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Progress Report 213-C

‘Shell Arch Roof Model Under Simulated End Wind Load

by

Bruno Thilrlimann and Bruce G. Johnston

Summary

Test‘results of a model of a shell roof, reinforced by ribs
in radlal planes, (Fig. 1) undér 3 different cases of énd loads
(Fig. 2) ars presented. ‘A theoretical study of one of the cases
(uniform end load) 1s made. To overcomse the mathematical
difficulties, simplifications are introduced. A falrly good

agreement between test results and analysis 1s established.

Introduction

Horizontal end loads on shell arch rodf buildings, due
primarily to wind forces, represent loading conditions which
have had little attention in the literature. Aas - Jakobsen (1)*
analyses the‘horizontal‘wind pressure on arch-bridges. His method
suggests some ideas which may be of use in the present problem;
but it hés to be extended to take into consideration the inter—
action between ribs and shell. The latter is done in a fairly
simple way, taking the "effective width" (2)” of the shell as
a flange of the ribs. The forces in the shell are found bj
procedures similar to those used ih the previous two réports

(2,3)%

* (1), (2) See list of references.at end of report.
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Part I: Theoretical Analysis

l. Problem Simplification:

‘A uniform horizontal load is assumed as acting on the
shell (Fig. 2a). A part of length Rgde> 1s cut out and the
two outer ribs are arbltrarily separated from the shell
(Fig. 3b). Assuming that in this state the shell carries

shear forces only, (and that —égu is constant), then from

Flig. 3a:
4as _
i 0
s = flw) (1)

No distinction between the shear forces Syo and Soq In the
Rgw and x- directlons has been made: Syp = Sg1 = S. The
significance of this simplification is discussed in Ref. (4),.
p. 117. By Eg. (1) (assuming 9Ty a constant), S is a

—55 , ‘
function of w only, therefore it is constant along a cut
W = constant over the depth h of the shell. The equilibrium

of the free body diagram Fig. 3b requires:

as _ _ %
deo n P
Rg
= -5 P@ (2)

The constant of Integration 1s zero since for w= 0 symetry
requires S = 0. To keep the shell element of Fig. 3b in
equllibrium, shear forces must act along x = 0 and x = h.
These act as reactions along the outer ribs as shown in
Fig. 5b.4

To eliminate the'relativa displacements betwsen ribs

and shell, introduced by cutting these two slements arbitrarily
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apart, redundant foreces Y (see (3), p. 4) are introduced.
‘The condition of equality between thé strains of the shell
and the ribs determines the magnitude of Y.

For practical purposes the above procedure is too
glaborate (see example in Progress Report 213-B). The
Interaction between rib and shell can be taken care of by
Introducing the effective width of the shell as a flange

of the rib. The stresses and deflection of the rib under

the action of the shear forces S are in the following two

cases the same: -

Case 1: Rib and shell cut apart. Action of S on the rib
only. Elimination of the relative displacement
5etween rib and shell by the redundant force Y.

(Fig. 5a).

Case 2: Action of S on the rib of a cross-section‘consisting
of the rib and a flange of width squal to the effect=-
1ve width of the shell. (Fig. 5b).

The analysis of "Case 2" can be done by ordinary arch theory.

The effective width b is determined from the dlagram in

| Ref. (3), Figo 8. The only difficulty consists in predicting

in advance the coefficlent A . (depending on the force distri-

bution), and the numerical example in Part II shows that

this easily is accomplished.

The forces in the shell due to the interaction of

rib and shell, are found by the foilowing simple procedure .

In Ref. (3), eq. (36), p. 23, the sffective width is of the

form: ' /

Y

=T, (at rid)
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Knowing the stresses in the rib, Ty, at x = O can be

calculated:

where: d = thlckness of the shell

al
]

normal stress in ridb in
the fiber of ths connect-
‘ ing line rib=-shell
The "string force Y" reduces to:
'Y = bdg, | (3)

It remains to study fhe ghell under the action of
the string_forcé Y, a problem already solved in Progress
'Report 213-B., The example in Part II illustrates the
practical solutione. ,

If the interior rib is placed exactly in the middle
between the two outer ribs, it 1s of no influencse on—ﬁhe
stress distribution 1ﬁ the struéture; Consideration of
symmetry shows (Fig. 3b). that the displaceménts v and w
of the middle rib are zero., If the torsional stiffness
and the bending stiffness in x-direction (small I) are
disregarded, no stresses will be produced in it. Therefore,
the middle rib may be considered as not present in the .
anélysis of horizontal loads acting on the shell. (See
test results as further justification of this statement.)

A further point of discussion 1s the question of
the T forces (direct forces in x-direction) due to the
loads p (Fig. 3b). Two extreme cases may be distingulshed:

1. p acting as compression at x = 0 (as shown in

Fig. 3b). |

2. p acting as tension at x = h.
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If the depth "h" of the shell is small compared to the span
of the arch roof, the problem may be answered by the same
reasoning as in beam theory. Fig. 4 shows how the two cases
can be built up by simple superposition. The straight line
distribution is a close approximation under the above given
agssumption (small depth h). With the same justification

as in the cese of the normal stresses in ths vertical
dirsction in the wsb of aP I-beam, the deformations caused
by the Ty forces are neglected. Thelr maxlmum value (at
Xx=0or x=h) 1s easily determined Ffrom the boundary.

‘ conditions.,.

