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B. THE BASIS OF LATERAL LOAD DISTRIBUTION

1. The Assumed Load Carrying System of Multi-Beam, Bridges

An exact physical interpretation of the
manner in whiGh a multi-beam bridge trans
mits an externally applied load to its sup
ports is somewhat complex because, not only
may the structure be non-homogeneous and
anisotropic, but also discontinuous due to
slip between adjacent beams. In order to
treat the problem mathematically, we must
introduce simplifying assumptions, which in
reality do not always hold true. The mathe
matical solution of the plate equation, for
example, is made possible only by assuming
that no slip occurs. As we shall show later
this assumption may be far from valid.

The different possible load-carrying sys
tems, with their respective assumptions, are
given in tabular form on the following page.
For a more extensive treatment of this sub
ject, we refer to Progress Report No. 10 (A.
Roesli, "Lateral Load Distribution in Multi
Beam Bridges," Lehigh University, July,
1955) .

The analysis of a gridwork (with or
without consideration of the torsion) is
mathematically easy to express. However,
in order to obtain reasonable accuracy, one
must take into account many redundants,
making this method somewhat lengthy. On
the other hand, simplification of the analysis
by means of finite differences produces very
inaccurate results for concentrated loads.

Another possibility would be to consider
the multi-beam bridge acting as a plate. The
isotropic plate (i.e., a plate with the same
bending properties in all directions) is only
mentioned for completeness of discussion,
because in practice the degree of lateral post
tensioning is never great enough to raise
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the lateral bending stiffness to the level of
the longitudinal one. For a practical ap
proach we must therefore assume that the
bridge acts as an orthotropic plate, wherein
the lateral bending stiffness Elx is smaller
than the longiFudinal bending stiffness Ely.*
Finding the solution of an orthotropic plate
problem involves excessive calculations. In
Progress Report No. 10, A. Roesli has pre
sented the latter solutions for the most im
portant loading conditions and for bridges
of various sizes; hence, the designer's prob
lem of finding the internal forces is reduced
to a simple interpolation of values taken
from the tables of the mentioned report.

The question arises as to whether or not
the simplifications necessary in the theory of
orthotropic plates are of negligible influence.
At this point we ,are not concerl1;ed with the
formal assumptions of the plate theory. We
are specifically interested in the effects of
slip, which cannot be taken into laccount
mathematically. As proved later in this
paper, slip may occur in practice. Further
more, even when small, slip has a decisive
influence on the deflection and thus on the
internal forces - especially the bending
moments.

Nevertheless, the analysis of our prob
lem based on the assumptions of an ortho
tropic plate remains the best existing ap
proximation for the analysis of multi-beam
bridges. As will be seen later, it is possible
to modify this method according to the
amount of existing slip in a very simple
manner.

* Since the modulus of elasticity is considered con
stant, the expression (EI)x can be replaced by EIx.



POSSIBLE ASSUMPTIONS

OF
LOAD CARRYING SYSTEMS

(A) (B)

IGRIDWORK I
(I) (2)

Consists of a network of beams in
which there are two systems of
parallel beams spanning ortho
gonal directions.

(2)

Slip between adiacent beams

Plate with discontinuous lateral
bendibg and sheer stiffness.

No slip between

adiacent beams

Plate with different

lateral and
longitudinal

bending stlffnesses.

O(=~
(EI)x

Torsion
considered

Torsion
neglected

Notration: (EI) x == Longitudinal bending stiffness per unit width.
(EI) y=== Lateral bending stiffness per unit width&

0<. == (EI)y
(EI)x

Plate with uniform bending
properties in all directions.

(EI)x === (EI)y
0( == I

Plate with no lateral
benJdi ng stiffness.

(Elh~ === 0
ex == 0

Lateral load transmission
only by shear.
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2. The Distribution of Internal Forces and Deflections of Orthotropic Plates

The design of multi-beam bridges is gov
erned principally by the longitudinal bend
ing moments (Mx ). Hence, the most impor
tant characteristic of such a structure is the
lateral distribution of these moments over
the cross section of the bridge. This moment
distribution is generally known as the "lat
eral load distribution," probably to avoid
confusion with the terminology used in
Hardy Cross' method of stress analysis. This
expression 'is somewhat misleading, because
it is not the load which is distributed but
only the internal forces and moments. The
term "lateral load distribution" should be
used only as a collective expression for the
combined action of all the bridge members
under a concentrated load. The idea of divid
ing the load into parts, proportional to the
longitudinal bending moments of each beam,
may be expedient for design purposes, but it
does not give the correct picture of the true
plate action. In a plate the- load is not only
transmitted by the longitudinal bending
(Mx ), 'but also by the lateral bending mo
ments (My), the twisting moments (Mxyand
Myx), and the shear forces (Qx and Qy). As
Fig. 2_ illustrates, their distribution over a
cross-section is quite different. (This ex
ample is for the particular case where:

ex. === 0.5, B/L === 0.5, alh === 1.0 center
loading) .

Since internal forces cannot be measured
directly, it .is necessary to relate them theo
retically with the deformations, which can
be obtained directly from tests. This was
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done by using the theory of orthotropic
plates.

Of special interest is the relrationship be
tween longitudinal bending moments and de
flections. It should be noticed that these
moments are not proportional to the deflec
tions. Therefore, the distribution curves for
the moment coefficients* and the deflection
coefficients are not identical. This can be
visualized by considering the following: with
a concentrated load at the center point of the
bridge, the deflected sha1pe of an edge beam
.~s somewhat similar to the shape of a uni
formly loaded beam, whereas, the middle
beam acts more or less like a simple beam
under a single concentrated load. The mo
ment-deflection ratio for these two cases
differs by 25 per cent. Another explanation
may be found in the theory of thin plates,
where under a point load, the maximum de
flection is finite; yet the maximum moment
theoretically approaches infinity. In the
practical case of a multi-beam bridge, these
effects lead to a deviation between the coeffi
cients of the longitudina'l bending moments
and the deflection coefficients which may be
fas high as 50 per cent.

*It is convenient to present distribution coefficients,
rather than the actual moments, shear forces or de
flections, themselves. The coefficient f~r a particu
lar point is defined as the ratio of the moment
(shear force or deflection) at this point to th-e aver
age moment (shear force or deflection) of the entire
cross-section. These coefficients are dimensionless
and - in the range of elastic deformation - inde-
pendent of the amount of lo~d. '



Beam Cross Section

Longitudinal Bending
Moment (M x) +

Shear Force (Q'~.)

Lateral Bending
Moment (M J,)

+

+Deflection (w)

-----

l _
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FIG. 2

J

~
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lPtPfP 401'''~

DISTRIBUTION OF MOMENTS. SHEAR FORCES AND DEFLECTIONS

AT THE MIDSPAN CROSS.SECTION (center loading)

Magnitude of the parameters for this particular case:

B/L = O.5~ a = 0.5; aYh = 1.0
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3. The Parameters of the Theory of Orthotropic Plates

According to" the theory of orthotropic
plates the internal forces or their distribu
tion coefficients depend on three parameters:

B half the bridge width
L total bridge length

a width of one beam
h - < depth of one beam

Ely lateral bending stiffness
0(= Elx = longitudinal bending stiffness

The first parameter is merely dependent
on the geometry of the bridge. The second
one is a function of the cross-section of the
bridge members-the beams. It replaces the
coefficient of torsional rigidity, which occurs
in the differential equration of the orthotropic
plate. The relationship of alh and the tor
sional rigidity was found by theoretical con
siderations, which are explained in Progress
Report 10.

The derivation of 'the parameter 0(" is
somewhat difficult and no theoretical ap
·proach has yielded satisfactory results; the
reason being that the latera~ bending stiff
ness is by no means a constant. It varies
not only from point to point in the bridge,
but it is also dependent on the' magnitude
and location of the concentrated load. This
can be visualized by considering a tr·ansverse
strip taken out of the bridge. It .consists of
rectangular -blocks with no mutual cohesion;
the lateral b'ending stiffness is provided only
by the post-tensi.oning (Fig. ~). In practice
this post-tensioning force is never large
enough to prevent small openings at the bot
tom of the joints. In these joints, the stress
distribution becomes similar to one of a
cracked cross-section of a ,.prestressed beam,
i.e., this cross-section is inhomogeneous. The
moment of inertila of an inhomogeneous sec
tion is variable under the combined action of
moments and normal forces (post-tension
ing) , making it impossible to derive oc
theoretically. This is one of the main rea
sons why an empirical investigation on a
laboratory bridge was nHcessary. It yielded
simple empirical formulas for an average
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0< value over the entire bridge, as a func
tion of the load and the total post-tensioning
only.

