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UNIQUE EXTREMALITY

By

V. BOZIN, N. LAKIC} V. MARKOVIC AND M. MATELJEVIC

1 Introduction

Extremal mappings have been one of the main topics in the theory of quasi-
conformal mappings since its earliest days, when Grotzsch solved the extremal
problem for two rectangles. Grotzsch showed that among all quasiconformal
mappings from a rectangle R; onto another rectangle R,, mapping the sides of
R; onto the corresponding sides of R,, there exists a unique mapping with min-
imal dilatation (see [Gr]). Later, Teichmiiller [T] generalized Grotzsch’s ideas
and found many extremal quasiconformal mappings, including the uniquely ex-
tremal mapping f in the set of all quasiconformal mappings homotopic to a given
sense-preserving homeomorphism between two compact Riemann surfaces R and
S = f(R) of genus greater than 1. In a neighborhood of all but finitely many points
on the compact Riemann surface R, the extremal map f could be expressed as
a conformal map followed by an affine map followed by a conformal map. The
Beltrami coefficient of f is of the form k|p|/p, where 0 < k < 1 and ¢ Is an
integrable holomorphic quadratic differential.

The modern Teichmiiller theory began in the 1950s with Ahlfors and Bers.
They considered the space QC(R) of all quasiconformal mappings f from a given
Riemann surface R to a variable Riemann surface f(R). The Teichmiiller space
T(R) is the space of these mappings factored by an equivalence relation. Two
mappings, f and g, are equivalent if there is a conformal mapping c from f(R) onto
g(R) and a homotopy through quasiconformal mappings h, mapping R onto g(R)
such that hg = co f, hy = g and h¢(p) = co f(p) = g(p) for every p in the ideal
boundary of R. We denote the equivalence class of a quasiconformal mapping f in
QC(R) by [f] or [¢], where p is the Beltrami coefficient of f. Thus, the Teichmiiller
space T(R) may also be represented as the space of equivalence classes of Beltrami
coefficients y in the unit ball M(R) of the space L™ (R) of all essentially bounded
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Beltrami differentials on R. When a Riemann surface R is hyperbolic, two Beltrami
differentials in M(R) are equivalent if they induce quasiconformal mappings on R
whose lifts to the unit disc A have extensions to the closure of A with the same
boundary values. The equivalence class of the zero differential is the basepoint in
T(R). If 7 is in T(R), we let ko(7) be the infimum of k(u) = ||u||e OVer all Beltrami
differentials p in M(R) with [p] = 7. We define

_ 1+k(p)
W =170
and ’
Ko([u]) = it_&%'

The Teichmiiller distance between two points 71 = [u;] and 72 = [u2] in T(R) is
1 1n Ko([u]), where p is the Beltrami coefficient of f#1 o (f#2)~1. Here f#* and f*2
are quasiconformal mappings with domain R and Beltrami coefficients y; and uo,
respectively. If k(u) = ko([u]), we say that y is an extremal Beltrami coefficient
in its Teichmiiller class. u is uniquely extremal in its Teichmiiller class if every
other Beltrami coefficient v in the same class satisfies ||V||oc > ||¢||co- If @ Beltrami
coefficient u is of the form klp|/, with 0 < k < 1 and ¢ an integrable holomorphic
quadratic differential, then p is uniquely extremal in its Teichmiiller class (see
[S4]). Every Beltrami coefficient  in M(R) generates a complex structure on R,
and the Teichmiiller space T'(R) is the space of deformations of a given (basepoint)
complex structure on a Riemann surface R. The Teichmiiller metric is natural; it
measures the distance between different conformal structures.

If a Riemann surface R is of finite analytic type, that is, conformally equivalent
to a compact Riemann surface with finitely many points removed, the Teichmiiller
space T'(R) is finite-dimensional, and every point 7 in T(R) is represented by a
uniquely extremal Beltrami coefficient u. When T(R) is of infinite analytic type,
the situation is more difficult and all three cases may occur: a Beltrami coefficient
p € M(R) may be uniquely extremal, extremal but not uniquely extremal, or
nonextremal. Not all extremal quasiconformal mappings are of the form k{p|/,
with 0 < k < 1 and ¢ an integrable holomorphic quadratic differential. In [BA]
Beurling and Ahlfors showed

z > 2]z X1
is extremal among all quasiconformal homeomorphisms of the upper half plane
H with the same boundary values on the real axis. If w = h(z) = $1n(2) — i~
is a conformal mapping from the upper half plane to the horizontal strip § =
{w:|w—w| < 3} then hfh~" is a horizontal stretch in S. Strebel proved in [S3]
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that this stretching is uniquely extremal in its class in T(S); thus f is uniquely
extremal in its class in T(H).

