+ X 2
" 2 M3
" Using the same simplifications as for Eq. (10)

- 1.7321
X=0 ’l_’_ ‘]2_..\14 + _/%12

The use of Eq. (14) is quite obvious. It gives

(14) -

with a minimum of caleculation the maximum cross bending

stress Gk 1f the the direct stress 6? is known. Note
that
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-

for axially symmetrical loads (n = X\ = 0), the maximum cross

bending stress is 1.73 times the stress Gﬁ? °

3. Effective Width et or Nesr the End of 2 Semi-

'1nf1nite Cylinder:-

A:unit string force Szl cos ne, making n complete
cosine-weves around the circumference, is applied to the end
of a semi-infinite cylinder. The boundary conditions for

the free end x=o0 are

x=0: S,(0) = 1 cos n _ _
| 3 (15) )
Mx = 0 -

\ The derivation of the effective width follows a pattern
similar to that previously oﬁtlined for the infinite cylinder
and the followlng expression is arrived at:

b= 0.3 {eh 1 14 2>

‘]
/__——J.T 31;'@%':2«}(16)

—

:,a

Using the form: . :
where: K 0,38 rl 4 .1.1

\[\/4114‘.;.111' | [ 3{14 %"xﬁ'(l

values of K for different values of X ere given in the graph

of Fig. § (CBSQA?Z= 0). The effective width 1s resdily deter-
mined by use of this diagram:v. . v
For exisl syrmetry (n =;k=’o); Eq. (16) reduces to:
b=o0.38 VahW = a - (17)

]

The ratio of the meximum cross bending stress ¢, (at a

certain distance from the free end x=0) to the direct stress

ngat x=0, for the csse of axlel symmetry, is:
A=0: 0x

g0 mex

= 0.56
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~—« -With incressing A this- ratio decreases rapidly

(A=1; %}“"'Oﬁo),

- : The solution of the effective width for a cylinder

extending on cne side of the rib to infinity® and heving

a finite overhang ! on the other side (0&1< ® ) is
obtained. (Ref. 12) by superposition of the.two cases given
herein, (infinitely long and end of semi-infinite eylinder)

i1s shown. Length limitations do not permit inclusion of

‘details but the results are presented grephicaelly 1n Fig. 5.

4, Discussion of the Equetions for the Effective Width:

In the case of axial symmetry, the effective width b
by Eq. (11) or (17) is solely a function of VGE: "b" depends
on the sbility of the shell to "escape” redially by (d1s=
placement w). The factor Vcﬁ; descrites‘this property.
. . In the generai case, the parameterl= n@enter‘s the ex-
~pressions for the effective width (Eq. (12) and (16)). X
'is proportional to the tangential shear forces T transmitted
by the string (or in the actual case by the rib) to the shell
(compsre Eq. (8) and (7)) It tekes into sccount the effect!of

the lag of the direct shear forces N 9’ and ka on the effect; )
1ve width. '

In summeary, twe effects govern the effective width of a
cylindrical shell, the escaping in rediel direction and the
lag of the direct sheer forces.- In the T-Beam problem (flenge
plate is plene) the first factor does net enter provided the

critical buckling stress 1s not exceeded.

. ¥4 boundary at a finite distapce 4 may be considered with 1little
error to be at infinity if £ 4 > 2.4 (See Ref. (12), p. 25).
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5. The Effective Width of Cylindrical Shells in

Case the Radius of the Shell Increases to

Infinigx:

‘The question erises as to what the effective width

of @ éﬁlindricai shell becomes if the redius "a" of the
shell spproeches infinity. Obviously the axis of the rib
end the middle plene of the shell become straight and the‘
effecti Ve width should b¥:identical with the effective
width of a flat plete reinforced by a rib (T-Beem). No
difficulty eiists in proving thst fhe.differential'equations
~of the shell reduce to the differentiel equation of a flat
plate if the rsdius "a" is incressed to infinity. ’

Neveftheless this does not prove that the equsestions
for the effective width of cyliqdricai shells given in the
previous'two chapters will check wlth, those of the corfes-
ponding T-Besms. Fcr Miesel's spproximate solution (Eq.
| (3)); was used for the cslculaticns and further simplifice},
tions were intrcduced (p.9') in drdﬁr to get expressions
depending on two paremeters_ PN and‘V:H only.

