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_ ANALYSIS ANMD TESTS OF A
- CYLINDRICAL SHELL ROCF MODEL

by
BrunovThﬁqiimann i
end
Bruce G. Johnstons

Fritz Engineering Lsboratory Report 213K
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Synopsis:
Analyticél expressions fér the effactivp width of cylindricsl

shells, adjacent to stiffening ribs in circumferentisl direction,

. are presented. Use of ﬁheée formulas 1s made for -the snalysis

of & cylindricsl shell roof acted upon by horizontal longltudinsl

forces. Furthérmore, the influence of foundation mbvements,

temperature chenges, and shrinkege 1s studied.

" The Qheoretical resultsvare compared with experimeﬁtal

measuremegts obtained on s model in the eppreximate scale 1

to 30 of en sctual cylindricel shell roof. Good agreeﬁent

between snalysis and test is established.

'Introduction.

It 1s often” believed that the use of shells. es structural
elements 1s° s modern development. .Buﬁ two thousand years ago
the Romans alresdy admired th;ir Pantheon, @ building covered
- by & spherical shell of about 145 ft, diémeter. The éubolas of
the cathedrals of Florence and St. Peter in Rome, buillt during
the 15th and‘16£h'century respectively and having a diameter of
about 140 ft, are examples of remarksble craftmenship, based on
experience ard intulticn only. The centribution of our age to

this type of structures consists in developing a rational analysis

¥Former Reses rch Engineer, Fritz Enginemring Laboratory, Lehigh

Universiy, Bethlehem, Ps.

**Professor of Structural Engineering, Civil Engineering Dept.,
University of Mjchigen, Ann Arbor, Michigen, formerly Director
of Fritz Engineering Laboratary, Lehigh University,K Bethlehem, Ps.,
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pred;cting suf flciently close the state of fofces in the shell,
The development of the "Shell Theory" was initiated by
Love (1)* who derived the differentisl equastions for curved
pletes. Meissner (2) succeeded in integrating tﬁese equations
for spherical'and conicai shells, Bauernsfeld's (3), Fins-
‘terwalder's (4), end Dischinger's (5) confributionsvmade en
spplication of the theory to the snalysis of actusl structures
possible, A numbér of shells in reinforced concrete were
bul 1t in Europe after the first world war snd parallel to this
development important theoretical contributicns were made,
1t was the Roberts and Schaefer Emgizses?mg Company,
Chicsgo, Illinois whe introduced this promising type of structure
in the.United Stetes. The Ice Arene in Hershey, Pennsylvenia, 1936

(6)**, was the first cylindricel shell roof in the United States.

In the foliowing years and especislly during end after the wer,
" this compsny was designing a8 number of shell roofs-used as
storagé houses, factory builldings, eirplane hangsrs, sport
srenas, armories, etc., covering a total of ten million sq. ft.
Todey the’nggggf spanvdf cylindrical shell roofs arrived
at 1s 340 f@. (e.g. Hengars at Rapid City, South Dskote (7),
and Limestone, Maine (8) ). These large span structures |
accentusted certain problems which were of secbndary importsnce
in the smailer structures, bgilt previously. Furtpermorﬁ, the
tendency is Eﬁﬁfr an inéreese of the span, so thst a careful

study of\ggigk questions becdme mandstory. -Fhe=stermwrrEss-ol

*For 1list of references see p. 31,

**Ref. (6) outlines the principles of shell structures snd gives
a8 number of actual examples,
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designed as tee sections to include tle additional effective
section provided by the shell, XXAEHAFABRXKMA A studylS of
Itexprehimmxx the interaction bYetween the ribs and shellx
shows that an "effective width" of shell can be determined

"The supporting ribs in cylindricsl slsll roofs may be

!

|

and the combined section used in a relatively s imple arch analyéis

of the rib struc twe.”

B T Bt T = 0~ S - I = e~ S L o e S | e
.

Qedigningthe ribsw
-Qor example

- Latersl horizontel forces, caus

eq)g!gs)by the'wind action on
the front and back door of lsrge spen cylindricel shell rocfs,
(Fig.1) caﬁ reach a considerable megnifude. Their 1nf1ue£ce on
the structure can no'longer be neglected ss Secondary. A difference
of tempersture inside snd outside 6f the bul 1ding masy produce rele-
tivély high thermal stresses. Ver& importent become the effects
of shrinkage snd plestic flow on the stability of the.structure.
These sre just s féw of the sadditionsl problems to be considered
in the snalysis of large shell roofs. r

The Roberts and Schaefer Company, on the bassis of their broad
experience in designing and building shell roofs; decideﬁ to sponsor
a fwofyear research progrem on shell arch roofs at Ffitz Engineering
Laboratory, Ishiéh University, Bethlehem, Pes., with special omphasis
on the quéstions mentioned abcve.* A careful theoreticel study of
the prdblems was made and the results were checked experiﬁentally
on 8 model of & cylindricel shell roof (Fig. 10). The work re-
sulted in a number of reports (Ref. (18)), from which in this.
pgperl3 centributions to the analysis of shell roofs are‘presented.
It will be shown that the model tests are in excellent agreement

with the theory.

*The Project was sterted Jen. 1, 1949 and terminated Feb. 15, 1951.

——
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I. Effectlve width of cylindricel shells reinforced by ribs
In circumferentisl direction:*
]

It is well known thet the stress distributidn in the flsnge
of a T-Beam with e straight exis, subjected to bendihg in the

'plane of the rib, is not constant over the width of the flangé
/

(Fig. 2). 'The simple "Beem Theary", based on the Na&ier—Bernoulli
hypothesls thst strein due to 5ending veries linesrly, can be
"saved" 1f the actual width of the fleﬁgq 1s repleced by the
effective width b, Th.v. Karmen (9) was first .to derive the
corfect theoreticel expression for the effective ﬁidth, (See
(IQ) for a recent *resumé of the most important articles published
aﬁout this subject). Sheer leg ;s responsible for the considerable
damping of fhe direct stresses 1n the flenge 1n direction of the rib,
Consider now e cylindrical shell stiffened bj a rib In cir- |
cumferential direction (Fig. 5)._'Arb1trary loeds, acting in the
plane of the rib will cause direct ferces Hy per uhit width in

circumferentlal direction es Shown in this figure. The .actual

cylinder may be replaced by a ring of width b for which 2 constant

direct force (N? )x=0» equal to (§§>y£:3\of tbe ¢ylinder, over the )
entire width 1s assumed. By determining the width b so that
b(Ng; Yx=o = jﬂydx
(Ring) ' (Cylinder) |
the stresses in the ribs sre 6bviously identicel for both structures
under an equal losd system. Once the width b, balled the effective
width of the cylinder, is known, the calculetion cf the rib stresées

becomes a problem of the "Simple Besm Theory" (cross sections remein

plene).