In [S4], Strebel made another breakthrough by constructing the first example of
a nonuniquely extremal Beltrami coefficient. Strebel considered the plane region

V={z=zc+iy:|z|<1}U{z:y <0},

now known as Strebel’s chimney. For every real number K > 1, the quasiconformal
homeomorphism fi(z) = z + iKy of V is extremal in its class 7x € T(V). On the
other hand, 7x contains infinitely many distinct extremal mappings. For instance,
the function hr(z) = fx(z) fory > 0 and hr(z) = fL(z) for y < 0 is extremal in
7 forevery L € [1/K, K].

Abhlfors and Bers showed T(R) has a complex structure with tangent space
at the basepoint isomorphic to Banach space A(R)*, where A(R) is the space of
integrable quadratic differentials ¢ holomorphic on R. The complex structure on
T(R) comes from the complex structure of the unit ball M(R) in the complex vector
space of L™ complex valued Beltrami differentials on R. Two tangent vectors u
and v in the tangent space to M(R) determine the same tangent vector in T'(R) if,

and only if,
/ pp = / pv forall o € A(R).
R R

If 1 and v have this property, we say that they represent the same Teichmiiller
infinitesimal equivalence class or, more briefly, that they are infinitesimally equiv-
alent. The space of equivalence classes is denoted by B(R). A given u is said
to be extremal in its infinitesimal Teichmiiller class if ||u||x < [|¥|loo for any v
infinitesimally equivalent to u. It is uniquely extremal in its infinitesimal class if
[llloo < ||¥|loo fOr every other v infinitesimally equivalent to u. Equivalently, an
extremal Beltrami differential u € L*°(R) is uniquely extremal in its infinitesimal
Teichmiiller class if the linear functional A, € A(R)* induced by u, Au(p) = [ ou,
has a unique norm-preserving extension to a bounded linear functional on L*(R).
Since the Riemann surface R will be fixed in our discussion, we denote the
Teichmiiller space T(R) by T and the tangent space B(R) by B. Every Beltrami
differential 4 in M(R) defines two equivalence classes, one in T' and another in B.
We denote both of them by [u], whenever there is no ambiguity. In particular, u is
extremal in its class (in T or B) if and only if ||v||c > ||u|lco for every v equivalent
to u.

Hamilton, Krushkal, Reich and Strebel ([H], [K], [RS]) showed that a Beltrami
coefficient v in M(R) is extremal in its class in T if and only if v is extremal in
its class in B. It was natural to consider whether the analogous statement holds for
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the unique extremality. In several articles Reich and Strebel showed that in many
special situations the two notions of unique extremality coincide and conjectured
that the notions may coincide in general. In this paper we prove the answer to this
conjecture is affirmative.

Equivalence Theorem A Beltrami coefficient yin M(R) is uniquely extremal
in its Teichmiiller class if, and only if, it is uniquely extremal in its infinitesimal
Teichmiiller class.

To prove this theorem, we need estimates which allow us to compare two
Beltrami coefficients p and v in the same global equivalence class and two Beltrami
differentials in the same infinitesimal equivalence class. These estimates generalize
Reich’s é§-inequality for Beltrami differentials in the same equivalence class (see
[R2]). Unlike Reich’s forms of the é-inequalities, our forms do not require either
of the Beltrami coeflicients to have constant absolute value.

Since the conditions we give on an infinitesimal class are linear, we conclude
that certain properties of y are invariant under multiplication by ¢, for [¢| < 1/]|u]|co-
In particular, we show that if 4 is uniquely extremal, then so is tu; and we give
additional necessary and sufficient criteria for the uniqueness of a geodesic joining
a pair of points in Teichmiiller space. We also show that holomorphic motions
generated by uniquely extremal Beltrami coefficients have unique Slodkowski
extensions.

The generalized §-inequality is our first step towards obtaining the criterion
for the unique extremality of Beltrami differentials. The next important step is
the analysis of the proof of the Hahn—Banach theorem and its applications to our
setting. We obtain four necessary and sufficient criteria for the unique extremality
of a given Beltrami coefficient p.