2., Tdgse-ember Disturbance and the Restraint of the Ribs

by the Abutments:

The conditions.at the springing line require.some
special attention. The rib fises from a heavy end wall
(Fig. 1). It may be considered as fully restrained by this
wall.  On the other hand, the shell rests on a flexible
edge-member. It is proposed to take care of these influences
5y an approxinate solution;

Two limiting- cases are considersd:

1. Rigld edge-member }‘ ‘

rib fully restrained

2. No edge-member

In the first casé, the section consisting of the rib and

a flange of width b (effective section)® is fully restrained

as a whole (Fig. 6b). In the second case the effective

* By "effective section" of the rib, the cross section consisting
of the rib and a flange of width equal to the effective width

is meant. On the followlng pages the term is used with this
meaning. .
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width b has to reduce to zero at the springing 1ine
(Fig. 6¢). The determination of this reduction is a
problem in itself. ”It‘méy be by-passed by the assumption
that the full effective width acts down to the edge-
member, but the section of rib and flange b as a
whole (effective section) is‘elastically restrained at the
abutment. The reduction of the moment of inertla of tﬁe |
effective section in the end zone is concentrated arblitrarily
at the springing line. By St. Venant's priﬁciple, this
simplification results only in local differences of the
éctual state of stress. h

In a generai case, whenhtheishell is supported by
a flexible edge -member, ths effecéive width b does not
reduce to zero completely,and the elastic restraint of the
effective section.is highef than in Case 2.
‘ The determination of the coefficient of elastic
restraint K offers certain difficulties. Further theoreti-
cal studies of the edge-member problem may lead to an
explicit expression for k£ . For the present Hangar mddel
(Fige 1) K = 0.2 Ro . If a moment M

EI k
to the support, the latter rotates through an angle of K

= -1 1s applied

radians (Fig. 7). 'The angle of rotation of the support

due to an ehd-moment is

O = =Kl (4)
The two limiting cases for K arg:(
k=0 : Pully restrained arch

"[= 00: Two-hinged arch
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For the practical application of this procedure, reference
is made to the numerical example in Part II.

If the numerical procedure of integration in the
arch analysis 1§ used (as in most actual problems), the
reduction of the momeﬁt of inertia of the effective section
in the edge-member zone can be cdnsiderqd directly. Still,
certain assumptions about the reduction of the effective

width b have to be made (curve of b in Fig. 6¢).

Calculation of the Rib Stresses:' .

The shear forces S offer a rather unfamillar type
of loading in theé arch theory. Statically speaking, the
rib forms an selastically restrained arch. A cantilever
is chosen as the statically déterminate base systam,(Fig. 8a),
The number of tﬁe redﬁndanﬁ forces reduces to two, horizontal
thrust Hc and.Mc at the center.
The normal force N, and the bending moment MO in
the statically determinate base system (Fig. 8a and 8b)
may be obtained by integrating the contribution of ths
distributed éhear load that is applied by ths shell to
the effective rib section. If w is the angle at which
NO and Mg arq determined,  let SRSdQ represent the sheér
load applied over incremental shell distance at any angle &

between O and w. (Fig. 8b). Then,

)
NO = - OJ”SRS cos{ @ = & )d«x

. Roap& : v
Substituting from Eq. 2, 8 = = —2— and performing the
integration, l

. R :
N~ = _EB (1 = cosw) (5)

0 h
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Similarly, the. contribution to the moment M, of incremental
shear load 1s SRgdx multiplied by the moment arm
Ys = R, [1 - cos(w -Q'.)] as shown in Fig. 8b. The integrated

total of M,, then is,
3

MO = - [SRS[yS - Re(l - cos(co-tx))] d«
0

substituting as before for S and integrating,

RER,p
M, o=-5eP | (¥5 1) & +1 - cosw (6)
0 n Re 2

The normal force N and the bending:momeﬁt M in ths arch
aret ' K

N =N, = H; cosw , (7)

M =My + HoRg (1=cosw) + Mg (8)
The boundary conditions for = @j determine the redundants

w= C\)ki ék

0
B = = £ My
Where: ék = horizontal displacement of
the support
dk = rotation of the suﬁport (FPig 7)
My = moment M for a)=wk
Filg, 8c and 8d show the virtual load system used to find

the above deformations:

For Jk:(Fig. 8c): M' = =~ Ry (cosw = cos Q)k) (9)

L)

For @, (Fig, 8d): M' =1 (10)

For the determination of H, and ¥, the deforméﬁions caused by

the normal forces-are disregafded.



Applying the work equation

5_ M'Mds
| EI

Csk and &, ‘follow to:
Ok

Eg. 8 & 9: é_k,_r- El'f[' Re(cosw= coswk)]-{l\{o t HoRg(1l=cos Q) '

‘ QO +'Mc] Rodeo
BEq. 8 & 10t dk =f%—f {M!O + HcRe(i—cosw) + Mc} Rodw
o .

If BEI is constant, the integration can be performed:
K R*‘ = My(sinwy = Wi c?swk) + HoRg(sinWy + 7 sin 200

1 : ‘ )
- Ewk - wkcoswk)

RZ

3
., wk i
- hsp'Re (1 - —)(wkcos&)k + (== - 1)sin W, =% cos )

6

. 1 ‘ |
sinW, = 7 sin ?wk + ,}iwk -+,ch coswk] (11)

4
-
Jm

dk ﬁ; = Mcwk + H (Q)k Sinwk) _E'ZD Rg [(1-%51)“-6-2 '(:‘315 + s'incok

| | - (12)
Eg.- {11) and (12) are 2 linear equations with 2 unknowns
Mg and Hy, the solution of Whi\ch 1s dealt with ih tﬁe mmerical
‘example, Part II. |
The values of J‘k and dk depend on the suppbrt conditions
of the ribs: o | |
| 1. Fully restrained archs

. CJ}.: W, ¢ Jk =0

| 8, =0 |

2. FElastically restrained arch: (See Eq. (4)) °

W= e cy
“ ~¢1

\ll i

=k My
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Knowing Hc.and Mc; the actual normal force N and the actual
momént M are determined by eq. (7} and (8). Concerning the
'cross-sectﬁon of the rib, 1t was shown under I, 1., that
the combined actlon of rib and shell can be taken into

account by using the "eéffective cross section'*

4, TDeflection of the Ribsa:

The calculation of the deflections of the ribs is -
obtained by numerical use of the work equation.
; A few words may be sald about tﬁe two 1oad—sységms
determining the M, N and thé M!, N' respectively. | |

Actual load-~system: -The M and N are the moment and

normal force as determined by eq. (7) and (8) for the
actual structure under ths actﬁal load.

Virtual 1oad system: The 1i' and N' are the moment

and normal force due to a virtual load P =1 at the point

of the deflection under investigation and in its direction.

The virtual'strﬁcture has to be ildentical to the actual one.

except for the boundary conditions. Usually they are chosen
" so és to make the work of the support forces equal to zerc.

Fig. 9 illustrates the two systems for the preseht ‘case.

