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Abstract: In this paper, | introduce a new sequence space B(L,) as the domain of four dimensional
generalized difference matrix B(r,s,t,u) and as a generalization of the series space BV. | give some
topological properties with some inclusion relations. Moreover, | calculate beta(bp)- and gamma- duals
of the new sequence space B(L,). In the last section | characterize some matrix classes and | conclude
the paper with some important results.
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1. Introduction

We denote the space of all real or complex valued double sequences by Q which is a vector space
with coordinatewise addition and scalar multiplication. Each vector subspace of Q is called as a
double sequence space. The spaces of all bounded double sequences are denoted by M,, which is a
Banach space with the supremum norm |[].||.. Any double sequence x = (x;) is said to be
convergent in Pringsheim’s sense to the limit point [ € C if p —limy ;_,o, x; = [; where C denotes
the complex field. The set of all convergent double sequences in Pringsheim’s sense is denoted by
C,. Although every convergent single sequence is bounded, convergence double sequences do not
guarantee the boundedness in general. That is, there exists some double sequences which is bounded
bot not convergent, i.e., the set M,,\C,, is not empty. We may consider the set of all convergent in
pringsheim’s sense and bounded double sequences by Cy,,, that is Cp,,, = C,NM,,. A double sequence
x = (xy;) is called regular convergent if it is a single convergent sequence with respect to each
index. We may denote the space of all such sequences by C,.. Moreover, by C,, and Cp,, We denote
the set of all null double sequences included in the double sequence space C, and Cy,,, respectively.
The set of all absolutely g —summable double sequences was defined by Basar and Sever (2009) as,

Ly = {x = (1) € Z|xk1|q < 00},(1 <q <)
KL

which is a Banach space with the norm |]. [[,. The space £,, as a special case of £, with g = 1 was
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introduced by Zeltser (2002). The set of double sequences of bounded variation BV whose
sequences of partial sums are convergent in Pringsheim’s sense was defined by Altay and Basar
(2005) as follow,

BV = {x = (xr) € A lekl — Xp—10 — Xiep-1 F Xpe—1,1-1] < 00}-
71

which is a Banach space with the norm ||. || gy

The linear convergence rule for a double sequence space A with respect to 9 is defined by 9 —
lim: 2 —» C. The sum of a double series Y. ; xy; related to this rule is shown by 9 — ¥, x =9 —
lim; 500 Z}Q{;O Xy Throughout the paper we consider that 9 denotes any of the symbols from the

set {p, bp,r}.

The a —dual of any double sequence space A, S(9) —dual of any double sequence space A with
respect to the 9 —convergence and y-dual of any double sequence space A respectively defined as

A% = {a = (ay) €N: Zlaklxkll < oo forall x = (x) € /1}
1

yLICES {a =(a) €EN: 9 — Z Ay Xy exists for all x = (x,) € /1}
Tl

mn

Ap1 XK1

m,neN KI=0

A = {a =(ag) €EQ: sup

< oo forall x = (x;) € /1}

For any two double sequence spaces 4 and p, we can easily say that u® < A* whenever 1 c u and
A% c AY. It is known that the ¥ —convergence of double sequence of the partial sum of a double
series does not guarantee its boundedness. Thus, the inclusion A% c A8 holds while A8®) < Y
does not hold.

Let A and u be two double sequence spaces, and A = (@) be any four dimensional infinite
matrix of real or complex numbers, where m,n, k,l € N. For every sequence x = (xy;) € 1 the
sequence Ax = ((Ax),n) € u is called A —transform of x, where

(1.1) (AX)pn =9 — Z Amnki Xk, for eachm,n € N

k,1=0
Then, A defines a four dimensional matrix mapping from A to u and we show it by writing A: 4 —
u. We may define 9 —summability domain /129) of A in the space A of double sequences

x = (x) as,
Aﬁlﬁ) =4x = (x) € L Ax = (19 - z Amnkl xkl> exists and is in 4
k,1=0 mneN

By A = (amnk) € (A : u), we denote the set of all four dimensional matrices A such that A: 1 —
w if and only if the series on the right side of (1.1) converges for each m,n € N in the sense of 9 for
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every x € A, and we have Ax = ((Ax),,) belongs to u for all x € A. A sequence x is said to be A-
summable to [ and is called as the A-limit of x. Adams, C. R. (1933) defined that a four dimensional
infinite matrix A = (aunky) is called triangular if a,,,,; = 0 for k > m or [ > n or both and Cooke
(1950) showed that every triangular matrix has a unique inverse which is also triangular.