The limiting prbcess "a'sc wes applied (Ref. 12) to
the dérived formulas for the effectiveé width directly and
these results were compared to the correspondiﬁg equations
- of & T-Bean with- e atfaight axis. The effective width of
ribbed cylindriceal sheils as presented herein reduces to
the effective width of the corresponding T-Besms with a
straight axis if the radius of the shell is increased to
infinity. The check is complete from the practicel point

of view (differences of 0.5% and 1.4%), but it is not a
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- mathematically exact one. Thls 1s to be expected as an
approiimate solution (Eq. (3)) was used for the derivation
of the effective width of cylindrical shells. |

The close corresﬁondence esteblished between the two
probléms'for the limiting cese "a" =00 msy be considered
as 8 justification for the use of the approximate soluticn
Eq. (3), in cases of very lerge 8/h rstios.

Hence, the derived formulss for the effective width
are not limited by a certein value of the radius "a", but
are based on the.general\relationg of the theory of élasticity.
The stability of the shell and of the combination of the

shell and the rib do limit the aspplication, a probiem which

Pt exists equelly in the case of the T-Beam.
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Part II
TESTS OF MODELS

by |
Bruno Thirlimeann, Rudolf_Q;-Bereuter4and Bruce G.-Johneﬁeh

'INTRODUPTION

PZrF_ZZ

Teds repert presents results of tests of two models of

thin cylindrical gshells reinforced with ribs in the circum-'
ferent;al direction, similating on a 1/30 scele typical cross-
sectibﬁel proportions of thin shéll henger roof constructien.*
The ci#cﬁmferenfial length ﬁge'eﬁfficient tolrenove the eeeter
seefieﬁfffom local end_effeefe and at the same time penmiﬁffhe |
1iﬁe efytKruet during test to be near the shéll, or on effher
side of 1t, Otrains and deflections were messured end tﬁe -
resuite confirm the concept of an "effective width". -

: Ihe theoretica1,1nvestiéetion as presented in Part I |
"_extends.the range of applicébility of the test results. The
test model consists of & pin ended curved beam-column, with

the resultant direct forces P and bending moments M determinate

at eny section. (See Fig.10 end-11).

Y

3
In the present instance, based on concrete hangars of 300
foot span designed by the Roberts end Schsefer EBngineering Co.,
for construction at Rapid City, South Dakota, and Limestone,
Melne. .

+Formerly Fritz Leboratory Special Research Assistant, now '
wi th Gebruder Sulzer A.G., Winterhur, -Switzerls nd. R
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Description of Tests

. Two series of models were tested and are referred to
in the fol®owing as Moael Series A and Model Series B.' The
qimenéions are shown in Fig, G‘Qnd Fig. 7. The.difference
in Model Series A and B consists essentially in a diffefence
of dlstance between the two ribs, (12" and 18" respectively).
Each model series included four different overhangs as'seén"
in the above mentiocned Fig.6 end Fig.7. The following is é
table of the different tests:

Model No. "A" Series Models  |Model No.| "B" Seriles Model
Distance bstween ribs=12" Distsnce between
: ribs = 18"
A-1 Overhang 12" | B-1 {overhang 9"
A-2 " 6" B-2 1 4,5"
A-3 " ; an B-3 " 1.5"
A-4 ' " 0 .B-¢ " o

Heavy plates were welded at each end of the test sections
to pgrmit varieble location of the line of thrust in three
different positions. The dimensims of the models wefe such
thet the di'sturbance st the springing line of the shell‘does\k
not influence the middle part of the shell. The strain gages
as shown in Fig.B{hnd 9} were placed st the middle to indicate
the behavior due to the interaction 6fc-blbrendcshellconly., |

Ames Lials elso shown in Fig. 19, were used to meassure /
the deflecticns slong the cposs-section at the middle of the
model, | . |

.~ , The models were placed 1h g 60,000 pound Beldwin testing

machine, and the load wes spplled through knife edges to the

f _ R _ —
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model. The ermd block hsd three different grooves allowing

three different eccentricities of the loed (kFig. 6 and 7).

