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I, _Introduction

In order to solve the problem of buckling of a plate,
the relationships between additional stresses and strgins due

- t0 the éeflectiom.ofjthe plate out of its plane have to bw
known. | o ‘ ‘

In tne‘elastic range the assumption that the material
iﬂ&é%rp?;é:.and homogeneous leads to solutlons which are in
very good agreement with test-results.,

‘ | Several investigators havé given theoretical solutions
for buckling in the plastic range based on different stress-

. strain :elationship$; The discrepancies between the different
theorles are ﬁasically due to these stressestrainx.relatioﬁships,
whiéh,by some authors are directly assumed and by others. are
derived for materials with idealized behavior, | -

. It 1s the purpose of.the local buckling project at

Lehigh University to arrlve at a solution of this problem vhich
will apply to structural_steellplates. Ultimately the aim is
to speeify the dimensions of polled shapes in such a way that
they. ean sustain sufficiently large deformatiéns withdut occurance
of local buckling, - | '

| In the followiﬁg'theoretical.considerations the stress-
strain relationships have been kept quite general. Comparison
of “test results with the solutions obtained in this way will
give some indications of the value of the different variables
involved, . _ |

o | As long as no other information from direct tests

with regard to,tha,gtresgm;tiain;relationships:is éﬁailable,

this seens to:be.the only way to arrive at a practieél solﬁtion

of the problem.
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2, Stress-Strain Relationships

Consider a plate made out of a materlal exhibiting
a stress~strain curve in 51mp1e tension as shown in Figure 2.1.

The notation subsequently used is given in this same Fipure.
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Take the center plane.of the plate as the x-y
coordinate plane, COmpyessing-thé plate in the x-direction
into the plastic range up to a stress To may affect all the
deformation properties. Hence the tangent modull in the x-and
y-direetion are possibly different. The same may hold for
Poisson's ratios in the x- aﬁd y- direction. The shearing

modulus may also be affected,

5. £ ’ 2, £
x éX J t‘i

a‘:x N . Pr3 v

S G » "'-é_-é— / —5—% :»—- = /?,)
d 5 v

. /



205E . 1 «3

The assumption is made that no unloading oceurs.
Then the*relationshipsw'between the increments of stress and
strain after the material has been compressed in the x direction

up to a stress Go can be written as

6/5,,.:__/_.5(0: . _,}/1.5(0“
£y, .Eii/ 4

Vi o 7 2 2

a’f% = -—-25; A Ty 1‘-527 a(z; (/ )

In words these relationships state that when uh;axially
compressed into the 1nelastic_fangeethe originally isotropic
material becomes orthogonallanistropic‘9 | ;

For the case of unloading the material would again
behave elastieally, buthit is now generally agreed P(; that
under test conditions no unloading occurs when a pléte_starts
to buckle,

In table I a éﬁmmary of the assumed or derived values
of Etx,AEty, ¥x, Yy and C;t as used in different plate
buckling theories is given. The variations are quite astonishing.

Due tb-ihe inhomogeneous yielding process of steel
this material présents an additional problem:. A typical stress—

strain curve isishown in Figure 202;
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As already emphasized in Progress Report T (Ref. 1)
yielding occurs in so called slip bands and the strain " jumps"
from Zy to %g, Therefore, as long as the average strain 1is
in between £y and £s the material will be partly strained up
to €y and partly up to €s: the material is inhomogeneous.
Tests have shown that this ylelding process is very erratle
(Progress Report T).

For the rotation of a plastie hinge it is in general
desirable that the average strain in the flanges of a WF shape
reaches the strain hardening range ( £ average>%s). Then the
material is again more or less homogeneous and only this case
will be éonsidered in the following derivations,

Once a satisfactory solution for the strain hardening
range is obtained solutions' for the intermediate range (f; K&, <&y
can be derived in a way outlined in 'ngress Report T.