Recently, Tug (2017) has defined and studied the four dimensional generalized difference matrix and
its domain on some double sequence spaces. The four dimensional matrix B(r,s,t,u) =
{bmni (1, s, t,u)} was defined for all r, s, t, u € R\{0} as

(SuU, k,D)=(m-1,n-1)
st, (k,) =(m—-1,n)
bmnkl(r' s, t, u) =35ry, (k, l) = (m,n - 1)
rt, (k, 1) = (m,n)

k 0, otherwise

for all m,n, k,l € N. The B —transform of any double sequence x = (x,;) was given by

(12) Ymn = {B (T', s, t, u)x}mn = Z bmnkl (T, s, t, u)xkl
kl

= Suxm_l'n_l + Stxm_lln + Tuxm_n_l + Ttxmn

for all m,n € N. The inverse matrix B~1(r, s, t,u) = F(r,s,t,u) = {fmnia (. s, t, u)} was shown
by,
“Sym—k (ZUyn-1
G )
fmnk (T, S, t,u) = rt , 0sk<m o<i<n

0 , Otherwise

for all m,n, k,l € N. One can obtain by applying the inverse matrix F(r, s, t,u) to (1.2) that

mn
(1.3) Xmn = l Z (_—S)m_k (_Tu)n_lykl, forallm,n € N.

From now on, we suppose that the terms of double sequences x = (xp,,) and y = (ypun) are
connected with the relation (1.2). It is obviously seen from the B —transform of any sequence
x = (xmn) Will be considered as A = B(1,—1,1,—1) —transform in the case r =t =1 and
s =u = —1 for all m,n € N. Note that the results of B(r, s, t,u) domain of double sequences are
more general than the A domain of double sequence spaces.

2. The New Double Sequence Space B(£,,)

In this section, the new sequence space B(L,,) is defined as four dimensional matrix B(r,s,t, u)
domain in the sequence space £,,.

B(L,) = {x = (xp) € Z|Suxk—1,l—1 + Stxg_q; +1TUXR 1 T rtxkl| < ooy
Kl

The sequence space B(L,,) is reduced to the double sequence space BV in the case r =t =1 and
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s =u = —1. So the new sequence space B(L,) is called a generalization of the double sequence
space BV and the following theorems can be given.

Theorem 2.1. The double sequence space B(L,,) is a linear space with coordinate wise addition and
scalar multiplication and is a Banach space with the norm

lxllgce,) = leuxk—l,l—l + St + TUX g + TEX|
k,l
which is norm isomorphic to the space L,,.

Proof. The linearity of the space is easy to prove so we omit the details. Now let consider a Cauch
sequence x! = {x,(fl)} for every fixed i € N in the space B(L,). Then we can write here that for
k,lEN

a given € > 0 there exist a positive real number M (&) such that

||t - xj”B(Lu) - Z |{B(T' st u)xi]kl —{B(rst, u)xj}kl| <
k.l

for all k,1 > M(¢). Then obviously we can say that {{B(r, s, t, u)x"}kl}. N is a Cauchy sequence L,
AS

for each fixed k, [ € N. Since the double sequence space L,, is complete, every Cauchy sequence is
convergent in £, as i tends to infinity. That is there exists a sequence {B(r, s, t,u)x} € L, such that
{B(r,s,t, u)xi}kl - {B(r,s, t,u)x} asi — o which says that for a given £ >0 we have the
following inequality that,

|{B(r, s, t, u)xi}kl —{B(r,s,t, u)x}kl| <¢

for all k,1 € N. Moreover, because {B(r, S, t,u)xi}kl € L, for each fixed i € N, there exists a

positive real number K such that ¥, |{B(r, s, t, u)x"}kl| < K. With the above results, we have
power to write the following inequality that

Zl{B(r, s, tu)x}l < Z |{B(r, S, t,u)x}y + {B(r, s, t, u)xi}kl — {B(r, s, t, u)xi}kl|
K Kl

< Z |{B(r, s, t, u)xi}kl —{B(r,s,t, u)x}kl| + z |{B(r, s, t, u)xi}kl|
K k.l

<e+K.