*Only e very short outline of this problem can be given here. For
a complete study references (15) and (16) should be consulted.
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iriezeno and Kocé have derived expressions -

N

¥

: for the effective width of a‘éh511 that'®xtands“i

indefinitely on either side of a rib. This 1s &

" special caaa(fgﬂL=Ck9'in Fig. ) of the author's

more general solution where the vib may be any .

- distance "} " from a free boundary,"

F«‘aél)

L]



213K , . 5

Analyticel expressicns for the effective width, based on
the general bending theory of cylindrical shells (e.g. Ref, (11),
p. 433), were derived in Ref. (15). Ref. (16) is a short répért

on this study end compares the asnalytical values for b with ex-

. INSERT
perimental results. Et is shown that essentielly two effects —S—'E;—EA?K
GE

govern the effective width of cylindrical shells,(l) the leg of op‘jr

the dlrect shesr forces in the plene of the shell (as in the case
of & T-Beem with & strsight sxis) and (2) the redial escaping of

the shell under the circumferentisl direct forces N In

? [
general b can be written (see Ref, (15), p. 41):

X \fen - (1)

effective wldth

radius of the cylinder
thickness of the cylinder
f (%, iﬁ given in-Flg. 4.

b
Where: Db
a
h

ooty

K
The paremeter”) , used in Fig. 4, takes into account the
influence of theldirect shear fogces on the effective width:
| 1=n\/§ (2)
where n depends on tﬁe veriation of‘the stresses in circumfer-
ential direction (n is the number of complete waves made by a
hafmonic function_argund the circumference of the cylinder; see
Fig.4). For n=0, the stress distributicn hss axial symmetry
(e.g. constant radisl 1line load sround the rib) and the effective
width has its me ximum vslue. The parameteg/% depends on thé
length of thé oyerhang l of the shell and on the shéll constanty;
S N3+ | (3)
~ Veh .
As shown in Fig; 4, the shell is assumed to extend to 1ﬁfipify on.

*See e.g. Ref. (11), p. 392:/P4N= 3(1 =% > ). The influence on b

'82 h2

of Poisson's ratio 3 1s insignificant, and hence 4 is neglected in
Eq. (3). '
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the left side. This may be safely done, 1f the factor £d>»2.4,
where 4 1s the distance of the end from the rib (see Ref. (15)
p. 25). |

Tekipg the effective width b as flange snd the rib.as web of
8 T-section, the Befnoulli-Navier hypothesis leads to the correct
velues for the rib streases. Furthermore calling the circum-

ferential stress along the connecting line of rib and shell a

the totsl direct force S in the shell is the integrel cf 211 direct
forces N 01?13 over the entire length of the shell or equal to
the'product of the stress(§~,, the thickness h and the effectivc
width b: o |
\ S:/Njgdx =0, hb , (4)

For a given S and a glven set of boundery conditicns all forces
end moments in the shell can be calculsted. Ref. (15) gives s
number of taebles snd graphs which reduce these calculations to a
minimum, |

In‘summary, the knowledge of the effective width of s cylin-
dricel shell simplifics a8 very 1n§olvcd‘problem of elasticity to
a common problem of the ordinary Besm\Theory. In the followlng
dhaptsrs use of this effective width 1s made for the snalysis of
shell roofs.

II. Cylindrical Shell Roof subjected to horizontal longitudlnal
forces.

The action cf the wind on the front and back door of cylin-
drical shell roofs (Fig. 1) producss considersble horizontel force,
" An snalysls for this type of a losding is presented and numerical

results are compered to test results obtained on & model,

l1.) Problem:
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,Oﬁe unit¥ of & cylindricsel shell roof, shown in Fig. 5 is
subjectéd to horizontlal forces in the direction of the. axis,
On a cross séction a sheer force V, & bending momen t MB end s
tlw‘isting moment Mp are acting. The problem 1is to find the stress
distribution due to these forces end moments.

.Consider o par'tl'-:of infinitesimel width a?d? cut out (Fig.6).
The forces end mements gcting on 8 infinitesimal shell elerﬁent
dx_.e’dc! ere defined in Fig.' 7. Obviously the direct fofce N, in
exisl directicn is equ;al to the applied uniformly distributed
force p at the ridb x = 29 end equel to zero at the ridb x = 0.

‘et

Assuming a linesr verietion of Ny elong the x - axis-,"h' then

"N :' X : - . (5)
I |
end QN .z 1 P | ‘ (6)

ox )

The equlilibrium of en infinitesimel shell element dx.é‘dj» in x -
direction glves (Fig; 6)

0Ny dxady 4 bN:fx dgdx =0
And replecing JN, by its value of Eq. (6)

Oy _ . _8_"® (7).

X =T Y
oy :

By integrating Eq. (7) and cmsidering the fact that the shesr

force N—xcy is zero at the center of the spesn, due to symmetry

condltions, N becomes
’ j?x

Nﬁ"x:“é-ipf

-

¥The erection of cylindricel skell roofs is made in units in order
to re-use the form work and furthermcre to provide dilststiom joints.

*F s assumption holds certalnly for shell rocfs whose width is-
reletively smsll to the spen L.