If slip occlirs between adjacent beams,
the problem of ~hat should be called the
lateral bending stiffness becomes more com
plex. Due to this discontinuity (slip), the
deflections and the stress distribution do' not
follow the rules of the plate theory at all.
The idea of compensating for the effect of
slip by reducing the lateral bending stiffness
would lead to a contradiction, because in the
case of an, articulated plate, where a develop
ment of slip is very likely, 'the lateral bend
ing stiffness is ze'ro and cannot be reduced.
Therefore, it w,as arbitrarily assumed that
slip does not change the lateral bending stiff
ness, or in other words, that 0( is independ
ent of slip. The effect of slip was taken into
account by increasing the longitudina~lbend
ing moments as follows: the ratio of mo
ment coefficient to deflection coefficient in the
case with no slip was calculated for each
point of the cross'-section. The actual mo
ment coefficients (considering slip) were ob
tained by multiplying the coefficients of the
measured deflections by this ratio. This pro
cedure, although far from being theoretically
correct, was felt to be justified, since it over
estimates the maximum bending moment
which can occur under such conditions.

prellrelllnv
Shand's

FIG. 3
DISTRIBUTION OF CONCRETE ... STRESSES.

ALONG A BRIDGE CROSS SECTION~

It illustrates the effects of the lateral bending mo
ments on the stress distribution. As the lateral
moment increases, the joint between adjacent
beams opens, causing a !'eduction in the lateral
moment of inertia, I y. Thus ex: = EIy/EIx varies
over the entire beam.



c. THE TESTS

1. ,GENERAL

In order to carry out the objectives (Part
I, Introduction), the dimensions of the lab
oratory bridge were chosen large enough to
give a reliable comparison with an actual
bridge, but were limited to some extent by
the availa.ble facilities. TJhe bridge of nine
beams, with which the majority of tests
were performed, had a span of 16 ft. and a
width of 10 ft. 9 in. (Fig. 1). Prestressing
was applied in two directtons, namely: longi
tudinally by means of pretensioning the
twelve 5/16 in. strands in each beam, and
laterally by post-tensioning with five 1118
in. Stressteel bars, lqcated at the center, the
quarter points and over the supports of the
bridge. This system was convenient because
the lateral post-tensi!oning could easily be
varied, during the course of the tests, to any
desired degree. Th~ cross-sectional proper
ties of the individual beams forming the
bridge are given iIi Fig. 4.

To study the transfer of the shear forces,

large keyways were put along the sides of
the beams; in the first test series (see Pro
gram) the keyways were filled with wood
so that only friction participated in this
transfer, whereas real shear transfer was
realized in the second series by means of
grouted concrete shear keys. Because of the
initial warping of the beams, additional con
crete had to be placed between adjacent
beams (spaced 1Y2 in.) to guarantee a full
'bearing area for the lateral post-tensioning.

All tests were performed on the newly
completed test bed of the Fritz Engineering
Laboratory (Fig. 5). The loads were applied
by the Amsler Equipment (hydraulifl, jacks
fed by a pendulum manometer. A detailed
description of_ this test equipment can be
found in a paper by B. Thiirlimann and
W. J. Eney.*

* B. Thurlimann and W. J. Eney
Modern Installation for Testing of Large Assem
blies Under Static and Fatigue L'oading. Fritz Lab
oratory Report~No. 237-7. Lehigh University.

11/ 2
11 dia. Sonatube

~~.--. ................... ,......,~~ ....... ----*~ ~

......... ~---- ----,....... .-. ........ ~ .-.-. ..-..... .- ~ ,-.... -
........ .-.-~ -- ~ ..... - ....... .--. ~ ..-. - ,...- ----

~~.......-.......-...-.--.-.._....-......- ........ .-....-.~
11/ 8" Stresste~1 Bar

5/1611 Cable

• •
• • •

• • •
• • •

I~.. -_131l_--.a-.~1

FIG. 4
BEAM CROSS SECTION

Cross Section
Width (a) - 13 in.
Depth (h) - 8lh in. a/h = 1.53

Pretensi-oning (after 20% lOSS>'
Strands - 12 - 5/16 in. cables
Tensi-oning ForcejStrand- 7 700 lbs.
Total Tensioning Force - 92,400 lbs.

Moment of Inertia - 664 in4
Concrete Cylinder Strength - 4,540 psi
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FIG. 5
TEST SET.UP OF THE LABORATORY BRIDGE

FIG. 6
DEFLECTION GAGES ON FRAMES

\

9



FIG. 7
REACTION DYNAMOMETER

FIG. 8
EQUIPMENT TO MEASURE SLIP BETWEEN

ADJACENT BEAMS
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2. THE INSTRUMENTATION

t3.. Deflection
The most conclusive data in a plate in

vestigation - as was our laboratory bridge
test - are the deflections; if the deflected
shape of the bridge is known in all details,
all internal forces, reactions etc., can be
found by differentiation. Therefore, the
comparison between the theoretical and the
actual behavior of the bridge was essentially
a comparison between the theoretical! and
actual deflections.

The deflections were measured at the
centerpoint and at the quarterpoints of each
bridge member by means. of Ames Dial
Gages (sensitivity 1/1000 in.). Fig. 6 shows
some of the 29 gages mounted on measuring
frames. For the final destruction test, the
dial gages were replaced by scales, in order
to permit measurements up to the ultimate
load.

b. Reactions
The reactions at the support of each

beam were measured with rea.ction-dynamo
meters, each consisting of two aluminum
pins and two bearing plates (Fig. 7). The
shortening of the pins was measured by elec
tri~al strain gages (SR4) glued diametric
ally opposite on the pins. The upper bearing
plate was grouted to each beam; the lower
bearing plates, in which the pins were fixed,
were supported either by rollers or by rec
tangular bars, depending on whether the
dynamometer was placed at the fixed or
movable end of the bridge.

c. Slip
Answering the important question, "Does

slip occur and if so, how much?" required a
precise measuring device; because, even
when very small, the slip has a decisive ef
fect on the distribution of deflections and
internal forces. This high precision was
,achieved by measuring directly the relative
slip between two adjacent beams (Fig. 8) :
two dial gages (sensitivity 1/10,000 in.)
were fixed on a rectangular bar which span
ned the two beams from center to center.
Small half-round bars,- fixed with sealing wax

to the beams, served as a support for the
device. The points of the di,als touched two
small bearing plates on both sides of the
shear keys.

3. THE TEST PROGRAM

The 58 different tests, performed in a se
quence dictated by the operations they in
volved, can 'be divided into three major cate
gories, which are:

(1) Tests to determine the stiffness proper
ties of the bridge
a. The properties of the individual

beams
b. The longitudinal bending stiffness of

the bridge
c. The lateral bending stiffness of the

bridge
d. The torsional rigidity of the bridge

(2) Tests to investigate the influence of
a. Degree of lateral post-tensioning
b. Location of lateral post-tensioning
c. Location of the external load
d. Interaction of shear keys
e. Slip between adjacent beams

(3) Tests to determine the l,ateral load dis
tribution in the inelastic range up to
destructioll of the bridge.

Table I gives a description, the numera
tion and some important results of the tests.

First, an individual beam was tested to
destruction, in order to find the elastic and
plastic deflections, the cracking load and the
ultimate load of the bridge members (Fig.
9).

The tests (70 to 82) to determine the
eLastic properties of the entire bridge (EIx,

EIn etc.) were all performed with grouted
shear keys, varying only the post-tensioning

_force of the bars. Fig. 10 shows the setup
of tests 80, 81 .and 82.

The bridge was supported across the
ends, the jack load being distributed to a
line load by a heavy I-beam. These tests
yielded values for the longitudinal bending
stiffness, EIx •

The lateral bending stiffness was found
similarly (tests 70 to 72, Fig. 11) : with lon-
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FIG. 9
DESTRUCTION TEST OF AN INDIVIDUAL BEAM

FIG. 10
DETERMINATION OF THE LONGITUDINAL

BENDING STIFFNESS
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FIG. II
DETERMINATION OF THE LATERAL

BENDING STIFFNESS

FIG. 12
DETERMINATION OF THE TORSIONAL RIGIDITY
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gitudinal supports along the two edge beams
and a line load along the center beam.

During the tests for the determination
of the torsional rigidity (tests 75 to 77, Fig.
12) the bridge was in an indifferent state of
equilibrium: two diagonally related corners
were loaded, the other two .supported. The
load was transmitt~d to the corners by an
I-beam, supported by half round blocks at
the other two corners; the reactions were
taken by spherical bearings. Since these
tests implied a certain risk of local destruc
tion, they were performed {liter the I impor
tant tests 3 to 65.

