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Abstract

With lake abundances in the thousands to millions, creating an intuitive understanding of the global distribution of
morphology and processes in lakes is challenging. To improve researchers’ understanding of large-scale lake processes,
we developed a parsimonious mathematical model based on the Pareto distribution to describe the distribution of lake
morphology (area, perimeter, and volume). While debate continues over which mathematical representation best fits
any one distribution of lake morphometric characteristics, we recognize the need for a simple, flexible model to advance
understanding of how the interaction between morphometry and function dictates scaling across large populations of
lakes. These models make clear the relative contribution of individual lakes to the total amount of lake surface area,
volume, and perimeter. They also highlight the critical thresholds at which total perimeter, area, and volume would be
evenly distributed across lake-size classes having Pareto slopes of 0.63, 1.00, and 1.12, respectively. These morphologi-
cal models can be used in combination with process models to create overarching “lake population” level models of
process. To illustrate this potential, we combined the model of surface area distribution with a model of carbon mass
accumulation rate. We found that even if smaller lakes contribute relatively less to total surface area than larger lakes,
the increasing carbon accumulation rate with decreasing lake size is strong enough to bias the distribution of carbon
mass accumulation toward smaller lakes. This analytical framework provides a relatively simple approach to upscaling
morphology and process that can be easily generalized to other ecosystem processes.
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Introduction

There is growing interest in better understanding the role
of inland waters in carbon and nutrient cycles at broad
scales (Bennett et al. 2001, Cole et al. 2007, Harrison et
al. 2008, Tranvik et al. 2009). To develop science incor-
porating lakes into large-scale cycles, some have argued
for increased efforts in the field of global limnology,
defined as “quantifying and understanding the role of
continental waters in the functioning of the biosphere”
(Downing 2009). A key challenge for this rapidly
evolving research arena is discovering and understanding

regular patterns in process rates across aquatic ecosystems
to facilitate upscaling.

An emergent lesson from global limnology is that lake
size matters. Lakes with surface areas that differ by orders
of magnitude (which we describe here as lakes in different
“size classes”) sometimes have substantially different
area-normalized process rates. Gas exchange (Read et al.
2012) and organic carbon burial (Downing et al. 2008,
Kastowski et al. 2011) are 2 examples of processes with
rates predicted in part by lake size. Such processes with
rates tied to lake area can be especially amenable for
upscaling because, unlike variables that cannot be
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remotely sensed, the size and abundance are known with
reasonable certainty for all but the smallest of lakes
(McDonald et al. 2012).

Different processes likely have different scaling rela-
tionships, and these differences would lead to shifts in the
balance among processes for different lake size classes.
Such shifts in process balance with lake areca have been
hypothesized to occur where processes such as primary
and secondary production (scaling with surface area)
interact with the lateral import and export of materials
(scaling with perimeter; Gasith and Hasler 1976, Vander
Zanden and Gratton 2011). These differences in lake
morphology distributions may have serious implications
for how key processes in large-scale carbon cycling are
distributed across lakes of different sizes.

To upscale process estimates, models linking lake
process with lake size are often combined with empirical
lake size—abundance distributions; however, information
on the number of small lakes is often missing. These gaps
may represent a substantial source of error because small
waterbodies can have particularly high rates for some
processes, such as carbon storage or efflux (Downing et
al. 2008, Read et al. 2012). To fill in these gaps, lake size—
abundance models based on the Pareto distribution have
been used to extrapolate unobserved, small lake-size class
abundances (e.g., Downing et al. 2008, Kastowski et al.
2011, Lewis 2011).

There are additional applications of lake size—
abundance models beyond filling gaps in observation.
Specifically, these models greatly simplify large and
cumbersome datasets that contain information on many
thousands (Lehner and Doll 2004) to millions (Downing
et al. 2006) of lakes. When such a model approximates the
full population to within a desired level of accuracy, the
simplified mathematical form provides an easily
manipulated representation, compared to a large empirical
dataset, of the population and its key characteristics.