1
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It results that N
> Tgx

varies proportional to the angle 7along the span of the shello‘

is cmstant for s section = constant and

From the equality of the shear forces TYX _’Tx the direct

¥’ o
shesr forces N in radial direction .can be teken equal to the '

Xy A B

direct shesr forces NT" es a good approximation.*
Xp = ‘f-xf psp . ' ()
If imaginary support forces N f’ acting slong the outer ribs‘v‘
x =0 eand x = 22, , 8re assumed the shell is in. equilibrium under :

the load p end subjected to sh‘ear- forces N end Nyp ,‘ and direct

S xg !
forces N, only. Act:ually these imaginary forces are not acting. N

, ' Introducing shear forces "Nxf’ acting along the connecting line

e ——— e
. : a3
#
o

of the shell and the ribs these imaginary forces N_ ?91"’ elim- | kf'. }<
_1inated. l The interaction betwean the rib and the shell is teken T
into acc_ount by oonaidering: the effecti ve width of the shell as a
fl enge .ofvthe_rib. 'I'his effective section, consisting of the rib

" and the effective width, 1s used 4in analyzing the arches. " N J

2,) Analysis of the Riba
A (oalculatiom for rib x = 21)

| ~ The ribs are acted upon by the she ar loads N ?pel" unit length
acting along the connecting line of the rib and the shell, positive .
as shown in Fig. 8° The distance of the loada N j,from the cmtroid “
of the effective section is called Zpe Statically speaking, the

rib is an els stically restrs ined earch, having two redundants only,
due to symetry~_°of the structure e_nd “loed with respect to the ce_n_ter' |

'lin‘e. In Fig, 8 half" of ‘me rib is shown wi th norizontal thru“s‘tlﬂbf‘_ ‘

and the bending moment M, as redundents &t the ce-ntero 'I’he twe

N xyp 18 not exactly equal to Nj’x due to the curvature .of ths she11,
See.e.g. Ref. (12), R /2, Ef7(65)

##The procedure has some similartty with the "Moment Distribution
procedure. There, the Jjoints- sare locked by imsginery moments .
which afterwards sre eliminated by introducing them in the oppo-:
sita direction.

i positive ngpforces are acting in the opposite sense on the rib
X = 0; see” 7/ Fig. 6 for the sign convention of the ny forces.
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geometrical cmditions furnishing the two equetions for the
solution of H, and M. ere 8 known horizontal movement th of
the foundation snd a known rotation P - For a fully restrained
rib the conditions aere: . , .
P = Pk =ch s 0 .
: (10)
gg = 0 :
In case of an elasticai ly restrained srch, vﬁith known messured

foundation movements in addition, the cou_ditions are:

Pz Jk = Wklmess ¥ )[,(:M
- ' : 11 ~pfa
-fK s (gK)me‘as "'KMK } K ) :
(Jx)meas and (¢K)meas sre the measured horizontal dl splacement
end rotation of the abutmert respectively. fbeing the coefficient

of elastic restrsint, the product -KMK, where M, is the restraining

K
moment, represents the elastic end rotetion of the rib.

In general, the shepe of the center line of the rib and the
varigtion of the moment of inertie of the effecti‘ve section require
a numerical pmcedure for t he cslculation of the two redundants Hc
and Mc. For the speclgl case of a circular center line snd & con-
stent I, the celculetion of Hc and M‘c by direct integration is shown.
Extension easily mey be made to other ceses,e.g. parabolic shape

of the rib and I = I, , or to s numerical solution.
cos ¢

For the rib shown 1n Fig. 8 the normal force No end the bending
moment M_, due to the skesr load ij” may be obtaslned ‘py integrating |
the contributiom of the distributed shear loed. If‘cfis the angle at
wvhich N, end M, are determined, let Nxap.aduh-epresent the skesr
loed applied over sn infiniteslimel rib length adw et any angle - @

between O and f - ‘Then: (Fig. 8b)

*Further explenation for £ (under 11, 3,)p. 12, e
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= - | N a cos (?»—w) dw

Substitﬁting, from Eq. (9) = N, 39 eand performing the in-

xg "

- tegration

N, = - 8% (1 - coacp) ' (12)
o= ,

iy ¥ S
Similarly, the contribution to the moment M, of the incre-

mental shesr losd 1s N f)aadw multiplied by the moment arm z, -

[1- cos(j’-w)] where a, = @ '+ z, 1s the redius of the effective
section (Fig.8b). The integrated total of M, then is,
¥,

. ; aﬁx?a [za - 8y [1- cos (y-w)]] aw

Substituting es before for -N and integrating,
' g8
¥o = ep - zA)é_ -1 4 cosja (13)

" The totel normel force N and the totsl bending moment M are hence

(Fligo 88) ' ’ :
N = Ng = He cos ¢ S (14)

MA.-. Mo # Hcao(l-cgs 57) + ¥, . (15)
In order‘to, calculate H‘c and M, the horizontsl displecement(fx ,
end the rotstlm @y of the abﬁtrpcnt must be ca_lculated.’ Choosing
8 virtual load system as shown in Fig. 8c, P' = 1 at the ebuﬁnmt
produces the following v,irtiﬁai normsl force N' snd virtua.l bénding .
r'nomeAnt M' st.an angle® in the rib: | L

P' =1 : N' = - cos ¢ | (16)

W' e - 8, (cosgp- cosyfk) (17)

By means of the work equation the displacanenté.x of the sctusl

- v 3
system iz expressed as the work dorie by -the virtual loed P' = 1 %

J jm'rada +/ N'Nds A :

Where.: ds = eedcf

i

The influence of the normal fox;ce N on the displacement is extremely

smell and therefore, disregerded. Assuming, EI 1s constant, gnd
#See sny textbook sbout Llastic Strain Emgigerring Methods
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replacing M' and M by their values (17) end (15) respectively,
Sk becomes: ?
Sk.-. %:T [— 2, (cosa"- cosﬁ!) [Mo + Hcae(luco§3o)+ M, aedf
Replacing M;) by (13) and integrating gives

"J’k _gl__ =M (sing, 'ﬁc”ﬂ) + Hea, (smfk 1 sin 2R, - *fk "ﬂ coaﬂ)
8

4 a_:_% e, (1- ;_:_) é cog'?k 3 (2;(_ <1) Binjpk ""f_%_ cos fk)

- sin(fk - % sin zjak +-§§Pk 4?1{ c08 5 (18)
The ro tation dk of the sbutment is cslculated by the sanme procedure.

