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ABSTRACT

This report deals with the analysis of plates and eccen

trically stiffened plates in the elastic-plastic range using the

finite element stiffness approach. The analysis is based on the

classical theory of thin plates exhibiting small deformations.

A general procedure for the analysis of elastic-plastic 

plates is presented. A description of the mathematical model,

consisting of a plate subdivided into a finite number of layers is

given and the associated incremental elastic-plastic solution

technique is outlined. A few example solutions show the accuracy

and the versatility of the proposed tangent stiffness approach.

A general procedure for the elastic-plastic analysis of

eccentrically stiffened plate structures is developed. The

layered plate model used in the elastic-plastic analysis of plates

is supplemented by a similar layered beam element for this analy

sis and the associated step-by-step iteration technique, used to

solve the linearized governing equations, is described.



1. INTRODUCTION

Plates of various shapes are commonly used as structural

systems or structural components. Most frequently, plates form

part of floor systems in buildings or bridges and are often used

in connection with beams and columns. Generally, there is ample

room for a variation in geometry, thickness and loading, as illus

trated in Fig. 1 and hence, the analysis of such complex struc

tures often presents considerable difficulties (Refs. 30 and 31) .

An elastic analysis cannot predict the response of a

structure stressed beyond the elastic limit load and up to its

failure load. An analysis of the post-elastic range is needed to

predict eventual damages and to determine the deformations occur

ring during the application of overloads (Ref. 30). No damage is

desired to occur under working loads but at the same time it is

required that a structure should be able to withstand a certain

overload. The strength of a structure of the type considered in

this investigation is needed to ascertain that failure should not

occur under working load and hence to design a structure with an

adequate factor of safety. An attempt to analyze complex shaped

plate structures in the post-elastic range as well as to predict

the failure load is developed in Chapter 2.

Most engineering materials, such as steel, aluminum and,

if properly designed, reinforced concrete, are ductile and can

withstand strains much greater than the strain associated with the
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elastic limit state. As the structure is loaded beyond this state,

plastic straining occurs causing a redistribution of stress in a

redundant structure. The ductility in redundant structures per

mits a redistribution of stresses beyond the elastic limit allow

ing a structure to carry considerable additional loads. Thus, it

is felt today that a design should also consider the post-elastic

behavior of a structure and its ultimate strength. The post

elastic response of a structure is of interest because it enables

the designer to judge the effects of overloads which might be ap

plied to a structure. The knowledge of the load carrying capacity

or ultimate strength of a structure is twofold: (1) it allows the

determination of the factor of safety of a structure against fail

ure, and (2) the stress resultants resisted by the structural com

ponents at ultimate stage are required to properly dimension each

structural part.

The goal of the reported study is the development of an

approach which will allow the tracing of the entire load

deformation behavior of complex shaped stiffened plate structures,

as well as to find the ultimate load-carrying capacity of such

structures. Its application to the inelastic analysis of beam

slab type bridges will allow the study of the behavior of such

bridges in the post-elastic range as well as at failure. It is

obvious that, due to the current trend of increasing vehicular

weight limits, the behavior of bridges above the elastic limit

stage must be known in order to judge the effects of overloading.

-2-



Current permit regulations are not based on a rational structural

analysis of the bridge superstructure under the load level in

question. Also, there is no existing rational method to judge the

effects of overloading of bridge superstructures. The continuous

load-deformation behavior of a stiffened plate structure stressed

beyond its elastic limit is needed to judge the effects of over

loading. At this point it would be appropriate to note that the

concept of Ultimate Strength Design, as outlined in the ACI Build

ing Code (Ref. 1), does not account for a redistribution of

stresses due to redundancy of the structure. Recognizing that J

this redistribution actually plays an important role in highly re

dundant structures, it is felt that modern bridge design philo

sophy should reflect the inelastic behaviore

The analysis of the complete load-deformation behavior

of complex shaped plates is mathematically difficult to accomplish.

The inclusion of the non-linear material behavior in plate analysis

results in partial differential equations which are not amenable

to analytic solution but for some very simple structures. As a

consequence, simplified methods designed to compute the ultimate

strength of structures have been developed by a number of investi

gators (Refs. 6, 11, 22). These methods are based on the theorems

of limit analysis and allow the establishment of bounds on the

collapse load. However, the prediction of the elastic-plastic be

havior of complex shaped plates cannot be accomplished using these

methods.

-3-



Virtually no work has been done in the elastic-plastic

analysis of eccentrically stiffened plate structures. A general

method capable of analyzing such inelastic structures is pre

sented in Chapter 3.

Within the framework of this report, the numerical tech

nique by which the elastic-plastic response of complex shaped

stiffened plates can be obtained, is described (Ref. 30). The ap

plication of the developed technique to beam-slab type highway

bridge superstructures of arbitrary material behavior is the·sub

ject of future research (Refs. 15 - 19) •
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2. ANALYSIS OF ELASTIC-PLASTIC PLATES

2.1 Introduction

It is generally accepted that a structure is capable of

redistributing high local stresses and, if properly dimensioned,

is able to withstand loads significantly higher than the elastic

limit load.

A general method of analysis based on the finite element

displacement concept and capable of predicting the entire load

deformation behavior of complex shaped transversely loaded plates

is presented. A description of the layered model used in the pre

sent analysis is given which significantly simplifies the mathema

tical description of the elastic-plastic behavior of a plate ele

ment. Elastic and plastic stress-strain relations are derived,

and yield conditions and a flow rule are dtsclissed.

The applied incremental elastic-plastic solution proce

dure is based on the tangent stiffness concept. The assembly of

the system tangent stiffness matrix and the iterative solution

technique are described. Loading and unloading of a layer are

discussed, as well as the yield surface correction used in the

analysis.

Finally, a number of example solutions are presented de

monstrating the power and versatility of the proposed approach.

Convergence and accuracy of the presented approach are shown.
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2.2 Existing Methods of Analysis

2.2.1 Upper and Lower Bound Approaches

The theory of plastic analysis has developed from two

directions: (1) the classical approach known as limit analysis

and, (2) the yield line theory. Tresca, Von Mises, Prager and

Hodge (Ref. 11) have pioneered the classical point of view,

whereas Bach (Ref. 5) and Johansen (Ref. 13) developed the yield

line theory. These methods allow the structural analyst to estab

lish bounds on the collapse load. However, none can be applied to

study the entire load-deflection behavior of complex shaped plate

structures. Many investigators have dealt with the plastic analy

sis of structures composed of beam, plate or shell components.

Most of the investigations have been concerned with the determina

tion of the collapse load using the two fundamental theorems of

limit analysis. These theorems were proved for elastic perfectly

plastic material by Drucker, Prager and Greenberg (Ref. 8) ~

Most of the approximate solutions for the collapse load

are based on the upper bound approach. The limit load is computed

on the basis of an assumed plastic velocity field, and the rate of

internal plastic work is equated to the rate of external work.

Upper bound solutions for a variety of plate problems are known

and compiled in Refs. 28 and 34. ,Since the assumed collapse mech

anism is chosen on a trial basis in such a way as to seek a mini

mum for the upper bound values obtained, this method is tedious.

In addition, without the availability of at least one lower bound
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solution, a designer cannot predict the accuracy ~f the best upper

bound value. The application of this approach to structures combined

of beams and plates is cumbersome since the true collapse pattern

is difficult to establish. Furthermore, in this approach the ma

terial is assumed to be elastic-perfectly plastic, and the strain

hardening effect is neglected. The yield line th~ory is based on

the work of Bach (Ref. 5) and Johansen (Ref. 13). This theory is

extensively used in the design of reinforced concrete slabs.

Sawzuk and Jaeger (Ref. 28) summarize this theory and give a com

prehensive bibliography of literature in this area. This method

is subject to the same restrictions as discussed above.

Low~r bound solutions are based on the lower bound theo

rems of limit analysis. In this approach the load is computed on

the basis of an assumed equilibrium state of stress distribution

which nowhere violates the yield condition. Very little work has

been done in finding lower bound solutions needed to test the ac

curacy of upper bounds. Hodge (Ref. 11) gives a summary of the

limit analysis theory pertaining to rectangular and circular

plates. Shull and Hu (Ref. 29) utilized TrescaTs yield criterion

to arrive at lower bounds for uniformly loaded, simply supported

rectangular plates. No exact solution is yet available for this

relatively simple plate problem. Koopman and Lance (Ref. 14) in

troduced the concept of linear programm,ing to arrive at lower

bounds of the collapse load of plates made of perfectly-plastic

material. A similar approach was pioneered by Wolfensberger
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(Ref. 3~ for reinforced concrete plates by linearizing the yield

condition and using finite difference approximations.

In summary, although limit analysis techniques provide

valuable information concerning the collapse mechanism and the

collapse load, they cannot be used to predict the response of com

plex shaped plates in the post-elastic range.

2.2.2 Finite Difference Methods

Approximate solutions using the finite difference ap

proach were obtained by Bhaumik and Hanley (Ref. 7) for the case

of uniformly loaded rectangular plates. However, for this inves

tigation it was assumed that at any mesh point of the plate the

entire thickness is either fully elastic or fully plastic. This

assumption facilitates the solution of a plate bending problem;

however, for some structural materials the approximation of the

moment-curvature relationship by two straight lines is unrealistic.

In addition, finite difference approaches are not well-suited for

automatic computation, and are greatly complicated if in-plane be

havior is to be considered.

2.2.3 Discrete and Finite Element Methods

Among the methods that have been used successfully in

the determination of approximate solutions to continuum problems

are approaches in which the continuum is represented by a lumped

parameter model. A model capable of treating flexural problems

in plates was developed by Ang and Lopez (Ref. 20). This discrete
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flexural model, in which the stiffness of the actual plate is

lumped into a system of bars and springs, has been applied to

small and large deformation plate problems. The field equations

are derived in incremental form, leading to a linearization of the

problem in the case of the small deflection analysis, and are

shown to be the finite difference equivalent of the corresponding

equations of the continuous plat~. The inelastic analysis is

greatly simplified in this approach by assuming that the plate

can be represented by a sandwich plate consisting of two layers

of an elastic perfectly-plastic material, and of a shear core be

tween these two layers. Due to the tedious way of satisfying the

boundary conditions, this method is not ideally suited for the

development of a fully automated approach.