The investigation of different influencing
factors (tests 3 to 65) represents the essence
of this study. The variation of these factors
could not follow a logical sequence as given
in the beginning of this chapter. Since many.
operations such as changing jacks, grouting
of the shear keys, etc., were involved, the
sequence of tests was dictated by practical
considerations.

The variation of the shear-transfer leads
to two major groups: Tests without shear
keys (with or without grouting) and tests

WITHOUT SHEAR KEY, JOINTS GROUTED

(Keyway filled with wood)

with shear keys (Fig. 13).

With the exception of tests 2 to 6 (deter
mination of the influence of the ratio B/L)
the two groups involved the same variables,
namely: the degree rand location of lateral
post-tensioning and the location of the con
centrated load. Only the two load conditions,
which can yield maximum moments, were
considered, Le., a load at the center point of
the bridge and a load at midspan of the edge
beam. The post-tensioning was varied by
choosing different forces in the bars as well
as by changing the number of bars. The vari
ation of the slip measurements in these tests
was big enough, so that no separate tests for
the determination of its influence were nec
essary.

Finally the 13.teral load distribution was
studied in the inelrastic range of deflection.
This test (No. 90), up to destruction, was
performed with five kips post-tensioning, on
each of the five bars and with a concentrated
load at midspan.

The extensive testing necessary in this
investigation covered a period of three
months.

WITHOUT SHEAR KEY

JOINTS NOT GROUTED

• • •
•••
grouting

• • •
• • •

FIG. 13

WITH GROUTED SHEAR KEY

~routing

• •
• • •
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D. THE TEST RESULTS

Rather than to present all the test re
sults, involving about 30,000 readings, an
effort will be made in this chapter to show
the relationship between the different influ,
encing factors. The most important data,
however, is given in the Tables 1, 2a-f.

I. THE STIFFNESS PROPERTIES OF THE

BRIDGE

a. The properties of the individual beams
Preliminary to the bridge tests, a single

beam was tested under third-point loading
up to failure (Fig. 9). The load-deflection
(respectively moment - deflection) curve is
shown in Fig. 14.

The bending stiffness before cracking
was 25 x 108 lb. in.2• In order to compare this
value with the bending stiffness of the bridge
-in plate problems always given per unit
width-it had to be divided by the width of
the beam (13 in.) ; i.e.,

Elx == 196 x 106 1b. in.2/in.

b. The longitudi'nal and lateral bending
stiffness of the bridge

Due to the effect of the lateral contrac
tion (Poisson's Ratio) and the fact that the
joints of the beams were grouted, the longi
tudinal be.nding stiffness per unit width of
an individual beam and of the entire bridge
was different, furthermore the latter de
pends on whether or not one includes the
grouting in the total bridge width.

Longitudinal Bending Stiffness
(per unit width)

Single Beam Elx===196 x 106 Ib.in.2/in.
Entire Bridge

grouting excluded EIx===205 x 106 Ib.in.2/in.
grouting included EIx==185 x l06Ib-in.2/in.

FrQm the first two values we can con
clude that the effect of Poisson's Ratio in
creased the bending stiffness about 5 per
cent. In both cases, single beam and bridge,
the longitudinal bending stiffness could be

ultimate Joad-9500 Ibs.

40000 7500
vi

-0
I""

ci
32000 1) 6000

l/)

+- cracking load-5500 lbs.c
~Q) u

E ro
0 'J

L 24000 "- 4500
Q)

tJ1 Q.. P P.~ "lJ
"lJ fO

~~
c 0Q) 16000 --J 3000co

k~. ,
8000 1500 L/3 _ L/3 _ L/3

0
0 5000 10000 15000

Deflection (0.00 I in.)

48000 9000 ~------+-----+-----=~-----1

FIG. 14
LOAD (MOMENT) - DEFLECTION CURVE

OF AN INDIVIDUAL BEAM
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4-----1-----G-----1- ----1-----fi11 __ -.-_- ______~ _____________. ____

Post- Partial Cross Section Slip
Test tensioning Load DEFLECTION·S AND COEFFICIENTS* Alpha 1/ I000"
No. Figure (tons/bar> (Kips) Conditions

urn 10 Without 105 (I.OO) 105 (1.00) 107 (I.02)
3 30 20 shear key;,· 227 (O.99) 227 (O.99) 233 (1.02) 0.73

27.5 5 beams 327 (O.99) 330 (I.OO) 336 (1.02)

am 10 Without 110 (0.99) III (1.00) 115 (L04~
4 10 20 shear key; 224 (0.99) 228 (I.CO) 237 (1.04 0.44

27.5 5 beams 315 (0.97) 325 (1.00) 339 (1.05)

[Ill] 10 Without 84 (0.98) 86 (I.CO) 86 (1.0 I) 90 (1.05)
5 30 20 shear key; 173 (0.97) 178 (O.99) 182 (1.0 I) I~8 (1.05) 0.73

30 7- beams 263 (O.95) 27-1 (0.99) 2-S3 (1.03) 293 (1.07)

mn 10 Without 83 (0.95) 86 (O.99) 90 (1.03) 93 (1.07)
6 30 20 shear key; 166 (O.93) 175 (0.98) 187 (1.05) _196 (1.09) 0.39

30 7 beams 244 (0.91) 264 (O.97) 290 (1.07) 302 (1.11)

rrrn 10 Without 63 (0.89) 68 (0.94) 75 (I.03) 80 (1.07) 84 (I.16) 7
10 30 20 shear key; 126 {O.86} 135 (O.93) 150 (1.03) 165 (I.II) 176 (1.19) 0.65 37

30 9 beams 177 (O.Bo) 200 (0.92) 225 (1.02) 252 (1.1_2) 270 (1.23) 74

[]ill 10 Without 59 (O.SO) 68 (O.92) 77 (1.04) 85 (1.15) 90 (1.22) 9
. II 20 20 shear key; 116 (0.79) 134 (O.90) 152 (1.03) 172 (1.16) 185 (1.25) 0.58 52

30 9 beams 170 (0.77) 196 (O.90) 226 (L03l 259 (1.18) 281 (1.28) 76

rrm 10 Without 53 (0.76) 63 (0.88) 73 (1.03) 85 (1.20) 93 (I.3I) 17
12 10 20 shear key; 109 (0.76) 127 (O.S'S) 14_7 (1.02) 172 (1.19) 191{1.32} 0.50 64

30 9- beams 161 (0.75) 189 (O.S8) 219 (I.02) 266 (1.19) 286 -(1.33) 114

mn 10 Without 53 (O.75) 62 (0.87) 73 (1.03) 86 (1.21) 94 (1.32) 35
13 5 20 shear key; 106 (O.74) 124 (O.S7) 145 (1.02) 171 (1.20) 193 (1.35) 0.38 95

30 9 beams 158 (O.74) 185 (0.87) 217 (1.0 I) 258 (1.21) 293 (1.37) 166

om 10 Without 51 (O.74) 60 (0.87) 70 (1.0 I) 84 (1.22) ~2 (1.33) 30
14 2.5 20 shear key: 104 (0.73) 121 (O.86) 142 (1.01) 171 (1.21) 197 (1.39) 0.27 142

30 9 beams 154 (O.73) 181 (O.8S) 215 (1.0 I) 257 (1.21) 302 (1.42) 277

NOTATIONS:
• Point of load
* Figures without parenthesis are measured deflections in thousandths of an inch.

Figures in parenthesis are the coefficients of deflection.