3, General Stress-Strain Relations Applied to_Buockling of Plates

When a plate 1s loaded by forces acting in its center
plane a state of stress and strain may be reached such that
besides the plane position also a bent equilibrium position
becomes possible: the plate buckles,
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1 the transition from the piané to the bent position
would occur under constant loads, unlecading on the convex Side
¢f the plate would be inevitable. However, under test conditibns
tuekling occurs with an inerease of strain such that no strain
reversal takes place,

Shanley proved that the same happens -in the case of
axially loaded columns, Agreement between his theory applied to
rectangular steel columns, vhich buckled in the strain~hardéning
range, and test results was shown in Progress Report S (Ref. 2).

| Consider again a plate uniformly compressed in the
x direction up to a stress Crb-causing orthegonal anisotrony.
Calling the deflection perpendicular to the center "'p'lane W the

expressions for the bending and twisting moments become

H-— F:_L BLI V'J‘V
*""'777 »T G T
a' "
4} = "“-—vL- T a;:. & 5/
/'V;-d '

/7; = - 2 S;a-— ¥ 5'
with I = 1/12 ¢3
t 2 thickness of plate
The condition that the bent position.is an equilibrium
position can be expressed by the following differential equation:

ot o7, Y N 3 2
-Z>& sz% *"2 A/;u‘%y, f-~23; Zk; = z( 4 (3'/)

—
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The derivation of these‘equations may be found in the
 pertinent literature (Ref. 3). Only if B2 = DEDy’ an assumption
made by Eleich (Ref. &), solutions of this differential equation
can be easily obtained°
| The condition that both the plane and the bent positions
are'equilibrium positiomsgigaLfgg be expressed in terms of
work,

. The additional work done by the external forces dus
to bending of the plate must equal the change in strain energy
of the plate,

This renders the followinp integral equation

vé//./aw)“* ///i';:/j:) /”M) .
, VE\!-: -»%5 //%«//1_ 49“/”%7)/&6:&9 (3)

!~ ’Yzﬁ'

When external restraint;are provided to,the‘plate the
right-hand member of equation(3m3)ha$ to bé suppl?mented by
additional terms expressing'thé'vork done by these restraints.

By assuming an.appiopriaté'deflection surface equatioh
(3,3)g1ves an approximate solu;ion. The degree of approximation
depends on the correctness of the assumed déflection‘surfaceo

In any case the result will be on the upper side,

b, Application of Emergy Method to Di ifferent Cases of Bugk ;gg

- of Uniformly Compressed Plates
I, Rectangular plate with the loaded edges‘x 2 0o and x uff

hinged, the unloaded edge y = ¢ restrained against rotation and
the unloaded edge ¥ = = b free (Fig° k.1)
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t= thickness of plate

/ "'7'7"7

Injtheif}paperron buckiing;of"outstanding:flanges

Fig, k.1

hundquist and.Stowell (Ref, 5) assumed the following deflection

surface}'whiéh 1s known to be good in the elastie range. _
- P s Y y ‘ s? L Tx
ve 14 »B{(E) e o () () i) 5 50

with a, =-1,0076
as ,f+o','5076
ay 2-0,1023 |
The ratio‘B/A depends on the amount of restraint.

In the case of elastic restraint with }/ moment per unit

length required for a unit rotation

B _y¢L

‘ A 2 D,
a. Edgey = o is hinged (B ® 0)

Substituting w in the energy equation and performing
the integration gives

% = ('i///a IIE;?)/I/ [“/ - (r )

For a long plate the first term can be neglected

% - () e - G4

and
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b, Edge y = 0 is completely fixed (A & o)
The minimum value of UYer is obtained when the half=
ﬁave length 1 satisfieé

Y
.-a tbeé Sl (4‘»5)
b .E;g]
Then
4 72757 ,.,‘E“J _ofoé/”fex "fr""‘:‘- 3 /4,;
....(_____)/ /2//--15‘/} A4 f-/7/§ (

II. Rectangular plate wﬁ_.th the loaded edges hinged, the
unloaded edges having equal restraintagainst rotation (Fig,4.2)

w = Thickness of plate

For this ‘case the following deflection surface is
used (gee Ref, 6)

e h ) B B B

with B = Qég_ for elastically restraint edges,

a, Edges y = i __d’ hinged (B = o)

Z
For ‘ / ' 4_:2:___
- o ‘;/:“‘*,l/,:"‘ (4% 8)

_ --.,cd;, )
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a minimum value of qur is obtained,

G~ //W//z "éﬂ’ 5“*2;‘*{5 *49‘] (%)

; a’
b. Edges y = _;_ completely fized (A = o)
: YrE
For Lo oldf[B frd)

ol g;?
a minimum value of cr is obtained

(2 “‘"V.é""‘"*'zv/z%*’%) “999Ge

d . /2“,,)
5, termination of Gy at Strain Hardening from Results o
Angle Tests

~ The critical stress for torsional bucklinp -of anples
1s given by equation (&, 3)° |
Figures % and 5 of Progress Report T show that angle
speciméns A=31, A=32, and Aa33 failed due to torsional buckling
‘at abouﬁ the point ofystrain hardening.‘ Coupdn tests gave an
average value of Ete at strain hardening of about E¢g = 900 ksi
| " With assumed values of Ykx and Yy, Ggs ean be come
puted from Eq. (%,3)
a, Annealed material (Tests A=31, Aw§2). ‘ 4
G = 85 hsc ) %= = o5  Gus = 2580 #:¢

