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Effective Hedging of 
Mortgage 
Interest Rate Risk

by Robert W. Kolb, John B. Corgel, and
Raymond Chiang*

T h e  recen t  in crea se  in the  volatility o f  m o rtg age  rates  em p h a siz e s  the 
im p o rta n ce  of  an institutional s tructure  that builders ,  investors ,  and 
o t h e r  m o r t g a g e  m a r k e t  p a r t i c ip a n t s  ca n  u s e  to m a n a g e  th e ir  
m ortg age  in terest  rate risk. T h is  need  h as  b een  m et in large m easure  
by the e m e rg e n c e  o f  an in terest  rate futures m arket  and  by the d e ­
v e lo p m e n t  of the  G N M A  futures  con tract  in particular.

U nfo rtu n ate ly ,  the  hed g in g  effect iveness  of  the G N M A  futures  m a r­
ket  has  b e e n  d im in ished  by a lack o f  un d e rs ta n d in g  o f  the selection 
o f  p ro p er  h e d g e  ratios. This p ap er p re se n ts  a derivation o f  the opti­
mal h e d g e  ratio for hed g in g  interest  rate risk with a G N M A  futures 
contract.  T h e  h e d g e  ratio is then  applied  to different  h ed ging  situa­
t ions and  the  results  o f  the  traditional and new ly derived hed ging  
strategies  are  e xam in ed .

I. Introduction

T h e re cen t ad v en t of in terest rate fu tures m arkets has greatly  en ­
riched the h ed g in g  op p ortu n ities of m ortgage m arket participants faced 
with u nd esired  in terest rate risk. T h e  variety  of fu tu res contracts now  
spans a n u m b er of in stru m en ts w ith  d ifferent risks, m aturities, and 
cou pon stru ctu res, inclu d ing  fu tu res contracts on treasu ry  bills and 
bonds, G N M A  p assth rou g h  certificates, G N M A  C D R s (collateralized 
depository  receip ts), and com m ercial paper. Y et, d esp ite the d iversity  of

*KoIb: Em ory University; Corgel and Chiang: University of Florida. The views expressed  
in this paper are those of the authors and are not intended to reflect the views or policy of 
the Federal H om e Loan Bank Board.
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in stru m en ts , not every m ortg ag e m a rk et p a rtic ip a n t is able to hedge an 
in stru m en t w ith  exactly  th e  sa m e ch a ra cte ris tics  as an  instrum ent for 
w hich futures con tracts are traded . T h is  lack  o f co rresp o n d en ce  between
the risk, m aturity , and co u p o n  stru c tu re  o f th e  h ed g ed  and hedging 
in stru m ents is usually  n ot fully a d d re sse d  in  p ractica l guides to hedging 
w ith in terest rate fu tu re s . 1 T h e se  p ractical g u id e s , u sin g  w hat has been 
called the traditional theory  [E d e rin g to n , 1979 , p. 1 5 9 ], usually giVes 
exam ples in  w hich  each d ollar o f th e  risk y  a sse t is h ed g ed  with one 
dollar of a futures contract. C o n se q u e n tly , th is traditional approach fails 
to account for the d ifferen t p rice sen sitiv itie s  o f th e hed g ed  and hedging 
instru m ents.

T h e need to ad ju st for the d iffe re n t p rice sen sitiv ities  of the hedged 
and h ed ging  in stru m en ts has d raw n  th e  a tte n tio n  o f both  market pro­
fessionals and acad em icians. M a rk e t p ro fe ss io n a ls , su ch  as Bass [1980], 
Stigu m  [1980], and W eissm an  [1 9 8 0 ], h av e  su g g ested  that hedging 
strategies ought to ad ju st for d ifferen tia ls  in  risk and  maturity. The 
academ ic research  of M cEnally  an d  R ice [1 9 7 9 ] an d  Ederington [1979] 
has attem pted to deal w ith  d ifferin g  p rice  se n sitiv itie s  by following a 
"p ortfo lio  ap p ro a ch ," in w hich th e h ed g er is see n  as bu ying  and selling 
"fu tu res  for the sam e risk-retu rn  re a so n s  as o n e  b u y s o th er securities" 
[Ederington , 1979, p. 161]. T h e h ed g er, h o w ev er , o ften  is not adding a 
futures contract to a portfo lio , b u t in stead  co n fro n ts  a certain interest 
rate risk on a particular in stru m en t over a fairly  d efin ite  tim e horizon. In 
such in stances, the portfo lio  a p p ro ach  is n o t easily  adapted to the 
h ed ger's needs. Franckle [1980] h as d erived  a su p erio r hed ge to that of 
E derington  by ad ju stin g  E d e rin g to n 's  h e d g e  ratio  for differences in 
m aturities. A lthough an im p ro v em en t, a h ed g e  ratio  that includes an 
ad justm ent for m aturities, but ig n o res th e d u ra tio n s o f the underlying 
instru m ents, is not sufficiently  p re c ise . 2