TABLE 2a
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mtJI--- --f-----~-----1- ----}-----fiII _____________; _____:_____ ; ______

Post.. Partial Cross Section
... 1 tensioning Load DEFLECTlONS AND COEFFIC~ENTS*

Slip
. No. Figure (tons/bar) (Kips) Conditions Alpha 1/ 1000"

am 10 No 51 (0.74) 60 (0.87) 71 (1.02) 84 (1.21) 91 (1.32) 33
15 I 20 shear 103 (O.72) 121 (0.85) 144 (1.01) 173 (1.21) 203 (1.42) 0.20 112

30 key 153 (0.71) 182 (0.84) 218 (LaO) 262 (1.21) 324 (1.49) 199

rn 10 No 51 (0.79) 59 (O.90) 68 (1.05) 75 (1.16) 76 (LIS) I
20 30 20 shear 96 (0.70) 119 (O.S7) 144 (1.05) 167 (1.22) IS5 (1.34) 0.34 43

30 key 139 (O.66) 177 (O.84) 220 {1.04) 262 (1.26) 302 (1.43) 83

CD 10 No 47(0.68) 59' (O.86) 72 (1.O4) 83 (I.21) 97 (1.41) 17
21 20 20 shear 88 (O.61) 118 (0.82) 150 (1.04) 186 (1.29) 217 (LSD) 0.22 59

30 key 128 (0.59) 177 .(0.82) 226 (1.04) 277 {1.28} 337 {1.56} 103

rn 10 No 42 (O.60) 56 (O.BO) 73 (1.05) 92 (1.31) 105 (1.38) 13
22 10 20 shear 80 (0.56) 113 (0.78) . 152 (1.05) 191 (1.32) 230- (1.50) 0.10 53

30 key 118- (0.54) 167 (0.77) 227 (1.05) 2B7 (1.32) 355 (1.59) 87

rn 10 No 40 (0.55) 54 (0.75) 75 (1.05) 95 (1.33) 116 (1.63) 19
23 5 20 shear 76 (0.52) 109 (0.75) 152 (1.04) 197 (1.35) 250 (1.71) 0.095 87

30 key 113 (0.52) 162 (0.74) 226 (1.O3) 293 (1.34) 389 (1.77) 254

[8] 10 No 58 (0.84) 63 (0.91) 70 (I.OI) 77 {I.12} 85 (1.23) 12
25 30 20 shear 113 (0.80) 128 (0.9I) 145 (1.03) 160 (1.13) 182 (1.29) 0.50 48

30 key 165 (0.76) 191 (0.8'8) 221 (1.02) 261 (1.20) 284 (1.31) 91

[ff] 10 No 55 (O.8I) 62 (0.92) 69 (1.01) 78 (1.16) 84 (I.24) 10
26 20 20 shear 107 (0.751 128 (0.90) 144 (1.0 I) 167 (1.18) 189 (1.33) 0.34 40

30 key 158 (0.71) 190 (0~86) 226 (1.03) 266 (1.21) 314 (1.42) 97

[ff] 10 No 54 (0.75) 63 (0.89) 73 (1.02) 84 (1.19) 93 (i.31) II
27 15 20 shear 105 (O.72) 126 (0.86) 151 (1.03) 176 (1.20) 209 (1.42) 0.34 25

30 key 155 (0.70) 187 (0.86) 227 (1.03) 269 (1.22) 317 (1.43) 57

[8J 5 No shear 27 (0.83) 29 (0.91) 34 (1.03) 38 (1.17) 37 (IsI4) 0.34 19
28 10 30 key 149 (0.69) 181 (0.84) 229 (1.06) 262 (1.21) 308 (1.42) 106

NOTATIONS·:
• Point of load
* Figures without parenthesis are measured deflecti'ons in thousandths of an inch.

Figures in parenthesis are the coefficients of deflection.

TABLE 2b
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4-----1--- --~-----I- ----1-----fiII ______------_:-_---------~_____ -

Post- Partial Cross Section
Test tensioning Load DEFLECTIONS AND COEFFICIENTS* Slip
No. Figure (tons/bar> (Kips) Conditions Alpha I / I 000"

[EO
5 No shear 27 (0.79) 30 (O.SS) 36 (I.07) 39 [1.16) 41 (1.22) 37

29 5 30 key 141 (0.66) 178 (0.83) 222 (1.03) 265 (1.24) 31S (1.44) 0.20 135

GJ
5 No shear 26 (0.75) 29 (0.85) 34 (1.00) 40 (1.16) 52 (1.52) 32

32 15 26 key 130 (0.66) 154 (0.79) 187 (O.96) 224 (1.14) 377 (1.92) 0.09 335

GJ
5 No shear 25 (0.72) 29 (0.'83) 34 (0.99) 40 (1.17) 55 (1.60) 38

33 10 24 key 119 (0.66) 141 (0.78) 171 (0.95) 206 (1.14) 354 (1.96) 0.09 81

GJ
5 No shear 25 (0.72) 29 (0.83) 34 (0.99) 41 (1.18) 55 (1.60) 14

34 5 21 key 102 (0.64) 122 (0.77) 150 (0.94) 182 '{I.I 5) 318 (2.00) 0.09 82

am 5 No shear key 20 (0..58) 23 (0.69) 29 (0.86) 49 (1.47) 61 (1.83) 1825
45 5 10 or grouting 25 (0.42) 32 (0.54) 41 (0.69) 85 (1.43) 166 (2.82) 4450

IT] 2.5 No shear key 10 (0.59) 12 (0.68) 15 (0.86) 26 (1.51) 29 (1.72) 910-
46 5 5 or grouting 20 (0.57) 21 (0.62) 28 (0.80) 54 (1.56) 59 (1.72) 885

rn 2.5 No shear key 1 (O.O6) 2 (0.12) 3 (O.18) 26 [1.49) 91 (5.32) 750
47 5 5 or grouting 2 (0.06) 4 (0.10) 5 (9.15) 55 (1.60) 175 (5.16) 1453

GJ 2.5 No shear key 6 (0.36) 8 (0.48) II (O.66) 32 (1.90) 36 (2.18) 630
48 5 5 or grouting 10 (0.30) 13 (0.37) 18 (0.53) 64 (1.89) 97 (2.86) 1438

um 1_0 With 60 (O.98) 61 (1.00) 61 (1.00) 61 (1.01) 61 (1.0 I) 0
50 30 20 shear 124 (0.9'8) 125 (0.99) 127 (1.00) 129 [1.02) 130 (1.03) 0.65 0

30 key 191 (0.98) 192 (0.99) 198 (I.O I) 198 [1.02) 20 I (1.03) 0

urn 10 With 61 (1.00) 61 (0.98) 62 (1.00) 62 [I.OO} 62 (1.01) 0
51 10 20 shear 120 (0.97) 122 (0.98)' 125 (1.0 I) 127 [1.02) 129 (1.04) 0.5 0

30 key 182 (0.96) 184 (0.96) 193 (1.01) 196 (1.03) 201 (1.06) 0

NOTATIONS:
• Point of load
* Figures without parenthesis are measured deflecti'ons in thousandths of an incha

Figures in parenthesis are the coefficients ot deflection.

TABLE 2c
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~-----I--- --G-----I- ----1-----llII _______________:- _________________

Post... Partial Cross Section
Test tensioning Load DEFLECTIONS AND COEFFICIENTS* Slip
No. Figure (tons/bar> (Kips) Conditions Alpha 1/ 1000"

am 10 With 6Q (0.97) 61 (O.99) 63 (1.02) 62 (1.01) 62 (1.01) 0
52 5 20 shear J 19 (0.96) 121 (0.98) J25 (1.0 I) 127 (1.03) 130 (1.05) 0.38 0

30 key 178 (0.94) 183 (0.97) 193 (1.02) 197 {I.04} 203 (1.07) 0

am 10 With 61 (O.98) 60 {O.97} 63 (I.O I) 64 (1.02) 65 (I.OS) 0
53 I 20 shear 117 (0.92) 121 (0.96) 128 (1.0 I) 131 (1.03) 133 (1.05) 0.2'0 0

30 key 174 (0.92) 182 (O.96) 192 (1.02) 200 (1.06) 207 (1.09) 0

rnn 10 With 56 (O.90) 59 (0.96) 62 (1.0J) 66 (1.07) 68 (1.11) 0
54 • I 0 20 shear 113 (0.90) 119 (0.95) 127 (1.01) 136 (1.08) 141 (1.13) 0.08 0

30 key 169 (0.90) 178 (0.95) 190 (1.0 I) 204 (1.08) 214 (1.14) 0

55 am 30 30 .176 (0.94) f80 (0.97) 187 (1.0 I) 195 (1.05) 200 (1.07) 0.34 0

56 am 10 30 172 (O.92) 179 (0.96) 188 (1..00) 200 (1.07) 207 (I.II} 0.10 0

57 urn 5 30 170 (O.91) 178 (0.95) 188 (1.0 I) 20 I (.~ .07) 210 (1.12) 0.095 0

58 am I 30 169 (0.90) 177 (0.95) 188 (1.0'1) 202 (1.08) 211 (1.13) 0.42 0

59 am 0 30 171 (0.91) 178 (0.95) 188 (1.0 I) 20 I (1.07) 210 (1.12) 0.09 0'

N,OTATIONS:
• Point. of load
* Figures without parenthesis are measured deflecti"ons in thousandths of an incha

Figures in parenthesis are the coefficients of deflection.