*

3

+ - 3.8 ;' ’ g 2570 50
,[ - Y, =S v =L0 £ds = % ¢
77 4
b, As<delivered material (Test A=33) -
V‘lh—-qus‘ " K Vi, =0 5 §£5= 3,2-70 KT
, = 8.7
%Qz’ésw VQOS" ’(?ﬁ-/g 91’5232,0“34
From the general expressions summarized in Table I

numerical values of Eiy, E xy» Gts Vi and ¥y are computed for
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the beginning of the strain~hardening range taking

Etg = 900 _ksi

E = 30,000 ksi
and v = 0,3
or ¥ = 0.5

The results are summarized in Table II. The most
important factor for the buckling strength of outstanding
flanges is G4. It is seen that Bleleh's semierational theory
comes closest to the above computed values,

6. Tests on Wide~Flange Sections

In order to investigate the actual behavior of WF
shapes with regard to local bﬁckling 6 shapes were tested under
two extreme loading conditions:

1° axial compression (Test D1,D2,D3,D%,D5,D6)

2° pure bending (Test- BL, B, B3, B4, B5, B6)

The test setaups for both kinds of tests are showh in
Fig, 6,1. The length of each Specimen was divided inté three
-gage lengths over which thé Qbénge in length.was measured
directly with 0,0001""Ames’ - gials. Along the édgeé of the
flanges and the ceﬁfef of the wqb deflection4heaSurements vere

" taken as shown in the séme figure, For the bending fests aiseo
fhg lateral rotation was measured at the loading points (which
were supported against lateral rotation) and near the center.
line of the beam, The dimensions of ail sﬁecimens are given
in Table III, |

, Fig, 6.2 shows the obtained P/A vs, %av.curves from
the compression testé and M/Z vs, € av cur#es from the bending

tests ( -av = average strain at center of compressed flange)
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A

area of eross-section

-z

plastic section modulus

For all tests curves giving maximum flange deflection,
maximum web deflection and lateral rotation vs average strain
were plotted. A typical example is given in Fig., 6.3 (Tests
D2, B2), From these curves the critical strains were obtained,
The critical strain is defined as the strain at which the
lateral defleétion of flange or web starts to increase morse
rapidly, Figs, 6.4 and 6,5 show the strain distribufion along
the length of Speéimens tqgether with flange deflections, web
deflections and lateral rotation. |

The results are summarized in Table IV, The critical
strains of the flanges are pibtteﬂ vs the b/t ratio. in Fig, 6.6,
Showing'also‘thé correSpbnding theoretical curves,

Spacimens Dt and D5 . failed primarily due to web
buekling énd these two results are plotted in Fig, 6.7 as a
function of d/w. The result of test D2 13 also plotted in the
same figure, ‘
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TABLE I
Theory E¢e Ety Gg B 4 x 4 v
E B
Bleich (Ref, 4) | Ey| E ETT*;%' - p)g%. ¥ ._"é_t
| E E
4 v
Kaufmann (Ref. 7) E; E () (rEp) v .
pimt g ||| e | '
{ Ilyushin ef, t 2
{ Stowell  (Ref,10) 1,35 2
| ¥k Egee
o . E E¢ (2¥=1) 4 E
Handelmann  (rgri11) | By “EEg —— £ .
Prager \ E +3E, 2(1-+ V) 2E
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TABLE II "

Theory hex Eﬂ B | x| %
moen 7307 | g0 |monl e | el 2
Kaufmann 3 Q2 206 139:8% 29 %:3 133
?i%zﬁg glé' = %gxllfgh ‘{ 900 1,766 860 0.5 | 0,98
Stowvell gg 2 l{gxirg} ; 900 | 2,000} 1,110 | 0,5 |1.10
Igiggg%man = 0,3 900 | 3,300 11,500 | 0,49 | 1,82