At the first level, the mathematical form of the model
can be modified to describe the relative contribution of
key morphological characteristics (lake area, perimeter,
and volume) of different lake-size classes. These models
describe the relative contribution of each lake-size class
to total area, perimeter, and volume, and are referred to
here as “morphology scaling relationships” (MSRs).
These MSRs can provide a convenient and powerful
mathematical representation of key components of the
hydrosphere. MSRs may be combined directly with
models of process to upscale process to the full
population of lakes. This concept is similar to the use of
large-scale, steady-state approximations of ocean
dynamics to communicate key physical phenomenon in
oceans (Brown et al. 1989). Such steady-state approxima-
tions are not directly used in modeling quantitative ocean

process but are useful in communicating and understand-
ing important phenomenon (e.g., Ekman transport and the
Sverdrup balance). Similar simplified models for lakes
may offer a new and unique opportunity for understand-
ing the collective behavior of these aquatic ecosystems at
continental and global scales.

We examined the applicability of the Pareto distribu-
tion as a simplified model of the lake size—abundance rela-
tionship within the continental United States to show how
additional models can be derived from the lake size—
abundance distribution to describe, with minimal error,
the distribution of morphology, as perimeter and volume,
across almost the entire size range of lakes to create
MSRs. Finally, we used a published model of carbon mass
accumulation rate to show how MSRs can be combined
with models of process to create simple models describing
process for the whole population of US lakes, although
any large population of lakes could be used. We used these
morphology and process models to answer the following
questions. How do lake size and abundance combine to
create MSRs of lake area, perimeter, and volume? What
are the critical lake size—abundance distribution
parameters that balance the contribution of small and large
lakes to total estimates of global aquatic morphology?
Finally, using carbon accumulation rate as an exemplar,
we ask: Can we use the MSRs to quantify how strongly
process must scale with lake size for the relative contribu-
tion of small versus large lakes to balance at the global
scale?

Methods

Empirical relationships

For an empirical lake abundance, area, and perimeter
dataset, we used the US Geological Survey’s (USGS)
National Hydrography Dataset (NHD; retrieved January
2013, http://nhd.usgs.gov). We used the data derived from
high-resolution USGS topographical maps (1:24,000
scale; Simley and Carswell 2009) and excluded Alaska
and Hawaii due to the differing resolution of data
available. While the dataset covers all 48 continental US
states, the Laurentian Great Lakes were not included in
our analysis because their low number substantially
reduces the applicability of population-level process sim-
plifications and estimates. For all analyses and figure
generation, we used the Mathworks Mapping Toolbox
functionality (v2011a; http://mathworks.com). To avoid
issues with missing or unobserved small lakes, only those
with surface areas >0.01 km? (1 ha) were included here.
For a more detailed methods and geographical visualiza-
tion of the NHD data, see McDonald et al. 2012 and
Winslow et al. 2014.

© International Society of Limnology 2014

DOI: 10.5268/1W-5.1.740


http://nhd.usgs.gov
http://mathworks.com

Does lake size matter?

Previous descriptions of lake size-abundance have
used a Pareto distribution (Downing et al. 2006). The
Pareto distribution:

Ppdfid) = ax; A7, ()

is defined by 2 parameters, the scale parameter (x ) and
the shape parameter (a). Parameter x defines the
minimum variable value of 4, the values of the population
of interest (in our case, A is lake area), and a is the
exponent of the power law. To estimate o, we used the
maximum likelihood estimator:
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where 7 is the number of observations; & is the maximum
likelihood estimate for the population’s a; x is the
minimum value from the population of interest; and X, is
the examined population variable, in this case, lake area
(equation from Rytgaard 1990). Lastly, we used the NHD
dataset to calculate a relationship between lake area and
perimeter. The relationship was fitted using a nonlinear,
least-squares exponential fit of area versus perimeter to
estimate the exponential relationship parameters.

