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FRITZ ENGINEERRNG LABORATORY
LEHIGH UNIVERSITY
BETHLEHEM, PENNSYLVANIA

THE STRUCTURAL SIGNIFICANCE OF STRESS

by Bruce Johnston

Associate Member of the American Society of Civil Engineers.
-Assistant Professor of Civil Engineering and Assistant
Director, in charge of research, at the Fritz Engineering
Laboratory, Lehigh University, Bethlehem, Pennsylvania.

INTRODUCTION

| The structural engineer is confronted today with
questions involving revision of working stresses, selection
of factors of safety, and modification of familiar methods
of analysis and design. It is the purpose of this article
to correlate some of the factors which are fundamental to a
study of these guestions.

Primary attention will be given to the behavior of
structural steel members loaded statically. The interrela=
tion between the following subjeéts_will be discussed:

1. Stress analyses and the state of stress.
2. Yielding of materials and ylelding of structures.
3. Experimental research and the load-history of a
| structure.
4. Working stresses and the factor of safety in'design.
| A simple case will illustrate the relatlions under disg=-
cussion. A steel beam may be designed for a working stress of
20,000 p,é.i. on the basis of‘the usual "beam formla®, i.e.,
stress equals moment divided by section ﬁodulus. The'"factor
Qf safety” in this case might be thought to be equal to the
yieldvpoiﬂt stress of the material divided by the working



stress of 20,000 p.s8.ls In the case of structural steel
with a yield point of 33,000 p.s.1. the computed factor of
safety would thus be 1.65. A more exsact analysis of loecal
stresses under bearing blocks or in the fillets might show
%hsée stresses to be above thevyleld polnt ofvtheimaterial.
Naturally this does not mean that there is no factor of
safety. Actually, if the beam in question is put in a test=-
' Ing machine and loaded 1t will not yleld as a structural
unit until the computed stress by the beam formula is well
above the yleld=-point stress of 33,000 p.s.l. The real fac-
of safety

torp defined as the load ratio between the general yielding
and the design load, will be nearer 2 than 1 65. '

STRESS ANALYSES AND THE STATE OF STRESS

In studying the fundamental relations between the
state of stress and the physlcal properties of a ductile
material 1t is easential to consider the three-dimensional
character of stress.

Imagine a very small cube cut from the interior of
any membser under load as shown In Fig. la. The cube is 1Im-
agined to be microscopic In size so that the resultant stress
may be considered as unifoeorm over easch plane face. In gener-
al there may be a different resultant stress on .each of these
three faces, with equal and oppositely directed stresses on
" the three faces hidden from view. Each of these three stress-

es may be resolved into three components parsllel with the x,




Ys %, 8xes, The determination of these nine components of
stress at every point in a structural member in accordance
with the conditions of statlic equilibrium, the equations of
continuity or compatabillity, and the boundary eonditions
constitute 2 stress analysis for a mathematically idsalized
material. Solutions of typical problems may be found in
standard treatises on the theory of elastlcity. It is also
possible to determine by photoelastleclty the stress distri-
bution in a Bakelite model which 1s made to simulate the
actual structure. TFhotoelastic studies haye usually been
two-dimensional but the extension to the three-dimensional
problem recently has been made possiblel. Stresses on the
surface of actual structures may be explored by means of
strain-rosettes. The stresses in the interlor of dams have
been determined by casting electric telemeters or electrie
straln gages into the concrete. A variety of analoglesa are
avallable for experimentally determining stresses for cer-
tain special problems.

It will be assumed here that by one of the foregoing
methods a stress anmlysis has beén obtained. What is the
significance of the stress analysis to the engineer? To
answer this question it is necessary to begin by relating
the state of stress to the initisl slastic fallure of the

material.,

1. THE FUNDAMENTALS OF THREE ~DIMENSIONAL PHOTOELASTICITY
M. Hetenyl, A.8.M.E. Journal of Applied Methanlcs
Vol. 5’ No. 4’ P A-149.