TABLE 2d
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4-:,==f=-=-~-t--=-=-f===E==t--:.-=-i--=--=-t:----=-J-=-~~-if)
Post-

Test tensioning Load DEFLECTIONS AND COEFFICIENTS* Slip
No. Figure {tons/bar} (Kips) Conditions Alpha I / I 000"

5 13 17 20 24 29 37 43 59 60

mn Without (0.39) (0.51) (0.60) (0.71) (0.80) (1.10) (1.28) (I ~76) (1.78) 13
40 30 10 shear 25 33 40 49 60 75 88 107 125

key (0.37) (0.49) (0.60) (0.73) (0.90) (1.12) (1.31 ) (1.60) (1.87) 0.28 5
30 47 65 80 100 122 152 180 223 261

(0.34) (0.48) (0.59) (0.73) (0.89) (1.11 ) (1.32) (1.63) (1.91) 21

5 12 16 19 25 29 37 44- 55 64

mn Without (0.36) (0.48) (0.57). (0.75) (0.87) (1.11 ) (1.32) (1.6S) (1.92) 3
41 10 10 shear 24 33 39 48 59 74 90 112 133

key (0.35) (0.49) (O.57) (0.71) (0.87) (1.09) (1.32) (1.65) (1.96) 0.27 12
20 46 63 77 105 118 149 180 227 270

(0.34) (0.46) (0.56) (0.77) (0.86) (1.09] (1.31 ) (1.66) (1.97) 35

5 13 17 19 24 27 36 44 54 65

urn
Without (0.39) (0.51) (O.57) (0.72) (0.81) (1.08) (1.32) (1.62) (1.95) 6

42 5 10 shear 25 32 38 47 57 74 90 114 135
key (0.37) (0.47) (0.56) (0.69) (0.84) (I.09) (1.32) (1.68) (1.99) 0.26 15

20 47 62 75 102 116 154 181 232 278
(0.34) (0.45) (0.54) (0.74) (0.84) (I.fl) (1.31) (1.67) (2.01) 43

5 12 13 17 21 26 35 45 58 71

om Without (0.36) (0.39) (0.51) (0.63) (0.79) (1.06) (1.36) (1.75) (2.IS) 6
43 I 10 shear 23 28 35 43 54 72 91 119 146

key (0.34) . (0.41 ) (0.52) (0.63) (0.80) (1.06) (1.34) (1.75) (2.15) 0.19 29
17.5 29 37 49 62 83 113 146 202 457

(0.22) (O.28) (0.38) (0.48) (O.64) (O.86) (1.12) (1.55) (3.S0)

5 17 19 22 25 28 32 38 44 50

am Without (0.S6) (0.62] (0.72) (0.82) (0.92) (I.OS) (1.24) (1.44) (1.63) 3
60 30 10 shear 35 40 45 51 S7 66 77 89 102

key (O.56) (0.64) (0.72) (0.82) (0.91) (1.06) (1.23) (1.43) (1.63) 0.28 5
20 71 81 91 105 119 137 158 183 209

(0.55) (0.63) (0.71) (0.82) (0.93) (1.07) (1.23) (1.43) (1.63) 7

NOTATIONS:
• Point of "load
* Figures without parenthesis are measured deflecti10ns in thousandths of an inch.

Figures in parenthesis are the coefficients of deflection.

TABLE 2e
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r({.---.=-.:-f-=---.: l=--:---I-=--=--!==j===f=-=-i---~=±==-=-jf}E
Post..

Test tensioning Load
DEFLECTIONS AND COEFFICIENTS* Slip

No. Figure . (tons/bar) (Kips) Conditions Alpha 1/ 1000"

f1J]
10 35 40 45 51 57 66 77 90 103

61 5 With (0.56) (0.64) (0.72) (0.82) (O.91) (1.O6) (1.23) (1.44) {1.65} 0.26
20 shear key 71 80 90 104 117 135 155 180 20'S

(0.56) (0.63) (0.71) (0.82) (0.92) (1.06) (1.2-2) (1.42) (1.64) 2

urn 10 35 39 44 51 57 67 78 91 104
62 0 With (O.56) (O.62) (0.70) (0.81 ) (0.91) (1.07) (1.24) (1.45) (1.65) 0.10 0

20 shear key 75 80 88 99 110 130 156 185 217
(0.59) (0.63) (0.70) (0.78) (0.87) (1.03) (1.23) (1.46) (1.71)

63 om 5 20 With 71 79 87 99 III 130 152 179 209
shear key (0.57) (0.64) (0.70) (0.80) (0.90) (1.05) (1.22) (1.44) (1.69) 0.10

64 mn 30 20 With 69 78 87 101 115 133 153 178 205
shear key (0.56) (O.63) (0.70) (0.81) (0.93) (1.07) (1.23) (1.43) (1.66) 0.19

65 am 30 20 With 75 82 90 100 III 130 152 179 208
shear key (0.60) (0.66) (0.72) (0.80) (0.89) (1.04) (1.22) (1.43) (1.67) 0.19

NOTATIONS:
• Point of load
* Figures without parenthesis are measured deflectibns in thousandths of an inch.

Figures in parenthesis are the coefficients of deflection.

TABLE 2f
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I I
POST-TENSIONING PER BAR

p (xy)
EIx

10,000 lhs.

NGTE: All originally horizontal lines, which
were parallel -to the X axis or the Y axis,
remained straight after deformation.

FIG. 16
TORSIONAL RIGIDITY - TEST NO. 75

(deflections in inches)

Besides the ratio of the bending stifflless
( \X ), it contains a coefficient 2f3, called the
coefficient of torsional rigidity. It can ex
perimentally be found by loading a plate at
two diagonally opposite corners land sup
porting the other two corners (Fig. 12).
Under these loading conditions no bendillg
moments Mx and My occur; the only exist
ing internal moments acting on an element
dxdy are the twisting moments Mxy and
Mj,x.

fined to a small area under the load where
as they extend over the who'le length of the
bridge in the prescribed tests. The experi
mental 0( values for concentrated loads
(tests 50, 52 and 53) are also given in the
above table.

For this reason, the way of finding CX'" by
separately bending the bridge longitudinally
and laterally was abandoned. T'he method
of calculating oc. used in this study, will be
given in section 2,a of this chapter.

c. The Torsional Rigidity of the Bridge
The differential equation of an ortllo

tropic plate can be written in the following
form:

6542o

\
\~
~

TEST No. 70

30 tons post-tensioning

30 tons 5 tons I ton

c{ 0.41 0;0174 0

(obtained by line loading)

0.65 I 0.38 I 0.20

(concentra ted center loa ding)

I I

LOAD AT CENTER POINT (Kips)

FIG. 15

In order to derive the factor oC === Elj../EIx
from these tests, the lateral bending stiffness
was taken at the point where the curve of
Fig. 15 becomes horizontal, yielding the fol
lowing ratios:

These oC values, however, are much too
small for the same bridge subjected to con
centrated loads, because in this case the
maximum lateral bending moments are con-

This did not hold true for the tests to
derive the lateral bending stiffness (Fig. 11) .
The reason was, again, that the post-tension
ing could not prevent openings between ad
jacent beams and thus the bending stiffness
w,as dependent on the magnitude of the load.
Fig. 15 shows the large variation of Ely as
the load increases.

considered as constant up to the cracking
load.
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More adequate is a consideration of the
lateral deflection distribution which, based
on the theory of orthotropic plates, can
yield the longitudinal bending moments far
better than the method mentioned above.
First, however, it had to be proven that
this theory applies with sufficient accuracy.

* See introduction.

For this proof on'ly those tests which
fulfilled the basic assumption that no slip
occurs between adjacent bea.ms could be

2. COMPARISON BETWEEN THE THEORY

AND THE TESTS

a. Deflections
One of our major problems, the deter

mination of the longitudinal bending mo
ment of each bridge member, can be solved
by using the longitudinal or the lateral de
flection distribution.

The first method would make use of the
formula

d 2w
Mx = -Elx -ax 2

(effect of Poisson's Ratio neglected)

Thus the longitudinal bending moment at
each point could be found by differentiating
twice the measured longitudinal deflection
curve. This method would require a very
large number of measuring points and
would not be sensitive enough to indicate
possible moment concentrations.

Fig. 17 gives the theoretical curve and the
two points which resulted from tests 75
and 76.

Th-e correlation between the empirical
and theoretical results indicates that under
the various assumptions proposed for this
relationship, the one established by A.
Roesli comes closest to reality.

Both the discussion of our test results
and the resume of the analysis are based
on this theoretical reLa.tionship. Since f3 is
a function of K and 0( where K depends on
a/h, the effect of torsional rigidity can be
expressed by the parameters 0< and a/h.

1.00.80.60.40.2

0 .....--.........- __......__........__......... _

o

0.2 JI--.4.--4-----+-----+----+-----1

0(

FIG. 17
RELATIONSHIP BETWEEN c( AND f3

(a/h = 1.5)

• Measured Relationship
(1) Theoretical curve according to A. Roesli
(2) Theoretical curve according to M. T.