Loading by meens of grooves "1" csused a2 negative moment

over the whole span of the model. For grocves "2" the

end

moments. were negative, the moment in the middle positive.

Positive moment over ﬁhe whole span wes provided by applyling

the losd through grooves "3" (Fig. 10 and 113).

The following table explsins the notaticn used for the

tests, It will be referred to throughout the report.

NOTATION CF THE.TESTS

Overhang | Model | Load Case 1| Loed Case 2 | Load Csse 3
Model A , .
"Rib 12 in A-1 A-11 A-12 A-13
distence 6 A-2 A-21 A-22 A-23
12" 3 A=3 . A-31 A-32 A-33
0 - "A-4 . A-41 A-42 A-43,
Model B 9 1in B~1 B-11 B-12 B-13
Ri 4.5 B-2 B-21 B-22 B-23
distancel ; 5 B-3 B-31 B-32 ‘B-33
187 0 B-4 B-41 -B-42" B-43
Teéting Procedure:
Coubon tests showed a yleld stress<ry s 30,000 for the

steel used in making the models. The loads were chosen 80 &s

to stay in the elastic range, resulting in maximum load
5500 pounds for loasd case "1" and "3" and 10,000 pounds
load case "2",

Straein gage resdings were takeﬂ at en initiel loeq
1,000 pounds and et the maximum loed.of 5,500 or 10,000
repesting the procedure once. Deflectlion readings were
ét loed increments of 1,000 pounds for case " and na"

2,000 pounds for cese "2". This procedure was adopted

s of

for

of
poundé,
recorded
and

to in-
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vestigete the Influence of the deflecti&ns on the magnitude
. . of the moments. The Measured values did not indicete any
such influence, shbwing e perfect proportionslity between
load>and deflection. An analytio study showed the increase
in moment due to deflection to be about 3%, causing e non-
linearity not reasdily detected in the experiments, The- ,
effect of deflections would hsve been greaster had the losds
,been nearer to the velues csusing buckling of the psnel.

Test Results:

Figure 12 shows the symbols used to represent moments,
forces, end deflections. Thgse‘differ somewhat from the
notetion in Part I but conre%pond to the notation qommonly
ﬁsed in design of thin shell{structures. From the recorded
strains the'momenté and forcés My, Mo, T, , Ty were worked
out. Typical results of To @nd My ere plotted et the measure-

| ment locations in Fig. 13 and 14 for Model eries A snd in
Fig: 17 and 18 for ¥ddel Series B. T,and My were very small
and the results asre omitted. .In the same graphs the results
of the analyticel computations sre shown by full lines. .Only
ltwelVe oﬁt of the twenty-féur tests sre presented, thesé being
typicel of the results pbtained.

Fig. 15 and 16 for Model Series A end Fig. 19 end 20 fer
Model Series B present the messured deflections plotted simul-
@éneously wl th the calculated velues.

DISCUSSION OF TEST RESULTS

3%

. The theoreticsl computastions™cwere based on three

simplifying sssumptions:

¥Complete test results and theoretical computations sre on file
at Fritz Engineering lLsboratory, Lehigh University, Bethlehem, Pa,.
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1. Moment My = O (See Fig. 12)
. 2., Poisson's ratio 2& O.
3. Torsional stiffness of the ribs = O.

