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INEERTIG LABORATORY
FRHZ ENL\EMGH UNIVERSITY | 161.7

-\\' . BETHLEHEM, PENNSYLVAN\A ‘

A STUDY OF STRUCTURAL SECTIONS SUBJECTED TO TORSION*

The general relationship between angle of twist and

- tdrsienel momenﬁ in a circﬁlar section is-given by: T = J.G.9,
‘Where T is torsional moment Jd is polar moment of inertia,

G s shearlng modulus of elasticity, and 6 is angle of twist.
For non-circular sectlens we may similarly set T = K«G.90,

where K represents the resistance of the section to torsional
deformation.: The K-value therefore, becomes the important item
for the determination of shearing stresses in structural shapes.
For a reetangular'Section Saint Venant developed the following

equation for.the torsional rigidity:

k=082 e (1)
3 , A
where: b = length of rectanguler section
n = thickness or breadth of rectanguler section
V = a constant depending on the ratio %‘

For the ratio b/n greater than 4 the value for V = 0.10504: Con-
"sidering the soap film;analogy, the expression -2Vn4 represents
"end loss". For any differential length, dx, along the rectangu-

lar section the rigidity is:

* A detailed description of an extensive investigation of this .
problem has been published in a paper: ~ STRUCTURAL BEAMS
IN TORSION by Inge Lyse and Bruce G. Johnston, Proceedings,
of the American Society of Civil Engineers, April 1935,
pp. 369« 508. .

**  Research Associate Professor of Engineering Materials
Lehigh University, Bethlehem, Pennsylvania



~ For a trapezoidal section in which the thickness at any p01nt

is r (Fig. la) the rigidity for differential length is:

(2)

K =
.Evaluating'z_ip terms of m and n, and iﬁtegratihg:
K = 2 (m+n) (m2+n?) o (3)

12
The "end 105s"'must be deducted fromvthe.above value, or:

K ='%§(m+n)(m2+nz) - Vyen4 - Vy.n4 (4)

where Vp and Vp represent the constants for the twoends.

, Considering a section consisting'of a part df a sector éuch )
- as shown in Fig. lb the following results are obtained.A .
0.10504~0. 10000 §+0.08480- S2-0.06746- 5840.05153 - 54 (5)

Yy =
~ and _
: Vn’=:O.lO5O4+O.lOOOO-S+O.08480'8240,067465834 0.05153+54 (6)

where S is the slope of the section; that is Eiﬁ.

A structural beam with sloping flanges may be consid- -
ered made up partially of trapézoids and rectangles. AThe
‘rigidity of the portion shown in Fig. lc is:

1

Ke =‘'b.]-.‘g(‘mm)(I’nzmz) + §'wm8 - 2¥ynt (7).

The. beam showm ih Fig. 2 consists Qf‘tWO éuch_flange séctions.
Aplus4theAweb section plus the-value contributed at the junc-

tures of these sections. The web contributes:



K, = %(d-Zm).waa» S (8)
The rigidity contributed:by the junofure has generally‘beeo
considered‘proporfionslvtd the fourth power of the largest
inscribed-oiroie; that is: - . - ‘ | .AMY
o Ky=adt (9
where: - D = diameter of iﬁscrioedzoircle,‘snd a = alfactor
dependingiupon.ﬁhe ratios % aﬁqvi; The valuesuof a were dér
termined experimentelly by soapufilm tests whioh>gaVe the '
following results for parallel flange sides: , |
@ = 0.094 + O. ovo- o | ;r'-(lo)

For flanges with sloping s1des the follow1ng results-were

obtained. For slope of 1 on 20:_ a = 0.066+0. 02].1n +0.072ﬁ
for slopeeof'l on 50: a = 0,084 + 0.007% + 0.071L

Summarlzing the various elements we obtain- for par-
allel-31ded flanges. | '
' ’ 2

K = §bn3 + —(d—zn) w3 + 2aD4 - 0.42016n% (11)

and for sloplng flange sections. _
K = "W(m+n)(m2+n2)+ l(d-2m) w3+2aD-4V .4 (12)
The diameter of the inscribed circle is found by thelfollowing
forﬁule‘for the parallel-sided flange sections.
' (n+r)3’ .+'W(I" + %)

D= — o (13
| 5r + n R ' (13)

and|for sloping flange sections: .