As 'a preliminary to the study of the ylelding of
materlials 1t 1ls convenlent to simplify the three-dimen-
sional state of stress illustfated in Fig. la. It is

always possible to determine & new orientation of the di-
| rection of the axes of thé 6ube such that the shearing
componenﬁs will vanish, leaving only the normal stresses
0, 0z, ana (3 as shown in Fig. 1b. One of these prin-
cipal stresses will be a maximum stress and another will
be a minimum, |

| Now conéider an octahedron constructed by connecting
the centers of each face of a cube which is oriented in the
principal directions as shown in Fig. 2. It may Dbe shown®
that no matter what state of stress exists at a particular
location, the normal stresses on each face of the octahedron

are ldentical and equal to:

O" - GT+€1—+O_3.
M.
3 .
Likewlse, the magnitudes of the shear stress on

each octshedral face are identical and equal tos

Tw= %\](cr.—a)‘ﬂawa)* + @ -0)

Any state of stress thus reduces to & very simple

concept which has partleular significance when the inltlal
plastic yielding of a ductile material under any state of

stress is to be determined,
2. THEORIES OF STRENGTH by A. Nadai, A.S.M.E. Journal of
Applied Mechanlcs, Vﬁl.l, No.3, July 1933, pp.111-129



THE RELATION BETWEEN STATE OF STRESS

AND THE PHYSICAL PROPERTIES AND FAILURE OF MATERIALS

Concepts regarding all of the physlical properties of
& material are usually based on the bshavior of the méterial
under one-directional loading in a tenslon or compression
test, In the'actual structure the stress is usually net
one-directional and the physical properties of the material
as usually conceived may no longer hold.

The failure of the material will now be considered,
and two types of failure wlll be distinguished. In & simple
tension test 1f the material elongates conslderably after in-
itial ylelding before it finally fractures it is sald to be a
ductile materisl, The initial plastic ylelding will be termed
elastic failure. A material which breaks suddenly in a simple
tension test with little or no elongation or reduction in area
is termed & brittle material. Nadail3 and others have shown,
however, that ductllity and brittleness as exhibited by the
type of fracture and the ability to withstand permanent elon=
gation without fracture depend not only on the nature of the
material but on the state of stress gs well.

The thesory of elastie fallure whieh to date gives the.
best evaluation of initial plastic yilelding in a ductile mater~
lal under a state of combined stress 1s usually called the Von

Mises-Hencky theory. It is also called the shear-straln energy

3+ PLASTICITY by A. Nadal, Engineering Societies Monographs
D55



theory of failure but may be defined without reference te
strain energy as follows?: "Plastic yielding in a ductlle
material will result when tﬁa octahedral shesr stress
reaches a certain limiting value.” Let this limit of oc-
tahedral shear stress be denoted ﬁy‘T;y o« In a tension
~test with tensile stress J; acting in one‘direction only

the octahedral shearing stress Tw= 0.470¢ . 1f O;.p.:

35,000 p.s.i. one may therefore state that elastie failure
or plastic yielding in mild structural steel wlll occur when
the octahedral shear stress’T;y§ 0.477x 33,000 = 15,500 p.s.
1. It should be kept in mind that the octahedral shear stress
is usually not the maeximum shear stress.

Fig. 3 shows the stfess~strain relations and initial
yielding of structufal steel as evaluated by this theory.for
three stress combinations in addition to simple tension. For
the state of uniform all-around tension the load at inltial
plastic ylelding is theoretically infinite. It is experi-
mentally impractical to produce & uniform éiI?around tension
but the conclusion is not inconsistent with the thsory becsause
iﬁ such a state of stress we may expect no plastic yielding
since no shearing stress 1s present. The "ductile" material
would exhibit under a state of all=-around Eension fhe charac=
teristics of & brittle materisl. Brittle fgilures of thils
type may semetimes be caused by zones of three~directional

tenslon set up as internal stresses due to cooling,.



The ylelding of material under a state of uniform
combined stress has been discussed. What is the relation
between the ylelding of the material and the general yleld-
ing of the structural member? A tension member 6f uniform
cross section such as an eyebar or a hollow tube in torsion
are two of the rate instances in which a state of uniform
stress critically affects an entire structural memher. In
such cases one may expect the member to yield and fall at
loads eorrésponding to the yleld-point stress and ultimate
strength of the material. In other structures or structural
units, such as beamg, columms, rigid frames, or floor slabs
1t is well known that general ylelding 6f the structure does
not coincide with the load at which the material at some

particular peoint passes the yleld point.