To date, finite element methods for the inelastic analy

sis of structures have 'been primarily developed for the analysis

and design of aircraft structures. A review of the current state

of the art of finite element analysis applied to inelastic problems

is given by Armen, et ale (Ref. 3). It appears that most of the

work has been done for plane stress or plane strain problems asso

ciated with either the Von Mises or the Tresca yield condition.

Little work has been done in the inelastic analysis of plates and

shells. To date, two different approaches have emerged. In the first

approach, the accumulated plastic strains are treated as initial

strains, and applied as forces to the structure. A solution is

then obtained by using an appropriate convergent iterative
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technique. This approach is referred to as the initial strain or

initial stiffness approach, and was the earliest approach to plas

ticity analysis in the context of the finite element methods. The

alternative approach requires the modification of the system

stiffness matrix for each step, taking into account plastification

when and wherever occurring,and resolving the final system of

equilibrium equations at each step of an iteration. This approach

is referred to as the tangent stiffness approach. Pope (Ref. 24)

describes the application of the tangent stiffness approach for

the analysis of plane elastic-plastic problems. In another recent

paper, Anand, et ale (Ref. 2) describe a finite element stiffness

approach to elastic-plastic plane stress problems based on

TrescaTs yield criterion.

Armen and Pifko (Ref. 4) used the initial s,tiffness ap

proach in the analysis of beams, plates and shells. These authors

point out the difficulties encountered in depicting the progressive

yielding through the thickness of plates and shells subjecte.d to

bending, and base their analysis on an assumed variation in plastic

strain from the surfaces of the element to an elastic-plastic

boundary within the element. Popov, et al. (Ref. 25) divide the

thickness of the plate into layers in their solution of elastic

plastic circular plate problems. Whang (Ref. 32) describes both

the initial and the tangent stiffness approach in the solution of

orthotropic plane stress, plate and shell problems,and presents

elastic-plastic solutions for plates,using the initial stiffness

-10-



approach. Surveys and summaries of recent progress in the appli

cation of finite element techniques applied to materially and geo

metrically nonlinear problems have been given by Armen, et al.

(Ref. 4) and Oden (Ref. 23).

2.3 A Finite Element Stiffness Approach Using a Layered Model

2.3.1 Description of the Layered Model

In this section a finite element displacement approach

is described which allows the establishment of the entire load

formation behavior of arbitrarily shaped and loaded plates. Since

the process and the extend of plastification are difficult to de

scribe, a solutionis accomplished by dividing each finite plate ele

ment into a number of layers in order to study its elastic-plastic

behavior. The procedure is based on linear geometry; hence, it is

applicable to problems where the structure experiences significant

plasticity before the deformations become excessive. First, the

in-plane deformations are neglected, but the model will allow

in-plane behavior to be included, as will be shown in Chapter 3.

The method is based on the tangent stiffness concept.

The load is applied in incremental form, and the method requires a

modification of the element stiffness matrices at each incremental

load step. The incremental approach allows the study of the entire

load-deformation behavior of a plate structure. The method is out

lined here for isotropic elastic linearly strain hardening mater

ial. However, it can easily be extended to arbitrary stress-strain
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relationships, or orthotropic material,if the associated consti

tutive relations are known (Refs. 15 - 19) .

The process and the extent of plastification is diffi

cult to describe in an arbitrarily shaped and supported plate. At

loads higher than the elastic limit load, plastification begins

and spreads in the plane of the plate, as well as through its

thickness. In the present approach, a finite plate element is

subdivided into a number of layers, as shown in Fig. 2. It is

assumed here that the elastic-plastic behavior of a finite plate

element can adequately be described by this layered model. Since

the thickness of the plate can be subdivided into any desired num

ber of layers, the approach should in the limit be able to repre

sent the behavior of the actual plate. Each layer is assumed to

be in a state of plane stress, and the state of stress at the cen

troid of a layer is taken as representative for the entire layer.

The effect of this assumption can be studied by observing the con

vergence of solutions for different mesh sizes. Any even number

of layers can be chosen in the present approach. Increasing the

number of layers reduces the error introduced in the approximation

of the real problem. Any layer is considered to be either elastic

or elastic-plastic according to a criterion to be specified. In the

case of transversely loaded pl-ates, neglecting in-plane behavior,

the strain distribution is symmetric with respect to the neutral

axis of the plate, and only the layers lying on one-half of the

finite plate element need be considered. It should be emphasized

-12-



that with this model the method is not restricted to a parti-

cular stress-strain relation. However, for demonstration purposes,

the problems solved in this chapter are confined to materials ex-

hibiting isotropic elastic perfectly-plastic behavior.

It is assumed that Kirchhoff's assumptions are satisfied

by the model. In addition, compatibility of strain between any

two layers is assumed. For the present investigation, all layers

are assumed to be of the same thickness; however, differently thick

layers could easily be incorporated. It is again assumed that the

transverse shear stresses need not be considered. The four

nodal points of a finite plate element are defined again at the

middle plane of the plate, and internal stress resultants are de-

fined at the centroid of a plate element. As seen from Fig. 2,

the strains at any distance zk from the middle plane of the plate

to the centroid of layer k are given by:

k !
€

X

k
E:

Y

(
1

o

o

1

o

o

ffx

,
)

(2 .1 a)

or

001

(2 .1 b)

Having found the displacement field by the finite element displace-

ment approach, which will be described in more detail in Section

2.4, the curvatures which are defined at the centroid of a finite
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plate element, and the strains and stresses for each layer can be

·determined. The stress resultants per unit width of plate, defined

at the centroid of a plate element,are then found by summing up

the contributions of each of the layers:

t 'k
M ::::: ~ cr z'k t k (2.2 a)x k=l x

t
(TkM := ~ z'k t

k
(2.2 b)

y
k=l y

t 'k
M :::: ~ T zk t

k
(2.2 c)

xy k=l xy

where ~ is the nwnber of layers and t
k

the thickness of layer k,

as shown in Fig. 2. Egs. 2.1 and 2.2 can immediately be cast

into an incremental form,and are used in this form in the proposed

incremental approach. It should be mentioned that the number of

degrees of freedom in the described approach will not be increased

by increasing the number of layers, and is dependent only on the

mesh size used and the number of degrees of freedom involved per

nodal point of the selected finite plate element.

2.3.2 Loading and Elastic Stress-Strain Relations of a Layer

Each layer is assumed to be in a state of plane stress.

is loaded according to a loading program which can vary widely

The stresses acting in a layer are shown in Fig. 3. Each layer
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for practical examples. The loading.path, indicated by an arrow in

Fig. 3, is described by successive values of the elements of the

stress vector [cr},which is defined as:

{cr}T = < 0- cr T > (2.3)x y xy

Since the proposed approach is formulated in incremental form, and

makes use of plastic stress-strain relations derived from the flow

theory, which are themselves incremental, no restrictions must be

placed on the loading path. Unloading mayor may not occur, and

can be accounted for as will be described in Section 2.4.3. An

approach based on the deformation theory would not be valid for

other than monotonically increasing stresses, and would not allow

unloading to occur.

In any elastic-plastic layer the total strains are com-

posed of an elastic, recoverable part of strains and a plastic,

irretrievable part of strains. Therefore, in incremental form one

can write:

where the individual strain rate vectors are defined as:

[e}T =<
. .

>€ e Yxyx y

[.e}T ·e ·e · e >e = < € € YxyX y

[~p}T =< eP ~P . P >
x y Yxy

(2.4)

(2 .. 5 a)

(2 .5 b)

(2 .5 c)
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·Elastic strain increments are related to the stress increments by

HookeTs law, which in incremental form can be written as:

where [D] is the stress matrix as defined earlier,and for an iso-

tropic material, is given by:

1 \J o
--I
I
I
I

(2.6)

[D] = E
2

l-\J

o

1

o

o

l-\J
2

(2 • 7)

2.3.3 Yield Condition and Flow Rule for a Layer

No universal laws governing the plastic behavior of ma-

terials have yet been developed. Thus, a choice must be made, among

the several existing plasticity theories, of one that Sllccess-

fully combines mathematical simplicity with good representation of

the experimentally observed material behavior. A review of cur-

rently available plasticity theories is given in Ref. 21. One of

the advantages of the finite element approach is that this method

is capable of treating complex stress-strain relationships,includ-

ing strain hardening of the material. The method is able to treat

most engineering materials as long as the fundamental laws govern-

ing the plastic behavior of a material are known. The present ap-

proach is based on isotropic elastic-linearly strain hardening ma-

terial. In addition, isotropic strain hardening is assumed, hence
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simplifying the problem considerably. This theory assumes that

during plastic flow the yield surface expands uniformly about the

origin of the stress space. Since it is not the purpose of this

investigation to develop new concepts in plasticity, no discus-

sian pertaining to the validity of the basic equations is given.

As postulated by Ziegler (Ref. 35), the plastic behavior of a

material can be described by specifying the following relationships:

1. An initial yield condition defining the elastic limit of

a material.

2. A flow rule relating the plastic strain increments to the

stresses and stress increments.

3. A hardening rule, used to. establish condi tions for subse-

quent yielding from a plastic state of stress.

It can be shown that the points where initial yielding occurs form

a space surface which is closed, convex and of the form

0" ,
y

(2.8)

where 0 •• is the stress tensor describing the state of stress at
lJ

the centroid of a layer 0 As shown in Fig. 3, all stress points

lying inside the initial yield surface and producing no permanent

strains in the virgin material are characterized by

*f (0 ..) < 0
lJ

-17-
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and constitute the initial elastic range. A number of yield

criteria are currently being used in the elastic-plastic analysis

of structures. The most common ones are shown in Fig. 4 and are

discussed for the case of plane stress.

TrescaTs yield condition is depicted in Fig. 4 a and can

be represented by

max ( I GIl I cr I
2

(2 .10)

-where 01 and 02 are the principal 'stresses in the layer and cr is

the current yield stress in simple tension.