The virtusl moment M' - 1 of Fig. 8¢ produces s bending moment M!

k
=1 for any angleﬁﬂ:
| M o= 1: M' 1 | o (19)
Inserting in the work equation
¢k,a /H'Nds » d8 = 8, dop

the expression (19) and (15), ¢k becomes

¢k _,EI/EM + Hee, ( -cosy) + ¥ ] }ﬂ

If M, Is substituted by its value (15) the 1ntegrat* ocn can be

perfomed :
2 - -
¢k f: = Mc'j"k + H.a, (fk - si.n.,,k) $ %_2.2 ae [ (1 f%) f_si_ ff'k+ Sinjvk

(20

(18) and (20) are two equations with the 2 unknowns H and Mc. d(k.

and ¢k are given by (10) or (11) respectively.' Once the redundents
are known the normel force N end the bmding moment M for any angle &
ere given by (14) and (15). The stresses in the ribs are determined
by the usual formula for combined direct force N and the bending

moment M

= Ftie (&1)
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A and I ere the cross sectionsal area and the moment of inertis
of the effective section,iccnsisting of the rib as s web and the
effective width of the shell as e f}ange. Z 1s the distence of a
fiber from the centroidel axis of the effective section,

3,) Coefficlient of elsstic restraint K:

In Eg. (11) 8 coefficient of elastic restraint ¥ was introduced.
In erch bridges 1t tekes Into account the elasticity cf the soil and
the sbutment. In general the arch csn't be considered fully re-
strained st the'springing 1l4ne. | |

In the present case enother consideraticn led to the intro-
duction of K » The section A - A of Fig, 10 gives a typicel con-
struction detail at the springing line cf rib and sheil. ‘The latter
is supported by & relstively flexlble edge;member. The rib on the
other hend teminates in a very heavy end-wall and may be regerded
as fully restreined. Consider the two extreme cases where (1) the
shell is held rigidly elong the edge-member or (2) has a free edge.
In the first case the N%” "forces of the shell will be taken by
the support and the effective width is constent down tQ the edge-
member (Fig, 98). If there is no support et sll, the effective

. width must reduce to zero st the‘sprinéing line; (Fig.9b). The _

actuel condltion 18 somewhere in between. This distuqbanco of
ﬁhe effective width of the shell due toc edge-member action being
of very locsl character,'the reduction of the moment of 1nertia.of
the effective section cén be taken inte account by considering the I
as constesnt down to the springinglllne and assuming en elastic re-
stra int for>the rib. - The higher_flexibility of the effective secfiop
in the end zone 1is "concentrsted" et the springing line, |

It 1s quite obvious that the magnitude of thg coefficlent of

elastic restraint depends on the effectiveness of the edge-member
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in supporting the shell. No theoreticel esnalysis has been msde
of K in the present investigation.

4.) Celculstion of the Shell Forces:

The stress slong the“connecting lihe of rib and shell(ft is
calculsted by méans qf Eq. (21), once the namal f&rce N and the
bending manent M of the effective section are kncwn. The totsl
circumferential direct force S of the shell 1S(Eq. (4) );'

S = bth}

The problem consists in finding the forces aml moments in the
shell for & given S and a given set of boundary conditicns° In
the present case the boundery conditicns for the shell at the ribs
Xx =0 and x = 2 are:

X = 2 M
= { . x ® 0

Xe 0 S = given

Mx belng the bending moment éf the shell in axisl direction per
unit width, the condition M, = O presupposes the neglecting of the
torsional stiffness of the rib, The influence of the boundsries

X =2. (middle rib) on'the stress distribution can be disregarded,
the fordes ard moments being rapidly damped oﬁt with Increasing
distance from the ribs x = O and x = 23 . Actusl calculstions
mey be found in reference (18), 213-C,

5.) Deflections of the rib:

Enowing the érea A and the moment of inertie I of the effective
sectlion, the normel force N gnd the beﬁding moment M for any engle jo
. along the rib, the deflection of the rib is readily determined by
the work eqguation. .Putting g dummy losd P! =‘1 at the point for
wvhich the deflection 1s desired, the work of this unit load du; to
the deformaﬁions caused by the asctusl loed system, is equsl to the

deflection under conslderation, or

J’: M'Nds + (N'Nds
i EA
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where N' and M!' are du§ to P' = 1, snd M and N due to the actusl
load system.

6.) Numerical Exemple:

The foregolng theory 1s now spplied to the anelyticsl solution
of a’model.of g shell roof construction. Fig. 10 gives the dimensions
of the model approximately 1/30 of thet of the actual structure
(e.g. hangar at Repid City, S.D.). Structursl steel was chosen as
materisl fbr the model, the dimensiéns (shell thickness sbout 1/8")
leaving prectically no other cholce, ‘Thé following 1list gives the

pfincipal_dimensions eand properties:

List:
Outer ribs: ‘ | . Height r = 2.113"
Thickness  t = 0,505"
Angle ’ Py = 0.5866 radisns
Middle rib: Helght r=2.113"

(Used leter on)

Thickness t = 0.,625"
Shell: Radius a = 108"
Thickness h = 0.118"

Distance | 1= 12"
Load: * . p = 140.62 1b/in

Measured suppor,t movements: _
(1) Rib x = 24 J = 1.08110 2 1n

Hr =1.074010"% radiens

(2) Rib x = 0 ) / | . = =1.030107% 1n
| # = 1.074910™° radiasns .
Meterial constant (E-Modulus): E - 30:106 1b/in?