THE LOAD-HISTORY OF THE STRUCTURE

The load-history of a material or of a strueture is
the complete record of its behavior from initial load to
final failure. The load-history of the material is usually
recorded by the stress=-strain graph of a standard tension
teat together with data regarding elongation, reduction in
area, etc. The load-history of the structure as 8 whole may
be studied by plotting the load agalnst a deflection or de-
formation which is associated with the overall behavior of
the structure as shown in Fig. 4. In a few speclal inatances

such as the bending of a beam or twisting of a circular red



the load-history of the structure may be calculated analy-
tically from that of the material by the theory of plasti=
cltys. Usually the structure is studied experimentslly in
the testing machine of the laboratory or under dead-weight
loading in the field. On this subject Hardy Cross states?:
“fhe interpretation of stress analysis makes absolutely
ﬁecessary a clear idea of the action of the structural ﬁart
up to the stage at which rupture is conceiéable.”

The experimentally determined load histofies of a
standard tension test and the large scale test of a struc=
tural unlt have qualitative simllarities. The following
subdivislons may be made for each case:

) l. Initlal readjustments of grips or bearings
at low load. . |
2. The elastic rangs, wherein load is propor-
tional to deformation.
3¢ The proportional limit,
4. The yielding of bar or structurs.
. 9e Maximum ultimate load.
6. PFinal fracture or complete failurse.
A typical load-deformation curve such as shown in
Figo 4 gives a graphical record of these stages in the load=~

history'of the structure.

i} 8. LIMITATIONS AND APPLICATIONS OF STRUCTURAL ANAEYSIS
Hardy Cross; Part 1I, Engineering News-Record,
- OOtmbel? 2&, 1935 » VOl . 115 (] N@ ] 17 [ p [ 571 .



In the elastic range the stress distributlion on thé
surface of the structure may be determined experimentally
by strain-rosstte readings5 6 The prepertional limit may
be determined approximately as the point at whlich the load~
deformation graph deviates fram‘a straight line. Between
the proporticnal limlt and the general ylelding of a:steel
structure local yielding may be noted by the flaking off of
mill scale. albng weoll defined lines which indicate'the inter-
section between planes of maximum shear and thse surface of
the structure.

The general yieldihg of the strﬁcture is pérticularly
important as 1t is the réference point of & real factor of
safety. It usually representsia 1limit beyond which the struec-
ture will no longer uséfully.servelits‘ariginal purpose.
Methods for determining this "useful 1imit" carreséond in
some cases to those used in détermining thé yield point of a
material in a simp;e tenéion test. Four methods will be out=-
lined here,.the useful 1limit of the structure in eéch case
being'the load at which:

5. William R. Osgood, DETERMINATION OF PRINCIPAL STRESSES

A FROM STRAINS ON FOUR INTERSECTING GAGE LINES 45° APART
Buresu of Standards Journal of Research (R.P. No.861)
Vol. 15, December 1935

6. R. D. Mindlin, THE EQUIANGULAR STRAIN-ROSETTE
Civil Engineering, Vol. 8, Wo. 8, August 1939, p.546
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1. A limlting amount of permanent deformation has
taken place.

2. The slope of the load-deformation curve is smaller
than the slope of the original tangent by an arbltrarily
determined ratlio,

3. The polnt at which the load-deformation curve has
the highest rate of change of curvature. This may be de-
termined approximately by the constructlon shown in Fig.4.

4. A point which depends not only on thz'initial be=-
havior but on the ultimate strength as well and which 1is
obtalned by the other construction shown in Fig. 4.