Von Mises T yield condition, as shown in Fig. 4b, is

often used since it describes the initial yield surface as a

smooth surface in the stressspace,and is representable in simple

mathematical form. This yield condition is given by

J - 1:. '(J2
2 3

1 -2
-(5
3 = 0 (2 .11)

where:

and

J
2

= Second invariant of the stress deviator tensor

S .. = Stress deviator tensor defined as
1J

s .. = a ..
l] l]

(2 .12)

in which 0
kk

is the sum of the principal normal stress components.

JohansenTs yield condition is a special case of the maxi-

mum stress theory introduced by Rankine. This yield condition is
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depicted in Fig 0 4 c and is the basis of Johansen t s approach to

the yield line theory.

Although the presently discribed approach could be

easily extended to anyone of the shown yield conditions,and to

other yield conditions as well, Von Mises yield condition is

chosen for all investigations described in this report. In

Cartesian coordinates, this condition is given by:

2 2
(J +"(J"x y

cr cr + 3'T 2x y xy
-2
G := 0 (2 .13)

For an isotropic strain hardening material, the subse-

quent yield surface can be represented by:

f (0 ... ~ m) ~ 0
l]

(2 .14)

where m is a measure of the degree of strain hardening of the ma-

terial. It is assumed that the concept of effective stress can be

used to describe the beginning of yielding in a strain hardening

material which is subjected to a biaxial state of stress. The basis

of this concept is the equivalent stress versus total strain curve

(as shown in Fig. 5), which is assumed to be identical wi th the

stress-strain relationship found from a simple tension test. The

use of this approach allows the establishment of the ,conditions for

subsequent yielding from a plastic state of stress and is given by:

-
CY = m a

o
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where (J is the ini ti'al effectiv.e s'tress and a is the current
o

effective or equivalent stre"ss and is taken directly from the

stress-strain relationship found in a simple tension test. Eq.

2.16 can then be written as follows for the case of a Von Mises T

material:

This equation represents the loading function, indicating further

f (0' m) = 1 s S
ij' 2 ij ij

1 -2
- a = 0
3 (2 .16)

plastic straining if the equation is satisfied identically (f = 0),

and elastic behavior if f < O. Eq <I 2.16 indicates that the effec-

tive stress is related to the stress components as follows:

2cr
y

...,. cr (J

x y

2 1/2
+ 3T xy) (2 .17)

-Furthermore, G is dependent, on the amount of plastic deformation

that has taken place, as shown in Fig. 5. In incremental form

this relationship is of the form:

where E is the slope of the equivalent stress versus equivalent
p

plastic strain curve. An expression for the effective plastic

-
(J = E

P

strain rate can be derived as a function of the increments of the

plastic strain components; thus:

2 . p . P 1/2
=(-8 .. 8. 0 )

3 1J 1J
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The effective plastic strain i P is found as the integral of Eq.

2.19, taken along the loading path so that all of the increments of

plastic strain are included.

The yield condition and the loading function serve to

establish criteria for yielding from elastic or plastic states of

stress, respectively. The remaining problem is to establish rela-

tions for predicting the increments in the plastic strain compo-

nents knowing what the increments in stress and the total stresses

are. In order to arrive at plastic strain increments, it is as-

sumed for the purpose of this work that the Prandtl-Reuss flow

rule (Ref. 2~, which is often used in connection with the Von Mises

yield condition, is applicable. This constitutive relation, often

termed flow rule, is based on Drucker's postulate for strain hard-

erring material (Refg 9), and can be written as:

.p
e ...
1J

A. s ..
1J

(2 .20)

where A is a positive scalar quantity, which can be found from a

knowledge of the mechanical behavior of the material. Eg. 2.20

states that ~he increments of plastic strain depend on the current

values of the deviatoric stress components and not on the stress

increments to reach this state. Furthermore, it can be shown that

the plastic strain increment vector is normal to the yield surface,

as indicated in Fige 3. To determine the unknown multiplier A,

use is made of the Von Mises T yield condition given by Eg. 2.16, and

of the consistency equation:
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f := S .. s ..
1J 1J

2 --
- cy a = 0
3

(2.21)

which expresses that the stress increment vector can only be tan-

Combining Eq. 2.20 and Eq. 2.22 and using the strain hardening

gential to the yield surface. As shot\~ in Ref~ 21~ for example, \

is given by

3
A - 2 (2 .22)

law, given by Eq. 2.18, leads to:

s .... ..
.p 3: 1J cy

(2,,23 a)E; .... :=
1J 2 (J Ep

or written explicitely in terms of stress components in the

Cartesian stress space:

r -, (eP I /20' (J
x X y

~

[e P} eP (J
cr /2= == --- tJ

Y IT Ep Y x

., p .
Y' ~ 3T

xy) xy

(2.23b)

Eg. 2.23 establishes the relationships for predicting the incre-

ments in the plastic strain components in terms of the current

state of stress, the anticipated increments in effective stress,

and E , the slope of the eff~ctive stress versus effective plas
p

tic strain curve as shown in Fig. 5.
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2.3.4 Elastic-Plastic Stress Matrix for a Layer

For the purpose of deriving the element stiffness ma-

trices used in the finite element displacement approach, which due

to the nonlinear nature of the problem, is to be formulated in in-

cremental form, the relationship is sought between the increments

in stress and the increments in total strain. A step-by-step

method is suited to follow the process of plastification in a

structure for which the entire load-deformation history is desired.

Having presented the fundamental constitutive relations in the pre-

vious section, the elastic-plastic stress matrix needed to gener-

ate the element stiffness matrices must now be derived. In order

to be able to treat the limiting case of perfect plasticity,as

well as the case of work hardening material,with the same general

procedure, the following formulation, as described by Felippa

(Ref. 10), is adapted. Starting with Eg. 2.17, one finds by impli-

cit, differentation:

2crcr = 2cr cr - a (J + 2cr IT
X X Y X Y Y

cr 0" + 6T T
X Y xy xy

(2.24)

The rate of effective stress, which is a scalar quantity, is de-

rived from this expression,and can be written as follows:

where the vector of stress rates is defined as:

(2 .25)

.
cr T >

Y xy
(2.26)
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and [A] is a matrix connecting the rate of effective stress to the

rates of total stress, given by:

(0 -- cr /2)/cr
x y

[A] = (0 cr /2)/& (2 .27)y X

3T /0-xy

Using Hooke 1 s law, given by Eq. 206, and making use of the fact

that elastic and plastic strain components can be separated, the

vector of stress rates can be written as:

which,when using the constitutive equation.2.23b, leads to:

[~} = [DJ { [ e} - [AJ ~p}

(2 .. 28 a)

(2 .. 28 b)

Therefore, the rate of effective stress, as given by Eg. 2.25, can

be written as:

· T TG = [A] [~} = [A] [D] [ e} - [AJ ~p-l
".'

(2 .29)

Making use of Eq. 2.18, the rate of incremental effective plastic

strain can be found from the above expression as follows:

(2.30)

Substituting Eg. 2.30 for ~P in Eg. 2.29 leads to the desired
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relationship between the increments of stress and the rates of

total strain:

[eY} = [DJJ AJ [DJ

E + [AJ T [D] [AJ
P I

?

(2.31a)

which can be written simply as:

[IT} = [D ] te}
e

The matrix [D J, defined as:
e

(2.31b)

(2 .32)

provides for the new relationship between the increments of stress

and the increments of total strain. Matrix [D ] is called the
e

elastic-plastic stress matrix, and is applicable to any layer which

is stressed into the plastic range. Using this approach, the de-

generate case of'perfect plasticity (E = 0) can be handled withp

ease. This is in contrast to the initial stiffness approach,

which breaks down for this special but frequently occurring case.

Furthermore, it should be observed that matrix [D ] is now fully
e

populated, and must be e,valuated for each layer separately. Its

elements take on new values for each cycle of iteration. The

above derived elastic-plastic stress matrix is the key to the de-

rivation of the element stiffness matrices used in the proposed

incremental finite element tangent stiffness approach.
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2.4 Incremental Elastic-Plastic Solution Procedure

2.4.1 Assembly. of the System Tangent Stiffness Matrix

The essential elements needed in the formulation of the

proposed elastic-plastic finite element solution have been derived

in Section 2.3. In view of a future extension of this approach

to include non-linearity due to geometry, an incremental type

formulation is desired in which solutions are obtained by solving

a sequence of linear problems associated with an incremental ap-

plication of the loading. A step-by-step procedure in connection

with a small incremental loading is needed for this elastic-

plastic analysis, since the relationship between stresses and

strains and hence the systems stiffness matrix is nonlinear.

In this step-by-step analysis, the effect of the non-

linear material behavior of a structure subjected to the load

vector (F) is approximated by the sum of a series of linear

structures, each subjected to the load increment [F} and assuming

that the deformations during each load increment are essentially

linear. In the tangent stiffness approach, taken here as the

basis for this inelastic analysis, the systems stiffness matrix

[K] of the entire structure at any stage of loading is a function

of the existing values of stresses in the structure, and thus

needs to be modified for each load increment. For each step, this

effective, or often called instantaneous stiffness matrix [K J,e

must be assembled for the entire structure taking into account

plastification in the plate structure. To simplify this task,
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each finite plate element is further subdivided into a number of

layers, as discussed in Section 2.3. The stiffness contribution

of each layer is then computed separately since the stiffness of

any layer depends on the current state of stress; i.e. on the ex-

tent of plastification in a layer. The incremental displacement

vector [a} resulting from the applied load increment [F} is then

obtained by solving the basic stiffness relationship, which can be

written in incremental form as:

[ r} = [K ] [5}
e (2.33)

in which [K ] is the tangent stiffness matrix for the entiree

structure, the coefficients of which are recomputed for each load

increment by using appropriate incremental stress-strain relations.

As given in Appendix III of Ref. 31 (and Ref. 30), the

stiffness matrix for a homogeneous anisotropic rectangular plate

element, as originally described by Adini, Clough and Melosh, was

rederived in suitable form for the purpose of the present analysis.