Coefficient of elastic restreint: f =_ 0.2 %%

Effective Section of the Outer Ribs:

First, the effective width of the shell 1s calculeted. Fig.4

glves a chert of the effective width under general conditicns. The

*See p. X and Fig., I& where the sctuel loading condition 1s described.
17 Ly
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coefficient
-~ 1,3161 = 0,368"7

Vel
To know ‘the number n, the stress distribution along the ribd

in circumferential direction hes to be known. Anticipating the

final results, F‘ig. 12 shows the stress in the ribs. The stress

Gy, G’y hes the same variation) in the lower fiber hes approximately.
the form of = cosine-fuhcti.bn, with s helf-wave length of & = 0.35

to 0.40 redisns. The number n becomes

n = T = 3 ”
helf-wave length P

The right side of this equetion is an approximate expression

for n iIn terms of the angle of opening qk end holds for this part-
icular losd cese only, for snother load would produce snother varis-
“tion of theﬂstressﬁi . Substituting the numerical value for Ly #

n = 8,03
And the coefficient “\is
A= n@s 0.26
The two outer ribs have no overhang (length of overheng = 0)
and the distance to the middle r1b (1= 12 in) is sufficiently large
to be consldered as Infinitely long |
(/Zz 0.3687x12 = 4.42> 2.4; see p. 6 )
Entering the._chert of Fig. 4 one may read out the ’coefficient K:
For:/?_: 0 |
K =0.38
A= 0.26 }
It mey be seen, that up to X = 0,75 the coefficient K and the
effective width stay practicslly constant.

The effective width b becomes
b =K yah & 1.36 in
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The sreas A amd the moment of inertia I of the effective
section are calculated next. Flg. 1la gives 8ll pertinent in-

formetion:

Area A = 1,227 in®
Distances =2 z, = 1,186 in
2y = 0.926 in

z, = 0.867 in

Radius of effective section ae‘; 108.926 in.

Moment of Inertia I = 0,536 in*

A comparlson to the moment of inertia of the rib cnly 1is

interesting

Ratio L (effective section) =~ '0.536 ¢ 1.35
T {rlb only) . , 0,397

It should be noted that the shell increases the bending stiffness
of the rib by 35%.
The shear loeds ngaacting on the ribs sre determined from

Eq. (9).
x?:f ;pfg-%KBf.

All yalues are now availeble to solve the two equations (18)
and (20) for the two redundents'Hc and M. The solution is made
for the sssumption of @ rigld restreint (conditiens (10) ) end en
elastic pestralnt with mee sured displacement and rctation‘uf the

fourds tion (ccnditions (11) ). Eventuslly the following values

are found

8.) Rigld restraint: H, = -1068 1b -
M, = 4 3156 in - 1b
b.) Elestic restraint: Hc - =-1457 .1b
M, = + 4371 4n - 1b

On the bqsis of these redundanté the direct stresses in the

ribs were wonted out esnd sre presented in Fig. 12,
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The cslculation of the direct forces N snd the cross bending
moment Mx in the shell fo llowed the procedure briefly outlined on

p. 13. The results are presented in Fig. 13.

7.) Experimentsl investigastion and comperison -

An extenslive experimental study on the model, shown in Fié. 10
and 15 was made, 44 rosette (type AR-1), 137 cross (AX-5) and 81
'sinéle (A-5) SR-4 electrical strasin gages recorded strains, about
20 Ames Dial‘gages measured displscements (accuracy 0.001 in), &and
two levél bars checked rotations (gccuracy 0.0002 rad.). The actuel
loeding consisted of 10 equally speced horizontal slngle loads s
shown in Fig. 5b. By virtue of St. Venant's principle the differences
 between the theoretical loading, assumed uniformly distributed, and
the actual loasdlng cen cause only local differences in behavi'orp

The stresses in tpe ribs camputed frem the strain éege'readings
are shown in Fig. 12. Note the aéreement between test and.theory
i1f the sanelysis 1s made witﬁ garbitrary allowsnce for the elsstic
restraint of the rib. The introduction of K is fully justified.
In Fig. 13 the experimental Ngo (direct force per'unit width of
the shell in circumferentisl direction) end M (bending moment per
uhit-width‘in axisl direction) of the shell are plotted. |

The cofrespondence between the analytical amd theoreticsl
results 1s quite close. It 1s_interesting to note that the stress
distributipn is perfectlyf@#ﬁhetrié wlth respect to the middle rib,
The latter is unstressed, therefore contributes nothing to the
strength of the structure under the present type of a loading. The
rib x = 27 hes exactly the opposite stresses of the ridb x = O,
This fect 1s also demonstreted in Fig. 14 where the measured vertigal
deflections of both outer ribs sre plotted. For the center g = 0

the calculs ted deflections are also shown.
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8.) Conclusions:

1. The analygis of the effect of hérizontal lateral wind
loads on ¢ylindrical shell roofs, developed in this chapter, was
fully confirmed by an experimental investigation on a model.

2. For actual shell roofs of the Rapid City type (span 340
ft.), the wind pressure on the front door (as prescribed by
building codes) 1is 30‘t0'35 1b/ft2, or approximstely 1000 1b/ft
of the rib. This results in meximum rib.stresses of sbout 400
1b/in2. Obvicusly, s stress of this msgnitude cennot be dis-
regarded ss s secohdary one. By combining & number of units these

stresses can be lowered considersbly.,

IITI Foundastion Movements:

1.) The Problem:

The hofizohtal thrusts of modern long spen shell roofs are
lérge enough to offer seriocus faundstion problems. In certain
cases, tension tles hesve been found necessary to balance the hori-
zontal fhrust scting on the sbutments. (Ref. (7), p. 358). In any
case, 1t ususlly will be impossible to prevent completely any founda-
tien movemenfs, except by very speciel’devices, as for exsmple srti-
ficifl stressing of tension ties between the abutments. The 1mppftance
of an gnalysis for‘the foundation movements 1s therefore obviocus,

The genersl procedure for the calculation of arches subjected
to foundetion movements may be used if the interaction, occurring
between the ribs and the shell, 1s tsken into gcccunt. This will
be dcné 8s 1n the previous chapter by taking as cross sgction'of

the rib the effective cross section formed by the rib and the

effective width of the shell.

v

2.) Anelysis of the ribs:

’
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A horizental di spls cenent»crk end symmetrical rotations ¢k

of the two sbutments sre considered. Unequel rotstims ¢k 2
end ¢kr of the left end the right ebutments can be solved by
superimposing symmetrical rotations ¢k = ¢ (¢k1+ ¢kr) end snti-
symmetrical rotations ¢ + 2 (ﬁk‘z Py p). The advantage of
this procedur-e is to reduce the number of redundents from three to
two.