T h ese lim itations of the trad itional and  p ortfo lio  approaches em­
phasize the need for a strategy that can  be ap p lied  to particular risk 
situations, w hile still taking accou n t of d ifferen t p rice  sensitiv ities for the 
hedged and hedging in stru m en ts. A n y tim e th e  p rice  sensitivities (de­
pending on the m aturity, cou p on , risk, and  term  stru ctu re of the in­
strum ents) do not m atch, one is co n fro n ted  w ith  a situ ation  of "cross­
h ed g in g ." T h e d ifficu lties of m a tch in g  th e  p rice  sen sitiv ities of the 
hedged and hedging in stru m en ts are p articu larly  acu te  w hen hedging 
with G N M A  futures contracts. S in ce  th ese  co n tra cts  are  w ritten on cer­
tificates collateralized by a pool o f g o v e rn m en t-in su red  and guaranteed 
m ortgages, in w hich one obtains only  a fraction al in tere st, hedging with 
G N M A  futures invariably involves c ro ss -h ed g in g . G N M A  futures con­
tracts are w ritten on the assu m p tion  th at th e re sid en tia l m ortgages in the 
pool have an 8  percent coupon (or an eq u iv alen t n u m b er of m ortgages in

'See Bacon and Williams [1976], Chicago Board of Trade [1 9 7 5 ], Chicago Board of Trade 
[1977], Chicago Board of Trade [1978], Loosigian [1 9 8 0 ], and International Monetary 
Market [1977],

2See Section II of this paper.
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the pool w ith o th er co u p o n s) and  m atu re  in 30 y ears, bu t are, in fact, 
prepaid in 12 y e a rs . 3 A firm  seek in g  to h ed g e a co m m itm en t on a 20-y ear 
commercial m ortg ag e, for exam p le , sh ou ld  exp ect th at a g iven  ch an g e  in 
interest rates will a ffect the valu e o f th e  G N M A  fu tu res co n tract and the 
commercial m ortgage d ifferen tly . If th e firm  has n aively  h ed g ed  each 
dollar of the m ortg ag e co m m itm e n t w ith  o n e  d ollar o f the G N M A  fu ­
tures contract, th en  a ch an g e  in in tere st rates will g en era te  e ith er a profit 
or a loss. H ow ever, it is p o ssib le  to d eterm in e an optim al h ed g e  ratio  
that controls for m ism atch es in the fou r factors m en tio n ed  above.

The need for su ch  a tech n iq u e  h as b een  exacerbated  by extrem ely  
volatile in terest rates that cu rren tly  affect the op eration s o f financial 
institutions, co rp oratio n s, bu ild ers, and  u n d erw riters  to a m uch g reater 
extent than ever befo re . F u rth erm o re , the recen t d ev elo p m en t o f the 
interest rate fu tu res m ark et, w ith  an org anized  exch an g e and stan d ard ­
ized contracts, has low ered  the co st o f h ed g in g  and increased  the h ed g - 
jng op portunities o f th ose  facing  u n d esired  in terest rate risk. T h e  re ­
sulting rapid grow th of th ese  m ark ets, and the G N M A  fu tu res m ark et in 
particular, em p h asizes the n eed  for a h ed g in g  tech n iq u e that deals w ith 
diverse price sen sitiv ities , y et can  be ap p lied  to h ed g e a p articu lar risk.

The p u rp ose of th is p ap er is to p rov ide a tech n iq u e for d eterm in in g  
the optim al h ed g e ratio  and to sh o w  how  it can be im p lem en ted  in a 
practical context. C o n seq u en tly , S e ctio n  II d erives the optim al h ed g e 
ratio and form ulates m ore effic ien t h ed g in g  ru les u sing  G N M A  fu tu res. 
Section III p rovides practical exam p les d em on stratin g  the efficiency  of 
the hedging ru les. F inally , S ectio n  IV  con clu d es the p ap er w ith som e 
final guides for the practical im p lem en tatio n  o f the strategy .