All of these methods have advantages and disadvan-=
tages. Method 1 1s the simplest and gives a well defined
value but depends on specifylng an arbitrary allowable de=
formation. HMethod 2 depends on specifying an arbltrary
slope and also has the disadvantage of not giving a well
defined point 1f the material or structure ylelds slowly.
Method 2 1s quite satisfactory if there is a sharp break in
the curve. MNethod 3 1s ideal in obtaining very nearly the
sharpest break in the curve and is especially adapted to
types of fallure in which there is a secondary reglon above
the yleld point where the deformation is nearly proportional
to the strain. The last method, No. 4, has the advantage of
glving some weight to the ultimate strength of the materisl
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or structure. Methods 3 and 4 have recently been tried out
on a research project at the Fritz Labo-ratory7 and have the
advantage that they do not depend 6n any arbitrary slopes

or deformations. Method 4 is the most definite and leaQE
arbitrary of all but may define a limit of structural use-
fulness somewhat above the actual yleld polnt in cases where
the ultimate strength 1s high. In any actual research pro=-
gram satlsfactory results should be ebtaiﬁed bj the consist-
ent use of any one method whieh is judged to be best sulted

‘to the particular program in question.

- ) FACTORS WHICH INFLUENCE THE LOAD-HISTORY OF A STRUCTURE

The load-history and useful limit of a structure in
-a statie load test will be affected by one or more of the
following factorss |
1. The physical properties of the material used.
2. The state of stress in various parts of the
structure.
5o The degree to which maximum stresses are lécalized
and thg structural importance of this leocatlon.
4. The stabllity of the structure and its component
parta.
The followlng specific illustrations will demon-

strate the influence of these factors.

- Em R WS MR W IR M R W GRS MR Wl e dm G G O G W B e daE W D e W e W e

7. HIGH YIELD-POINT STEELS AS TENSION REINFORCEMENT IN
BEAMS, Bruce Johnston and Kenneth Cox (unpﬁblished
February 1939).
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Stress Concentrations = It is well known that stress

ecncentrations due to sharp reentry"cerﬁers or holes in
structural memberé cause high localized stresses. Pige. 5
shows the results of tension tests® on polished steel speci~-
mens all having the same net section. The apparent yleld
point has been raised in the grooved bars because local cons
striction 1s prevanted by the shape and by aurrounding low
‘stressed areas. The nominal ultimate strength is also ralsed
because necking down is prevented since planes of slip cannot
develop freely. The notched bars, however, would undergo
mach less deformation before fracture occurred and the frac-
ture would be characteristic of a brittle rather than a duc=—
tile material, These bars would be particularly poor in re~
sisting impact loads or repeated stress.

Stress concentrations have a similar effeet in bend~
ing, A steel bar having two circular grooves and dimensions
as shown in Fige. € was loaded as & cantilever beem. The load~
deformation dlagram éeviated almost imperceptibly frome sbraight
line when the stress concentrations in the groove as determined
" photoelastically reached the yleld point of the material. But
k the beam dld not yleld as a structure until a load 53 per cent
above that calcﬁlated with the stress concentration effect In-
‘cluded or-ze per cent aheve the load ealculated by ordinary

8, M. M. Frocht, FACTORS OF STRESS CONCENTRATION
PHOTOELASTICALLY DETERMINED
A.53.M.E. Journal of Applled Mechanics, Vol. 2, No. 2,
June 1935, p.4«67
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beam theory neglecting stress concentrations entirely. This
higher strength is partly due to the lew stressed areas on

either side of the notch and partly due to the inherent re-
serve strength of a beam in bending which will be discussed
as the next topic.

Effect of Cross-Sectional shape and Distribution

of Load = The general yield or "useful 1limit"” of an
elastically.stable beam always occcurs aﬁ a load highér than
the computed load at which the materiasl in the extreme fibers
passes the yleld-polnt stress of the material®., For beams of
equal sectlon modulus loaded at the center with a single con-
centrated load the increase in useful 1limlt is nearly one
hundred per cent for a circular beam, over fifty per cént for
a rectangular beam, and is between fifteen and forty per cent
for X-beam sections of various proportion. Plastlec ylelding
for beams loaded at the center commences at a very localized
reglon at the top and bottom of the center of the beam. 1In
the solid beams~there i1s a large reserve of material but in
the I-beam section most of the effective material in the cross
section 1s immediately stressed above the yleld point.