~ The rib, shown in Fig. 16a, has two redundents, the hordzontel

thrust Hk and the emd moment M Introducing the virtusl loed H'k

k.
= 1 (Fig. 16b) and the virtual moment ¥' = 1 (Fig. 16b), the hori-
zontal displacement(fk snd the end rotatiom ¢k respectively can be
calcule ted by means of the work equesticn. '

The actusl normel force N and bending moment M are (see Flg,

16a): ' , .
N= -H, cosc ' (22)
.M = W - Ha (cosf—- cosﬁ{) (23)
Due to H'_ = 1 (Fig. 16b) E
N' = - CcO08 f (24)
M o= -84 (cos<Jo- cosfk) (25)

Hence theJk becomes

Sk—

M'Mds +

i

Assuming EI ard EA congant, inserting (22), (23) end (24),

(25) end performing the integrstion

Jk: Mk‘ (ch"sﬁ( - sinjﬂk) + Hya, [ﬁ{ (% 4 coasz)- 3/4 sichﬁ(
(2 + ¢ sin 2epy) (26)

2323
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Teking M') = 1 end
N'* =0 : - (27)
| MY =1 (28)
the work equation provides the end rotstion ¢k' Taking
into sccount the reduction of the effective width in the

%*

edge-member zone by & coefficient of elastic restraint £ ,

Y

the externsl moment M'k.= 1 of the virtﬁal load system times
the rotetion -\cMk due to elastic restreint in the actual
loed system contribute to the éxternal work:

P -kM, = | M'Mds 4 |N'Nds
TET “EA

Making the necessary substitutions by (22), (23) end
(27), (28) the integration gives eventually: |
EI =¥ ( X - si 29).
-5;¢k k e t X)) HBa (g cosp - sing ) (29)
Where: i = EI |¢
- a
e
For any given values of}Sk and ¢k’ the two redundants

H, amd M, sre determined by Eq. (26) and (29). The direct

k
stresses in the ribs are celculsted by use of Eq. (21).

3.) Calculation of the Shell Farces:

The. procedure is the saeme as described on p. 1l3. For
the two outer ribs gnd the middle rib the correspconding
S-Forces are calcula;ed by Eq.(4), once the stressCTA along
the conrecting line of rib and shell is known (Eq. (21) ).
Knowing thé bound?ry condlticns for the shdl, which are

Rib x =0

M_ =0
Rib x = 21 x

Rib x =7 o% = 0,
9xX

*See p. 12 for further explanation.
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and the S-Forces, the stress distribution in the shell cen be
celculated. The presentation of this analysis, exceeding the

scope of the present psper, msy be found in referemce (15).

4,) Numericsl Example:

The model (Fig. 10) 1s snalyzed for a given horizontal
displacement fk and end rotation ¢k. ‘I‘ﬁe effective width of
the ribs must be calculated first. In order to know the number
n, used in the chert for the effective width (F;g° 4) the |
stress distri bution élong the rib xﬁust. be known. Fig. 1=,sthows

that s a8 first spproximation the variation of the stress (L'

 1n the lower fiber of the middle and outer ribvs is & cosline

functicn with a helf-wave length 9-':': 0.76. Hence
—~ A
- - 3
n = _O_ﬂ:rs__ = _T'ﬂ_
. ° 4 x

3 is & first spproximation for n if foundetion movements
Iy :
are consider ed. (Note the di fference to n in the cese of

horizontsl lsteral losds, p. 16.) Inserting the value of = ‘

0.5866
nNn = 4014'

D n@ = 0,14

‘The coefficientf[ for the middle and outer ribs (,A& being
computed on p. 15) are ‘

Middle ridb :ﬁAL= O-o§687112

Outer ribs:f?_-f-‘— 0.3687x0 = 0 '

From Fig. 4 it is obvious that the values of K for (1)
s 0,/2,: @ in case of the middle rib, end (2) W = O,/2= 0

"

4,425 2.4

in cese of the outer ribs sre sufficiently accurate for 'tbe
determina tion of the effective width:
(1) Middle rib: A= O

/Z:Qo

K = 1,52
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b =K yah = 5.43 in

(2) Outer rib:K‘L: 0 '
| _ K = 0.38
A= O

DI K Veh = 1.36 In
The following velues for the effective section sre
eventually derived (compare Fig. 1ls and 11b) |
Middle ribs

Ares . : As 1,961 an

Distances z ' gz, = =1.282 in

kﬂf"/”

2y, ® 0,731 1in

_ Zy o 0.672 in
'Radius of effective section 8, = 108,721 in
Moment of inertis I = 0.921 tn*
Ratio 1 (effective section)- 0,920 = 1.84
T (rib only) 0.4001

Outer Ribs: (es on p. 16) ,

Ares ‘ A= 1,227 1n®
Distsnces  z 2, = -1.186 in

we”

zq, = 0.926 in

zA = .0986'7 in

Redius of effective section g, 108,926 in

]

Moment of inertie I 0.536 in%

Note especially the considéreble increase (84%) of fhe
bending stiffness of the middle rib by the effective width of
the shell. |

On the model the following horiztonal displacementJ'li
and end roteticn ¢k were induced:

gk = =0.2300 in
,gk = 7°755310’4 redlsans

Teking the coefficient of elastic restraint
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- 4
k= 0.05 _8e _
EI

and inserting In Eq. (26) end (29) the proper vslues, the
horiiontal thrust Hk and the el moment Mk are calculated:

Middle Rib: ' Hy = =~1636 1b
Mk = =17850 in-1b
Outer Rib* H, = =946 1b

M = -10350 in-1d
Norm,1 force N snd bending moment M for an srbitrary
.‘angle o aleng the rib ere given by Eq. (22).and (23), The
.calculeted rb stresses (Eq. (21) ) sre plotted in Fig, 17
fo r. the méddle end outer riés.