II. The Optimal Hedge Ratio and More Efficient Hedging 
Rules

U pon en terin g  the fu tu res m ark et to h ed g e som e in terest rate risk, 
the hed ger know s the m atu rity  and cou p on  of both  the h ed ged  and 
hedging in stru m en ts . H ow ev er, if th e h ed g e is a cross-h ed g e , as is o ften  
the case w ith a G N M A  fu tu res h ed g e, the ch an g es in the risk and term  
structures of the tw o in stru m en ts m ay differ during the life of the h ed g e. 
These last tw o featu res, p erta in in g  to the risk and term  stru ctu re of 
in terest ra tes , rea lly  co n c e rn  th e  s iz e  and  p a tte rn  o f in te re s t ra te  
changes. In form ulating the h ed g e th e se  featu res can n o t be accou nted  
for since they are u n k n o w n  to the h ed g er. If the fu ture cou rse o f in terest 
rates could be d eterm in ed , the p rosp ectiv e  h ed g er w ould  not h ed g e 
anyw ay. In stead , the p ortfo lio  w ould  sim ply  be altered  to profit from  the 
rate ch an g es that w ere ab ou t to occur. S in ce  the risk and term  stru ctu re 
of the two in stru m en ts can n o t be p red icted  w ith certainty  at the tim e the 
hedge is in stitu ted , it is im p ossib le  to g u aran tee in advance that the 
hedge will be p erfect (a p erfect h ed g e is one that leaves the h ed g er's

’ Dunn and M cC onnell [19 8 0 ] d evelo p ed  a com p lex pricing m odel for G NM A  
passthrough securities which incorporates random  prepaym ent possibilities.
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w ealth  u n ch an g ed ). H o w ev er, if c h a n g e s  in th e  term  and  risk structures 
are assu m ed  k n o w n , it is p o ss ib le  to  d e riv e  a h e d g e  ratio that protects 
a ea in st in terest rate risk  d u e to a m ism a tc h  o f m atu rity  and coupon
between the hedged an d  h ed g in g  in stru m e n ts .

A ny h ed g in g  strategy  m ak es so m e  im p licit assu m p tion s about the 
k ind s of in terest rate ch a n g e s  th at w ill o ccu r, an d  any hedging rule 
im olies belie fs  abou t the fu tu re  co u rse  o f in te re st ra tes. T h e derivation of 
th is h ed e e  ratio  explicitly  a ssu m e s : (1) T h e  term  stru ctu re  for each in­
stru m en t is flat over th e  life o f  th e  h e d g e , an d  (2 ) C h a n g es  in the risk­
free rate drive ch an g es in the ra tes  on  all o th e r  in stru m en ts . A flat term 
Stru ctu re is a ssu m ed  in o rd e r  to  m a k e  th e  m a th e m a tics  tractable. 
M oreov er, it is a co n v e n ie n t ap p rox im ation  to  th e  ca se  o f a yield curve 
that m aintain s its sh ap e , ch a n g in g  o n ly  its lev el. T h e  n sk -free  rate is 
assign ed  a crucial ro le in  ord er to  p ro v id e  a co m m o n  variable against 
w hich  ch an g es in  o th er ra tes can  b e  m e a su re d .

W ith this in m ind the basic stra teg y  re v o lv es  aro u n d  choosing some 
num ber, N , o f fu tu res co n tracts , j, to  h ed g e  o n e  u nit o f asset, i, with the 
goal that over the life of the h ed g e :

w here P| and Pj are, resp ectiv ely , th e  v a lu es  o f  th e  instrum ent to be 
hedged and the futures con tract. C learly , for any g iven  interest rate 
shock, the size o f APj and  APj d e p e n d s on  th e  sen sitiv ity  o f P ( and Pj to a 
change in in terest rates. O u r p rob lem , th en , is to ch o o se  the number of 
futures contracts (N) to trade to  o ffse t th e  d ifferin g  in terest rate sen­
sitivities of i and j, and thereby to m ake eq u atio n  ( 1 ) hold .

To find N, one m ust solve th e eq u atio n :

The values of instru m ent i and fu tu res co n tract j are  g iven  by equations 
(3) and (4), respectively:

Q t/ C jt =  th e cash flow s o f i in th e tth p eriod , and  th e cash  flow of the 
asset underlying futures con tract j in the t lh period .

Rj, Rj = l  +  the yields of asset i and the in stru m e n t u n d er ly in g  fu­
tures contract j.

Rj =  1 + t h e  y ie ld  im p l i e d  b y  t h e  f u t u r e s  p r i c e  o n  t h e  in s t r u m e n t  
u n d er ly in g  f u t u r e s  c o n t r a c t  j.

Rk =  1 +  the risk-free rate
I, J = t im e  to m aturity of in stru m en t i, and th e asset u n d er ly in g

AP1+ A P j( N ) = 0 , (1)

(2)

(3)

i - S L ,
M R  V

(4)

w here:
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f u t u r e s  c o n t r a c t  j ,  r e s p e c t i v e l y .
Equation (3) is  s i m p l y  t h e  s t a n d a r d  b o n d - p r i c i n g  f o r m u l a .