Part II: Numerical Analysis
| The successive steps in analyzing a sheil=roof of the .
present type (Fig. 1) consist in the'détérmination ofs
1. Shear forces S , eq. (2) -
2. Effective width b , effective cross«sectﬁon*
3. Analysis of the effective cross section as an arch
under loads S

* See footnote on page 5.
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-4, Deflection of arch rib
5. String force Y, eq. (3)
6. Shell forces due to the string force Y

List of the principal dimensions anddtas (Fig, 1):

Outer ribs: -Radius Rgp = 109.06"

Height © hg = 2.13"

Thickness bp = 0.505"

Angle W= 0.5866"radians
Shell: Radius - Rg = 108"

Thiclkness d = 0.118"

Depth of Shell . h'= 24" .
Load*s ‘ p = 140.62 1b/in
Measured support movements: ék =-1oOSnldlin

-3
¢, = 1.074:10 radians

1. Shear forces S:

Rg 108 .
g. (2): S = = $pQ = = 5y 140,62 =" = 652,79

2. Effective width b, effective cross section:

Effeqtive width b:

Fige. 8, Progress Report 213-B gives the'effective
width b as function of the two parsmeters A and ( B8x). The
present structure has no overhang, hence (f&x) = 0. ‘The °
distance "h" between the two outer ribs 1s wide enough. so
that there is no appreclabls interaction between ther,and
the shell may be considered as infinlitely longe. For (ﬁ:ﬂ =

a variation of the parameterJufrom_Okto O¢5 results in a

* In the test, the load was actually tension along the rib x = h.
But as seen under I, 1., compression loads at x =-0 and tenslion
loads at x = h produce essentially the same state of stress. except
for the Ty -Iorces (see Fig. 5).

pe v A e, e e

R
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variafion of the doefficignt_K from 0.3799 to 0.3665, or |
3.5%. Thé determination of the coefficient ¢ requires the
knowledge of the force distribution along the connecting
line rib-shell. For a shell roof éf the present type under

‘"uniform lateral wind load, an approximation 1s:

e3T__3T ; . |
= Booy ~ 2 - 0.5866 ~ 0°0%%4 ,

o ]

: . _ a - 0.118 _
Coeffictent A : A = 0\’§ = 8.0534 | =55 = 0.26554
A,iﬁ,in any case smaller than O.5. The K-value for

A=01s théreforé sufficiently accurate.
A= 0 . '
K
(px) =0 :
b

In summery, the procedurq of finding "b" consists in a test

043799 -

K {Rd = 0.3799 {108 + 0.118 = 1.3562

of L. 1f A <o0.5 (as.is usually the case for shell-roofs
of the present type undef.uniforﬁ hofizontal load p), the
K=valus for A,= O gives a very close approximation for the .
determination of the effective width.

Effective créss-section: |

hﬂ 0.505 - ’

Centroid ——%u
I iy

2.113

Areas A = 2,113 * 0,505 = 1.08671
.+ 06118 * 1.356 = 00,1600
= 1.2271 in®

S
|

* See Fig. 13, where the stress Gi,has the variation of a
cosine function of half=-wave length of about = 0.35 > 0.40: -
T L

C = 5=

2 half-wave length °
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0.1600 ° 0.5(2.113 = 0.118) = 0.1597 in®
Q _ 0.1597

Controid: Q

x = —f— = pigger = 0+1%01 1in
¥, = 0.5 + 2.113 + 0.1301 = 1.1861 in
yp, = 0.5 * 2.113 - 0.1301 = 0.9259 in
[
¥g = 0.9259 = 0.5 * 0.118 = 0.8669 in.

Radius of effective rib-section: Rg = Rg + yp = 108+0.9259

=108.926 in

3

brhg -
— . - 3

75— = 75 ° 0505 ° 2.113% = 0.3970

ll—-'

]

Moment of Inertia: T

+ a¥ A; = 0.1301% ° 1.,0671 = 0.0181
+a} Ay = 0.8669° * 0.1600 = 0.1205
“ I = 0,5356 in*
I (effective cross section) _ 0.5356
Fatlo T35 oniy) . = 0.3970 ~ L35

.NO TE
The shell increases the bending stiffness of the rlbs
by 35%.  An overhang of the shell could improve the
stiffness up to sbout 100%. The Importance of an overhang

becomes apparent here again.

1///,_____overhang

R

3. Analysis of the ribs {(effective cross section):

Solution of the Eq. (11) and (12) for M, and H,:

List:* Wy = 0.5866 sin @, = 0.5535 326
‘W = 0.3440 996  cosw, = 0.8328 275
wz = 0.2018 491 sin2e), = 0,9219 944

* The different terms of (11) and (12) are small differences
of large numbers, ‘therefore 7 decimal places are taken.



= : E - I8y - 0.8669 _
Re - 1080926.:1!1 (l 'ﬁ’e‘ = l - 1080926 - 0-9920 41
' 6
EI  30.10° ° 0.5356 5
— 4 o 2 —— = .
Rz = 1.1864 87.10* in R = 106356 1.4751 * 10
| EI  30.10° * 0.5356 ;
-— ' —— Ool * ° - ° S
Ry = 108 in Rg T IREIET A0 1.3543 ° 10

a) Fully restrained arch:
0

]

Boundary éonditiona: W= ¢, 2 3k
| | d, =0
Replacing in (11) and (12) the values listed above with
the given boundary conditions, they reduce to:
(11) 04064996 M, + 0.23905 Hé = 50.214
(12) 0.5866 M, + 3.6019 H, = 1996.0
And the solution:

M, = =3155.9 in-1b

H, = +1068.1 1b

b) Elastically restrained arch:
' Boundary conditions: &= @, : J? ==~1,03 ° ;52 in
| é, =1.074 ° 107 - ie 1y,

whers =1.03 * 10~ in. ahd 1,074 ° 10~ radians are the
actdally measured displaéement and rotation of the support
respectively. The term aM; takes care of the edge-member
action as explai;ed inI, 2., p. 5 « (k= 0.2 g%)
Eq. (11) and (12) become:
(11) 0.064996k, + 0.23905H, - 50.214 = %% 1.03 « 107 .
(12) 0.5866M, + 3.6019H; - 1996.0 = %& (1.074 = 10"~ 0.2351,)

-My 1s the bending moment at the support W= w,
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From Eq. (8):
My = - 24791.42 + 18.200 Hy + M,
(11) 0.064996 M, + 0.23905 H, = 64.163
(12) 0.7866 M, + 7.2437 H, = 7112.7

M, = - 4370.6 in-1b

H

¢ = +1456.7 1b

Fiber stresses in the ribs:

Knowing the normal force N (from eq. (7) and the bending
moment M (from eq. (8), the fiber stresses G, (upper edge)

and O (lower edge) are found using the formulas

_ N, My,
R A

Tables T to III show the calculations.