Extending the Pareto distribution

We used the Pareto probability density function (equation
1) to derive a number of functions to highlight the relative
contribution of different lake-size classes to the global dis-
tribution of lake area, volume, and perimeter, as well as
biogeochemical processes that scale with these morpho-
logical parameters. When used as a size—abundance
model, the Pareto probability density function gives the
fraction of total lakes at a given size class, which can be
described roughly as:

pdf(4) «n (4), €)

where 7 is the number of lakes for a given lake area, A.
The fraction of lakes in each size class multiplied by the
area of that class (n*4) gives the relative total area
contributed by that size class, analogous to weighting the
probability density function by lake area. Because of its
relative ease of observation, lake area is the most
commonly used parameter for large-scale lacustrine bio-
geochemistry estimates. To derive an equation for the lake
area—distribution across lake-size classes, we multiplied
the size—abundance equation for the Pareto probability
distribution by area and integrated:

Ay (A) =T axt 4@ " 4 dA. )

The result is an equation that describes the relative contri-
bution to total lake area (4, ) across different lake-size
classes. Because we wanted to focus on the relative contri-
butions of different lake-size classes and emphasize
simplicity, we combined all constant terms into a single
term, C:

Ay = CA™ )
For comparing process contribution of differently sized
lakes, the absolute magnitude of the function is not
important. Rather, how it scales across lake-size classes is
the critical attribute.

The same methods were also applied to lake perimeter.
This distribution is formulated from the observed relation-
ship between lake abundance and surface area and requires
a relationship between area and perimeter to be known.
Given the lack of available data on this relationship in the
literature, we assumed simply that a circle with a given
area adequately represents lake perimeter and represents
the lowest bound for perimeter of a given area. This rela-
tionship was derived from the equations of a circle:

P =2(zA)", (6)

where P is perimeter. To get the perimeter distribution
across lake sizes, we combined the equation of a circle’s
perimeter (equation 6) with that of the Pareto distribution
(equation 1) and again combined all constants into the
term C, which after integrating became:

Adens (A) = CA‘/ra’ (7)

where all constants were again subsumed into the C
coefficient.

Lastly, while volume predicted from area alone results
in relatively high uncertainty (+57% relative standard
deviation of predicted vs. observed volume; Sobek et al.
2011), creating a similar model for volume is useful to
contrast with area and perimeter distributions. To formulate
the equation for volume distribution across lake sizes, we
needed to substitute in a published relationship between
area and volume into equation 5. Because we were unaware
of any published relationships for US lakes, we used a rela-
tionship based on lakes in Sweden (V' ~ A4"'?; Sobek et al.
2011), which substituting into equation 5 became:

Vi (A) = CAM2 1, ®)

The derived MSRs for perimeter and volume were
compared with observations by comparing the predicted
fraction with the empirical distribution derived from the
continental US NHD. The observations were summed into
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decadal lake-size bins (e.g., 1-10 km?), and the model
results and residuals were plotted for comparison.

We also used the Pareto distribution to show how lake
processes scale across lake sizes. By combining equation
5 and a relationship of process rate with lake area (an
area—rate relationship), we created a combined,
overarching model with a simple form that estimates the
relative contribution of each lake-size class to total
process. Processes that have a power-function lake area—
rate relationship are often represented in the literature as a
log-transformed linear relationship and takes the form:

F=F,A4, ©

where F' is the process rate with units dependent on the
process being described; F is a linear scaling parameter
(i.e., the intercept); A is lake area; and f is the parameter
that scales the process rate with lake area. When
combined, this area—rate relationship (equation 9) and the
MSR for area (equation 5) yielded a function that scales
process across lake size:

F o (A) = CE . (10)

We used carbon mass accumulation rate (CMAR) as
an example of how equation 10 can be used with process
rates reported in the literature. Existing work has found
that organic carbon burial rates correlated with area,
watershed slope, and percent cropland cover (Kastowski
et al. 2011). The relationship was described by the
equation:

log(CMAR) =1.00 — 0.217 * log(lake area) +
0.194 * (slope) + 0.017 * (cropland %), (11)

which shows that log-CMAR varied with log-lake area
with a slope of —0.217. We used this § for CMAR and a
published size—abundance slope (o = 0.92) in equation 10
to get the scaling equation:

CMAR = CA™*177, (12)
where C is a constant, 4 is lake area, and CMAR is an
index of the relative contribution of each lake-size class to

overall carbon accumulation.

