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INTRODUCTION

This report is divided intp three parts. The first
bfasents the derivation of equations for predicting failure
of a column, fixed at one end with moment and axial thrust
applied ét the other, vhere initial yield is used as a
criterion of failure. Also included is a derivation of the

collapse solution using simple plastic theory where L/r—>-0.

The second part presents sample calculations necessary
for plotting the interaction curves for a 1/2 inch rod,
L/r = 120.

The third'part contains a cqmpiete set of curves for
 bar sizes fanging from 3/8 " to 7/8" in dlemeter, varying
by sixteenths of an inch for'slenderness ratios of 80, 90,
100, 110, and 120. |

The modulus of elasticity.has been as;umed equal to
29,500,000 psi with an elastic 1imit of 36,000 psi. All
calculations are on file at the fritz Enginesering Laboratory,

Lehigh University, Bsthlehem, Pennsylvanla,



I - DERIVATION

INITIAL. YIFLD INTERACTION CURVE:¥®

Consider the column with axial load and moment as shown

below?

Mp

The general equation of the deflection curve™® for such

loading iss¢

g= - %ﬁ [s.m x _:5] _Al'sm k(L) _ (L-x)] I

Sin kL Sin KL L

If thls expression is differentiated with respect to x an
equation 1s obtained for the slope at any point along the
deflected beam. By letting x =L 'and sstting the resulting

slope at point B = 0, we can solve for Mg in terms of

MAo

QB'y'-:-?ég‘rq).‘,%ﬁ

6EI

where ‘ '

LP__ 5[ 1 _._2._]
u | Sin 2u 2y, )
u = K
d _.9_[_1_-..,.1.___] 2
20 }j}2u Tan 2u ‘ } :

(Values of‘Q end @ are tabulated in Timoshenko's "Theory of
Elastic Stability s Pages 499-505).

Based on - Progress Report L, WELDED CONTINUOUS FRAMES
AND THEIR COMPONENTS, "Interaction Curves for Columns »
by Robert L, Ketter and Lynn S. Beedle.

#¥#*  Timoshenko, S., "Theory of Elastic Stabllity", McGraw
Hil1l, ¥Wew York, 1936, page 12,



Sinee @3 =0 ,

VgL ML
zrl =mrd
Therefore ‘
g Mg = .Q%MA

Substituting this value in the general equation for deflection,

(Ege 1), an equation for a fixed = end condition is obtalned.

_ _Mp @[Sinkx _x , ¥a[5in X(L=x) _(L=x)
v P 2y|Sin & © P L~ Sin & T
y= H|Mnklx) L) gSinlx z el 2)
3 Sin & L  2¢\Sin 1L L)| ~

Differentisting Equation (2) twice with respect to x, the

curvature of the member 1s obtained as a function of diStance '

along the member., : ‘
¥yt o= %‘5 :.........(s;: T Cos k(L-x)> + %- ""%\'}(l&mcgs lcx -_%>]
Y"' = I\%‘Q‘ g‘:'%‘g [- Sin k(’L-*x) + .é.%s%.n kx]

Since the curvature = = M/EI,.

| M P 1 ~ g
M ==El.ef. o, L _|=8in k(L + 2 s1
B =R n k(L -x) 2» n kx

= Sin 7 |50 K(Lx) - é_% Sin kx] e cmmem S

To find the point of maximum moment in order that initial
yield can be investigated for this section, the expression for
moment, Equation (3), is differentiated with respect to x and

set equal to zero. The solution of the resulting equation will



determine the distance from the point of applied moment %o
the section of maximum moment in terms of the axlal load on
the column, |
- _ Mpk [ y _
M! ==zr—ir[Cos k(L-=x) + _2.;?08 kx{ =0
Therefore,

Cos k(L=x) ‘= - 5%(?03 kx

or : - d
-1[ 2§ - Cos kL

x¥ =

R — R—Y

‘To find the axial load, P, that will be required to
maintain a moment gradient of zero at the end of the column,
(the maximum load that can be applled and still have the
maximum moment occur at Ithe end of the column), st x =0

in equation (4). Then, . v -

¢ |

-é-q)- = = Cos K.
Solutlon occurs when 2 u = 2,33, where 2 u = K = ng%
Therefore,

p = (2.33)° BI
L®

Substituting the value of L® as determined from Euler buckling

load for a condition of one end fized, the other pinned, Prys

Included in this report is a curve for determining x.
See page 09 . -



(2,33)® E I
T°E I

(0.'7)’ %'

= 0027 PE'

Therefor, as long as P i1s less than or equal to (0.27 Pg,) the

maximum moment will occur at the end of the colum,

To plot the interaction curve, consider the basic equation
for ylelding at a section subjected to both bending moment and

axial loade.