Huber

/
/

/

0.6 IF----+----S---+-----+-----I----.......

0.8 1~--+-~:::"'-+---~---I------1

1 Mxy + Myx
w=-EI

x
2f3 xy

2f1 = - ~xy
wEIx

In Progress Report 10* a theoretical rela
tionship between 0( and f3 had been estab
lished, which had to be checked by our tests.

1.0

0.4 II---...,-/~__-+---_-+-----+-----I

I ~ a---+l
I hlf------j K == f f..!!-)/ T;:-11: 'h

The deflections follow the formula:

This expression is linear in x and y, thus
the deformed bridge has two straight lines
as generatrices, the x and y axis. This was
confirmed in the tests 75 land 76, for all
beams and strips perpendicular to the
beams remained approximately straight.
Fig. 16 shows a perspective view of the'
shape of the deformed bridge, and the de
flections of test 75 at the load of 10,000 lbs.
at both load points.

Under these loading conditions, the
twisting moments can be expressed by the
load:

Mxy + Myx = P
Hence the coefficient of torsional rigidity
becomes

/
I
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~.Y -"'~'
V <X= 0.10

-.--00'
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MEASURED DEFLECTION COEFFICIENT

----- THEOR~rrCAL DEF~ECTION COEFFICIENT
_ .. - MOME"Nt' COEFFICIENT~

FIG. 18
THEORETICAL AND .MEASURED DEFLECTION DISTRIBUTION
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THE INFLUENCE OF THE B/L RATIO
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considered. This was the case in all tests
with grouted shear keys. A certain diffi
culty developed from the fact that one of
the three parameters of the problem, i.e.,
«, cannot be found by theoretical consider
ations or by special tests, for reasons ex
plained before. Thus the 0\. values have to
be derived from the s.a.me tests which serve
to check the adaptability of tHe theory. This
means that only the deflected shape, but not
the magnitude of the deflections, can be
compared for this particular purpose. For
this comparison the distribution of the
lateral deflection coefficients was calculated
as a function of c:(; the other two pa.ra
meters, B/L and alh, are constants for a
given bridge. By varying ~, the theoreti
cal curve with the s,ame maximum 'deflection
coefficient as the experimental one could be
found and the correlation between the dis
tribution of the meas-ured and theoretical
coefficients could' be checked. Fortunately,
the correlation was excellent throughout the
test series and it 0an be con'cluded that the
theory is well applicable as long as no, or
only little, slip occurs. This shall be docu
mented with some examples (Fig. 18).

It may be noticed that for the, two cases
without any' post-tensioning DC was small
but not zero, as expected. When the bridge
Wras disassembled the reason for the latter
was found; the grout had adhered so
strongly to th(3 beam, that it had provided
a considerable lateral bending stiffnessi •

3. THE INFLUENCE OF THE B/L RATIO

The less the width of a bridge as com
pared to its length, the better is the lateral
load distribution, i.e., the smaller are maxi
mum moment and deflection coefficientS'.

The relationship between these coeffici
ents and the B/L ratio could' be determined
from tests 3 to 15, where the width of the
bridge 'was varied by consecutivelyassem
bling 5, 7, ,and 9 beams,. In Fig. 19 two typi
cal curves are plotted for post-tensioning
forces of 10 and 30 tons per bar, with a load
of 10 kips at the bridge center. The devia-
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tion of the measured curve from the the
oretical is the result of slip, which could not
be prevented in these tests without shear
keys.

4. THE INFLUENCE OF THE DEGREE AND OF

THE LOCATION OF POST-TENSIONING

The maximum moment and deflection are
dependent not only upon the degree,* but
also upon the location of the lateral post
tensioning. The influence of' the latter was
studied by post-tensioning four different bar
combinations as shown in Fig. 20, where the
total post- tensioning force is plotted against
the maximum deflection coefficient. The
smaller these coefficients a:t;e for a given
post~tensioning force, the more efficient is
the combination. The best load distribution
was achieved by post-tensioning only at the
quarter points. This is somewhat surprising
because, analogous to a gridwork, one might
expect post-tensioning of the center bar to
give the optimum load distribution. A plaus
ible explanation for the former can be found
by considering the different shear character
istic for each case.

A smEctller, but still considerable contribu
tion to the lateral load distribution, is ob
tained by post-tensioning over the supports,
which increases the torsional rigidity of the
bridge.

From Fig. 20 it can also be concluded
'that the method often used in practice, i.e.,
post-tensioning at midspan and over the sup
-ports, is fully satisfactory.

5. THE INFLUENCE OF THE MAGNITUDE OF

THE LOAD (DESTRUCTION TEST)

Since the lateral bending stiffness of a
bridge is, dependent upon .the magnitude of
the applied load, the moment and deflection
coefficients cannot remain constant. 'Only in
the case of OC = 1.0 (isotropic plate), and
even then only so long as the resulting

*We define the degree of lateral post-tensioning as
the total lateral post-tensioning force of the bar
divided by the lateral surface of the bridge.



strains stay in the elastic range, are these
coefficients independent of the load.

The magnitude and significance of the
variation in these deflection coefficients could
be observed in the final destruction test
(post-tensioning 5 tons at each bar). The
measured deflections over the midspan cross
section and the corresponding deflection co
efficients are shown in Fig. 21. The variation
of the maximum deflection coefficient- as a
function of the load is plotted in Fig. 22;
the irregular shape of this curve was a re
sult of the consecutive cracking of the indi
vidual longitudinal booms. It should be
noticed that Sw max. increased only 2.5 % in
the range from zero load up to cracking of
the first beam. The total change in Sw max.

amounted to about 14%.
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terest is the fact that the ultimate capacity
of the bridge was only 4 percent smaller
than the sum of the ultimate capacities of
all the beams. This means that for an actual
bridge, where such load concentrations are
impossible, the ultimate capacity of the en
tire structure can be obtained by adding the
capacities of all the members.

6. THE LONGITUDINAL BENDING MOMENTS

a. Complete interaction of the shea.r keys
and no development of slip

In Section 2 of Chapter B it is explained
why the distribution curves of the deflection
coefficients do not coincide with the distribu
tion curves of the moment coefficients. The
conversion from one to the other needs a
theoretical relationship, in our case the
theory of orthotropic plates. The v,alues of
the coefficients for the measured deflections
and for the calculated longitudinal bending
moments are presented in Tables 2a-2f. The
Latter were found by the following proced
ure: first, the 0<: value wa.s determined by
comparing the measured with the theoretical
maximum deflection coefficient. Since 0( ,

B/L and alh were then known, the actual
longitudinal bending moments of each beam
could be calculated.

CENTER LOAD (Kips)

"FIG. 22
VARIATION OF MAXIMUM DEFLECTION COEFFICIENT

AS A FUNCTION OF THE LOAD

The bridge finally failed at a load of
113.4 Kips by punching shear (Fig. 23). An
underside view of the bridge ,after destruc
tion is presented in Fig. 24. Of special in-
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b. With slip and incomplete interaction
of the shear keys

Under these conditions no direct correla
tion between the theory and the test results
exists. In order to estimate the longitudinal
bending moments for each beam, necessary
for the design, a method had to be estab-



FIG. 23
DESTRUCTION OF THE BRIDGE BY PUNCHING SHEAR

FIG. 24
UNDERSIDE VIEW OF THE BRIDGE AFTER FAILURE
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7. EMPIRICAL FORMULAS

a. The Parameter
Since the theoretical prediction of oC

seems to be impossible, an attempt was made
to find a method for its approximation.
Hence, empirical formulas were developed in
terms of the post-tensioning and the load.