N o te  t h a t  e q u a t i o n  (4) is n o t  t h e  f u t u r e s  p r i c e ,  b u t  t h e  v a lu e  o f  a 
futures c o n t r a c t .  W h e n  o n e  e n t e r s  a f u t u r e s  c o n t r a c t  o n e  a g r e e s  to  p a y  
the fu t u r e s  p r i c e ,  F P j ,  a t  t h e  m a t u r i t y  o f  t h e  c o n t r a c t ,  in  e x c h a n g e  f o r  th e  
series o f  c a s h  f l o w s ,  C jt, a s s o c i a t e d  w i t h  t h e  d e l i v e r a b l e  i n s t r u m e n t .  
E q u a tio n  (5) e x p r e s s e s  t h e  f u t u r e s  p r i c e ,  F P j ,  a s  a f u n c t i o n  o f  C jt fo r  th e  
d el iv era b le  i n s t r u m e n t ,  a n d  t h e  f u t u r e s  y ie ld ,  R * .  O n c e  o n e  e n t e r s  a 
futures  c o n t r a c t  o n l y  o n e  R j*will  m a k e  e q u a t i o n  (5) h o ld .  C o n s e q u e n t l y ,  
the f u t u r e s  y ie ld  is  f ix e d .

FPj= V • (5)
r ,  (Rj)«

O v e r  t h e  l i fe  o f  t h e  f u t u r e s  c o n t r a c t ,  i n t e r e s t  r a t e s  m a y  v a r y ,  w h i c h  
w o u ld  c a u s e  a c h a n g e  in t h e  f u t u r e s  p r i c e  in  t h e  m a r k e t .  T h i s ,  o f  c o u r s e ,  
g e n e r a t e s  p r o f i t s  o r  l o s s e s  o n  t h e  f u t u r e s  c o n t r a c t .  If o n e  e n t e r e d  in t o  
c o n tra c t  a t  y ie ld  R * ,  a n d  y i e l d s  c h a n g e  s u b s e q u e n t l y ,  t h e n  e q u a t i o n  (4) 
e x p r e s s e s  t h e  p r o f i t  o r  lo s s  a s s o c i a t e d  w i t h  t h e  f u t u r e s  c o n t r a c t .  It is in  
this s e n s e  t h a t  f u t u r e s  c o n t r a c t s  h a v e  v a lu e .

U p o n  e n t r y ,  if t h e  m a r k e t  is e f f i c i e n t ,  a f u t u r e s  c o n t r a c t  h a s  n o  
v a lu e ,  s i n c e  t h e  f u t u r e s  y ie ld  m u s t  e q u a l  t h e  m a r k e t  r a t e  o n  t h e  d e l i v e r a ­
b le  i n s t r u m e n t .  In  t e r m s  o f  e q u a t i o n  (4 ) ,  R * = R j ,  a n d  P j = 0  a t  t h e  t im e  t h e  
f u tu re s  c o n t r a c t  is i n s t i t u t e d .  L a t e r ,  y i e l d s  m a y  c h a n g e  s o  t h a t  R f ^ R j ,  
and  P j^O .

S u b s t i t u t i n g  e q u a t i o n s  (3) a n d  (4) i n t o  e q u a t i o n  (2) g iv e s :

U  C„ J v Q  U ,  I
1-jJRili aRj. + Li-i(Ri)' (RS' .I 0R,

-------------------------- N = 0  ^
dR( 6 R k dRj <5 R k

f r o m  w h i c h  it f o l l o w s :

i
I  y  ~ t C u 9 R ]  +  N  • - t C it d R j  =  o (7)

R f t= i ( R i ) ‘ dRF R j . f ,  ( R j ) 1 m F

S o lv i n g  fo r  N  y i e l d s :

i
V tc„ dRj

^ = _  Rj t=i (Ri)ldRy (g)
R , <- t C jt d R j  

r ,  (R j) 'a R K

E q u a t io n  (8) a p p e a r s  q u i t e  f o r m i d a b l e ,  b u t  it c a n  b e  s im p l i f i e d  a n d  r e n ­
d e r e d  m o r e  i n t e l l ig ib le  b y  r e c a l l i n g  t h a t  M a c C a u l a y  [ 1 9 3 8 ]  d e v e l o p e d  a 
m e a s u r e  o f  a f i n a n c ia l  a s s e t ' s  i n t e r e s t  r a t e  s e n s i t i v i t y  c a l le d  d u r a t i o n , 4 
a n d  d e f i n e d  it  a s :

4For a detailed reference list on the duration literature, see Bierwag, Kaufman, and 
Khang [1978].
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K

t=i (R u)x
D k= -   (9)

y _ C ^
.r, (Rk)‘

U sin g  eq u atio n s (3) and  (9) an d  su b stitu tin g  in to  eq u ation  (8 ) gives:

(9R,

N =  j * j  P| 9 R.f _. (10)

R, FP j D j dRi 
OR,

N ote th at, in eq u atio n  (10), P s, D ,, F P j, an d  Dj are all the values that are 
exp ected  to ob ta in  on the p lan n ed  te rm in a tio n  d ate  of the hedge. The 
ex p ecta tion  is form ed on  th e  in itia tio n  d ate  of th e  h ed g e . S ince the yield 
cu rve is assu m ed  to be flat, th e se  are th e  p rices  an d  durations that will 
obtain , assu m in g  no ch an g e  in rates.