Three degrees of freedom per nodal point were introduced for this

element; namely the lateral deflection wand the two slopes of the

deflected plate surface e and e . Taking any layer K of thex y

layered plate model for the inelastic analysis of plates, as shown

in Fig. 2, the stiffness contribution for this layer can immedi-

ately be derived from the expression for the stiffness matrix

given in Refs. 30 and 31.
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k 1 3 .3 lTf
[KJ = 1.2 [ (~) (Z~) J [c- J LD11[K1J + D12[K

2
J +

D13 [K3J + D22[ K4J + D23[ KSJ + D33[K6J ] [C-1J (2.34)

in which [K.], where i = 1, O~O 6 are component stiffness matrices
1

and [cJ is a transformation matrix as given in Ref. 31.

The process of assembling the systems stiffness matrix

follows exactly the procedure outlined in Section 2.3 of Ref. 31,

except that instead of treating a finite plate element at a time,

a layer at a time must be considered. Depending on whether a layer

is found to be elastic or plastic, appropriate stress-strain rela-

tionships, here formulated in incremental form as given by Eg. 2.6

or Eg. 2.31, must be used. The coefficients. D.. of the stress ma
lJ

trix for an elastic layer are always constant and given by Eg. 2.7,

whereas the coefficients D.. for a plastic layer take on different
lJ

values for subsequent states of plastification and must be evalu-

ated for each cycle of iteration. These coefficients depend on the

current state of stress G .. in a layer as well as on its effective
1J

-stress G given by Eq. 2.17, and the strain hardening parameter E •
P

Explicitely, these coefficients can be evaluated using

Eg. 2.32 since at the start of an iteration cycle the current

state of stress in a layer and all other needed quantities are

known. The procedure for evaluating the stiffness of ,a plastic

layer is as follows:

1. Evaluate the coefficients of matrix [AJ.
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\ 2. Evaluate the coefficients of matrix [D ] .
e

3. Find the stiffness contribution of the layer in considera-

tion by evaluating Eq. 2.34 and add it to the already

accumulated stiffness.

The total stiffness of a finite plate element must be as-

sembled by considering each layer separately and summing up all

stiffness contributions. In the case of transversely loaded plates

neglecting in-plane deformation, a pair of layers lying symmetric

with respect to the middle plane of the plate can be treated at a

time. Performing this process for all layers and considering all

plate elements leads to the instantaneous or tangent systems stiff-

ness matrix for the entire structure. As this is true for all pre-

sently known approaches capable of handling inelastic problems,

the availability of a high-speed digital computer is essential for

a successful implementation of this approach.

2.4.2 The Iterative Solution Technique

The iterative solut,ion technique used for the solution

of inelastic plate problems is summarized graphically by the flow-

chart shown in Fig. 6. A unit load is applied first to the ini-

tially assumed stress-free structure and the associated elastic

stress distribution is obtained. The applied loads are then

scaled up so as to cause initial yielding in the most ptres~ed

la¥er. This is done by comparing for each layer the effective

stress representing the elastic limit of the material in
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consideration. Since in the elastic range, and assuming first

order theory, stresses and deformations are directly proportional

to the applied load; the values of these field quantities can be

equally found by scaling up the appropriate values found for the

applied unit load.

The structure ceases to behave linearly ilastic for

loads higher than the elastic limit load. Thus, an incremental

procedure must be used to find its response in the non-linear

range. Since the final state of stress is not known in advance
)

for each applied load increment added to the accumulated load, an

iterative solution is needed to find the new equilibrium configura-

tion corresponding to the applied load increment. Starting out

with known values of all involved field quantities at the elastic

limit load level, an increment of load [r} is applied to the

structure first. To arrive at the new equilibrium configuration

corresponding to this load increment an iterative procedure is

started, described here for the i-th cycle of iteration.

For this i-th cycle of the current iteration, the

following quantities are known specifically for each layer: First,

[cr}i-l, the accumulated stresses as computed at the end of the
_ i-I

(i-l)-th cycle are known and hence, (J , the total e"ffective stress

can be found.
- i-I

In addition, the maximum effective stress 0 re-max

corded during the entire loading history is stored. The itera-

tion proceeds as deseribed by the following steps:

1. Assume all layers to be in the same state of stress as
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found in the previous cycle; or, if the iteration is

started, as found in the last cycle of the previous load

increlnent.

2. For any plastic layer, compute the coefficients of matrix

[AJ. This step is omitted if a layer is found to be

elastic.

3~ Compute the coefficients of matrix [D J for any plastice

layer. For elastic layers use matrix [DJ, the elements

of which always remain constant.

4. Compute the stiffness contribution of this layer as Qut-

lined in Section 2.4.1.

s. Add the stiffness contributions of all layers appropriately

and establish in this fashion the systems tangent stiff

ness matrix [K ] for the entire structure.
e

6. Solve the system of incremental equilibrium equations

[p} = [K ] [6} for the unknown incremental nodal displace
e

[ ~}i.ment vector u .

7. Compute the rates of curvature [~}i at the centroid of

each plate element using the curvature-displacement rela-

tions as given in Appendix III of Ref. 31.

8. · iCompute the total strain rates [e} at th~ centroid of

each layer using the strain-curvature relations.

9. Find the stress rates [o-}i at the centroid of each layer
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using the incremental stress-strain relations given by

Eq. 2.31 b for a plastic layer, or by Eq. 2.6 for a

layer found to be elastic, respectively.

10. Find the total stresses [G}i at the centroid of each

layer by adding the stress increments to the previously

11. Check whether layers which were originally elastic are

accumulated stresses; i.e. [ali = [a} · i+ [cr} .

still elastic. Also check the computed effective stress

-i -i-la against the assumed effective stress a for all

plastic layers. If &i is within a specified tolerance of

ai-I, then the iteration is terminated and the next load

increment is applied to the structure. If a i is not

. -i-l
within a tolerance of IT , then the newly computed

values for stresses {ali and effective stress cri are used

as new initial guesses -for cycle (i + 1).. Steps 1

through 11 are th~n repeated until either a is found

within a certain tolerance or a specified number of

cycles is exhausted 8 Accumulated values for all needed

field quantities can then be computed and printed out if

desired~

The analysis proceeds exactly in the same way for the

next load increment. Basically, arbitrary values for [r} could be

assigned; however, the present investigation was restricted to the

case of proportional loading.. It should be mentioned here that
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the effect of different values of [p} on the convergence an~ aCCll-

racy of the involved field quantities can be studied easily by

specifying different values for the incremental load and observing

the convergence behavior. The effect of the chosen tolerance for

the effective stress in a layer can be studied similarly as will

be discussed in the presentation of the numerical examples.

2.4.3 Unloading and Ne,utral Loading of a Layer

By definition, a layer is termed elastic if its effec-

tive stress a computed at the centroid of the layer is less than

the current yield stress of the material. A plastic layer is

characterized by the fact that its effective stress is equal to the
'j

current effective stress of the material. For such a layer the

total strain is composed of an elastic and a plastic part. In the

preceeding section it was assumed that those layers which were

assumed plast,ic are being stressed further into the plastic range

as the applied loads increase. This assumption must be checked in

the analysis by computing the effective stress corresponding to

the total stresses in each layer and comparing it to its previous

value. If the computed value for the effective stress in the i~th

cycle is found to be greater than the stored value, found in

cycle (i-I), then the layer in consideration is being further

loaded plastically.

On the other hand, if the newly computed value for the

effective stress is less than the previously found value, elastic
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unloading has taken place. When this occurs, the elastic stress-

strain relations must be used and the analysis proceeds as Qut-

lined above. It should be mentioned that unloading can occur even

though the externally applied loads are monotonically increasing.

During unloading the stress path moves inside the current yield

surface. Mathematically speaking, unloading from a plastic state

which is characterized by Eq. 2~16, occurs if

. "
f = S .. s ..

1J 1J
(2.35)

As this is usually done, it is assumed that elastic straining does

not change the yield surface and subsequent loading follows the

unloading path as indicated in Fig. 5.

Neutral loading is defined as loading from one plastic

state to another plastic state in such a way as to cau'se no plastic

straining. In this case the stress path is moving tangential to

the yield surface and in the analysis the elastic or elastic-

plastic stress-strain relations can be used.

2.4.4 Yield Surface Correction

In the iterative procedure as described in Section 2.4.2

it is advantageous to find improved values for the state of stress

in a layer before entering the next cycle of a given iteration.

Convergence is then obtained faster resulting in considerable sav-

ings in computer time. Depending on the type of material used,

different approaches can be taken to improve the initial guesses
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for stresses and for the effective stress. Although the outlined

tangent stiffness approach is valid for the more general case of

elastic-linearly strain hardening material, the problems treated

in this chapter and chosen for the purpose of demonstrating the

application of this method are confined to materials exhibiting

elastic perfectly-plastic material behavior.

The method of arriving at new improved guesses for

stresses in a layer, outlined in this section, is limited to ma

terials exhibiting elastic perfectly-plastic material behavior.