Fig.ile presents the nérmal force 1n & circumferentisl

_ directioanf? end the bgdiné moment In axlsl direction Mx of

the shell, the calculation of which was briefly outlined in 111,23,

5.) Experimertsl investigetion erd comparison

The ssme model (Fig}lo), es used for the test of latersl
horizontal loeds, wgs subjected to = horizontal foundetion dis-
placement (Fig. 19). The messured displacement end end rotations
are given on p; 24, |

The‘stresses in thé\riﬁs and th; Njﬂ-force and Mx-mcment,
computed én the bésis of the SR-4 strain gege readings are
plotted in Flg. 17 and 18 respectively. Theory and test sgeln
compare very favorably. The discrepsncy of a few experimentsl

My- values in Fig. 19 does not influence the oversll agfeomento

3
Note thet K depenés on the type of loading, for the base of
horizontel lstersl loeds s different vslue for KK was used (p.#5).

. /Y
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6.) Conclusions:

'l. By teking the effective width of the shell s flange
of a T-section the web of which is the rib (effective
secticn),'ﬁhq malysis of the ribs for foundation move-
ments can be done by simple efch,theory. IOnce the
‘stresseg in the ribs ere known, the'streas distribution
in the shell can be computed also. Experimental results
on the model ‘support the proposed snalysis.

2. Eq. (26) and (29) show immediately that for glven

foundation movanénts(fL and ¢k, the moment'Mk and the

horizontsl thrust H_ are proportionsl to the moment of
inertia I of the effective section of the rib. Neglecting

the influence of ‘the normal force on the deformations,

\

which 1is completely,negligible one may write:

Ne c, (¢ I
1 (30)
M= cp (g) I
where: cj (70, cz(jﬁ are functions depending on the angle
& only, S

And the stressg” in the rib becomes (Eq. (21) )

I .
a’=°iiEgIZ: 31 4 ¢,z (31)
I : A

Roughly, 0 1s proportiocnasl to the distence 2z of the

fiber from the centrolidel sxis of the cross section, for

the first term of the right'éide of (31) 1s always rela-
tively smell. The dmportancé of these deviatiecrms will

: 27
become apparent in s later discussicn (p. 28).

IV SOME SPECIAL PROBLEMS:

l.) Uniform Tempere ture Change sm Shrinksge of the Concrete:

Suppose a shell roof undergoes s uniform temperature cheng

of At°. If the whole structure would be supported as a simple
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beam, this temperature chsnge would cause an increase A L
of the spen L::

AL =9/ toL | - !

Where: & ‘= coefficient of thermal expsnsion.,

Actuélly this 1ncreaseZ}L 1s impossible, for the sbutments gre
restrs ined. Therefore the original spean L must be restored
by'diminish,ing the new spen (L4 41) by JL. The latter is |
exactly the horizontsl displecementcrk already trésted under
ITI. Be replacing in Eq. (26) end (29).

Jk = A’Al'toL

¢k‘=0
- the horizontal thrust Hy snd the end moment Mk due to s temp-

(32)

erature rise Jt0 ere thus determined.

It Is common practice to consider the effect of shrinkege
of the concrete as equivaelent to & fall 1n'tgmperature cf 2
| spgcified¢ﬁt°. Hence, the stress due to shrinkage.may also be

determined by the seme procedure.

2.) Differentiel Temperatﬁre Chenge Between Rlbs and Shell:

Assume a tempers ture difference betwesn the outside and
inside air of a2 shell roof structure. The ribs, exposed mosfly
to the outside gir will héve a different mesn - temperature than
the shell. The difference in temperature between the shell and
the rib mey be Ato. Cbviously stresses in the structure will be
produced,

\ An analysis of this losd case resulted in thermel stresses
up to 100 1b/in® for & tempersture difference of 1Q°F In a
I:mngar of the Rspid City type (340 ft. spsn). |

The actual tempersture distribution will be samewhat

different from the essumed one, for the tempere ture will vary
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continuously. Tempersture measurements on an sctuel structure

should be made to determine the veristion,

3.) Stability of the Structure:

The thickness h of the shell is mainly governed by
stebllity considerations. For a certain spscing 2 of the ribs,
a radius "a" of the shell, and e given distributed loed, a
-minimum thickness h of the shell is r-equireda.zr The resulting
. membrane stresses reach only & fraction of the allowable con-
crete stresses in compresslion. It may be of interest to point
out that the retlo of thickness to radius of modern shell roofs
is smaller than the correéponding retio for sn egg shell, This
fact 1llustrates the perfection to which these structures h%ye
been developed; | |

The ribs, reinforcing the shéii at regular intervals l ;
Increese the buckling stiffness of the shell panel in between.
Furthermore,‘they ere indispensible for carrylng e one-gided
live load (snow), ascting on the structure, To provide s
sufficient buckling safety fof the entire structure the ribs
must have & certein minimum stiffnesé. The buckling loed is
proportional to the moment of inertis of the effective secticn
.'(rib plus effective width of the shell). Previous considérations
concérning the stresses due .tc volume change led to e stiffness
of the rib as smell as pnssible, Obviously the stiffness should
be kept gt the minimum required for stabllity aﬁd bending strength
so that the stresses due té volume changg do not become ;oo excessive.

Conseguently, the question of the factor of safety egeinst

buckling of the ribs 1s of prime Importance. A smaller factor of

%
See Ref. (11) or (12).
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saf?tyAwill require 1e§s stiffness snd therefore smeller stresses
w;ll be sét'ﬁp Ey volume chaenges. Plsasetic flow of the concrete |
affects the geometrical shepe of the.structure, hence the forces;
in 8 dangerous manner, if the factor of safety 1s decrea;ed'too
much. In addition, the secondafy méménfs due to deformationé

of the structure can be correlated to the factor of safety

agel nst buckliﬁg (Ref. 13). lThé scope of the'present'ihvesti-

gation does not permit specific recommendations for this factor

of safety bﬁt 1t 1s & very importent consideration in design.