O--y = T + Mmax --"'-——-?—----T—-'——-—'---—--—--—-(5)

Where Mp.., for our partlcular case, would be_determined from
Bquation (3) substituting in velues of x determined from

Equation (4) for selected values of Pe

Applying the above equation to members of ecircular cross=

.Saction,
’ _ P V¥max
SyriFt @
=z T%'é
or

: ToTa® =4 pa
M o= N :
max =

Where M, .. 1s determined by equation (3). Thersfore,

_loyma® - 4pa] sin
32[Sin k(L-x) <#/2¢ Sin i

Mg

Using the recommended velue of G‘ = 38,000 psi,

. [one® - pal sin
a[sm k(L=x) - @/2 Sin x|

e e )




Substituting value of d for the various columns under
consideration in Equation (6) results in the following

initial yield interaction curve équations

4 o Interaction Curve Equation
5/8f My = 0;0469(5.9757-P)(Q)
7/1ef MA = 040547(5.4119~P)(Q)
1/2f A M, = 0.0625(7,0686-P)(Q)
9/16f My = 0.0703(8.9463-P)(Q)
5/8f My = 0.0781(11.045-P)(Q)
11/16f | My = 0.0859(13.364=P)(Q)
s/4" My = 0.0938(15.905=P)(Q)
13/16f My = 0,1016(18.666~P)(Q)
7/8f M, = 0.,1094(21.648-P)(Q)
Sin k L

Sin k(Lex) = _g_f_ Sin kx

2y

Note: Terms are defined on page 2.



"SIMPLE PLASTIC THEORY"COLLAPSE Interaction Curves®for L/r = 0

Consider a column with axial load and end moment applied

as shown below:?

P
Nq L/r —=0

P

For the limiting case wherse the éxialvload, P, is equal
to zero, (a béam‘problem), the ultimate moment that can be

applied to the column, using the simple plastlc theory, is
M, = Jyz
where Z is defined as the statical moment of the sections
‘For the other 1limiting case, that where the applied end
moment, My, , 1s equal to zero, the maximum axiél load the:

column can carry is

P, = Py = <J§ A

For the case where axial load and end moment both exlst,
(investigating oﬁlyAthe cage of complete plasticity), a stress
distribution similar to that shown below would occurs

l....f‘:ls.g . Tq—g—i» ' Ty
| .

T T
//4‘/ 77 -
. ;7,"% i = e ) {,/%}i T PE———

'1 .
/
rré

by

vy

 Total Stress - That due That due
Distribution to P “ to MO

* Based on Progress Report L, WELDED CONTINUOUS FRAMES
AND THEIR COMPONENTS, "Interaction Curves for Colwms ,
by Robert L., Ketter and Lynn S. Beedle. :



The cross=-sectional area, 4y, supporting the axial 1oad,
P, is shown as the shaded portion in the above figure. The

remaining ares determines the moment, Mye

W - el[vo. (a/2)% = tyg)® + ‘d/Q’Bsm-l(a%ﬂ
Since P = Gyﬂl /. | l

P =20 [yN(dfa“-(yo)” + (a/a)“smﬂ(a-% e e 7)

The supportini cross-sectional moment is

My = Nyyﬂf(d/z)” -y a4 :

Y4
- or, °

»\ B a 3/2
M, =+ 4/3T; \(a/2)® = (7o) e )

By selecting various velues of ¥ and substituting these
in equationé (7) end (8), expressions for P and M, are
determined in terms of the diameter, d, of the columne. The

follovl ng were used:

Jo ‘ P L M o
a/ie 4.4884% 5.8664%
a/s 8.90542 " 5o448d%
a/4 | 17.2196% 3.8934%
3a/8s 24,197d® 1.7384°

74/16 26.804a% - 0.6824%



II, SAMPLE SOLUTION

Using a 1/2" rod, L/r

SECTIONAL PROPERTIES:

4a. =
A =

44
H
i

w
i

INITIAL YIELD FAILURES

0.50 in.