A ssu m in g  dRj/dR,, and  d R Jd R y can  b e  e stim a te d , those estimates 
should  be calcu lated  in the co m p u ta tio n  of N for im proved hedging 
perform an ce. H ow ever, if both  i an d  j are  risk  free , then  equation (10) 
beco m es:

N =  -  K ’ P ' D ' • 0 1 ) 
R, FPj  Dj

T h e  Rj  is the rate on  the h ed g ed  in stru m e n t, i, that is anticipated to 
obtain on the p lanned  term in atio n  d ate  o f th e  h ed g e . S in ce  the term 
stru ctu re is assu m ed  to be flat, Rj in eq u atio n  ( 1 1 ) is the currently pre­
vailing rate on i . 5 Pj and D t are, resp ectiv e ly , th e  price and duration of i 
expected  to obtain  on the p lan n ed  term in atio n  d ate of the h ed g e . 6

T h e next section  illu strates ap p lica tio n s of the h ed g e ratios in two 
situ ations: (1 ) W h ere on e assu m es b o th  in stru m en ts  i and  j are risk free, 
thus the hed g e ratio to be used is eq u atio n  (11); an d  (2) w here dRJdR, is 
estim ated  statistically , and the ap p rop ria te  h ed g e  ratio  is equation ( 1 0 ).

III. Applications of the Hedging Rules
T h e hedging  rules p resen ted  in the p rev io u s section  are illustrated 

with the aid of tw o sim plified  exam p les of cro ss -h ed g in g  opportunities 
encou ntered  in h ou sin g  fin a n ce . 7 In the first case, the hedged and

cated a n n ™ l rate 'r  ,assumed to be the best estim ate of the future rate. A more sophisti­
cate to nrovVi 'u ° U USC j  corresPonding forward rate as an estim ate of the futures
rate to prevail on the planned term ination date of the hedge.
"Dortfolio11̂ ^oidable fact that hedging is tied to a certain tim e horizon, even for the 
eauation f i n r  )  ‘S de™0 " strated hy Franckle [1980], The ratio (dR.ldR^KdR^dRy) in 
the right siden f^n *1 ^  U> n o \ tCrm m ^ e r in g to n 's  hedge ratio, w hereas the balance of 
ment is su n  >r ' t ^ U1 T* 1 *S 30 ad iustrru'nt f ° r the timing of cash flows. This adjust-

7For m nrl r  *  ™ tu d ties a * in Franckle [1980].

ever, follow n a i w h S ^ S . '  * *  S d ' W* rte t ,W *  * *  ,79- ,9 1 l His h<>W'



Hedging Interest Rate Risk

hedging in stru m en ts are assu m ed  to respond  alike to changes in R,,. 
This assu m p tion  is relaxed  in the secon d  exam ple.

Case 1: Hedging a Tax-Exempt Housing Bond Issue

C onsid er in the first in stan ce , a state hou sing  bond m anager w ho 
learns on M arch 1 that the state p lans to issue $25 m illion, 10-year 
tax-exem pt h o u sin g  bon d s at par on Ju n e  1 to provide funds for low- 
interest, sing le-fam ily  m ortgage loans. C urrent yields on housing bonds 
are 10 percent. S in ce  h om e m ortgage rates are already high and rising 
rapidly, the m an ag er recogn izes th e u rgency of locking in the current 
tax-exem pt bond  yield . O th erw ise , even below -m ark et m ortgage rates 
will be beyond  the affordability  lim its of m ost hom e buyers. O ne ap ­
proach available to the m an ag er for transferring this in terest rate risk is 
to use the G N M A  fu tu res m arket.