SM == moment coefficient with slip
SM'B=== moment coefficient without slip
Sw = deflection coefficient with slip

B (measured)
Sw = deflection coefficient without slip

(measured)

It can be proved that this method always
over-estimates the maximum bending mo
ment and is, therefore, satisfactory for de
sign purposes.

deflection due to slip. Expressed in terms of
coefficients, this becomes

0.8
0

0.6

0

_K
0

~
ILl 04

II

tt

a=o,23/f

1.0 .----------,.------~-------,---~----.

lished to ,approximate these moments such
that they ~re always on the safe side. This
method is based on the "following assump
tion: the slip does not change the lateral
bending stiffness of the bridge. This means
that the deflection of a lateral strip is con
sidered to consist of two separate phenomena
-on~ is a continuous rotation of the strip
elements (i.e., simple bending), the other is
a discontinuous vertical displaceme,nt of
some strip segments (a strip segment = a
cross-section of an individual beam). The
action of the plate, therefore, oo,n also be
imagined to consist of two separate phases:
in the first, the bridge deflects as a normal
orthotropic plate (plate bending), in the
second, caused by slip, the longitudinal
beams deflect individually without torsion
(additional beam bending). The additionral
beam bending can be p'ositive or negative de
pending upon the proximity to the load. The
longitudinal bending moments resulting from
the plate bending follow the same rules used
so far. The change, percentage-wise, in these
bending moments is considered to be propor
tional to the change, percentage-wise, in the

FIG. 25
RELATIONSHIP BETWEEN ex AND

(center load)

c(_ Elx Lateral bending stiffness
- Ely = Longitudinal bending stiffness,

F Total post-tensioning force
Pc - Applied center loail

FIG. 26
RELATIONSHIP BETWEEN 0( AND

(edge load)

Elx Lateral bending stiffness
d.= Ely = Longitudinal bending stiffness

F Total post-tensioning force
P e = Applied edge load
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For these formulas, all details such as the
number or location of· the post-tensioning
bars were neglected; only the total post-ten
sioning force was considered, excluding that
case where only bars over the supports are
provided. Center and edge loading yielded
different formulas, namely:

Center load: 0<. = 0.23 .J~c

Edge load: ex: = 0.10 JF
Pe

The points resulting from our tests and
the curves given by these formulas (chdsen
to be a lower boundary of the test points)
are shown in Fig. 25 and Fig. 26. If a bridge
is subjected to a load resulting from several
trucks, P (center or edge) is not the total
load, but only the portion concentrated at
the peak of the moment coefficient curve.
This means, for most practical cases, that
the applied center load (Pc) is equal to two

wheel loads, whereas the applied edge load
(Pe ) is usually equal to 0l'l:e wheel load.

b. The increase in moment coefficient due
to slip and incomplete interl3.ction of
the shear keys

It was felt ~hat a suitable way of taking
into account the effect of slip and incom
plete interaction of the shear keys was to
increase the value of the maximum moment
coefficient. This increase (in per cent) ver
slis F/p. 'was plotted as· an upper boundary
to the test points for the two cases - with
'and without shea,f keys (Fig., 27). Since the
shear keys of our laboratory bridge were
stronger. than those found in practice, the
results of a field test* on a bridge with nor
mal shear key~ were also included to find the
lower curve of Fig. 27.

*A. Roesli, C. E. Ekberg, Jr. A.Smislova W J
Eney "Field Tests on a Prestr~ssed Concrete' M~lti~
Beam Bridge" (Progress Report 9).

so r---e-~---r-------r-----'------"""----

FIG. 27
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t
4 lane loading
B/L = 0.5

a/h = 1.0

Loading Diagram

0.6

w w w w VI w w

J 1 1. ! 1 ! i ! !
1

Maximum moment resulting
from superimposing the
effect of all wheel loads

I

Center Load

0.4

Max. Moment Coefficient
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FIG. 28
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* See introduction.
t The definition and application of these moment
coefficients are given in the Resume of the Analysis
of Multi-Beam Bridges.

An error in estimating 0< produces a de
cisive change in the maximum moment co
efficient. Fortunately, the mlfl,ximum longi
tudinal bending moment resulting from a
superposition of all load influences is less
sensitive to errors in C(. In Fig. ·28 the max
imum moment coefficient of a bridge and its
maximum longitudinal bending moments
under a four lane loading are plotted as a
function of 0(, taking both moment and co
efficient arbitrarily as 100% for 0( = 1.
While the maximum moment coefficient
varies about 80% over the entire range of

CONCLUSIONS AND RECOMMENDATIONS
(6)

No factor of safety should be required
for uncertainties in the lateral load distribu
tion as such for the fo'llowing reason:

E.

(5)
Shear can be critical either by 'punching

through of a wheel load or in diagonal ten
sion in an individual beam. The factor of
safety ag1ainst punching shear maybe ascer
tained in the usual manner. The diagonal
tension stresses may be calculated approxi
mately by subjecting a.n individual beam to
a certain fraction of wheel loads. It is safe
to take the same fraction as derived for
bending.

(3)
The th~oretical relationship between 0(

(coefficient of the bending stiffnesses) and f3
(coefficient of torsional rigidity) established
in Progress Report 10* was confirmed by
our tests. This means that the influence of
the torsional rigidity of the bridge can be
expressed in the final solution by the para
meter a/h (width of bearn/depth of beam).

(2)
When the relative displacement between

adjacent beams becomes decisive, the theory
of orthotropic plates may still be used, how
ever an empirical modification is necessary.

(1)
The theory of orthotropic plates, as es

tablished in Progress Report 10*, was found
to be well applicable to the analysis of multi
beam bridges. The correlation between the
results of the theory and those of the tests
was very close as long as only little displace
ment developed between adjacent beams.

The design of a multibeam bridge is main
ly governed by the longitudinal bending mo
ments. Two load conditions can be critical:
either a load concentration at the center of
the bridge ,or at'midspan of an edge beam.
The maximum SM valuet (coefficient of longi
tudinal bending moment) for a given bridge
is always higher for edge loading than for
center loading, but since in the latter the
possible load concentration is larger, the
critical bending moment may occur In the
center beam. Therefore, both load conditions
have to be checked.
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0( (from zero to one), the maximum mo
ment increases only by 1:2% (for edge load~

ing only 8%).

(7)

The ultimate capacity of a prestressed
multi-beam bridge of normal construction
can be expected to closely approach the sum
of the capacities of all the members, provid
ed that no punching shear failure occurs.

(8)
From (6) and (7) it follows that the

safety of a multi-beam bridge can be guar
anteed if:

(a) the individual beams under the
loads derived from the theory of lateral
load distribution fulfill all the require
ments of the specifications.

(b) that the punching shear stresses
under a wheel. load do not exceed the
allowable limits.

(9)

For the calculation of cJ\. (ratio of lateral
to longitudinal bending stiffness) empirical
formulas were derived from our tests as a
function of FjP (total post-tensioning force/
applied concentrated load). A distinction be
tween center .and edge loading must be made.

2/F
Center loading: d\. = 0.23 VP:

Edge loading: if = 0:10 V< :e
These c< values are conservative, as can be
seen in Fig. 25 and Fig. 26.

(10)

The influence of slip and incomplete in
teraction of the shear keys can be considered

by increasing the maximum moment coeffi
cient, 8M, as shown in Fig. 27. The points
indicating test results were found from this
investigation as well .as from a field test.*
Again the empirical curves are chosen such
that the obtained bending moments are on
the conservative side.

(11)

A good lateral load distribution of a geo
metrically given bridge is depende~t upon
the effectiveness of post-tensioning arid shear
transfer between adjacent beams. The pre
domin,ant influence is that of strong shear
keys. The question of when it is economical
to apply post-tensiop.ing can be judged from
case to case by making use of the various
charts given in this report.

(12)
If post-tensioning is provided, care has

to be taken to prevent the beams from crack
ing laterally. The beams are always a bit
warped with respect to a vertical longitudi
nal plane, due to the unequal pretensioning
of the longitudinal tendon~. The lateral
post-tensioning tends to straighten the
beams; this can cause l~,teral cracks across
the sides of the beams. In order to prevent
such cracks, grouted beraring areias should be
provided between all beams at the ,location
of the post-tensioning bars.

(13)

Among various combinations of post-ten
sioning, the greatest efficiency is attained by
arranging the bars either at the quarter
points or by distributing them over the en
tire bridge. A relatively high efficiency may
also be obtained by providing bars over the
supports and at midspan, as might be more
practical in the field.

*See 'fntroduction.
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Fo RESUME OF THE ANALYSIS OF MULTI-BEAM BRIDGES

Edge loading:

The purposes of this chapter are to brief
ly explain the analysis of multi-beam bridges
according to the theory of orthotropic plates
and to give all the formulas and charts nec
essary for their design. Only results and
recommendations on the procedure are re
ported; for all the details or reasoning we
refer to the preceeding chapters ffild to
Progress Reports 9 and 10.* The numerical
solutions of the partial differential equation
of orthotropic plates were :a11 taken from the
theoretical study by A. Roesli.*

Due to all these investigations the design
of multi-beam bridges becomes rather
straightforward. It is essentially reduced to
the problem of how to load ran individual
beam such that the resulting maximum of
the critical internal forces is equal to their
maximum in the bridge. The critical inter
nal force is usually the tongitudinal bendin!g
moment, which can be calculated if the .lat
eral distribution of the longitudinal bending
moments is known. This shall be explained
more extensively.