A similar approach could be taken for the more general case of

linearly-strain hardening material. As mentioned earlier, the in

cremental stress vector as shown in Fig. 7 is restricted to lie

in the tangential plane to the current yield surface which, in the

case of a perfectly-plastic material, is always identical with the

initial yield surface. However, for any finite increment of load

the stress rate vector will be of finite length and hence cannot

remain on the yield surface. The state of stress must therefore

be corrected in order to conform with the assumptions associated

with perfectly-plastic material. This can be done by adding a

correction vector to the incremental stress vector as shown in

Fig. 7. This yield surface correction is best done in the devia

toric stress space and the following quantities are to be defined

for this derivation:
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[ST} = (ST S T ST ) = The uncorrected deviatoric stress vector
x ' y" xy

[s} = (8 ,S ,8 ) = The corrected deviatoric stress vector
x y xy

(CB} = The correction vector defined by

(2 .. 36)

T

J
2

= The second invariant of the deviatoric stresses computed

from uncorrected stresses

J
2

= The second invariant of the deviatoric stresses computed

from corrected stresses

These two quantities can be evaluated if the respective stresses

are known; they are related by

J T J ~ 2
2 = 2 + ';) (2 .37)

The correction vector iswhere ~2 is defined as the error in J;.
defined to be normal to the yield surface in the deviatoric stress

space and is of unknown length c. It follows from the requirement

of normality:
gradJ

2
yJ

2
= c ---- = c---

I gradJ
2

1 I\7J
2

1

For perfectly-plastic Von Mises' material, J
2

is given by:

(2 .38)

(2 .39)
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where k is the yield stress in pure shear. Proceeding now with

the evaluation of the length of the gradient vector to the yield

surface, one f~nds:

I\1J I = I2J = /2k
2

2 2
(2 . 40)

Substituting Eg. 2.38 and Eq. 2.40 into Eq. 2.36, and observing

that VJ2 = (S} leads to

:: [1 - _c_J [s }

/2k
2

(2.41)

Since J 2 and J; are quadratic functions of the deviatoric stresses

it follows directly:

(2. 42)

Substituting Eq. 2.37 and Eq. 2.39 into Eq. 2.42 yields:

(2. 43)

Linearizing the expression for the square root in Eq. 2.~3, leads

finally to:

Introducing now:

[s T} ~
= (1 + 2k2) [S }
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the corrected deviatoric stress vector is found to be

[ s]
[s T}

1 + (3
(2 .46)

and hence, the corrected stresses are given by:

0" ••
1J

T
(J ••

;::: 1J
1 + 6 (2 .47)

The stresses computed in each plastic layer are to be corrected

according to Eq. 2.47 before entering into the next cycle of the

iteration. Finally, the evaluation of 6, given by Eq. 2.45, leads

to:

(2.48)

2.5 Numerical Results

The following examples have been selected to illustrate

the application of the proposed finite element tangent stiffness

approach for solving inelastic plate problems. A general computer

prog~am has been written for the implementation of this approach.

This program allows the tracing of the entire load-deformation be-

havior of arbitrarily shaped and loaded plates. The approach was

outlined in the previous sections of this chapter for the case of

isotropic· elastic, linearly-strain hardening material. An exten-

sian to include orthotropic material behavior can be easily made

if the associated constitutive relations are known.
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The validity of the proposed method is demonstrated on a

few example solutions giving an indication of the reliability of

the approach. To simplify comparisons with analytic solutions, the

material was restricted to behave elastic perfectly-plastic

(E = 0) and Von Mises T yield criterion in connection with the
p

Prandtl-ReussT flow rule were used in the solution of all example

problems. However, other types of yield conditions could easily

be incorporated as well in the present approach.

For the purpose of this investigation all example struc-

tures are thought to be made of structural steel with the follow-

ing numerical values for the material behavior assumed in the

analysis:

E = 30,000 ksi

G :: 36 ksi
o

E = 0
P

\) = 0 .. 30

The results are presented in non-dimensional form in terms of

p = pip = Actual load divided by p , wherey y

Py = The load level at which yielding is initiated

8 = The deflection of a point representative for the behavior
y

of the structure at first yielding

M = Moment capacity per unit width of plate
p

All other assumptions made concerning discretization and the geo-

metry of the example structures chosen are listed in the

-39-



The elastic-plastic boundary

accompanying figures presented for each problem. The general com-

puter program developed to implement the proposed approach yields

the incremental and accumulated values of all involved field quan-

tities; thus it allows the study of the complete elastic-plastic

behavior of complex shaped plates.

2.5.1 Simply Supported and Clamped Plate Strip

The proposed method of analysis was first applied to a

few simple problems for which the exact solution can be found from

the theorems of limit analysis. Fig. 8 shows the load-deflection

behavior of a simply supported and uniformly loaded plate strip of

unit width. Sixteen elements were used in the idealization of a

half-span of the plate strip. Results are plotted for different

numbers of layers: k = 6, 8 and 10. It is recognized that an in-

crease in numbers of layers used for the discretization of the

plate elements leads to a better approximation of the collapse

load. In addition, closer results would be obtained for a finer

discretization of the plate strips For the same example, the pro-
j

pagation of the elastic-plastic boundary for k = 10 (k = number
i

)
of layers) is depicted in Ffg. 9.

is in general a space surface and difficult to determine analyti-

cally. The error introduced in the present approach will be re-

duced if a finer mesh is used and the number of layers is increased

at the locations of greater rate of change of curvature in the

plate strip. It is worth noting here, that for the continuous
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plate strip, collapse would occur as soon as the center section is

fully plastic. In the finite element analysis, however, collapse

does not occur until the two innermost layers closest to the

center-line of the plate strip yield. In the numerical analysis,

this state is indicated by a sudden, rapid increase in deflection.

Mathematically speaking, the system stiffness matrix has become

singular.

Similarly, the load-deflection behavior of a clamped

plate strip of unit width is shown in Fig. 10. As predicted by

simple plastic beam theory, this structure can withstand substan-

tial additional loads after first yielding has taken place. The

analysis was again performed for different numbers of layers; i.e.

for k = 6, 8 and 10 and the respective response is plotted in the

same figure. Closer results would again be obtained if a finer

mesh size were used. The propagation of the elastic-plastic bound-

ary and the extent of plastification is shown in Fig. 11. The

structure becomes unstable as soon as the two innermost layers

closest to the center-line of the plate strip exhibit plastic be-

havior. Fig. 12 is drawn to demonstrate the redistribution of

plate moments M and M along the length of the clamped plate
x y

strip. The variation of all other stress and deformation compo-

nents could be studied in a similar way. It should be noted that

the theorems of limit analysis can be used to compute the exact

collapse load for these two introductory examples. However, the

calculation of the exact collapse load is possible in but a few

simple cases.
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4.5.2 Simply Supported Square Plate

The behavior of plates of various shapes subject to var

ious boundary conditions and loading is of special interest to the

designer and is considered a difficult problem if the elastic

plastic response of such structures is sought. The response of a

few typical plate structures stressed into the inelastic range will

be presented next in order to demonstrate the versatility of the

proposed finite element approach. The load-deflection behavior of

the center point of a simply supported and uniformly loaded square

plate is illustrated in Fig. 13, along with the best upper and

lower bound found in the literature. Sixteen rectangular plate

elements were used for the discretization of one quadrant of the

plate and six layers were chosen for each finite plate element.

It is recognized from this figure that, despite the-relatively

rough mesh chosen, an already satisfactory solution is obtained.

The propagation of yielded regions for different load levels is

shown in Fig. 14. Plastification begins at the corners of the

square plate and slowly spreads toward the center of the plate.

The progression of yielding is in agreement with the solution

given by Ang and Lopez (Ref. '20), which is based on a discrete

element approach, as discussed in Section 2.2. However, the load

deflection curve found in the present approach is considerably

different from the curve obtained by the cited authors due to

their assumption of a two layer sandwich-type plate model used in

their work.
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As this is usually done, the collapse load of this

structure is defined as the value of the load at which the pattern

of fully plastic elements is such that the structure becomes a

mechanism. It is seen from Fig. 13 that substantial deformations

must take place before this stage is reached and a small deflection

analysis is in fact nQt capable of predicting the correct collapse

load for certain types of structures. Nevertheless, a value of

20.982 (2~ Mp/L ), where L is the span of the square plate, is esti-

mated for the present example and this value can now be compared

with available solutions. This comparison is made in Table l~

where the estimated limit load is compared with available upper

and lower bound, finite difference -and finite element solutions.

An improved solution would be obtained for a finer mesh.

2.5.3 Clamped Square Plate

The elastic-plastic behavior of a uniformly loaded

square plate is shown in Fig. 15 along with the best known upper

and lower bound solution found in the literature~ It'is seen that

the assumed discretization of;sixteen elements per quarter of the

plate leads to a slightly higher collapse load than predicted by

the best known upper-bound solution. This is due to the fact that

the chosen rough discretization cannot properly account for the

high stress gradients occurring in the vicinity of the clamped

edges. Performing the analysis with the next finer mesh, which
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contains thirty-six elements per quadrant of the plate, leads to

an improved result as seen from this figure. Fig. 16 depicts the

sequence of yielding and the extent of plastification for the same

problem. A comparison of this sequence of yielding, which agrees

again with the one given by Lopez and Ang (Ref. 20), with the pro,
pagation of yielded regions of the simply supported plate reveals

some interesting differences. Fig. 17 shows the redistribution

of deflections as a result of the plastic flow. In Table 2, a

comparison is made between the estimated limit load for this pro-

blem and the values found from different other approaches.

2.5.4 Sguare Plate with Three Edges

Simply Supported and One Edge Free

The load-deflection behavior of a uniformly loaded

square plate with three simply supported edges and one free edge

is shown in Fig. 18 Due to symmetry in loading and geometry only

one-half of the plate needs to be analyzed. The curve shown in

Fig. 18 applies to the mid-point P of the free edge. No lower

bound solution is known for this problem and it cannot be said

with assurance how close the given upper bound solution found by

Hodge (Ref. 12) is to the true solution. Fig~ 19 depicts the pro-

pagation of yielded regions for increasing load and Fig. 20 demon-

strates how the plate moments are redistributed as a result of

plastic flow.
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2.5.5 Plate Supported by Rows of

Equidistant Columns (Flat Slab)

The load-deflection behavior of the center of a uniformly

loaded square plate supported by rows of equidistant columns is

illustrated in Fig. 21, along with a.lower bound solution found by

Wolfensberger (Ref. 33) and an upper bound solution given in (Ref.

34). Attention should be focused to the large additional strength

that can be carried by this structure beyond first yielding. The

sequence of yielding for this structure is shown in Fig. 22.

2.6 Convergence and Accuracy of Solutions

The presented examples show the validity of the proposed

numerical technique from which approximate solutions to complex

elastic-plastic plate problems can be obtained. No formal proof

of the correctness of the solution method was attempted in this

investigation and hence the reliability of the numerical solutions

can only be shown on the basis of known solutions found by the

theorems of limit analysis or by other types of analysis. This

comparison was made whenever possible and the solutions found by

the present approach are strongly supported by solutions derived

from the theorems of limit analysis. All problems chosen in this

investigation were analyzed using a relatively rough discretiza

tion. Improved results would be obtained if the mesh size is re

duced or the number of layers is increased. This is demonstrated

in Figs. 8, 9 and 130 A tolerance of 5% was usually specified
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for the effective stress leading to two or three cycles per itera

tion for each applied load increment. A smaller value for this

tolerance increases the number of cycles needed for convergence;

thus, increasing the computer time considerably.