Beams loaded at the third-points or uniformly have
slightly lower useful limits than ceorresponding beams with
center loading. In the third-point loading all the extreme

9. MODERN STRESS THEORIES. Discussion by E. Mirabelli of
g paper by A. V. Karpov. Transactions of the Am.
Soc. C. E., Vol. 102, PFig. 48, p. 1401, 1937
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fibers between the two load-points pass -the yield point at
ﬁhe same moment, thereby affectingiat'equal stress a great—
er percenteage of the material than in the casse of center
loading.

The shape factor may be 1llustrated in torsion by
comparing the moment-twist curves of a so0lid and hollow bar
having the same polar moment of inertia. TIn the hollow
round bar all of the material is in a nearly uniform state
of stress and inltial yielding of materlial results at once
in the general ylelding of the structure. In the solid bar
there 1s a reserve elastic region after the outer fibefs
hdve exceeded their yield stress locally and as a'result el
the general yleld strength is ralsed.

The influence of both the shape and load factors may
be stated in another more general way, i.e., the useful
limit or gensral yleld point and the shape of the load-de~
formation curve after yieldlng depend on the relative per~
centage of materlal in which the yield polint is exceeded‘
and the rate at which thls percentage changes. The most ef-
fective shapes in the elastic region are the most ineffective
after the maximum stress passes the yield point. This 1ls the
natural result of putting as much material as possible in the

regionsg of highest stress.
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Other Factors -~ If the atructure 1s statically inde=-

terminate other factors affect the load-history of the struc~
turs. The complete yielding of one part of an indeterminate
structure may still leave a stable structure. As an example
one may conslder a frame consisting of two columns and a
horizontal beam attached to the columns by angle connections.
After the comnectlonsstarted to yleld the load deformation
curve would continue on a new slope but the structure would
8till be qulte safe as it would be in a state of transition
from a continuous frame over into a statically determinate
" system consisting of two coiumns and a simply supported beam
between. |

One éiamplé in the fleld of busgkling will 1llustrate
another'possibility. If plate girders with vertical stiffen-
ers were made with iebs thinner than are allowed now one
could design a web whlch would buckle at extremely low loads.
Although the web would quickly become useless in compression
it would still be able to carry tensile forces from the top
of one vertical stiffener to the bottom of the next. The in-
termedlate stiffeners would serve as compression struts and
the glrder would éa.a result behave &s a truss instead of a
beam. Aeronautical engineers consider this fact in designing

wing girders.
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WORKING STRESSES AND DESIGN

Examples have been glven to illustrate some of the
many factors which affect the strength of a structure. What
is really desired 1s a safe structure and every type of struc-
ture behaves to a certein extent by 1aws;detenmined by 1ts own
peculiar characteristics. To repeat -the real factor of safety
in any structure 1s not the ratio betwegn calculated worklng
atress and yleld-point stress but rather the load ratio between
working design load and load at the limit of structural useful-~
ness. In connection with present design methoeds the lmportant
problem in every case 1s to speclfy the corrsct allowable work-
ing stresses to give & safe load ratio., In some cases it may
be necessary tc also specify the ﬁanner or degree of precision
with which the stresses are to be computed. This may be lm-
portant becasuse the calculated stresses may be an epproximation
which depend for their exactness entirely on the method of com=
putation used.

In unusualidesign problems requiring special stress
analyses by methods of elastlicity or photoelasticity consider-
ation must be glven not only to the magnitude of the maximum
stresses but to thelr location, state of combination, and
probable effect on the behavior of the structure as a whole,

No définite working stresses can be specified in such cases.

The principal problem of the structural designer 1s
thaet of proportioning a stmctﬁre which will be both economical
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and safe; and which will give satisfaetory~service in

these respects thréughout ité useful life. New types of
stfuctures such as concrete shell domes, steel rigid frames,
énd ﬁeldad structures of all kinds are coming into use. These
reéuire experimental and theoretical reéearch in order to
evaluate the allowable loads and allowable computed stresses.
The factors which have béen discussed as well as other prac—
tidal questiqns such as expected corrosion, repetition of
stress, expected 1ife of structure, ahd hazard to human 1ife
- 2ll have a bearing on the selection of the proper allowabls
unit stress fo dstermine a load factor which will result in &

safe and endurlng structure.
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