The last approach means that B(r, s, t,u)x € L,,, i.e., x € B(L,). By this result, it has been shown
that the double sequence space B(L,,) is a complete normed space with the given norm.

Now we should show that the spaces B(L,) and £, are norm isomorphic with a transform from
B(L,) to L,,. Let consider this transform T,by x — Tx = y = B(r,s,t,u)x. Then it can be easily
proved that T is injective. Moreover by using the relation (1.2) between the double sequences
x = (x;) and y = (yx;) we have the following equality that
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|{B(T, s, t, u)x}kll = |ykl|

which gives us that |[{B(r,s,t,u)x}xllpc,) = lyllg - Thus, T is surjective. This is what we
expected in the theorem.

Theorem 2.2. Suppose that 9 € {p,bp,r} and r =t =1 and s =u = —1. Then, the inclusions
B(L,) € Cy and B(L,) c M,, strictly hold.

Proof. Letr =t =1and s =u = —1and x = (xy;) € B(L,). Then we have

Zl{B(r, S, t,w)x}l < oo,
k,l
that is the series Y ;({B(r, s, t,u)x}y,) is convergent. Since we may write this sequence in the form

Y= ) (B0, 6w

k=0

which is convergent, says that x € Cp. In order to prove the inclusion and B(L,) c M,, hold, let us
take the following inequality that

> (@t

sup [Xmn| = sup
m,neN m,neN k,1=0
mmn
< sup {B(r,s, t,u)x}y| < o

mneN k,l=0

means that x € M,,. Furthermore, if we define a double sequence x = (xy;) as in the following

l+2

2
_{ k=0andliseven
Xkl =
o otherwise

for all k,l € N. Obviously it can be shown that x € Cy and x € M,, but not in the sequence
space B(L,). This proves that the inclusions are strict.

Theorem 2.3. Let( 5) > 1 and (_—tu) > 1. Then the inclusion £,, c B(L,,) strictly holds.

-
Proof. It can be easily proved by choosing a double sequence x = (xy;) as
0= () (7)

and by having B —transform of this double sequence x = (xi;) as {B(r,s,t,u)x};; = 0. S0 x €
B(L,) butnotin £L,. We pass the details.

l

3. B(bp) — and y —Dual of the Space B(L,,)

In this section, | calculate the g(bp) —dual and y —dual of the new double sequence space B(L,)
after giving some related lemmas.
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Lemma 3.1. (Yesilkayagil & Basar, 2017). Suppose that A = (ani;) be a four dimensional matrix.
Then A € (Ly: Cpp) ifand only if

(3.1.1) sup  |amnpl < o
mn,k,leEN
(3.1.2) Jday, €C,3 lim anp =ay forallk,leN
m,n—oco

Lemma 3.2. (Yesilkayagil & Basar, 2017). Suppose that A = (a;,ni;) be a four dimensional matrix.
Then A € (L,: M,) if and only if the condition (3.1.1) holds.

Theorem 3.3. Let us define the sets 8, and 8, as in the following.

mn .
. —s\J=k —u il ajl-
pr=1a=(a) €23 €CS lim . (T) (T) =P forallkleN
Ji=k,l
mn .
—s\ik —u\""ay
=< a=(a;) €Q: su Z(—) (_) <o

Then the B (bp) —dual of the space B(L,) is the set 8; N B,. Thatis, {B(L,)}f®P) =B, n B,.

Proof. Let us suppose that a = (ay;) € Q and x = (xx;) € B(L,). Then, we have the following
equality that

mn mn mn . i—1
S oy
QX = a — —) =
kl'kl kl r t rt
k,1=0 kI=0  },i=0
mn mn ) iel
YY) 2
B r t re Kl
K1=0 jli=k,L
= (DY) mn