Forces end Moments:

The correspondence:between the experimentsl- and
theoretical values of My end Tp is good. Some dis-
crepancies appear to be ceused by stress concentration,
by locel unevenness of the shell from manufacturing,
end by‘the error in the strain recording syétgm 1tself., -

The latter influence is of prime importance for the .
models under loed case "3" (e.g. Test A-23, A-43, B-13)
where the strains asre of small magnitude. As conflrmed
experimentelly, Ty forces sre insigriificent and were not
“computed snalyticelly. 4 '

M, moments (essumed zerdlin the anslysis) have a
similer distributioﬁ to.th@ M, moments. In e cylindricel
container under constsnt méments or shesr forces along one
edge, the Mz momentsAare7)E1 (see Timoshenko - "Plates and
Shells"” p. 391); In the present case the M, moments are
not constant in circumferential direction, but'thg gssumption
Mo STJMI is nevertheless in good agreement with the test results.

The influence ‘of the torsional stiffness is insignificsnt
for en overhang >4.5". The pertions cf the shell on both
sldes of the rib'age thenbvéry neerly self-balancing. The
gfeatest effect occurs for zero overhang. As analyticél
studies sghowed, éhe torsionsl stiffness is of the order
of the bending stiffhess of the shell. Its consideretion
would greatly complicate the computetion. The test resuits
of the modeliA-4 end B-4 (Fig. 18) show that as a8 satis-

factory epproximation this influence
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mey be disregaerded by assuming the torsicnal stiffness of the
ribs to be zero.

Deflectlions:

Recslling that the deflection is a dcuble integration 6f
the moment over the' whole structure, an error in the thecreticsal
computation of the moments would result in greetly increassed
errors in computed deflections. Deflections are there{ore
very good criteris of the sccuracy of s solution.

Fig. 15 and 16, Model Series A, snd 19 end 20, Médel
Series B, show the exﬁerimental and theoreticel deflectiocns
of rib and shelliatlthe cénter of the span. The celcﬁlated
rib deflections correspond falrly well with the test results,
Considering the possible variation of the mcdulus of elasti-
clty of ebout 33%, the 1nfiuence of the additional moments
caused by the deflection of‘about 2%, and inasccuracies of
‘manufacture, this represents s close correspondence. The
shell def;ections.ihdicate the tendency of the shell to
escape the direct forces Tz, bending outwards and Enwards
for compression ana tensicn forces respectively.

Importance of the Cverheng:

The Importence of the overhang mey be illustrated by
the following comperison., The teble shows the enslyticsal
results for Model A-3 and Model B-4 (Fig. 6 and 7) under

load case 1.

~ Model A-31 Model B-41
Rib distance 13" 18"
Overhsng A 2e 3" . o"
Dverall width 18" . 18"
To max -967.43 1b/in -2109.27 1b/in
Deflection 0,1090 in. 0.1686 1in,
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“Model A;s'has the seme cross-sectional area as B-4, but'ths
two riﬁ$fére placed three inéheslinside‘of the edges,'Whefééé
B-4 haé the ribs on both ends, This'difference of disposition
of the ribs is responsible for en increese of To max °F 118%
and of the deflection Jnax ©Of 55%.

A sudden change in the behavior tekes place for en
overhang of about 3". If more than 3", the behevior approabhes’
very quickly that for ¢ overheng. If less then 3",T2 and‘é

‘increase rapidly to reach the values for O overhang. M1
dfops first but 1ncreases'again Epproaching 0 overhang;

The Mi at the rib decreases, but the My in between the ribs
increaSégl(Sge'Fig. 13 snd 18).

The'effectivenegs of tﬁé shell between the r;bs, in
particlipsting with the ribs, 1s grestly Incressed by a smsll
‘amount of overhang. The tétel_effective shell sreas may in-
_cresse by & factor of 4 aé compered with the condition of no -
overheng., This may be importent in Increasing the buckling

resistance of the rib and shell combinstion.