{
'

4., Deflection of the ribs:

The deflection of the rib at w= 0 is calculated.,
Flg. 9 shows the two load systems used in the work equation:

Virtual load system: P =1

R
Mt = 126- (sinwy - sinw)

1
N' = =35 sinw
 Actual load system:

- Elastically restrained ribs.M and N as given

in Table II.
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é_

Table IV gives the numerical calculations.

M' Mds
=Tt

Qk'

Nivds ~ 2 As

CEA

b

The

(ZM M - KZN'“

Interval As is constant fromw= O to € = 0.5796; the last

interval is shorter.

Trapezold-formula.

'The summation is done by using the

As = ReAco

Pathe Bo> 8s | Ty | =w'w | 2As3w'm | 2AsTN'Y
0 tb 0.5796 0.058 | 6,318 | 10,193 [ =61.,191 | -128.80 | =773.21
0.5796 to 0.5866 | 0,007 | 0.762 |- 0.052 | -28.010 | = 0.07 | =39.89
Multiplier 10*% 10% 10* 10%

I _ ‘ '

‘ T~ 25396 = 0.4365
1.2271

2AsZM'M = = - 128.87
%2A§ZN'N = = 0.,4365 ° 813,10 * 10° = = 3,55

Deflection J-at center, W= 0

Taking E = 30 * 10® 1b-1n~"
J= -}38213% : %)82356 = =8.241 ° 10 in.
Taking E = 29 * 10° 1b-iA®
32,42 ° 10* ‘ 2
= T29.100 - 0.5356 22828 110 in.
Comparison to test results:
Measufed: J= -3,10 -° 10'2 in (Rib x = 0)
Difference to analytical result:
For E = 30.10° 1b-1n%: A= 5,47
For E = 29.106 1b-ir®: A= 6.3

> 10*

« 10*
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Détenmination of the string force Y:

Eq. (3): Y = bdGg
b may be taken as constant over the entire span, with
exception of the end=zonsese. GTS is the stress in the

comnecting line rib-shell.

'GL
T . ' ,/___Rib.
h /
R{ AL =
L// ‘ — Connecting line Rib-Shell
a3
T ER
z gy,

0,118

S, Gh) 2 ¢ 2,113

s GL-(G—L—G-u)‘éB‘—: G-L—(G'L-

i

d
R
G, = Oy =0.028 (G - o)

The direct force T, in the shell (in circumferential direction)
-at x =0 is:

_ T2|x=o = Géd

In Table V the To|x=o and the Y are calculated for valﬁes _

of c.)be'tween + 0.4637, For the end-zone W= 0,4637 to 045866,
the influahce of the edge-member distrubance modifies the
stress distributlion in'tpe shell. No shell~forces are computed
for this part. Only the case‘of the elastically restrained

ribs is considered.

Forces in the shell

Knowing the string force Y applisd to the shell at the
boundaries x = 0 and x = h (Fig. 3), the forces in the shell
‘can be calculated by the procedure developed In Progress Rerort
213-3. Comparing the normal forces T, and the bending moment
M; resulting from a unit string force Y = 1 (constant) or

Y =1 cos(baO respectively, applied at the edge of a semi-
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'infinite cylindsr, it may be seen, that- the difference in

- the results 1is very Small, as long as ¢ is not too large

(Ses (3), Tables II, p. 54 and Tables IV, pe 5% respectively).
Therefore the T, and Ml’ due to a uhit force Y, will be -

computed for Y = 1 (constant) only.

' The thickness d and the radius R of the shell are.

-

the same as for the Pilot model, investigated in Progress
Report 213-B, so that the values of Table IV of this report (3)
can be used directiy.

) | | 1Y=l & - =-1

r—_——— ey

The sketeh showsr how the shell is 1oaded by string forces
i‘at the edge x = 0 and Y = =1 at the edge X = h'>

fespeetively (Fig. 3 for example,illustrates, that the loading

of the outer ribs is anti-symmetric about the middle rib)f

To £ind the actual T; and My, the values due. to the unit -

Y-Force are multiplied by the actual Y-Force. The calcu~

r

lations ars made 1n Table VI.

Part III. Experimental Investigation

1.

e s o ——— e ——

Description of Model and Test Set-up

The test structure represents'a modelfin the approximate
scale 1:30 of an actual shell-roef {0.g. hangar at Rapid City,
South Dakota). Flg. 1 gives.the actual dimensions. As a
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material, steel was chosen in oraer to have néarly perfect
elésticity as is desirable for cheéking theoretical stress
analyses. Relnforced concrete would require a model of a
much larger size and would make an interpretation of the
electric straln gage readings aimost'impossible, due to

the combined effects of elasticity, plastic flow, shrinking,
and non-homogeneity of the material. The present model
exhibits neariy the properties assumed in the theoretical
analysis, i.e. 1inear elasticity.’

The horizontal load p, assumed uniformly distributed
over the length of the rib, was applied by 10 concentrated
loads P (Fig. 2). The loads were produced by weighfs (water
buckets), applied to a lever-system with an advantage 1:7.5.
Wire cables passh@;ovgr pulleys with roller bearings changed
the direction of the verticél load to a horlzontal one,
as may be seen in Fig. (10’.

The stralins were méasured by means of SR=4 electrical
strain gages. The lay-out of the gages ié shown on Fig. li.
A total of 44 rosette (typé AB-l), 137 cross (AX-5) and él
single (A=) gages were applied. Two strain indicators |
were used to take the 487 reading%.