T A B L E  1

H y p o t h e t i c a l  R a t e s  f o r  G N M A  
F u t u r e s  a n d  T a x - E x e m p t  H o u s i n g  B o n d s

Date______________ GNMA Futures_____________ Housing Bonds

March 1 12.00%  10.00%
June 1 14.00%  12.00%

T he rates assu m ed  for this exam ple are p resented  in Table 1. The 
price (P,) of bon d s is expected  to b e  $1,000 on Ju n e 1, and the duration 
(D|) is 6 .5590  years. T h e price of the u nderly ing G N M A  8 %  certificate 
(FPj) on Ju n e  1 is $75 ,7 7 6 .3 7  and its duration (Dj) is 6.8511 years. D eter­
m ining the ap p rop riate  h ed g e ratio  w hen hedging housing bonds (i) 
with G N M A  fu tu res (j) becom es a rather straightforw ard m atter of as­
signing num erical values to equation  ( 1 1 ).

m  -  -  ( $ 1 ' ° ° ° >  ( 6 -5 5 9 0 )  ( L 1 2 )  -  -  m w *
1N “  ($75 ,776 .37) (6.8511) (1.10) -U i Z 0 0

An in terp re ta tio n  of N is th at .01286 G N M A  fu tu res contracts 
should be traded (sold) for each bond  issued. S in ce  the m anager expects 
the size of the bond  issu e to b e  $25 m illion and the price of each bond to 
be $1000, the size of the issu e in term s of the num ber of bonds is 25,000. 
C on sequ en tly , the m anager should  sell 321.50 (.01286 x 25,000) G N M A  
futures contracts to h ed g e the in terest rate risk on the issue.

W ith the ch an g es in rates sh ow n  in Table 1, the price of the bond on 
/tine I is actuaffy  $SS5.29  in stead  o f  d ie exp ected  p rice  o f $1,000. Sinco  
the bonds are issued  on Ju n e  1, there is an opportunity  loss of $2 ,867,750 
on the issue ($114.71 x 25,000). A ssu m ing  an average m ortgage loan of 
$50,000, the op p ortu nity  loss in term s of single-fam ily  hom e purchases
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w ould b e  ap p roxim ately  57 h o m e s , ig n o rin g  all tran sactio n  costs.
A com p ariso n  is now  m ad e b e tw e e n  th e  n a iv e h ed g in g  strategy and 

the price sen sitiv ity  (PS) stra teg y . In  a cc o rd a n ce  w ith the naive strategy, 
th e  m an ag er sells o n e d ollar of face  v a lu e  in th e  fu tu res m arket for each 
dollar of face valu e in the b o n d  issu e . T h u s , 250 G N M A  contracts would 
b e  sold accord in g  to the n a iv e stra te g y  v e rsu s  3 2 1 .50  follow ing the PS 
strategy . A n in crease  in ra tes on  G N M A  fu tu re s  from  12.00 percent to 
14.00 p ercen t cau ses the p rice  of a G N M A  fu tu res  con tract to fall by 
$8 ,9 4 3 .1 2 . S in ce  the bon d  m an ag er so ld  fu tu re s  co n tracts  on June 1 , this 
ch an g e in  price creates a realized  gain  from  co v e rin g  the short position .8 

T able 2 sh ow s the resu lts  from  co m p le tin g  th is h ed g e  follow ing both 
strateg ies.

T A B L E  2

C o m p a r i s o n  o f  H e d g i n g  S t r a t e g i e s :
T a x -E x e m p t  H o u s i n g  B o n d  E x a m p l e

R ealized  G ain  on GNM A  
O pportunity  Loss on B ond Issu e_________________________F u tu res Transactions

N aiv e  H edge  PS Hedge

$ 2 ,8 6 7 ,7 5 0  $ 2 ,2 3 5 ,7 8 0  $2,875,213
E R R O R  - $ 6 3 1 , 9 7 0  + $ 7 ,4 6 3

W hile neither h ed g e is p erfect, fo llo w in g  th e  P S  strategy hedges 
99 .74  p ercen t of the op p ortu n ity  lo ss w h ile  the n a iv e h ed g e covers only 
77 .96  p ercen t. Sim ilarly , the error from  the naive h ed g e  is 84 .68 times 
the error resu lting  from  im p lem en tin g  the P S  stra teg y . T h e  P S  strategy 
w ould have had a zero error had  th e  ch a n g es  in in tere st rates been 
infinitesim al, rath er than  d iscre te . 9

Case 2: Hedging a Market Rate Commitment

C onsid er in this secon d  case a b u ild er (ow n er) w h o , on M arch 1, 
secures a $5 m illion forw ard co m m itm en t for p e rm a n e n t financing  on a 
p lanned com m ercial/residential p ro ject that h e  p lan s to " ta k e  d o w n " on 
S ep tem ber 1 . T he m ortgage has a 20-y ear term , w ith  p ay m en ts made 
sem iannually , and a stated  in terest rate of 9 .8 9  p e rce n t. U ntil recently, 
builders have ordinarily en tered  in to  m ortg ag e co m m itm e n t contracts 
w ith a stated rate of in terest. T h e  cu rren t tren d , h o w ev er, is toward 
m ark et- or flo a tin g -ra te  m o rtg ag e co m m itm e n t c o n tra c ts . 10 W ith a

8See Bacon and Williams [1976, p. 38] for the GNM A pricing m odel. The model uses the 
conventional twelfth year prepaym ent assum ption.