Results and discussion

The Pareto distribution and simple scaling laws can help
us understand how lakes of different sizes contribute to
the overall total of perimeter, areca, and volume. For
example, while it is unclear whether small lakes contribute
more than large lakes to the total surface area globally

(Downing et al. 2006, McDonald et al. 2012), using the
Pareto distribution and some simple calculus we can
illustrate how sensitive our inferences about total surface
area are to our estimate of a. The distribution of lake
surface area can be considered as a balance between
decreasing area and increasing abundance with decreasing
area. If lake abundance does not increase proportionally
with decreasing area, then total surface area in each size
class will increase (Fig. 1). Conversely, if the slope of lake
abundance versus area is not steep enough, then total
surface area in each size class will decrease, substantially
altering our understanding of small versus large lake roles.
Equation 5 illustrates this trade-off.

Critical lake size—abundance distribution
parameters for area, perimeter, and volume

Our perspective on how the contribution of small versus
large lakes depends on the value of a can be easily dem-
onstrated using equation 5. The critical threshold for area
is when a equals 1, resulting in an exponent of zero. An

a. —— Lake Area
= Lake Number (u = 0.85)
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Fig. 1. Lake size and abundance trade-off. (a) The size—abundance
distribution for 2 different published Pareto slope parameters, both
showing increasing abundance with decreasing size. (b) The relative
contribution of lake size categories to surface area (%Total A) for 2
different published Pareto slope parameters.
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exponent of zero makes the contribution by each size to
total area unrelated to the surface area of the size class.
Knowing this critical threshold helps explain the different
results found by past studies in which the contribution of
lake size classes to total lake surface area were examined.
While some previous work calculated a = 1.06 empirically
from larger lakes of the globe (Downing et al. 2006),
others found a = 0.85 for a more complete size range of
the continental US lake population (McDonald et al.
2012). Despite the 2 reported estimates of o being of
seemingly similar magnitude, they fall on opposite sides
of the critical a cutoff. If a < 1, as reported by McDonald
et al. (2012) and also found here (o = 0.92; Fig. 2a), the
exponent of area in equation 5 is positive, and larger lakes
make an increasing contribution to the total surface area
of lakes. If @ > 1, the exponent is negative, resulting in a
decreasing contribution to global surface area of lakes
with increasing area. The deviation from linearity in the
large lakes likely represents the edge effects of the
continent, where a large lake has a higher likelihood of
intersecting the continental edge and therefore not forming
a lake (Goodchild 1988).
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0 1 3 4
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Fig. 2. Maximum likelihood size—abundance Pareto and lake area to
perimeter fit. NHD lakes (a) size—abundance distribution with the
maximum likelihood fit of the Pareto distribution and (b) power-law
area to perimeter relationship. A nonlinear exponential fit is shown
with slope 0.63, close to the theoretical relationship defined by the
relationship between the area and perimeter of a circle (slope 0.5).

10°

The perimeter MSR is described by equation 7,
yielding a critical threshold for an even distribution of
perimeter across all size classes of o = 0.5 when lake shape
is simplified to a circle. An @ = 0.5 would produce a zero
exponent for the area term and thus a constant perimeter
density across all size classes. In studies that have
estimated values of a (Hamilton et al. 1992, Downing et
al. 2006, Kastowski et al. 2011, McDonald et al. 2012) as
well as here, a estimates are consistently >0.5, suggesting
that the distribution of perimeter is skewed strongly toward
small lakes. The contribution of any processes that scale
proportionally to perimeter, such as particulate organic
carbon) import (Gasith and Hasler 1976), would be
skewed toward small rather than large lakes.