Dial gages measured the vertical displacements of the
outer ribs at 10 points and the lateral displacements 6f éhe
shell at 5 points (Fig. 12) (accﬁracy T%Bﬁ in). The angular |
displacements were recorded by 1evei bars (accuracy 55%35 .
radian ). Finally, the horizanéél displacement of the ..

v

supports were measursed by a dial gage.




Test Procsdure:

Before the actual test, the modél was subjected
several times to a load of 1875 1b.-per~one loading point
(10 loading points = 10 x 1875 1b.). With this procedure .
plastic flow, due to residual wélding stresses, could be
eliminated prior to the test.

The loads in the actual test were kept at 1687.5 1lb.
(90% of the first load) in order\to keep away from svery
possible ylelding. An initial set of re‘adings was taken
at zero load (shell under 1oé§:of ﬁhe ioading system only).
Then the loads (Eucket + water = 225 1b.) were applied
slowly up to the sald load of\1687.5 1b. (lever advantage
1:7.5) for sach 1badiné point, and all readings were taken. -
This‘procedure was repeated once; to check all readings
carefully. The applied load of 10 x 1687.5 1b. corresponds -
approximately fo a uniformly distributed load of p é‘lggg%é =
140.62 1b. per one inch length of rib. This latter figure

was used in the analysis.

Test results

All test results are recordsd, including the two other
load cases (2 cgncent;atedkloéds in the middle, concentrated
load at the quartar point), in the‘appehdix to Progress Report
213-C "Test Results for 3 Cases.of Lateral Loads on a Model
of an Arch Roof". | |

In order to compare'the analytical values with the
test results, the stresses in fhe ribs, the moments M,
and the dirsct forces To in the shell were computed on the

basis of the recorded strains. The dlsturbance due to edge=-

e— a S e m i emewae m O ar——— A s e e e e o e e s vn et S i doag o LA s s et St et i e ke M etk s o b o v s
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member action Was not studied in the anélysis as far as the
forces 1n the shell are concerned. Therefore no shell forces
and moments 1n-the'édgeﬂnember region are worked out from

the test results (W= 0.4637 to @, = 0.5866).

4. Comparison between Test Results and Analysls:

The analysls waé made under the following simplifylng

assumptlons: |

l. The edge member disturbance is take; into.account by a
| _ coefficient of elastiec restraint &k for-the ribs (See p.-5).'
Wo attempt is made to compute the shell=forces, due to
edge -member aetion.
2. For the determination of the effective width, the shell
moments Ms and Piosson's ratio b were assumed to bé Zero
(Seé (3), pe 6). The influ§g¢e of the parameterll. (force
distribution factor) waS'diﬁgééarded. (Ses p. 11).
3. The noraml forcqs7mg and the M; in the shell were
computed by an approximate method (See p. 17).

4. The torsional stiffness of all the ribs was disregarded.
Considering thesé simplificatioﬁs, the comparlson
between test and analysis seems satisfactory. Fig. 13 shows

the fiber stresses G, fupper) and Gf, (iowers'in the ribs.

The assumption of fully restrained ribs (ribs and shell are
rigidly supported by the abutments) leads to stresses too

low in the middle (w= 0) and too high at thé'suppdrt ( u>=¢bk).
The stresses computed for elastically restrained ribs (the |
edge;member»provides only an elastic support of the shell)l
check very closely with the ﬁeasuréd ones. As said before

{p. 7), the actual determination of the coefficlent ‘of elastic
restraint offers certain difficulties. It is believed,.tha%




for the present type of a shell construction K= O 2 T

-2 =

1s a very reasonable assumption.

Re .

-Despite this imperfection,

Flg. 13 demonstrates that the analytical attack, presented

in this report,

gives the right functional correspondence

between shtructure and load.

The analysis is based on

theoretical considerations except for the empirical evaluetion

of the restraint coefficient "k ".

/

Normal force T2 and bendlng mement My of the shell

are presented in Fig. 14,

experimental values check fairly well.

points are quite far off.'

an explanation of these discrepancies:

In general, analytical and

A few experimental

The following effects may offer

error in the strain

fecording system, difference between actual. and assumed

‘dimensions (e.g. shell actually has a curvature in x—direction,

which theoretically is taken as 0), concentrated lodds P °

instead of the assumed uniformly distributed.load P

(ng, 2).

No attempt 1is made to give an\eiplanation for eacﬁ lndividuel“

point.

It 1s possible .

11ght On this question.

I'd

middle {w= 0).

The correspondence is quite acceptable,

that later tests will throw some. -

RN

The deflection was checked analytically only at the

-

depénding on the modulus of elasticity B = 29 to 30 *.10°1b/in®

taken. The following table cemperes the'resultsi
[ ANALYSIS | | TEST
E = 29106 - E = 30°10° .
Rib x = 0 -0.0853 in =0.0824 in 20,0910 in
Rib-x = h | 0.0853 in ,‘o.oezé in 0.0988 1n

Vertlcal Deflection of Outer Ribs at w= 0 (middle)

~'-1
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Summarizing, the test furnished results corresponding
fairly well with the analytical computations. The analysis,
brought ferward in this report, describee gsatisfactoriy

the actual state of streass in an arch-roof construction of

" the present type'(span of -the shell >> distance between the

PibS) .

Relation Between the Model and an Actual Structure:

To get ths ful; advantage of the present experimentel_
and theoretical study of the model_in appiication.to an
actual structure, the knowledge of a few inter-relations
between model and original may be very useful. ‘No attempt
is made to give a complete study of this relationship. fhe_ :
effective P01sson Ratio in the concrete structure is 1ese
than that of steel. The concrete of the original is suppoSed
to have a perfect‘elastic behavior. This assumption ie’- |

usually made as far as the calculation of~the direct forces

.and bending_moments in a reinforced concrete structure ‘are

concarnad.,. (Shrinkage "too, 1is considered as a. 1oad, dus -

to a fictitious temperature change, on a elastic structure.)

The assumptlon of the cracked tension-zone in the concrete

1s only made for the determination of the reinforcement

and the concrete stresses.

A direct relation betwéen a.stesl-model and a concrets

original is possible.under the above assumption of elastic

LY

behavior of the concrete. The following table gives the

most important reeults.'