4,) Location of the shell with respect to the rib:

. Recently the idea of loceting the shell in the middle of
the rib wes brecught forwserd (Ref; 14), Considering the stresses
due to volume change Whitney correctly concluded thet the stiffnesé
" of the ribs should be & minimum. By lbcéting'the shell in the
middle‘of the rib the stiffness of the effective section is in-
deed diminisheé to e great extent (see, pxt, 47%) . But the seme
decrease can be obteined by taking'a éﬁalier rib, wifh the shell
st one edge of the rib. '

To 1llustraete, consider the f llowing cross sections:

z

Section (1) Section (2) - . Section (3)
 0.025 D ) b 0.2 : ;
zy ©@ 5"‘%““ a | [Zu e 5’.//5 jone ?ﬂ 2. 0.625 > J FO%
o - —— = i!—ﬁn TR A pmmrmy | = W Z e A
‘ g/ ;N8 <1zl ¥ R METN AT 3
r77///77/7“/ L(A/ 2224 , o, ’* j[___Ly777777;7—,/ 77 7e -
- bl N ~ - L
e R : - T e L ,‘ j
Lzm - )".2.77'J 2.7v 2.7 Z T RFI The
Ares Ay = 1.9608 As= 1.9608 Az = 1.6902
Mom.I I, = 0,9204 I,= 0.4914 I, = 0-4895
Dist.: Zy1 = 1,382 Zyo = 1,056 )  Zy3 = 10':1.'36
Z31 = 0.731 ‘215 T 1,056 : zp,3 = 0,544

Sections (1) erd (2) are identical, except for the locestion

"
L
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of the rib. Plecing the shell in the middle of the rib
reduces the moment of inertis by 4%%. Section (3) hes s
moment of inertis presctically equsl to section (2) due to
a reduction in the height of the rib. The normsl force
and bending mecment due to volume changes sre- proportionsl
fo the moment of inertis of the effective sec?ion (compare
Eq. (26), (29) 'and (30) ). The fiber stresses on the other
hand are additionelly proportivnal to the distence z of
the fiber from the neutral exis (Eq. (31) ). The ratio of
the corresponding stresses of the two sections 1s hence

equal to the retio of the corresponding distances z:

Upper fiber: OJuz - 2ud = 1,136 = 1,08
' ohz 2y2 1.056

Lower fiber: J13 ¥ 213 - 0,544 = 0,52
Jt2 210 1,056

Section (3) has in the upper fiber a stress 8%vhigher'and,
in the lower fiber a stress 48% lower than section (2). The
objection that in section (3) important cross bending stresses
gy ere set up can be rejected, for in the most extreme case‘T}
Is 1.73 times éhe lower fiber stress of the rib s

Tx = 1.73x0.52 = 0.90
Lo S

The cross bending stress o, is still 10% smeller thanCTiz

and furthermore the cross bending 1s concentrated on 8 very
short length.

In summery,'for‘section (3) with a 21% lighter rib than
section (2) the bending mcment and normal force due to volume
changes are identicsl. 'Neglectiﬂg the influence cof the normal

force the stresses of the section (5) are + 8% end - 48% of the

ones of section (2). Cross bending stresses<5; BP?Q: 10% and

!
3
3
{
‘gi

¥See Ref. (15), p. 42. ' /omw)w‘“‘
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of local importence (g; has the form of a strongly damped
oscillation starting from the rib). Therefofe, from e
statical point of vliew section (2) does not have any sd-
vantage over section (3) whatsoever. ' Contrarily, 21% of the
dead welght of the rib can be saved by using section (3).

It must be concluded that it is not only ineffective 5ut

wasteful to place the shell at the center of the web,

SUMMARY AND CONCLUSIONS:

Theoretical solutions fcr some problems encountered in
designing long spen cylindrical shell rocfs wére presented.
Tests on & steel model in the scele 1 to 30 of an actual
structure built in reinforced concrete (hanger Rapid City,
S.D.) confirmed the theoretical fesults. Pbssible objection
ﬂlat.the test results were obtained from a_peffectly elaétic
qtructure_(only elsstic strains were induced in the model)
whereas the material (reiﬁforced concrete) in an actual
structure exhibits quite different prOpeéties may be answered
as follows: ' |
It is common practice to cslculste the fogces énd moments 1in
steticelly 1ndeterm1nate concrete structures by assuming the
concrete-as s perfectly elestic materisl. The moment of

inertig for s cross sectioh i1s taken for the uncracked cohcrete

section (e.g. continuous T-Beam girders, flsnge in tension over

the supports etc.). On the besis of the calculsted moments and
normel fofces the stresé;s in thé concrete and the reinfcrecing
steel are determinéd under the assumption that the concre%e is
ineffective in tension (cracked tension zone). Thls may be
done by using either the ususl n-Theory or the so-called "limit

design" Theory.
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Therefore, the similitude between the thecretical direct
forces and bendihg moments of the steel model and the concrete
strmucture canibe made (both msterials are'éssumed to be per-
fectly elastic)., These values were checked by test results of
the ﬁodel, built of & neasrly perfectly elsstic materisl. Be-
tween éﬁe stresses in the moéel and in the ectual structure no
-such direct relations can be derived. But it is s well es-
tsblished fact, proved by many testga'that reinforced concrete
structures, éﬁelyzed as elastic structurés and reinforced |

aceording tothe calculated moments and normal forces, behave

;‘:A,
“R‘ S,

essontially 8s predicted. B ——

M&ny tests not reported herein were made during the course

e

of the investigation but space does not permit their inclusion.

Similar procedures of analysis, based on.the use of the "effective
width", were found adequete to check test results to a close approxi&ation
in all cases. 1t was found adequate to roughly estimate the value of

"n", since the effective width for the proportions of structures tested
and type of stress varistion induced by usual loads put "n" in.e region
where variatlions caused little or no change in the effcctive widtho-

Other engineering uncertainties are of much greater magnitude. 1In

other appllcations of this report to diffsrent problems, i might be

found necessary to éarry out anelyses by means of a Fourlier Serles

representation of the stress variation along the juncture of the rib
and shell. In such cases effective widths and stresses could be determine
ior each of the qignificant terms of the lMourier Series, and the actual

stress at any point could be determined by superposition.
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