Using an empirical relationship between area and lake
perimeter instead of a circular lake assumption can
improve accuracy of the perimeter MSR. The nonlinear
least-squares exponential fit of area versus perimeter for
continental US lakes yielded a slope of 0.63 (Fig. 2b). This
result suggests large lakes have, on average, higher
perimeters relative to their areas than would be predicted if
lakes had a constant geometrically scaled proportion of
area to perimeter. Compared to a circular-lake assumption,
steeper area to perimeter slope reduces the skew of
perimeter toward small lakes, although the difference is not
large enough to change the small-lake skew of perimeter.
The US NHD lakes-based MSR of perimeter would be:

Pdens (A) = CAO-()S?“' (13)

Using the published model for Swedish lakes, the critical
threshold for an even distribution of volume across all size
classes would be a = 1.12, higher than previous «a
estimates (Downing et al. 2006, McDonald et al. 2012).
The a values reported for equation 8 for large collections
of lakes are consistently <I1.12, which demonstrates that
volume is likely skewed strongly toward larger lakes. To
improve our mathematical model for the contiguous US
and beyond, future work examining area—volume relation-
ships of other geographic regions is required.

For lake area and perimeter, the estimates made by the
MSRs can be compared to a large-scale empirical lake
distribution. Like any model, the desired accuracy is
dependent on the scope and application. As in this case,
when the geographic scope is large (continental US), even
models that make predictions to within an order of
magnitude may be useful. We compared the model results
for contribution of each size class to area and perimeter
with the empirical results (Fig. 3). For all size classes
between 0.01 and 1000 km?, the estimates of area were
within 4% of the empirical values. For perimeter, all bins
were within 7% of the empirical measurements. Caution
should be taken when extrapolating these models to lakes
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<0.01 km? because it is unclear if the power-law model
accurately describes abundance below that size class
(McDonald et al. 2012).

The distributions of area, perimeter, and volume
strongly differ across size classes, and the understanding
of how area is distributed is sensitive to the estimate of a
(Fig. 4a—c). Given that different limnological processes
may be more sensitive to different aspects of lake
morphology, a varying a value affects not only estimates
of absolute rates, but also the apparent balance between
pelagic and perimeter processes. In a lake population with
a large o, the median lake size is reduced, with the total
area being fractured into many smaller lakes instead of a
few larger lakes. With a smaller median lake size, the
process balance would be skewed toward perimeter-domi-
nated processes (e.g., terrestrial particulate organic carbon
import and primary productivity; Gasith and Hasler 1976,
Preston et al. 2008). Conversely, for small a values, the
median lake size would be higher, resulting in a population
of lakes more dominated by pelagic processes and autoch-
thonous resources (Wilkinson et al. 2013).

Process across the lake size—abundance
distribution

To examine how process is distributed across lakes of
different sizes, we focused on the exponent of lake area, £.
Care should be taken when fitting the f parameter;
nonlinear fitting techniques, as opposed to log transformed
linear regression which often distorts error, tend to be

30

Bin Size (km?)

Fig. 3. Comparison of lake morphology model to empirical dataset.
Comparison of the observed continental US dataset with the Pareto-
based model. The difference between observed and modeled for any
bin of area (A) and perimeter (P) did not exceed 4% and 7%, respec-
tively.

more robust and should be favored (Motulsky and
Ransnas 1987).