' MODBL

- “.ORIGINAL
Material Steel ‘ ‘Concréte
. ) . ) .- _-._ . B \~ 1 ] 4 3
Modulus of Elasticity B =30 10° (1b/1n) Borig
Given relations:
Length - Liiod (in.) : i Lbrig = n-t Yo
Load per unit 1ength Puog (1b/in.) Portg = B s
Ribs: ‘
Normal Force I Nyog (1P¢) Vortg =0 ° Myoq
‘A r : ' ... 2 o
Bending Moment M Myog (in#lb.) Mortg = 2 ° Mioa
Shell: - _ | |
Normal Force T TMod-(lb/in.)' Tortg = Tiod |
Bending Moment M Myoq (InAlb/in.) Mopgg =1 ¢ Myog
; 2 =1 .
Stresses Gﬁod glb/in.). 'Gbrig = Gioda
Deflections Jiog Tin) - d 2 PBuoa diea
Torig T g
Orig

PR

The appiication of thig?%able may be deﬁonstrated by an

example:

Given: Shell roof (e.g. Rapid City - Hangar)

. Scale factor n

= 30

Wind pressure p = 140.62 1b/in. {Proa = pgrig) -

To find: Filber stresses (?ﬁ, G?L of the rib at the springing

-

line ('Ghlis the max. stress occurring in the

ribs).
Solution: Model: G
Gr,

17666.3 1b/in?

fi

‘1168.8 "

-8.,525 * 10™% 1n.

{From Table III)

(From page 16)
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=

rig ~ 0 Mod ~ 30 S Moa

G, = 588.9 1b/in.?

Shell roof: Gypy} G, . =i

G;, = 39.0 1b/in.?

 Eyeq St
JOrig - Ellcv)tig - JMod =10 JMod

-

CS.-‘ -.-05‘853 in.

The actual end wind pressure on a hangar of the

"Rapid=City type" 1s 30 to 35 1b/ft 2, or approximately 1000 lb/per ft.

of arch length. If this 1oad is applied to a shell»roef-in E

seale 30:1 of the tested model, then:, L --.wﬁ_‘
p = 1000 1b/ft. = 85 1b/1n.t .
| Gy, 356 1b/1n%

The’ meaning of this result 1s, "that one. shell-unit of

the whole shell-roof is able to carry a harizontal wind-.

pressure of about 1000 lb/ft. arch 1ength under a’ maxlmumvi_
‘rib stress of G, = 356 1b/1n. The action of the entire.i,r-
shell, composed of a number of units, decreases this stress

considerably. ) SR " : e

Conclusions

The present investigation haS‘resulfed in aimethod for the
analysis of shell =roof constructions under endlleéds~(pr1ﬁari1y
wind). The analysis has been verified by testsvperformed on

a modsl.

«



Normal force Ny

TABLE I

Base System

bending moment M, (Eq.‘(5) and (6)

- 0.5866

0.3441

( "YS 1 R§ 4 ' Rg "L AB
1- g.) 7 = 0.4960 20 A = 5 p = 6.8927 ¢ 10 Ay = T PR = 7.5080 * 10
o) ® @ @ ® © ®
@ w? cose 1=cosc) (1%3)5;- 6@ Ny = 48 Mo = -42@
0. 0. 1. O .. .~ 0% 0. . O 0.
0.0580 0,0033 59 0.9983 18 0,0016 82 0.,0016 66 =0.0000 16 .115.94 120.13
0.1159 0.0134 35 0.9952 1. 0.0067 09 0.0066 63 =0.0000 46 462,43 345,37
0.1739  0.0302 35° 0.9849 17 0.0150 83 0.0149.97 -0.0000 86 1039.62. 645 .69
0.2319 0,0537 78 0.,9732 31 0.0267 69 0.0266 75 =0.0000 94  1845,11 705 .75
0.2898" 0.0839 85 0.9583 01 0.0416 99 0.0416 58 =0.0000 41  2874.19 307.83
. 0.3478  0.1209 65 0.9401 25 0.0598 75 0.0600 OL +0.0001 26 4127.00 = 946,01
0.4057 0.1645 92 0.9188 26 0.0811 74 0.0816 41 +0.0004 67 5595.08 = 3506.24
0.4637 0.2150 18 0.8944 04 0.1055 96 0.1066 53 +0.0010 57 7278.42 = 7935.96
0.5216 0.2721'11 0.8670 23 0.1329 77 0.1349 72 +0.0019 95 9165.71 .-14978.46.
0.5796  0.3359 36 0.8366 82 0.1633 18 0,1666 31 +0.0033 13 11257.02  =24874.00
00 0.8328 28 0.167L 72 0.1706 80 +0.0035 08 11582.66 =26338.06

- 98 =



TABLE ITI

Fully Restrained Rib:

19448.8

8o
N, M and fiber-stressesfcﬁ, Q7 _ -
H, = 1068.1 Ib. %% = 2,2145
Mg = 3185.9 in-1b i )
H,Rg = 1.1634 * 10° . ‘ :
| | % = 0i8120
el Vo) @D > @ @3 @e @ (1
w  Hcosis HRD WD @0 1 vE 0 o020 900
0. 1068.1 0.  ~1068.1 = 5165.9 -870.4 -6988.7 =5455.6-. 6l18.5  =6326.0
| 0.0580 1066.3  195.7 = 950.4 = 2840.1 774.5 ~6289.4 =4909.7  5514.9  -5684.2
041159 1060.8 = 780.5 = 598.4 = 2030.0 =487.6 . ~4495.4  =3509.3 4007.8  =3996.9
0.1739 1052.0 1754.8 = 12.4 = 755.4 = 10.1 'f1672;8\w -1305.9.  1662.7 =1316.0
. o.ésig 'lbag.s 3114.4 éoa.a\ .66405;"656.5_ iévi.l' fjiiés;é5~ egsiégél. -1804,9,
0.2898 1023.6  4851.4 1850.6  2003.3 1508.1 4456.5- 3463.1. -2028.2  4971.2
0.3478" 1004.1 696§°5. 1§122.9 | 2865.4 2544.9 ‘5341;0 4950.0  =3796.1  7494.9
0.4057  981.4 9445}9‘1_4615.7‘ 2781.8 5759.7 6160.3  4808.9  -2400.6  8568.6.
0.4657  955.5 12285.0 6323.1  1195.1 51652.7 2642.1 ' 2062.5  2510.6  7215.2
'0.5216 . 926.0 15470.5 8230.7  -2663.0 6714.5 -5809.2  4605.1 12613.7  £109.4
0.5796 8936 . 1900044 '10363.4 = 9029.5 844591';19995.8 -15609.3  28440.9. 7164.2
0.5866  889.5 106352 8665.0 ~22245.1 -17365.1  30910.1  =8700.1