"Effective Width" .

Since the experimentally determined values of beth Ty and
the deflections agree well with the theoreticelly computed
values, it follows that the theoretical effective widths cal-
| culeted by the procedure presented .in PartVI are 1n good

sgreement with thé teét resultﬁﬁ '
Tests on models simuleting to smell scale (1:30) @an
entire ﬁangar structure, consisting of‘three ribs and shell,
have alsoc been completed for‘the Roberts and Schsefer Co.
The results of tﬁese tests slso confirm the use of vslues of

"effective width" as established by Part I of this report.
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. ‘ SUMMARY
;QAnﬁénalytical and‘experiméntai study of thin cylindricel

shells reinforced with ribs in the circumferential direction
has'béoojoresehted. Models with circumferential length |
soffioiont to remove the center‘sectioo from local end effects
end at the seme time permit'the line cf thrust during test to

- be nesr the shell, or on either side of it, were tested.

Stre ins éng déflections wére.meosured and anaiytical exXpress-~
ions derived. The-results confirm 'the concept of ao "effective
width" (perticipstich.of theysbell in helping the ribs). The

'%ffective‘widoh" 1s o function of KJ/ah, when & 1s the radius

] ‘ © of the shell, h = thickness of the shell, and K is a-cOnStént-
| depending on the restraint of the shell by the rib and upon

the loading. Therefore 1t is allowable to assume &n effective
widto.and‘to calculate the ribs as arches 1nerendent of the

- . shell, | | |
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NOTATIONS

Roman Alphabet

Q

@

for R S 3}

k, k!
Ky, ko

My ©F M,

M? or Mz

Mxg » Mox

radius of the shsll

effective width

constant of integration, Eq. (3) or Table A
base of natural logarithm

modulus of elasticity

thickness of the shell

symbol for any'force, moment etc., of the
shell .

coefficient depending on the quantity H
under consideration, Table A | | )
coéfficients defined in Table A
coefficients defined in Table A

function of the two parameters Al and 4 ,
used for the effective width .

length of the shell in-axial direction

span of T=Beam or half-wave length of the
string force S | ‘,n ' |
bendingm%';xg‘;xlmge/:nuiit width of the shell

5 Saided ,
th circum Ferentig) pl/are

‘bending momentAper unit width of the shell

in circumferential direction

twisting moments per unit width of the
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shell

n®P term of a Fourler series (number of
complete cosine-ﬁaveg of the string force
S around the cylinder)

direct force per unit width of the shell in

_ axlal direction

direct force per unit width of the shell in
circumferential direction
.dlrect shear forces per unit width of the

shell

distributed line load. «

normal shear force psr unit width of the shsll

. acting on a face x = constant

normal shaar force per unit width of thé shell
acting on a facs p= constant

string force S defined by Eq. (1)

string force at a distance x in the case of

the nth harmonic, defined by Eq. (5)

T

“total shear force per unit width of shell in

T W B B0, Vg i Perr T
displacement in axial direction, Fig. &
displacement in circumferential direction,
Filg. 3

displacement in radial direction, positive

outward; Fig. 3
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coordinate of the shell in axial direction
coordinate of the T-Beam in direction of its

axis

Gresk Alphabet

(.

o

Mis  fMo

A o)
<& ,a

h
-3

angle corresponding to a half-wave of the

string force N

shell‘coe%ficient, dépending on the thickness

h and the radius "a" of the shell, Fig. 5
parameter of the effective width, see Table A
numerical coefficients, defined in Table A
Poissont's ratio

stress

bending stress in axial direction

direct stress in circumferential direction’
shear stress of the shell on a cut x = constant
in circumferential direction

shear stress in the flange of a T-Beam

angular coordinate of the shsll in circumferenw
tial direction

dimensi onless coordinate 1n.x-direction
(5=2)

angle, constant of integration, Rq. (3) or

Table A



(2)

(3)

(4)

(8)
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