The first criterion says that for every admissible variation n of u and every
compact subset E of the extremal set X (n) of  with positive measure, there exists
a sequence of unit vectors ¢,, € A(R) such that

1
—_— «~ —Re n 0.
o (il /R mon) —

Here, an admissible variation n of u is any Beltrami differential which does not
increase the L>®-norm of u, and which is allowed to differ from p only on the set
where |u(z)] < constant < ||g||eo; and the extremal set X(n) is the set where
[n(2)| = |Inllec- This criterion is analogous to the Hamilton—Krushkal, Reich—
Strebel necessary and sufficient criterion for extremality. Namely, u is extremal if,
and only if, there is a sequence ¢,, of holomorphic quadratic differentials of norm
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1 such that
lelleo — Re / ppn — 0.
R

The second criterion says that an extremal Beltrami coefficient x is uniquely
extremal in its Teichmiiller class if, for every admissible variation n of u, the
truncation

[ + ! ] (where r > 0)
NXE 1 _*_r’?XR—E

of the complex structure outside any compact subset E of X (n) represents a Strebel
point.

The third criterion says that that the linear functional A, (¢) = Re [, uy satisfies
the unique approximation property at each zo € L'(R) — A(R), that is, there exist
sequences u,, and v, in A(R), such that

[IA1(llun — @oll + [lzo — vall) — A(un — va) — 0.

The fourth criterion says that for every admissible variation n of u, there exists
a sequence ¢, in A(R) such that

(1) 6(#n) = llenlllinlloo — Re fR ¢nn — 0, and

(ii) lim inf,, 0 |n(2)| > O for almost all z in X (7).
In [R1] and [R4], Reich showed that the fourth criterion is sufficient in several
special cases, and so we call this criterion Reich’s criterion. This criterionis another
analogue of the Hamilton—Krushkal, Reich—Strebel criterion for the extremality.

These four criteria are among those listed in the theorem in Section 11, which
we call the Characterization Theorem. The Characterization Theorem applies to
many interesting situations. For instance, we can say precisely when a Beltrami
differential of the form k|p(z)|/¢(z), with ¢ a holomorphic quadratic differential
with ||¢|| = oo, is uniquely extremal.

Theorem. Let ¢ be a nonzero holomorphic quadratic differential on a
Riemann surface R, and let f be a quasiconformal mapping with domain R and
Beltrami coefficient u = k|p|/p, 0 < k < 1. Then f is uniquely extremal if and only
if there exists a sequence o, in A(R) such that

(1) @n(z) converges to ¢(z) uniformly on compact subsets of R, and

(2) kllon]l —Re fR Pnpp — 0.

There are many examples of extremal Beltrami differentials with non-constant
modulus (see Section 2 or [EL] and [L1] for more details), but all examples of
uniquely extremal Beltrami differentials known up to now were of the general
Teichmiiller type k|p(z)|/¢(z), where 0 < k < 1 and ¢ is a suitably chosen
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quadratic differential on R. Moreover, many results obtained studying the extremal
problems speak in favour of the conjecture that all uniquely extremal Beltrami
differentials p satisfy |u(z)| = [|pl|oo for almost all z. Suprisingly, we disprove this
conjecture and show that there are uniquely extremal Beltrami differentials with
non-constant modulus on any Riemann surface which is a subsurface of another
Riemann surface and for which the complement contains a cluster point. Thus,
our counterexample applies to all Riemann surfaces of finite genus and infinite
analytic type and to all surfaces covered by Fuchsian groups of the second kind.
The construction of the counterexample shows that we can start with an arbitrary
Beltrami coefficient u, and obtain a uniquely extremal Beltrami coefficient v such
that v differs from p only on the set of arbitrary small positive measure.

Theorem. Let R be a Riemann surface which is a subset of another Riemann
surface W such that W — R has a cluster point, and let q be a unit vector in A(R).
Then for every ¢ > 0 and every Beltrami differential n in M(R), there exists a
uniquely extremal Beltrami coefficient v on R such that the g-measure of the set
where y is different from v is less than e.

Our first example of a uniquely extremal Beltrami coefficient with non-constant
modulus vanishes on some Mergelyan set M with positive measure, that is, on
a compact set with positive measure, empty interior and connected complement.
Outside M, u is equal to the limit of |y, |/, for a sequence of quadratic differentials
¢n in A(R), carefully chosen so that p satisfies Reich’s condition on R — M.
Using the Characterization Theorem, we can strengthen the construction of the
counterexample and obtain an example of uniquely extremal Beltrami differential
w for which |u(z)| is never equal to ||y||co, that is, X (u) = 0.