2.7 Summary

A finite element analysis capable of predicting the

elastic-plastic behavior of complex shaped plates has been pre

sented in this chapter. The approach is formulated in incremental

form and is based on linear geometry. Hence, it is applicable to

problems where the structure experiences significant plasticity

before the deformations become excessive. A layered model is used

to aid in the description of the elastic-plastic behavior of each

finite plate element since the process of plastificati~n is mathe

matically difficult to describe. The approach is based on the

tangent stiffness concept and an iterative solution technique is

needed to find the new equilibrium configuration correspondiqg to

each applied load increment. For each cycle of iteration, the

effective or instantaneous stiffness matrix of the entire. struc

ture is recomputed and the governing linear system of equilibrium

equations is solved repeatedly. A few example solutions prove the

validity of the proposed numerical technique which is applicable

to plates of arbitrary geometry and loading and can be extended to

more complex material behavior.
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3. ELAS_TIC-PLASTIC ANALYSIS OF STIFFENED PLATES

3.1 Introduction

The behavior of eccentrically stiffened plate structures

in the inelastic range is required to assess the effects of over

loading and to compute the ultimate load-carrying capacity of such

structures as a whole as well as that of its components. The mbst

commonly used methods of elastic analysis for stiffened plate struc

tures were discussed in Refs. 30 and 31, along with their possible

extension to include the inelastic behavior of such structures.

From an extensive literature survey it was concluded that the

classical methods of elastic analysis are not suitable to study

the inelastic response of beam-slab type structures and the appli

cation of the finite element method was again found to be the best

suited. The reliability of the finite element tangent stiffness

approach in solving elastic-plastic plate problems was demonstrated

in ,Chapter 2~ This approach will be extended to stiffened plates

in this chapter making use of a layered beam model which is at

tached to the layered plate model described in the previous chapter.

In-plane behavior must be considered and an incremental analysis

is again required to solve this mathematically difficult problem.

3.2 A Finite Element Approach Using a Layered Model

3.2.1 Description of the Layered Beam-Plate Model

The finite element tangent stiffness approach described
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in Chapter 2 for the elastic-plastic analysis of plates is ex

tended in this chapter to eccentrically stiffened plates of arbi

trary shape and loading. This problem being complex and not ame

nable to analytic solution, a numerical solution is worked out

based on a layered system of beam and plate elements. A layered

beam model is attached to layered plate elements in order to be

able to describe the process of yielding in the actual beam-plate

structure. It is assumed that the structure experiences signifi

cant plasticity before the deformations become excessive permit

ting the formulation of the outlined approach to be based on the

first order theory. In-plane deformations and forces must be con

sidered in the present analysis because both quantities are of

prime interest in a stiffened plate structure. In view of a future

inclusion of nonlinearities due to geometry, the tangent stiffness

approach was preferred to the initial stiffness approach. As in

the case of the analysis of inelastic plates, the load is applied

incrementally, the stiffness matrix of the system must be derived

and solved repeatedly for each load increment. The approach allows

the tracing of the entire load-deformation relationship for any

point of interest in the structure and the study of the process of

plastification of complex shaped stiffened plates. The method is

developed for an isotropic elastic linearly-strain hardening ma

terial; however, it can be easily extended to cope with arbitrary

material behavior.

Plate elements are subdivided into a number of layers,
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as described in Chapter 2, in order to be able to follow the pro-

cess of plastification in the plate. Each layer is assumed to be

in a state of plane stress and the state of stress at the centroid

of a layer is taken as representative for the entire layer. Any

layer is considered either elastic or elastic-plastic depending on

the magnitude of effective stress present in this layer at a given

load level. In the present analysis, the increments of total

strain are computed as the sum of strain increments resulting from

in-plane and out-of-plane behavior. In-plane strains in any layer

k are computed at the centroid of this layer using the basic rela-

tionships derived in Appendix IV of Ref. 31:

(3.1)

where [B] is the matrix connecting strains to nodal displacements

as derived in Appendix IV of Ref. 31 and [8.}e is the nodal dis
1

placement, vector made up of the consistent listing of in-plane

displacement components. The strains in any layer k associated

with out-of-plane deformations of the plate are given by Eq. 2.1 b:

(3.2)

The curvature terms listed in [&} are again defined at the centroid

of a plate element and are computed as shown in Appendix III of Ref.

31. Having found the displacement field by the proposed analysis

based on a trial stiffness matrix associated with the previous load
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increment, the in-plane displacement components and the curvatures

at the centroid of a plate element can be computed. The total

strain increments can be evaluated by adding the strain increments

resulting from in-plane and out-of-plane action:

(3.3)

Depending on the current magnitude of the effective stress in a

layer, the stress increments are evaluated using basic relation-

ships: Eq. 2.6 being valid for an elastic layer, and Eq. 2.31b,

if the layer is found to be plastic. It is seen that for the pur-

pose of computing stress increments in an elastic-plastic layer,

Eq. 2.31b is still valid, if the current total stresses result-

ing from in-plane and out-of-plane action are substituted.

Yielding starts often at the bottom fiber of a stiffener

element in an eccentrically stiffened plate and successively

spreads across the entire beam cross section. In order to study

the process of plastification in a beam, a stiffener element is

subdivided into a number of layers as shown in Fig. 23. An ap-

proach based on the plastic hinge concept would grossly over

simplify the actual behavior. The interaction of all 'involved

stress resultants acting on a beam element stressed into the plas-

tic range is difficult to describe mathematically if one ceases to

accept the yield hinge concept. In the most general case, two

shear forces and the bending moment about the y-axis interact with

the axial force and the twisting moment in a beam. In order to
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avoid obscuring the overall analysis with this interaction problem,

it is assumed for the present approach that the beams are slender.

It is also assumed that the shear force as well as the twisting

moment do not significantly affect yielding in a layer and can be

neglected in the yield condition. It is further assumed that GK
T

,

the torsion constant of the stiffener remains unchanged. The

effect of these assumptions could be studied in a more refined

analysis. It is assumed in the present analysis that the elastic

plastic behavior of the beams can adequately be described by the

proposed layered finite beam model. Due to the above stated as

sum,ptions a beam layer is seen to be in a state of uniaxial stress

for consideration of yielding and hence the yield condition reduces

to its simplest form. The state of stress at the centroid of a

layer is taken as representative for the entire beam layer.

Stresses in beam layers are computed based on a linear distribu

tion of strain extending to the bottom fiber of the stiffener.

Basically, an arbitrary stress-strain relationship could be speci

fied for each stiffener layer. The problems solved'in this chap

ter are confined to isotropic elastic perfectly-plastic behavior

of the material. It is expected that this approach can be extended

to beams made of reinforced concrete by appropriate consideration

of the material behavior of each layer made of concrete or rein

forcing steel ..

In the present analysis, any layer must be specified by

its width, thickness and its distance to the plane of reference,
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which is defined to coincide with the middle plane of the plate.

As defined in Ref. 31, a beam element is bounded by two nodal

points I and K, lying in the middle plane of the plate as shown in

Fig. 23. Due to the incremental nature of the analysis proposed,

the axial strain increments in any beam layer K due to bending mo-

ment and axial force can be evaluated separately using basic rela-

tionships. The total strain can then be obtained by adding the

two parts. The axial strain ,component in any layer K is given by:

<II

e .) ]yl (3.4)

Using this expression, the strain can be computed at the centroid

of any layer K if the displacement components, as defined in

Ref. 31, are knowllo Having determined the strain increment, the

associated stress increment is found from the stress-strain rela-

tionship specified for the beam layer in consideration. The stress

resultants acting on a beam element are defined at the plane of

reference and are found by adding up the contribution of each layer:

t
-kM ;::: L: 0- z'k t k b}<s k=l x

{,
-k

N ::::: ~ 0" t
k

b
ks

}<=1
x

(3 .. 5)

(3 • 6)

where t is the number of beam layers~ 1< is the thickness and bk

is the width of beam layer K~
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3.2.2 Elastic-Plastic Stress-Strain Relations

The elastic-plastic response of beam and plate layers

must be known in order to be able to formulate the proposed analy

sis. Plate layers are treated exactly as discussed in Chapter 2,

which deals with the inelastic analysis of transversely loaded

plates. In the presently discussed incremental elastic-plastic

analysis of unsymmetrically stiffened plates, the stresses resisted

by a layer due to in-plane and out-of-plane action must be con

sidered. These stress increments are computed from incremental

total strains which are found from appropriate strain-displacement

relations 0 The same equations as derived in Sections 2.3.2 and

2.3.3, governing the elastic-plastic behavior of a layer, are

applicable if the total stresses resulting from in-plane and Qut

of-plane action are substituted into these equations 0 No restric

tions must be placed on the loading path, since the plastic stress

strain relations derived from the flow theory are themselves incre

mental. In the present analysis, Von Mises T yield condition in

connection with Prandtl-Reuss T flow rule is adapted and the deri

vation of the stress-strain relations given in Section 2.3.3 for

an elastic linearly-strain hardening material shall apply. If the

computed effective stress in a plate layer is less than the speci

fied value, the layer is termed elastic and Eq. 2.6 is applicable.

For an elastic-plastic layer in which the total strains are com

posed of elastic and plastic parts, the incremental stress-strain

relations given by Eg. 2.32, are used. Neutral loading and

-53-



unloading are treated as discussed in Chapter~. From these

stress-strain relations the increments of stresses for given in-

crements of total strain resulting from in-plane and out-of-plane

behavior of the stiffened plate are determined. The elastic-

plastic stress matrix found in this manner is required to generate

the element stiffness matrices associated with in-plane and out-of-

plane behavior of the finite plate element.

Due to the assumption made that the twisting moment as

well as the shear forces are small and need not be considered in

the yield condition, each beam layer is stressed uniaxially.

Furthermore, it is assumed that the beams are made of elastic

linearly-strain hardening material of the type shown in Fig. 5.