The key result of equation 10 comes from the exponent
of area, which indicates the direction of areal skew in the
process (toward or away from large lakes). To reiterate the
key point, a positive exponent would result in larger lakes
making a larger relative contribution, a negative exponent
would indicate that small lakes contribute more to the
overall process magnitude, and an exponent at or very
near zero would suggest no scaling with area and thus an
equal contribution of all lake-size classes. Our maximum
likelihood estimate of the lake size—abundance slope
parameter was a = 0.92. As we have shown, o < 1 means
smaller lakes contribute less to total surface area than
larger lakes. Despite a lake area distribution skewed
toward larger lakes, process rates do not need a strong
negative relationship with lake size to overcome the
skewed area distribution and to have an equal contribution
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Fig. 4. Lake size-class contributions to total area, perimeter, volume,
and carbon burial. Percent contribution of total for each lake
size-class to total lake (a) area (A), (b) perimeter (P), and (c) volume
(V) for the range of published « values (1.06: Downing et al. 2006;
0.85: McDonald et al. 2012). (d) Percent contribution to total carbon
(C) burial for each lake size-class with & = 0.85 and S = —0.217,
estimated from European lakes (Kastowski et al. 2011). Black bars
were calculated using £ = —0.298 estimated from eutrophic lakes in
Iowa, USA (Downing et al. 2008).
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across all lake sizes. For a given process to have an equal
contribution across all lake sizes, the process scaling
parameter () only needs to be —0.08, which would make
the exponent of area zero (from equation 10: 1 — 0.92 +
0.08). To put this finding into perspective, f = —0.08
would imply that the process rate in a 0.01 km? lake is ~2
times higher than in a 100 km? lake. If § < —0.08, small
lakes would contribute a larger fraction to the overall
process than larger lakes. If B > —0.08, large lakes would
contribute a larger fraction.

A published example of such a process is the CMAR
in European lakes (Kastowski et al. 2011). The scaling
equation for CMAR (equation 12) has a negative area
exponent, meaning that CMAR is skewed toward smaller
lakes (Fig. 4d). Using a different reported relationship
between lake area and carbon burial with f = —0.298
calculated from small eutrophic lakes in Iowa, USA
(Downing et al. 2008), the distribution becomes even
more strongly skewed toward smaller lakes (Fig. 4d). This
skew suggests that despite being generally less studied
than larger lakes (Downing 2010), the contribution of
smaller lakes to global scale processes such as carbon
storage may be disproportionately large. Unfortunately,
carbon sedimentation in small lakes is highly variable,
with commonly cited studies reporting maximum
observed rates ranging over several orders of magnitude,
from around 280 g m? yr' C (Mulholland and Elwood
1982) to as high as 10000 g m? yr' C (Downing et al.
2008). The importance of small lakes, combined with high
rate uncertainty and high abundance, will require novel
research and ideas in the future to constrain large-scale
carbon storage in small lakes.

This modeling framework represents a unique and
simple approach to describe distributions of morphology
and process across a population of lakes. While the quan-
tification of morphology and process will always require
detailed computational work using empirical data, this
mathematical approach helps researchers form a more
intuitive understanding of large populations of lakes while
maintaining some quantitative aspects.

Conclusions

We presented a series of simple equations that highlighted
the critical thresholds for the Pareto slope where morpho-
logical characteristics would be evenly distributed across
lake-size classes. For area and perimeter, these values
were 1 and 0.63 respectively. The volume relationship had
the highest uncertainty, and when better estimates are
available, the equation for volume should be updated.
Despite this uncertainty, using the available published
relationship for demonstrative purposes (Sobek et al.
2011) resulted in a critical Pareto slope threshold of 1.12

for volume. Given a Pareto slope parameter between 1.06
and 0.92, larger lakes likely contribute relatively less to
total perimeter and more to total volume than smaller
lakes. The skew of the area distribution was dependent on
the Pareto slope parameter, although our estimate of 0.92
derived from a dataset spanning a large range of lake sizes
suggests that smaller lakes contribute a decreasing fraction
to total surface area. Despite the likely skew of surface
area toward larger lakes, processes can offset the skew by
having a process rate that increases with decreasing lake
size, requiring a critical exponential slope with lake size
of only —0.08 or less. The carbon mass accumulation
process is one such example, with published exponential
slopes from —0.217 to —0.298, which results in a skew of
carbon accumulation contribution toward smaller lakes.
These simple mathematical tools will help bring quantita-
tive, global limnological thinking to a broader group of
students and researchers.
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