^When interest rate changes are discrete, one can construct exam ples in which the naive 
hedge would give superior results. H ow ever, in general, the PS strategy would outper­
form the naive hedge over the long run.

wS eeT h e  Wall Street journal, April 11 ,1 9 8 0 , p. 44.
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m a r k e t - r a t e  co m m itm en t, the bu ilder incurs the risk  of m ortgage rate 
m ovem ents that he/she is p resu m ably  unw illing  to assu m e.

Sellin g  G N M A  fu tu res contracts is on e approach available to the 
builder for tran sferrin g  in terest rate risk, as it w as for the bond m anager. 
Thygerson [1 9 7 8 ], h ow ev er, has cited reason s against using the G N M A  
futures m ark et to h ed g e w ith  con ven tion al m ortgages in the case of a 
lender assu m in g  the in terest rate risk on a fixed -rate com m itm ent. O ne 
issue involves the ab sen ce of sym m etry  betw een  futures and com m it­
m ent con tracts, in that the com m itm en t contract is only legally binding 
upon the lend er. T h is problem  fortu nately  van ishes w ith a m arket rate 
com m itm ent since the b orrow er essentially  com m its to “ taking d o w n " 
the funds by electing  to sell G N M A  futures, o therw ise incurring u n ­
abated m on etary  losses on the fu tures m arket transaction if rates rise.

The secon d  issu e is m ore vexatious. O stensib ly , yields on G N M A s 
and con ven tion al m ortgages in the cash  m arket experienced  m ovem ents 
in op p osing  d irections at tw o poin ts during the recession  of the m id- 
1970s, thus raising  the p ossibility  of pronounced  losses resulting from  
concu rrent d eclin es in m ortgage yields and prices on G N M A s. W hile 
this ev id en ce clearly  ind icates d ifficu lties for cross-h ed g ers in periods of 
abnorm al econ om ic d ecline, the prevailing situation in a norm al eco­
nom ic en v iro n m en t is for conventional m ortgage and G N M A  yields to 
be highly correlated  (positive). P lan t [1976], for exam ple, has estim ated 
the lo n g -ru n , zero -o rd er correlation  coefficien t to be .84.

This secon d  exam ple u ses the fully developed hedge ratio given as 
equation (10), w hich reflects the estim ation  of dRj/dRj. U sing m onthly 
data for com m ercial m ortgage com m itm ents and G N M A  futures co n ­
tracts , 11 dRj/dRj is estim ated  as being equal to y, in the follow ing O LS 
regression  eq u a tio n : 12

R it= 7 o + riR jt+ € | t. (12)

The error term , eit, is assu m ed  to follow  a first-ord er au toregressive 
process. T h u s, w ith a correction  for serial correlation, the estim ated  form  
of equation ( 1 2 ) is 13

R it -  6 .2714  +  .4211 Rjt R2= .4 2 5 2
(9.37) (6.37) S E = .2 9 9 4  (13)

D .W . =  1.23
t-s ta tis t ic s  in p arentheses

"T h e se  data are for the period January 1976 through September 1980. Although GNMA  
futures contracts w ere traded as early as October of 1975, the January 1976 starting date 
was selected to allow for market seasoning and more reliable data. M ortgage comm itment 
rates are from the American Council of Life Insurance, 1981 and the yields on GNMA  
futures contracts are taken from The Wall Street Journal.

,2JVe' w ould like to thank an anonym ous re feree for pointing out an error in the regres­
sion in an early version of the paper.

"E derin gton  [1979] interpreted the R2 from a similar regression as a measure of the 
effectiveness of the hedge.
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T ab le  3 p re sen ts  th e  ra tes  a ssu m ed  for th is exam ple. These rates are 
ch o se n  to co rresp o n d  to th e ir actu al lo n g -ru n  m ark et relationship over 
the estim atio n  p eriod  for th e  re g re ss io n .

T A B L E  3

R a t e s  f o r  G N M A  F u t u r e s  
A n d  C o n v e n t i o n a l  M o r t g a g e  C o m m i t m e n t s

Conventional
D ate__________________ G N M A  F u tu r e s _______________ Mortgage

M a rch  1 9 . 0 0 %  10 .06%
S e p t e m b e r  1 1 1 . 0 0 %  10 .90%

T o  h ed g e th is in tere st rate risk , th e  b u ild er cou ld  sell 50 GNMA 
fu tu res co n tracts  in acco rd an ce w ith  th e  n aiv e strategy . Alternatively, 
the PS strategy  could  b e  fo llow ed  in its exp an d ed  form  as indicated in 
eq u ation  (10). W ith  the initial fu tu res rate  o f 9 p ercen t, the futures price 
(FPj) is $92,802.75, and the d u ration  o f th e u n d erly in g  instrum ent (Dj) is 
7.3564 years. T h e  value of the m o rtg ag e an ticip ated  to hold on Sep­
tem ber 1 (Pj) is $5,000,000, w ith a d u ration  (Dj) of 7.1819 years.