~



TABLE III

b. Elastically Restralned Rib:

-4183.8

N, M and fiber-stresses G, O,
H, = 1456.7 1b %; = 2.2145
M, = =4370.6 in-lb T _ o e
HRg = 1.5867 * 109 1
B I = 0.8149
69 € @D €2 € €D B () ) ()
) Hc cosw  HRM  N=0£0 M=Mc % ZIE M%—‘i G, G,
0. 1456.7 0. -1456.7 =4370.6 <1187.1 =9678.7 7555.5  8491.6 <8742.6
0.0580 ”1454.é 266.9 -1338.5 -3083.6 - ~1080.6 88217  =6886.4  T7l.l  =7977.0
0.1159 1446.9  1064.5 = 984.5 -2960.7 = 802.3 =6556.5 <-6118.2 -5754.2  ~5920.5
0.1739  1434.7  2395.2 = 395.1 <1331.7 = 322.0 =2949.0 -2302.1  2627.0 = -2624.1
0.2519 1417.7 . 4247.4 427.4 582.6  548.3 1200.2  1007.1° = 941.0  1355.4
0.2898 1396.0  6616.5  1478.2  2553,7  1204.6 . 5655.2  4414.6 -4450.6  5619.2
0.3478 1369.4 ~-9500.4  2757.6  4183.8  2247.2  9266.0  7232.5 -ﬂoi7.8 9479.7
0.4057  1338.4 12879.9  4256.7  5003.1  3468.8 11079.4  8648.9  -7610.6 12117.7
0.4637  1302.9 16756.6  5975.5  -4449,0  4869.4  9852.3  7691.0 = —4982.9 12560.4
0.5216 1263.0 21100.0  7902.7  1750.9 . 6439.9 - 3877.4  3026.8 _ 2562.5 94667 .
 0.5796 1218.8 25014.0 10038.2 -3330.6  8180.1  <7375.6 -5757.6 15555.7  2422.5
0.5866 1215.1  26524.9  10309.6 8 8401.3 -0265.0 7232.5 17666.5  1168.8

-88_
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TABLE IV
Deflection of the Ribs
mlastically restrained ribs (M and H from Table III)

};e 54,463 .
® ® 0 .@/ ® ® ® ® O
W = sinw :iﬁg{_ @ 1\""‘@ TableﬂITabll\Ie mr M'M Ny Fu'M NN
0. 0. 0.5535 30.145 O, ~4370.6  =1456.7 =13.1756 0. .. =6.588 O.
| 0.0580 0.0578 0.4957 26.997° -0.0289 =3985.6 =1338.5 =10.755 0,387
} 0.1159 0.1156 0,4379 23.849 .'_-0.0579 -2960.7 - 984.5 - 7,061 0.569
0.1759 0.1730 0.3805 20.723 =0.0865 A1331.7 = 395.1 = 2,760  0.342
{ , 0.2319 0.2298 0.3237 17.636 0.1¥49 582.6  427.4  1.027  =0.491
| 0.2898 0.2858 0.2677 14.580 -0.1429 2553.7  1478.2 3,725 -2\.112
| 0.3478 0.3408 0.2127 11,584 =0.1704 4183.8 SRY5746. 44847  =4,699
044057 ©0.3947 0.1588 8,649 ~0.1973 5003.1  4256.7  4.327  =8.398
0.4637 0.4473 0.1062 5.784 =0.2236 4449.0 ‘_»‘,5.975..‘5 2.573 =13.361
0.5216 0.4983 0.0552 3.006 —0.2491 1750.9  7902.7  0.526. ~19.686
" 0.5796- 0.5477 0.0058 | 0.316 =0,2738 =3530.6 10038.2 ~=0,105 =27.485 =0.052 - =13.742
05866 0.5535 O. O -0.2768 ~4183.8° 10309.6  O. -28.537 0. ~14.268 -
"Multiplier .10% J10% ‘
- ZM'M ZN'N As
| Integration: w= Oto 0.5796 l.) . =10.193 ~61.191 64318
W= 005796 £o 0.5866 2.)  =0.,052  -28.010  0.762

- BC -



Shell

TABLE V

String Force Y and Direct Iorce T2lx=o

(Elastically restrained ribs)

4

- 17543.3

bl

d = 0.118 b = 1.356
® ® 3E) @ ® . ® ® - ®

TablfLII_I ' TablguIIi -G 0.0 506 ZQLX.(-?&O =0 - @
0. -6742.6 8491.6  -17485.2  -489.6 -8253.0 “373.9  =1320.6
0.0580  =7977.0 7731 .1 -15708.1 -439.8 - I587.2 ~889.4  =1206.0
0.1159 -=5920.5 575402 A1674.7. =326.9  =5593.6  =660.07 . - 895.0
0.1739  =2624.1 2627.0 ?-’5251;1‘3 “147,0  =2477.1  =292.3 = 39604
. 0.2319  1355.4, - 941.9 2297.3 | 64.3 ' 1291.1  158.3 = 206.6
1 0.2898  5619.2 ~4450.6  10069.8.  281.9 5337.3  629.8 854.0
0.3478  9479.7 ~7017 .8 16497.5  461.9 9017;8, 1064.1 14429
0.4057  12117.7 ~7610.6 1972843 552.4° 11565.3 1364.7  1850.6

0.4637 12560.4 =4982.9 491.2 12069.2

1424.2  1931.2

- 0¢ =



Shell:

TABLE VI

Forces Ty (1b/in) and Moments M; (in-1b/in)

x=0" 1" 2" 3" 4,5" 6" 9" 12"
1.) T, due to ¥ = 1 (Table IV, Progress Report 213-B)
73.72 | 47.56. | 26e11 | 10.93 | =-1.24| - 4.83 |- 2.62 |- 0.25
| | - 0,09 |=0.21 0.25
73.72] 47.56 | 26.11 1 10,93 ] -1.24 | - 4.92 |- 2.83 0 107
2.) My due to ¥ =1 |
' 0 1 626.1 808.0 | 742.9 ' 476.2 | 220.3 |=-16.1 | -28.9
| l - 1.0 l 6.8 "28.9 |
0 626.1 808.0 ! r4z.0 | w6z | 21945 |- 9.3 l' o l 1070
5.) Seotlon W= 0: Y = ~1320.6 1b
Ty 973.5| -628.1 | -344.8 | -144.5 | 16.4 | 65.0 | 37.4 | 0 | 1b/in
My 0 -8.268 | =10.670 | =9.979 l -6.289 | =2.896 ’ 0,123 l 0 | in-1b/in
4.) Section W= 0,058: Y = = 1206.0 1b '
Ty 89,1 | -675.6 | - 314.9 | -151.8 l 15.0 - 59.5 34.1 o | 1v/in
| My | S =7.551 ¢ | = 9,744 | -8.959 | =5.743 | -2.645 i 0.112 ‘ 0 | in-1b/in
5.) Section W= 0,1739: Y = = 396.4 1b |
To 92,2 | -188.5 | -103.5 | - 43.3 4.9 19,5 11.2 0 | 1v/in
My 0 -2.482 | -3.203 | =2.945 l -1.888 ’ ~0 650 ’ 0.037 l 0 l

_in-1b/in

- I¢ -



TABLE VI (continugtion)

6.) Section W= 0,2898: Y = 854.0 1b

To l 620.6 | 406.2 223.0 93.3 | = 10.6

My 0 54347 6.900 l 64344 | 4.067
7o) Section W= 0.4057: Y = 1850.6 1b )

To 1364.3 | 880.1 483.2 | 202.3 | - 22.9

My 0O | 11.587 |14.953 | 13.748 | 8.813
8.) Section &= 0.4637: .Y = 1951.2 1b

T, | 1423.7 | 918.5 | 504.2 211.1 | = 23.9

R Al 0 12.091 | 15.604 | 14.347 9.196

- 4200
1.873

- 91.0

4,058

-. 95 eo

4.235

- 24: 02
-0,079

- 52.4

- 0.172

-04180

1b/in
in=1b/in

1b/in
in-lb/in

1b/in
in-1b/in



SHELL ROOF MODEL
SHOWING MEASURED
| DIMENSIONS.

ALL DIMENSIONS IN
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a.Uniform lateral load (Test and Analysis)

Assumption in theoretical analysis

(O AT T ALY o= 140.62 Ib/in
Actual loading in test
P P P P PP P P P
'y [ A ! 1 A ) 3 A A y _
T TR T Tee e Tz Tz Tiz | '687.5ib
S S
S ‘ -—%—Developed
§ N shell surface
§ Ay §
S N\“—Edge member
"Rgw
b. Lateral loads at center (Test)
Actual loading p  p
in test F’HG . P=318751b
S | S |
c. Lateral load ot quarter -point (Test)
Actual loading | P
in test. ‘ P=56475Ib
35

AL

77777777/ 77777777770

Investigation of 3 cases of lateral loods

FI1G.2




Assuming:

%T: = constant

l
i\’é-
Equilibrium:
A+_<ﬁ dw 35S
w == -0
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NOTATIONS

Subscripts

S refers. to Shell
R refers to Rib

u refers to upper fiber of rib

L refers to lower fiber of ribd

Roman Alphabst

A, A, Ap cross sectlon area
by width of rib
_ T s . o
c = Z?SE coefficient as given in Progress Report 213-B
thickness of shell

Modulus of elasticlty

o N s B o)

‘distance betwseen the two outer ribs = depth of the shell, Fig. 3

i

a2

height of the rib

moment of inertia

H

K coefficlent determining effective width b, see Progress
" Report 213-B, Bq. (41), (42), and Fig. 8

M bending moment of the rib (effective section)

M bending moment of the rib at the center, W= 0.

M)  bending moment of the rib at the springing‘line? W= cok

My bending moment .of the rib‘iﬁ the statically determinate
base éystam .‘ .

M; = bending moment per unit width of the shell in axial direction‘

M'  bending moment used 1n the work equation due to the virtual
load system | | -

N normal force of the rib (effective section)

Ng normal forée of the rib 1nf£§; staﬁically_determinate base
system ' |

N'  nommal force used in the work equation due to the virtual

load system

o ————— et e e e e . otV . ot e e e et - C— i e -




Q statical moment of cress section

e radius of the’effective section

Rg radius of the shell -~ j -

—RR radius of the rib

S, 312’ 521 tangential shear forces per unit width ef shell

T1 normal force per unit width of shell in axial direetion

T2 normal force per unit width of.shell in circumferential
difection l

u displacement of shell in axial direction, Fig. 3

% displacement of shell in circumferential direction, Fige 3
w  displacement of shell in radial direction, Fig. 3
X coordinate in axlal direction, Pig. 3

Y string force as given in EQngese Report 213-B, p. 7 and Figo 4
y;, distance between the 1owef;fibe: of the rib and the centroid
of the effeetive sectlon; see sketch p. 12
yg Glstance between centroid of effective section and center
plane of the shell, see sketch p. 12 |
u :distance between the upper fiber of the rib and the centroid

of the effective gection; see sketch p. 12

Greek Alnhabet

o angular coordinate, as used in Flge. 8b | K _ )

B coefflcvent depending on shell dimensions, Progress Report 2158
Eq. (10) to (14)

J deflsection of the outer ribs at the center, W=20

6k horizontal displacement of "the abutment, u1g.8c

I coefficient of elastic restraint of the rib (effectiﬁe section)

by the abutment

l=§c qg coefficient depending on shell dlmensions and force
distribution, Progress Report 215-8, Po 24

D Poisson's ratio

G}, stress in the lower fiber of the rib, sese sketch p. 17




L € A

normal stress in rib in the fiber of the connecting line

rib=shell, see sketch p. 17

stress in the upper fiber of the rib, see sketch p. 17
PO y

angular coordinate in circﬁﬁferential direction, Fig. 8

angle of opening of the shell structure, Fig. 8
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