Since the bridge is a plate, simply sup
ported along two opposite edges, the calcu
lation of the total bending moment of a
lateral bridge cross·-section is a statically
determinate problem, identical to that of a
single beam. This total bending moment,
divided by the width of the bridge, repre
sents the laverage bending moment of the
cross-section (Mx ay). The actual bending
moment per unit width at each point in the
cross-section can be expressed as a propor
tion of Mx ay. The factor of proportionality
of each pOInt is, by definition, the coefficient
of the longitudinal bending moment (81\1).

Mx
S1\I ===-M

xav

The essential part of the analysis is the
determination of the distribution over a
cross-section of these dimensionless coeffi
cients. As will be seen later, two distribution
curves may be of concern: one- for a IToad
concentration at bridge center, the other for
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a load concentration at midspan of an edge
beam.

The distribution of the moment coeffi
cients is dependent on three parameters:

B hialf width of bridge
y== length of bridge

a width of single beam
11 = depth of single beam

0( _ lateral bending stiffness
- longitudinal bending stiffness

B/L and alh are merely geometrical
properties of the bridge, whereas 0( may h-e
calculated by the empirical formulas:

2/F
Center loading: ex = -O.23V~

,3!F
0\ = O.10V~

F == total post-tensioning force
Pc == applied concentrated load rat bridge

center
P e == applied concentrated load at mid

span of an edge beam

If a. bridge is subjected to a load result
ing from several trucks, Pc and Pe do not
represent the tota~l load, but only the portion
concentrated at the peak of the moment co
efficient curve. This means, for most of the
practical cases, that the applied center load
(Pc) is equal to two wheel loads, whereas
the applied edge load (Pe) is usually equal
to one wheel load.

In comparin,g the solution8 of the theory
of orthotropic plates, it Wras found that the
distribution curve ean be considered as de
pendent on S1\1 max only; no mla.tter from what
combination of B/L, a/h and oc. this S1\1 max

may result. Hence the distribution curve is
known if 8M max is known. The value of
S:u mux, dependent upon a/h, ElL and ()(, is
given in Figs. 29 to 32. Linear interpolation

*See introduction.
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.Legend: B = !/2 Width of bridge

L = length of bridge

Ely Lateral bending stiffness
ex = Elm - Longitudinal bending stiffness

a/h = Width of single beam

Depth of single beam
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FIG. 35
EVALUATION OF THE MAXIMUM MOMENT

Distribution curve of the coefficients of the longitudinal bending moments

(5:\1) =::::: influence line for the longituqinal bending moment of the center beam.



In order to design an individual beam. we
have to find ,an equivalent load (Weq ) which,
applied to the beam, would produce the same
moment M as is present in the bridge; i.e.:

M =k.Weq"=M
eq, a

n
4 8:\1

ill

Wn = one wheel load
m = number of beams
n == number of wheel loads over one

cross-section

The lateral moment distribution is least
uniform at midspan; this means that Weq

becomes greatest at the midspan cross-sec
tion. If the above ratio Wer/Wn is used as a
reduction factor for all the loads along one
bea.m, the resulting design is conservative.
Thus the fina~l step is to design a single beam
under critical wheel load combinations,
where each wheel load may be reduced by
the ratio WeqjWn. Although this reduction
factor was derived for bending, it may also
be used to calculate the diagonal tension
stresses of an individual beam.

To illustrate this method a typical ex
ample is presented:

Thus:

a n (F )Weq == ~ •~ ~. W' 2B ..-tf- bn n

2B
Since -- represents the number of beamsa
(m), the formula becomes:

In most of the pra,ctical cases, all the
wheel loads in one cross-section are equal
and the area (Fn) under the curve a.pproxi
mates that of a trapezoid. This simplifies the
formula to

k
-

2B

or extrapolation will be necessary if a/h is
not equal to either 1.0 or '1.7.

If no, or only a small, post-tensioning is
provided, 8M max has to be increased, to com
pensate for slip or incomplete inter3ction of
the shear keys. Fig. 27 indicates how large
this percentage increase should be made.
Again, P is not the total load but only the
largest possible load concentration.

Once the maximum value for 8M is calcu
lated in this manner, the distri,bution curve
can be taken from Fig. 33 and Fig. 34 for
center and edge load respectively. These dis
tribution curves can also be considered as
influence lines for the longitudinal1 bending
moments.

The in:tluence, of a wheel load (Wn ) of
the width b on the moment at the center of.
a given cross-se'ction (Fig. 35) oon be ex
pressed as:

Mn= -:nn · Mnnv

M n av is the average moment of the cross
section due to Wn alone and can be ,written
in the form:

Mnnv=k · ~
where k is a constant depending only upon
the length of the bridge and the location of
the cross-section.

If -the bridge is subjected to a number of
n different wheel loads the moment becomes:
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Length of the bridge = 60 feet
Loading = H20-S16-44

Example

GIVEN:
Width of the bridge = 4 lanes
A. A. S. H. O. Specifications

CHOSEN:
Post-tensioning = 3-0/8" bars; working forcejbar = 26,050 lbs.
Assumed cross-section = 36" x 36"
Shear keys will be used
Center ITanes - 13 feet; Outside lanes = 12.5 feet

CALCULATIONS:
1. Determination of OC :

center loading
ww

~IIJ
Pc = 32,000 lbs. .

F 26,050'3 _ 2 44
Pc = 32,000 -.

"'= 0.36

edge loading

w

~II~
Pe == 16,000 lbs.

F 26,050'3
Pe = 16,000 = 4.88

0(= 0.17

F total post-tensioning force
P == maximum concentrated load

oc may be read directly from Figures 25 and 26 :

2. Determination of the maximum coefficient -of lateral moment distribution.

a _ width of the beam = 36" = 1
h - depth of the beam 36"

B half the bridge width 51/2
L = length of the bridge = 60 = 0.43

The coefficient of later,aJ moment distribution for center loading, independent of slip,
may not be read directly from Fig. 29. If alh was between 1.0 and 1.7, it would then have
been necessary to interpolate between Fig. 29 and Fig. 30. Figures 31 and 32 are used in the
same manner to determine the coefficient for the edge load. From Fig. 27 we may estimate
the effect of the slip and incomplete interaction of the shear keys.

From 29: SM = 1.67

From Fig. 27 - 3.5% increase
8M total = 1.67 + O.03~' (1.67) = 1'1.73
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From 31: 8M = 4.10

From Fig. 27 - 1.3% increase
SM total = 4.10 + 0.013 (4.10) = 4.1L



3. Finral lateral moment distribution curves:
From figures 33 an.d 34 the desired curves are interpolated. These curves are also

the influence lines for the longitudi,nal bending moments. To determine the effect of several
loads, we shall load the influence lines. The percentage of wheel load which is to be carried
by one beam is then ::E 8MI'm :

Weq• ~SM
-W- == Jil==

Center loading:

Summation of the coefficients
number of beams

w w

~
w w

~
w w

M
w w

~

0 0 0
C'V! ": M

1
4 51- ~

~SM: _ 8.74 -0 514
m - 17 -.

Edge loading:

w w w w w w w w

~ ~ ~ ~
~sM=8.74

~_.---

tv")
00
d

o
0'
d

o
.l'Vl

51'

00
-00

d

-------,1
:%.~9.47_0557.

Irl. - 17-· ·

4. Analysis of a single beam

In this example the edge loading yields the maximum moment. Thus a single beam
has to be loaded with as many wheel loads as the specifications prescribe, but each wheel]
load may be reduced by the factor 0.557.
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G. NOTATIONS

a Width of sIngle beam

B 1;2 width of bridge

Elx Longitudinal bending stiffness

Ely Lateral bending stiffness

F Total post-tensioning force

h Depth of single beam

Iy Later,al moment of inertia

L Length of bridge

m Number of individual beams

Mx Longitudina'l bending moment

My Lateral bending moment

M yx Twisting moment

Mxy Twisting moment

n Number of wheel loads over one cross-section

P Applied concentrated load (Pe===edge,Pc=center)

Qx Longitudinal shear force

Qy Lateral shear force

s . Denotes coefficient

w Deflection

0< Ely,/EIx

f3 Coefficient of torsional rigidity
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CORRECTIONS
Page 6, Fig. 2 top:

Bridge Cross-Section instead of Beam
Cross-Section.

Tables 1 and 2a-2f
Slip (1/1000") should be Slip (1/10000")

Page 29, Paragraph 6a:
should read:
The values of the coefficients for the meas
ured deflections are presented in Tables
2a - 2f. The calculated longitudinal bend
ing moments were found by ...

Page 81:
Heading 7a: "the parameter" should read
"the parameter 0( ."

Fig. 25: Relationship between ex and ~

Fig. 26: Relationship between oc. and ;.

Page 42 bottom:
instead of "may not be read"
should be "may be read"

Page 48:
Figures should be in reversed sequence.

--- -~ - ---
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