T h e  hed g e ratio is calcu lated  below .

($5 ,000 ,000) (7 .1819) (1 .09) =  _ 2 1  9 4

($92 ,802 .75) (7 .3564) (1 .1006)

Follow ing  the P S  strategy, the b u ild er sells 21 .9 4  con tracts  to hedge the 
in terest rate risk on the co m m itm en t. W ith  an  in crease  in the mortgage 
com m itm en t rate from  10 .06  p ercen t to 10 .90  p e rce n t, the builder suffers 
an op p ortu nity  loss of $274 ,080 . It is th is lo ss the b u ild er is attem pting to 
o ffse t w ith fu tures m arket tran saction s. T ab le  4 p re sen ts  the results from 
im p lem enting  tw o possib le  strateg ies for o ffse ttin g  the loss.

T A B L E  4

C o m p a r i s o n  o f  H e d g i n g  S t r a t e g i e s :
M o r t g a g e  C o m m i t m e n t  E x a m p l e

O pportunity  Loss on R ealized  G ain  on G N M A
M ortgage C om m itm ent______________________ F u t u r e s  T ransactions

N aive  H e d g e  P S  H edge
$274,080 $594,294 $260,734

ERROR + $ 3 2 0 ,2 1 4  -$ 1 3 ,3 4 6

As in the previous exam ple, n eith er h ed g e is p erfect. Follow ing the 
appropriate P S  strategy, how ever, resu lts  in an error of less than five 
p ercent (4 .87), w hile an error of app roxim ately  116 p ercen t (116.83) of 
the opportunity  loss occurs w h en  ad op ting  the n aive strategy . T he error 
from  the naive strategy is nearly  24 tim es larger.
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IV. Conclusion

T h e  d e v e lo p m e n t o f  a n  o rg a n iz e d  fu tu re s  m a rk e t in  G N M A  
passthrough certifica tes  has g iv en  th o se  op eratin g  in the m ortgage m ar­
kets a new  and varied  se t o f o p p o rtu n ities  for m anaging  th e risk asso ci­
ated w ith price m o v em en ts  in m ortg ag es. W ith  the w ide diversity  of 
interests fou nd  am o n g  m ortg ag e m ark et p artic ip an ts, cross-h ed g in g  
transactions h a v e  b e c o m e  m o re  th e ru le  th an  th e ex cep tio n  in  the 
GNM A fu tu res m ark et. T h u s, a n eed  is seen  for a h ed g in g  strategy  that 
explicitly acco u n ts for th e p rice sen sitiv ities o f h ed ged  and hed ging  
m ortgage in stru m en ts  to facilita te  effic ien t cross-h ed g in g .

T h e P S  stra teg y  p re sen ted  in th is p ap er p rovides a rational a p ­
proach to the p rob lem  of cro ss -h ed g in g . T his strategy  accou n ts for d if­
ferences in th e m atu rities and  co u p o n  stru ctu res o f the in stru m en ts 
involved , and  w h en  a ssu m in g  a fla t y ield  cu rv e  and  in fin itesim al 
changes in in te re st ra tes, th e P S  strategy  resu lts in a p erfect hedge.

S in ce , in p ractice , the term  stru ctu re is seld om  flat and in terest rates 
change co n stan tly  by d ifferin g  am o u n ts, the P S  strategy  can n o t be ex­
pected to resu lt in a p erfect h ed g e. Y et, as the exam ples in  Section  III 
d em onstrate , th e P S  stra teg y  will p rod u ce su bstantially  sm aller hedging 
errors than  a n aiv e h ed g e  w ill. In  each in stan ce the error from  the PS 
strategy is less th an  5 p ercen t, w h ereas the naive strategy  results in 
errors in excess o f 2 0  p ercen t.

O n e final n o te  on ap p ly in g  the h ed g e ratio. S in ce  rates vary over 
time, h ed g in g  p erfo rm an ce  is im p roved  by period ic rebalancing  o f the 
hedge. T h e P S  stra teg y  is d esign ed  to h ed g e ag ain st a sing le in terest- 
rate shock . W ith  co n stan tly  flu ctu atin g  rates, h ed g in g  p erform ance can 
be im proved by period ic recalcu lation  of N and by ad ju stin g  the hedge 
accordingly. T h e  freq u en cy  o f rebalan cin g  will depend  u pon  the size of 
the p osition , tran sactio n  co sts  o f ch an g in g  the h ed g e, and the an tici­
pated volatility  o f in tere st rates.
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