If the total stress is less than the.current yield stress, a beam

layer K is considered elastic and the increment of stress is found

from the increment of strain by:

= [D ] [e }k
s s

(3. 7)

where [D ] is a matrix consisting of one element of value E , the
s s

modulus of elasticity of the beam material. If the current total

stress is equal to the current yield stress, the layer is consid-

ered to be elastic-plastic and the increment of stress is given by:

= [D ] [~ }k
se s (3.8)

where [D ] is identical with the strain-hardening modulus E
se ps
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3.2.3 Generation of Element Stiffness Matrices

The instantaneous element stiffness matrices are estab-

lished in a similar manner as described in Refs. 30 and 31, which

presents an elastic finite element analysis of eccentrically stiff-

ened plate structures. The elastic-plastic analysis of eccentri-

cally stiffened plates requires again a step-by-step iterative pro-

cedure. The fact that first order theory is assumed to be adequate

and hence, the structure is assumed to behave linearly elastic for

each increment of load allows computing of the in-plane and out-

of-plane stiffness matrices separately and to construct the system

stiffness matrix from the component stiffness matrices.

The in-plane stiffness matrix for any plate element is

found by summing up the in-plane stiffness contributions of each

layer of the plate element 0 Separate consideration is to be given

to each layer because the state of stress and hence, the effective

stress is different in each layere The in-plane stiffness matrix

for a plate element is given in Refo 310 The same matrix can be

used in the incremental elastic-plastic analysis, if the plate

thickness h is replaced by the thickness of the layer in considera-

tion. The elements D.. of the stress matrix [D] depend on the
1J

state of stress in a layer and must be computed as outlined in

Section 3.2.2.

The assumptions made for the derivation of the stiffness

matrix governing the out-of-plane behavior of a plate element were

discussed in Section 30302 of Ref. 310 In the present
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elastic-plastic analysis each layer must be treated separately,

since the state of stress is different in each layer and the dis-

tanee of the centroid of the layer to the plane of reference must

be accounted for. For any plate layer, the same stress matrix [D]

as generated for the in-plane stiffness matrix is applicable in

evaluating the stiffness matrix governing the out-of-plane behavior

of the plate element. As shown in Section 2.,4.1, the contribution

of each layer is found by applying Ega 2.34. The stiffness con-

tributions of all layers are then added.

In a similar fashion, the stiffness matrix for the

stiffener element is formed by considering a stiffener layer at a

time. This stiffness matrix is derived in Section 3.3.6 of Ref.

31 and can be applied in the elastic-plastic analysis if the cross-

sectional properties of the stiffener layer in consideration are

substituted. For a stiffener layer found to be elastic, the

stress matrix [D ] in Eq. 3.7 reduces to Es' the modulus of elas-s

ticity of the beam layero In an elastic-plastic layer, the

. strain-hardening modulus E is used instead of E .ps s

3.3 The Incremental Elastic-Plastic Solution Procedure

3.3.1 Assembly of the System Stiffness Matrix

The incremental finite element displacement approach

derived in Chapter 2 for the solution of elastic-plastic plate

problems is extended in this chapter to elastic-plastic eccen-

trically stiffened plate structureso A step-by-step incremental

-56-



procedure which follows closely the procedure discussed in Chapter

2 forms the basis of this inelastic analysis. The tangent stiff

ness matrix [K ] of the structure must be reassembled at any stage
e

of loading. This key matrix is a function of the geometry and of

the existing state of stress in each plate and beam layer and must

be modified for each load increment to account for plastification

in the structure. The incremental displacement vector (o} result

ing from the applied load increment [F} is obtained by solving the

stiffness relationship:

·
[ F} = [K ] [oJ

e (3.9)

in which [K ] is the tangent stiffness matrix of the entire struce

ture which is discretized by an assemblage of beam and plate ele-

ments. The displacement vector of the structure is a listing of

displacement components consistent with the force vector components.

Five displacement components are introduced at each nodal point as

in the case of the elastic analysis of stiffened plates, presented in

Ref. 31. The process of assembling the overall tangent stiff-
J

ness matrix is done in the computer. The out-of-plane and in-

plane stiffness matrices are computed for the plate elements fram-

ing into a nodal point by appropriate addition of the component

stiffness matrices listed in the appendices. For this purpose,

the contributions of all plate layers involved are added. Finally,

the stiffness of the stiffener elements framing into the nodal

point in consideration are computed and added to the already
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accumulated stiffness. A stiffener layer or.. plate layer at a time

must be considered since the state of stress is different in each

layer and its stiffness is a function of this state of stress. De

pending on the magnitude of effective stress in a plate layer

which is computed from total stresses resulting from in-plane and

out-of-plane action, it is determined first whether the layer is

elastic or elastic-plastic 0 The appropriate stress matrix must be

used in computing the stiffness matrices. Stiffener layers are

treated alike and their contribution is added to the present stiff

ness. No fundamental difficulties are encountered whether one

deals with elastic linearly-strain hardening or with a more general

material behavior of the beams.

It is seen that the process of assembling the system

tangent stiffness matrix follows closely the procedure outlined in

Chapter 2. The essential difference lies in the fact that in the

present analysis the in-plane behavior must be considered and the

effect of the beam elements must properly be accounted for.

Appropriate stress-strain relationships must be used depending on

the state of stress found in a layer. These relationships were

derived in C~apter 2 and are equally valid in the present analysis

if the total stresses due to in-plane and out-of-plane action are

considered. The evaluation of the coefficients of the stress

matrix proceeds as discussed in Section 2.2.1.
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3.3.2 The Iterative Solution Technigue

The iterative solution technique used in the analysis of

elastic-plastic eccentrically stiffened plates is schematically

illustrated in Fig. 24. The approach taken in the present analysis

follows closely the procedure outlined in Chapter 2 used in the

analysis of inelastic plates except that the in-plane behavior of

the plate and the behavior of beam elements must be included. A

unit load is applied first to the structure. Based on an assumed

elastic behavior of every plate and beam layer, the overall stiff

ness matrix is assembled and the displacement vector corresponding

to the applied unit load is found by solving the governing system

of simultaneous equations. The applied loads are then scaled to

cause initial yielding in the most highly stressed layer. Depend~

ing on the dimensions of the beam and plate components yi~lding

will initiate in either a beam or a plate layer. All other field

quantities are scaled similarly.

After the initiation of first yielding the· behavior of

the structure is non-linear and the incremental iterative.techni

que is started. Steps 1 through 11, as discussed in Section 2.4.2

for the i-th cycle of iteration constitute again the iterative pro

cedure taken in the present analysis. The structure is assumed to

behave linearly elastic for any given cycle within the iteration

designed to find the re~ponse of the structure for the load incre

ment applied. Hence, strain and stress increments resulting from

in-plane and out-of-plane deformation of the beam and plate
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elements can be evaluated separately. The strain increments caused

by the in-plane and the out-of-plane behavior of the plate elements

are computed using the strain-displacement relations listed in

Ref. 31.

The strain increments in beam layers, caused by axial and

bending deformation, are evaluated using Eq. 3.4. Depending on the

total accumulated stress in a stiffener layer or the total accumu

lated effective stress in a plate layer, the layer is assumed elas

tic or elastic-plastic. Appropriate stress-strain relations must

be used to find the increment of stress corresponding to the strain

increment evaluated. All plate and stiffener layers must be con

sidered when it is checked in cycle i whether the assumed effective

stress is within a specified tolerance of the computed value for

the effective stress. Improved guesses on total stresses and on

effective stresses in elastic-plastic layers are obtained by the

procedure outlined in Section 2.404. The tolerance specified for

the effective stress should not be kept too small since a small

value can significantly increase the overall computation time. A

value of 5 to 10% was used in the present analysis. If desired,

different values could be assigned to beam and plate layers. Un

loading and neutral loading are treated as outlined in Section

2.4.3.

3.4 Numerical Results

Two example structures have been chosen to demonstrate
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the application of the described incremental finite element ap

proach, which is capable of analyzing complex shaped eccentrically

stiffened plate' structures in the elastic-plastic range~ A general

'computer program has been written to implement this procedure al

lowing to trace the entire load-deflection behavior of a trans

versely loaded stiffened plate structure, to describe the sequence

of plastific~tion and the redistribution of stresses in all beam

and plate layers. Elastic perfectly-plastic material behavior is

assumed for both the plate and the stiffener material.

The two examples chosen to verify the presented approach

have purposely been kept simple in order to be able to check the

results by some other method~ Von Mises yield condition in con

nection with the Prandtl-Reuss T flow rule are assumed to be valid.

For the purpose of this investigation, all example structures are

thought to be made of structural steel. The following material

properties were assumed in the analysis:

Parameter Plate Layers Beam Layers

E 30,000 ksi 30,000 ksi

0 36 ksi 36 ksi
0

E 0 0p

v 0.30

The results are presented in a non-dimensionalized form~

Other assumptions associated with the discretization and the
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geometry of the example structures are shown in the figures, which

present some results of this investigation. The computer program

provides a complete listing of all important field quantities at

any chosen stage of loading and hence, permits a detailed study of

the elastic-plastic response of complex shaped eccentrically stiff

ened plate structures.

3.4.1 Simply Supported Three-Beam Bridge Model

The bridge model investigated to illustrate the applica

tion of the proposed finite element stiffness approach capable of

finding the elastic-plastic response of eccentrically stiffened

plates, is shown in Fig. 25. The uniformly loaded structure is

discretized by sixteen plate elements and twelve beam elements.

Each plate element is further subdivided into six plate layers,

and similarly each beam element into five beam layers. Fig. 26

shows the load-deflection behavior at the center beam at midspan

of this structure. As illustrated in this figure, simple plastic

theory underestimates the ultimate load by approximately 10%.

This can be attributed to the fact that the plate is stressed bi

axially. The propagation of yielded regions ac~oss the cross

section at midspan is shown in Fig. 27. As expected, the lower

most layer of the center beam plastifies first, and yielding is

restricted to beams up to a load of 1.70 times the yield load.