Where the four dimensional matrix D = (dnk;) defined as

m,n i i-l
—s\J7k ,—u aji
Z(—) (—) —, 0<k<m0<I<n
Amnkl = 4 r t rt
Ji=k,l
0 , Otherwise

forallm,n,k,1 € N. Now we may say that the (m, n)th partial sum of the series Y. ; ay;x; is in
the space CS,, whenever x = (xi;) € B(L,) if and only if Dy € Cj,, whenevery = (yy;) € L,,.
The last conclusion gives us that a = (ay;) € {B(£,)}®P) if and only if D € (£,: Cyp). Thus, we

can obtain from the Lemma 3.1. that the conditions (3.1.1) and (3.1.2) hold with the four
dimensional matrix D = (d,;x;) instead of the matrix A = (k). That is
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_s\Jk /- )
i € €,3 1iMypy posco TTE kl( S) (_“) L= By forallk,l €N, and

T

i—1

gmn (—_s)f"‘ ()
Ji=kl\ ¢ t rt

satisfied. The last approaches give us that {B(£,)}¥®P) = B, n B,.

SUPmineN < o,

Theorem 3.4. The y —dual of the space B(L,)is the set ,, thatis, {B(£,)}Y = B,

Proof. It can be proved in the same method of the Theorem 3.3. by having the (m, n)th partial sum
of the series X, ; ax;xy; is in the space BS whenever x = (xi;) € B(£,) if and only if Dy € M,,
whenever y = (yi;) € £L,. The last conclusion gives us that a = (ay;) € {B(£,)}¥ if and only if
D € (L,:M,). Thus, we can obtain from the Lemma 3.1. that the condition (3.1.1) holds with the
four dimensional matrix D = (d,nk;) instead of the matrix A = (anr). That s,

; i—1
St (F) 2
Ji=kL\ t rt

satisfied. Which gives us that {B(L,)}Y = B,. So, we omit the details.

< oo,

SUPmineN

4. Matrix Transformations Related with the Double Sequence Space B(£,,)

In this section, | characterize some new matrix classes which are related with the double sequence
space B(L,)) and I conclude the paper with some related results.

Theorem 4.1. The four dimensional matrix A = (amnki) € (Ly: B(Cpp)) if and only if the following
conditions hold.

mmn

(4.1.1) Z brnji(r, s, t,u) Qi | <
mnklEN
mn
(4.1.2) Jdag; €C,3 lim bmnji(r,s,t,u) aji = ag forallk,l €N
m,n—oo
ji=0

Theorem 4.2. The four dimensional matrix A = (aunk) € (Ly: B(My)) if and only if the condition
(4.1.1) hold.

Corollary 4.3. Let A = (amnk;) be a four dimensional infinite matrix. Then the following statements
are satisfied.

i) A = (amnir) € (B(Ly): B(M,)) if and only if the condition (3.1.1) holds with Ay,
instead of a,,x; Where H = (hynk) = B(AF(r,s,t,u))

i) A = (amnia) € (B(Ly): B(Cpp)) if and only if the conditions (3.1.1) and (3.1.2) hold
With Ay, instead of a,,,x; Where H = (hpi) = B(AF (1, s, t,u))
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5. Conclusion

The matrix domain in the sequence spaces is one of the highlighted content in Functional analysis.
Especially, special triangular matrices like Norlund matrix, Cesero matrix, Riesz mean, etc. domains
in the single and double sequence spaces are the most studied methods nowadays. Matrix domain of
any sequence space is larger than the original space. Therefore, by calculating the matrix domain of
any sequence space, we have a new set of sequences whose original set is the subset of the new
generated.

In this paper, | tried to fill the gap in the literature for the sequence space £, and its B-transform
B(L,). Recently the four dimensional generalized difference matrix B(r,s,t,u) domain of some
double sequences was defined studied by Tug (2017). As a natural continuation of Tug (2017), I
tried to complete some important missing part of the literature. Moreover | tried to extend the
sequence space BV with respect to the B(r, s, t, u) domain of the double sequence space £,,. | proved
some topological properties with some inclusion relations and | calculated 8(bp) —dual and y —dual
of the new double sequence space B(L,). Moreover, | characterized some new four dimensional
matrix classes related with the sequence space B(L,). One can easily obtained from the conclusion
of this paper that the new matrix classes (B(£,): Cy), (B(Ly,):B(Cy)) and (L,:B(Cy)) where 9 is
any of the sign form the set {p, bp, r, f} are still open problems for the readers.
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