TABILE IIIX
Dimensions of Specimens

22,45

| 9.82 |

18,2

Spec. | Shape A, 23 A d w | o]t c o |on|an

| | w2| i3 | tmn | tn | an | n |t |tnftn]| )
B1 D1 |10 WwF 33 | 9.66 |38.56 | 7.95 [0.429 | 9.80 |0.204 | 32| 32| 35 | 18.5] 9.2 | 30.4
B2 D2 | 8 WF 24 | 6,83 |22,56 | 6,55 {0,383 | 8,01 {0,236 26 2¢ | 38| 17,1 | 8.6 | 30,7
B3 D3 {10 WF 39 [11.3% |45.63 |8.02 | 0.512 | 9.88 [0.328 | 32| 32 | 48 | 15.6 | 7.8 | 27,0
B4 D4 |12 vF 50 [14,25 {70,28 | 8,18 | 0,620 |12,19 |0.351 | 32| 32| 52 | 13.2 | 6.6 | 31.2
B5 D5 | 8 WF 35 [10,00 |33.68 | 8,08 |0.476 | 8,13 |0.308 | 32) 32w | 17.0 | 8.5 | 23.3
|B6 D6 {10 UF 21 | 5,84 | 5,77 | 0,318 0,232 | 231 26 9.1 | 39.6

Led
N

%

d=zde2t
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Test Results

TABLE IV

_ €cr x 103 Cer ks’-‘
Test | Uy ksi| Flange Web Flange Web
D1 | 3k | 8.5 8.5 | M.2 3,2
D2 .0 | 13.5 | 13.0 34.0 34,0
D3 35.2 17,5 17,5 38.5 38.5
D& 35,0 | 18.5 6,0 36.8 35.2
D5 36.6 | 15.0 15,0 37.7 3%7
D 6 38,0 4,3 1,6 33.8 38,0
B 1l 7.0
B2 23.0
B3 22,5
B4 27.5
B S 20,5
B 6 .6

16
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6.4 Flangs and TWed ‘Deflection of Specimen D-2

Fig.
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and Lateral-Rotation of Specimen B-2

! T ,ﬁ ” ‘ 1 H
‘_ BCY SISEIARE0] (20071023 PV e EYAEd <5500 Sal RSRE e S
iy | S84 | 54 | I - {
Niciial d | _ | __ d
Fg { M | | ! “
ThiaEolS MEERES 20 COAME LUSE ERE RS Bas l FRET ) o WREAE M A4 O 7 =02 RTRER e BT FAE 15
o A 0
: EB%ae SEAE RERN 12 = R e
-— -~ - - oo
sed B3, 0N, + TS FTRASE B RN s, s 4 “
Lot 4 AN -+ Vi ! o 3 :
{ as FaB R e 1114 { , . ﬂ
! N H el L] / | : m'
| N SihD i el |
SN ] L Rl O e R e _
! 4 & : |13 §
:.H.-J{ TR T IR ;.,LVN-.TW . i v Bt \M
— 41 I 2a . Bl AEAL 4 |
2 -w i Jeerleicg #had’ B8 Tl 3 14F s Lo T RREAE EEu vl oot vl e,
: : : : 17l - |
! g P [ i 3
HH EHi il ] 1 E
:.M.,‘zll, s L,-t;ix--ta.x_- 4 .Jﬂz“ .;. . it _,T:.- 1 i dih
L_. | ,“. — 'S .. ._ TPl _ «.. 4 _ -
] { 4 5 ) / 8 d i g s ) s 1 il ¢ WL ]
rt 4 |* o | e e e S et e S it .4 B o1l h.u.‘ R et e '_‘ i
! o e KA1 f1 3 i 53 e Pt THIGEL e St e
! : Hea : : 1 . i ! | Q.
Beutr. ' LZEENEIRE CORER D I R SRBE RN R ok MESAY SRR AL ARLA CRAC T BB M ARE D VRS 1 & : &
b7 e e P e e s o i
sEL =7 KRR , :
& _w ] : f = 1 oy
o el i sl s ek e Lty LB
L T Y B a1 e ey R TR T T
bﬂ ! i L. | L.’ !
: T 1 ! t 15 |
| { . | s | ¢ e 1
ﬂ. I I S REBNY Popiy popet Sugh vhane B SRR ALY RES i .
e | 15 SLRES TERRSSOMM webed subis ikbadiasat Liida sasie sdaad izat LESRE SR ot
di el ! Y R _ 1L S iPes et |
T’lﬂ[' ﬁl?\}. i~+v|? i = m “ ' . f : ) 1 n ’ m - ! ﬁ 1* s ‘. ~ "
_ { , | I i " | ' | ,.I “
i = _ TF Hm 3 TR 1 9 STel: T S e T
| m | | st £ i ARt el m

6.5 Flange-Deflection

Pig,
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