The load-carrying capacity of the structure is reached shortly

after yielding in the top most plate layer is initiated. Fig. 28
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demonstrates clearly the dependency of the lateral distribution of

load on the state of plastification in the structure. At the mid

span section, the load is shared equally by all beams when the

failure stage is approached. On the other hand, the lateral dis

tribution of load does not change any more at the quarter point

section for loads greater than 1.50 times the yield load. Fig~re 29

depicts the bending moment carried by the center beam in function

of the non-dimensionalized center deflection. Similarly, the vari

ation of the axial force in the center beam is shown in Fig. 30.

Though yielding in beams occurs at the quarter point section as

this would not be expected from a consideration of simple plastic

theory, the moment and axial force values corresponding to a fully

plastic cross section are nowhere reached. Figure 31 depicts de

flection profiles for the cross section located at midspan and at

quarter point for different load levels. These figures demonstrate

that the deflections remain small up to a load of 1.40 times the

yield load. It can also be observed that the deflection curve

changes its shape from a concave to a convex form during the load

history.

3.4.2 Continuous Three-Beam Bridge Model

A continuous uniformly loaded bridge model of the dimen

sions shown in Fig. 23 was investigated next. The structure was

discretized exactly in the same way as the simply supported model

described in Section 3.4.1. The load-deflection behavior at the
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center beam at midspan is depicted in Fig. 32. The figure shows

clearly the large additional strength available after initiation

of yielding which occured at the support, again in the lower most

layer of the center beam. Indicated in Fig. 32 'is also the

collapse load of the structure found by simple plastic theory.

It can also be observed that the center deflection associated with

the collapse load is only approximately one-sixtieth of the span

length; thus the first order theory seems to be adequate for the

present analysis. The propagation of yielding through the cross

sections located at midspan and at the quarter point is illustrated

in Fig. 33. Yielding is restricted to the support cross section up

to a load of 1.45 times the yield load. The outermost plate

layers at this cross-section plas~ify at a load of 2.20 times the

yield load. At the midspan cross section, the layers close to the

center start yielding at 2.42 times the yield load. Such plots

are instructive and help in the understanding of the elastic

plastic behavior of stiffened plate structures. The lateral dis

tribution of load for different stages of plastification is de

picted in Fig. 34. It is interesting to observe that the lateral

distribution of load does not change significantly at both the

support and the midspan cross-section up to a load of p = 1.50.

As expected, the load is shared equally by all beams when the

state of collapse is approached. Fig. 35 shows the variation of

the center beam bending moment at the support and at the midspan

cross section as a function of the non-dimensionalized deflection

-64-



at midspan. Similarly, the variation of the axial force in the

c~nter beam is shown tn Fig. 36. The deflected shape of the mid-

span and the quarter: span cross section is shown in Fig. 37 for

different load levels. It can be observed that the deflections. re-

-main small up to a load p = 2.00. No change in shape of the trans-

verse deflection profile is recognizable at the midspan section in

this example as in the case of the simply supported three-beam

bridge model.

3.5 Summary

A finite element analysis capable of determining the

elastic-plastic response of complex shaped eccentrically stiffened

plate structures is presented in this chapter. The approach is

formulated in incremental form and is based on linear geometry and

the tangent stiffness concept. A layered beam-plate model is

adopt~d to aid in the desciption of the elastic-plastic behavior

of the structure. The iterative solution technique outlined in
~

Chapter 2 for the elastic-plastic analysis of plates is extended

to account for the in-plane behavior of the plate elements and the

behavior of the stiffener elements. Two example structures were

analyzed to demonstrate the validity of the proposed approach.

The response of two three-beam bridge models could be closely pre-

dieted using the outlined approach. The computer program developed

to implement the presented analysis yields the state of stress and

deformation in every beam and plate layer used in the discretization
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of the structure. The analysis shows clea~ly that the lateral

distribution of load at any section depends on the amount of plas

tification the structure has undergone. It was found that simple

plastic theory considerably underestimates the load-carrying capac

ity of the continuous three-beam brid~e model and hence, a more

refined analysis is clearly advisable.
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4. SUMMARY AND CONCLUSIONS

4.1 Summary

This report presents two different types of finite ele

ment analyses: (1) a finite element analysis of elastic-plastic

transversely loaded plates, and (2) a finite element analysis of

,elastic-plastic eccentrically stiffened plates subjected to trans

verse loading. The formulations of these methods, which are all

based on linear geometry, are described in detail in Chapters 2

and 3. For each type of analysis, a general computer program has

been developed and was applied in the analysis of several sample

structures.

In Chapter 2, a general finite element displacement anal

ysis capable of determining the complete elastic-plastic behavior

of complex shaped plates is presented. The approach is formulated

in incremental form and is based on the tangent stiffness concept.

A layered plate model is adopt~d to aid in the description of the

elastic-plastic behavior of the plate since the process of plasti

fication in a plate element is mathematically difficult to des

cribe. The analysis is developed for an elastic linearly-strain

hardening material and can easily be extended to more general ma

terial behavior. A few example solutions demonstrate the validity

of the described numerical technique which is applicable to plates

of arbitrary loading and geometry. The computer program written

to implement the approach computes and lists the entire stress and
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displacement field in the structure at any desired stage of load

ing. Therefore, it allows to study the complete elastic-plastic

behavior of complex shaped transversely loaded plates.

In Chapter 3, a method of analysis of eccentrically

stiffened plates in the elastic-plastic range is described. An

incremental finite element displacement approach is used to find

the elastic-plastic response of such structures. Layered beam

elements are attached to the described layered plate elements in

order to be able to describe the process of plastification. In

plane behavior of the plate as well as the behavior of the stiff

eners are considered. The developed approach allows studying of

the entire load-deformation behavior of complex shaped eccentri

cally stiffened plate structures and permits the design of such

structures more rationally.

4.2 Conclusions

The methods of analysis presented in this report are of

a general nature and can be applied to a variety of plate struc

tures. Each of the methods discussed has been implemented with

the aid of a general finite element program a

a. Based on the numerical examples processed to demonstrate

the proposed numerical technique for the elastic-plastic

analysis of arbitrarily shaped plates, presented in

Chapter 2, the following conclusions can be drawn:
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I. The analyzed examples prove the validity of the de

scribed incremental approach from which approximate

solutions to complex elastic-plastic plate problems

can be obtained.

2. The chosen layered plate model together with the

iterative technique adopted allows the adequate de

scription of the elastic-plastic behavior of trans

versely loaded plates. The approach allows the study

of the entire load-deformation behavior, the process

of plastification and the redistribution of stresses

in complex shaped plates.

b. The following conclusions can be drawn from the incre

mental finite element approach developed to determine the

elastic-plastic response of eccentrically stiffened plates:

1. The adopted layered beam-plate model used to aid in

the description of the elastic-plastic behavior of

eccentrically stiffened plates adequately predicts

their elastic-plastic behavior.

2. The approach allows the description of the entire

load-deformation behavior, the process of plastifi

cation and the redistribution of stresses in complex

shaped eccentrically stiffened plates.
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3. Based on the two examples processed in this investi

gation, it is evident that the lateral distribution

of load is a function of the extent of plastification

in the structure and all beams are stressed equally

when the ultimate load is approached. The approach

allows the study of the behavior of bridges under any

given overload.
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5. NOMENCLATURE

Scalars

= Half length of plate element

= Half width of plate element

= Coefficients of stress matrix for anisotropic material

= Modulus of elasticity of plate

= Strain-hardening modulus

= Function describing subsequent yielding

= Function describing initial yielding

= Plate thickness

= Second invariant of stress deviator tensor

= Yield stress in simple shear

= Length of stiffener element; or span length

= Number of beam layers

M M M = Plate bending moments per unit width
x' y' xy

M = Bending moment in stiffener with respect to plane of
s

reference

m

p

= Strain hardening parameter

= Axial force in stiffener

= Distributed load per unit area of finite element
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= Components of stress deviator tensor

= Thickness of plate layer

= Lateral deflection in z-direction

= Shearing strain

= Strain in x-direction and y-direction, respectively

= Components of strain tensor

= Slope about x-axis and y-axis, respectively

= Positive scalar

= Poisson Ts Ratio

= Components of stress tensor

= Normal stresses in x-direction and y-direction,

respectively

= Current effective stress

= Initial effective stress

= Shearing stress

d d f1 - Curvatures of plate surface
XJx,P y ' xy -

aT = Rate of change of angle of twist

b) Vectors and Matrices

[A] = Matrix relating the rate of effective stress to the

stress rate vector
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::: Matrix relating element displacements to generalized

strains

[ c]

[D]

= Matrix relating element displacements to generalized

coordinates

::: Stress matrix relating generalized strains to

generalized stresses

[D ] ::: Elastic-plastic stress matrix
e

[F} = Overall force vector of system

[KJ ::: Overall structural stiffness matrix

[Ke] = Element stiffness matrix

[K ] ::: Ins+antaneous overall s~iffness matrix
e

[K. ] ::: Component stiffness matrix
1

[M} = Vector of plate bending moments

Co} = Overall displacement vector of system

[e} = Vector of total strains

[E: e} = Vector -of elastic strains

[e P} ::: Vector of plastic strains

[0} = Vector of curvatures of pl~te surface

[cr} = Vector of stresses referred to a cartesian coordinate

system
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TABLE 2: AVAILABLE SOLUTIONS FOR LIMIT LOAD 

CLAMPED SQUARE PLATE

I
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Yield Criterion
Method Author Ref.
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Figs 2 Layered Plate Finite Element for Elastic-Plastic
Analysis of Plates
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(a.) State of Stress in a Layer

Subsequent Yield
Surface:

f(CJij,m)=O
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Initial Yield

Surface:
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(b) Loading Path and Yield Surfaces

Figo 3 Loading Path and Yield Surfaces for a Layer
of the Finite Plate Element
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(a.) Trescals Yield Condition
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(c.) Johansen's Yield Condition

Fig. 4 Most Commonly Used Yield Criteria
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(0.) Effective Stress versus Effective Total Strain Curve
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Figa 5 Effective Stress versus Effective Strain Curves
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Fig~ 6 Flow Diagram for Elastic-Plastic Plate Analysis
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