(r S( +1 -1- 5—)+% 2+w(r+ LA

D= - (14)

r.s. (vl_-+ l =1- ¥ +r+z
- {s® or

where z = the maximun flange depth shown in Fig. 2. The shear-
ing stress is a function of the thlckness of material and the

following equations were found to give fairly aocurate meximum -
'shearing stress in the flange and in the web of structuraj.beams;.

For parallel~31ded flanges _— SR >,' -
o K . ' - ‘

For sloping'flange'sections: 4 E
'tf - T(m+0.,3r) | ' . (16) .
- . K _

and for the web:

' To{w+0.3r) = - o
TW = ‘ X l a A ' ('17) S

For structural sections restrained at the ends we. have
~ the follow1ng conditions.- Referring to Fig. 3 the torsional

moment is readily seen to be.

T = ,"1 + Q-h " T (18)
'in which SR | .

o, = kg O - 2K-G 4y o (19)

Tp = KG ax h dx - _(;9)_

“where: K is'the torsional constant for the section,'ano G is

the modulus of shear.  If I denotes the larger moment of in-
. . 2

ertia of one flange, we- have.
' - EIy 4% a3y

(20) .
2 ax3 )

Q= -



Thus:

= LT S (21)

_ Setting

and reducing, we have: : ) _
3 B | S
gz ¥ _ 4y | _hT o - :
ax® T ax 2K-G - o ' (22)
The differential eqﬁatiqn (zaj has the general solution:
- y = 4 sinh -]aE + B _co‘s'h,:-;sﬂ-f C +y - (23) 3

where: ‘A,'B} and C are detérmihéd'by‘the border conditions
~and yl is the solutlon which satisfles equatlon (22)

For a section fixed at both ends equation (23) be—'
_ comes: 4 ' '
T.h.a

¥ = gipiglcosh = tanh sinh =+ 3 tanh-z-a) (24)

or for x =/é§-

y = L:h-a (/._Z',f- 2 t_anhilzé) ' A - (25)-
2 K:G a | 2a
The bending moment in each fléngé is:

EIy 4Ry  T.a sinh (AZ

M=-~5~*—f5=— ; ‘ "3(26)}'
& x2 h . L , . S
. dx®* h . cosh’ éﬁ‘ IR
c 2a

the shear:

2a

EI, 43 f -T cosh bﬁz-xJ' - ' *’--‘
Q—J_g- . 5 ' (27)
2 ax® h ~ cosh ==



and the longitudinal stresses at the outer fibres of. the

flanges: e ' Y :
GT' . Mec Mb - Tea.b sinh (gé -_é), o
S eE— = — = - - e (28)
I I . hly cosh ,4gA o
' 2a

The angular twist at the center of the section is

| given by.

S 24y gy oy ,
ch = -t dxf By use of equation (24) we obtain
T cosh 44 - 1.
90' = — ' T : ) -'(29)

KG cosh £
o 2a

Due to the shortening of the beam during twisting, a correct-
ion factor»must'be applied when cross-sections are resfrained
from warplng. * Proféssor Timoshenko* has shown that a correct—

fon of: 1. * 2 95 D b2 Should be used, that is. '

2=
g cosh gﬁL S .
8s; = =— 1+ 2.95 2) 3
cosh = :
.. Ra e
or the torsion constant for this case is:
| T} / cosh ’Z\ 1
R = e = : 313}
Ke = 55 K — =2 (31)
- Op- .A\ coshz -1/ 1+2. gszg

The theoretical study was substantlated by experlments on full
‘s1zed structural sections. The 1oading rlg used for these tests
is shown in Flg.4. An illustratlon_of the’observed stress dis-
triﬁution in free-ended sections is-shbﬁn’in Fig.5, and in fully
restrained sections in Fig.6. Fig.?lshoWs the“relationship be-
tween Qomputsd and observed stiffnesses as well as yfeld points
of fixed—ended,beams, and Fig.8 indicates ﬁhe’agreement between

the éomputed and observed shearing stresses in the beams.

_-___—...-..——_—-—_———--—————-----—---

* 5. Timoshenko  STRENGTH OF MATERIALS, Vol. 1
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Fig. 4 - Loading Arrangement for Twisting Beams
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