0.1963 in.

0.003068 in.*

0.1250 in.
0,01227 in.°

0,02083 in.°

——
-—

t
]

=
]
il

£

1}

O.B?PE' =

120, for illustration.

15.00 in.

7.0686

kips

0+4417 ine. kips

0.7499 in. kips

8,100
2,187

kips
kips

Using the Equation shown on page G

Sin XL
Mo =0, 0625 (7,0686 = P) 8Tn KL =) = /2% Sin kx)
(1) (2) (3) (4) (5) (6) {(7) £8)
P PEI @)=k |M=2u| . =x/ x L-x | &L=z
245 [ 0,02762 | 001662 | 24493 | 040460 | 0690 | 14.310 | 2.378
3¢5 | 0.03867 | 0.1966 | 2,949 | 0.1465 | 2,198 | 12,802 | 2.517 |
445 | 0.04972 | 0.2230 | 3,345 | 02130 | 3,195 | 11,805 | 24633
5¢5 | 0,06077 | 02465 | 3.698 | 0.2605 | 3,908 | 11.092 | 2,734
Be5 | 007182 | 0.2680 | 4.020 | 0.2985 | 4.478 | 10,522 | 2,820
(9) (10) (11) | (12)- (13) 14)
kx  [Sin k(L=x) | Sin kx (4 y
041147 | 0.69036 0.,11445 | 3.0190 | 2.0704 4,1408
044321 | 0458347 0.41877 | 9.9422 | 5.5628 11.1256
0.7125 | 0.48556 | 0.65372 | =0.9835 | =4,3639 -8,7273
069633 | 0439493 | 0.82107 | =3.5136 | =1.,0863 -2,1726
1,2001 | 0.31457 0.93204 | =2,3147 | =0,4353 -0.53706
(15) (16)_ (17) (18) | (19 (20)
072 [@/2@(Sin kx)|[(10)~(16)] Sin kL {(18)/(17)| 7.0686-P
0.7291 0.0834 0.6070 | 0.60279 | 0,9931 - 4,5686
0.8936 0.3742 0.2093 | 0.18984 ; 0.,9070 3.5686
1.1439 | 0.7478 ~0.2622 |[=0,20357 | 0.7764 25686
- 1.6172 1.3278  |=0.9329 [|=0.52949 | 0.5676 1.5686
2,6587 2.,4780 “2,1634 [=0.77074 |'0.4563 0.5686




= 10 =

L

(21) (22)
0.0625x(20) (21)x(19)= M,
0.2855 "~ 0.2835
0.2230 0.2023
0.1605 0.1246
0.0980 0.0556
0,0355 0.0162

Plotting these points give the followlng curve.

P

NNO Umﬂ\k@€>_ |



-1l =

SIMPLE PLASTIC THEORY COLLAPSE (L/r=0):

(Using equations shown on page &

Yo P M
a/’ie 1.122 0.733
a/8s 2,226 | 0.681
a’a 4.305 | 0,487
3d/8 | 6.049 } 0217

7d/16 6.701 0.085

Plotting these points give the followlng curvee.




Figo

Figo

Fig.
Fige
Flg.
Figc
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Figc
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Interaction

Interaction
L/r = 80,

“Interaction

L/I' = 80’

Intsraction
L/r = 80,

Interaétion
L./r = 80,

Interaction
L/r = 80,

Interaction

L/r = 80,

-Interaction

L/r = 80,

Interaction
L/r = 80,

Curve for determining distance to

1II FPIGURES
curve for 3/8" rod
90, 100, 110 end 120

curve for 7/16" rod
90, 100, 110 and 120

curve for 1/2" rod
90, 100, 110 and 120

curve for 9/16" rod

90, 100, 110 and 120

curve for 5/8" rod
90, 100, 110 and 120

curve for 11/16" rod
90, 100, 110 and 120

ourve for 3/4" rod
90, 100, 110 and 120

curve for 13/16" rod

90, 100, 110 v & 120

curve for 7/8" rod
90, 100, 110 and 120

section of maximm moment

page
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