2 The boundary dilatation

The boundary dilatation H({u]) of the Teichmiller class of u is the
infimum over all elements v in the equivalence class of x in T of the quantity
(1 + A*(¥))/(1 — h*(v)). Here h*(v) is the infimum over all compact subsets F
contained in R of the essential supremum of the Beltrami differential v(z) as z
varies over R — F. As usual, we let

er oy 1HR* (1)

=T

and " .
() = 20D -1

1+ H([u])’
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The inequalities H*(u) < K(p) and H(7) < Ko(r) are obvious. We call 7 in T(R)
a Strebel point if H(7) < Ko(7) (see [EL] and [L.1]). Clearly, the basepoint is not
a Strebel point, since H([0]) = Ko([0]) = 1. By Strebel’s frame mapping theorem,
every Strebel point 7 is represented by the unique Beltrami differential of the form
k|¢|/w, where k = ko(7) € (0,1) and ¢ is a unit vector in A(R). Strebel points play
a central role in our investigation, as they have in previous results in Teichmiiller
geometry (see [EL] and [L1]).

In a parallel manner we can define the boundary semi-norm b on the infinitesimal
level. The boundary semi-norm b([u]) of the infinitesimal Teichmiiller class of y is
the infimum over all elements v in the equivalence class of u in B of the quantity
b*(v). Here b*(v) is the infimum over all compact subsets F' contained in R of the
essential supremum of the Beltrami differential v(z) as z varies over R — F. An
infinitesimal version of Strebel’s frame mapping theorem is the following:

Theorem (Infinitesimal frame mapping theorem). If v is in B and
b(v) < ||v||, then there exists a unique quadratic differential ¢ in A(R) of norm
equal to one, such that ||v|| ||/ represents v.

The proof of Strebel’s frame mapping condition can be found in [S2] and [G],
and the proof of its infinitesimal version is in Theorem 2.4 in [R5] (see also [EG]
and [L2]).

3 The main inequalities

Let f be any quasiconformal mapping with domain R, and let u be its Beltrami
coefficient.

Suppose first that v is a Beltrami coefficient in M(R) such that 4 and v belong
to the same class in 7. Then there exists a quasiconformal mapping g with domain
R and Beltrami coefficient v such that f and g coincide on the ideal boundary of
R. Let ji be the Beltrami coefficient of f~! and let 7 be the Beltrami coefficient
of g~1. If ¢ is any quadratic differential in A(R), then, by studying the trajectory
structure of ¢, Reich and Strebel showed

IsOI

el < /le e

where ¢ is the Beltrami differential of the composition g~ o f. A simple calculation



306 V. BOZIN, N. LAKIC, V. MARKOVIC AND M. MATELJEVIC

shows that this inequality is equivalent to the following Main Inequality:
2

P
o) ¢ - Pl
1l e DT 1— 5 ﬁ
1) el < [ 1ot =P

There are two consequences of the Main Inequality, known as the fundamental
Reich—Strebel inequalities. For the proofs, see [G]. If Ko = Ko{[y]), then

2

|<pl
@ el < /|<P| -
and, if there exists a quadratic differential o in A(X) such that ||¢o|| = 1, and
[4] = [k|wol/wo] in T for some k € [0,1), then

2

1+k ' ul:ﬁl
— =Ky <
3) 1-k 0= /|900| 1—|ul?

Suppose now that v is a Beltrami differential in M(R) such that y and v belong
to the same class in B. Then [ up = [, vy for all ¢ in A(R). That yields

Re/(1—"“("””)¢=ReL(Qjﬂ(ﬁ“—”)—(p—u))¢

1-|vf? 1—|y?
o, [t
= —-Re/ .
TP S f T
Therefore,
(1 =wp)(p—v) —V) /|N—
4
Combining the integrands of this inequality we obtain
— 12
1 —ﬁﬁ
1+I/£ g
2 lol 1 b1
(7 14
) /sol—uzsfwl—ﬂ—
ol = 1) < [ Tl = wiE =

We call inequality (5) the Infinitesimal Main Inequality.
For the proof of the Main Inequality, see, for example, [G]; and, for more details
on the calculation used to prove the Infinitesimal Main Inequality, see [R1].
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4 The proof of the Equivalence Theorem when ; has
constant absolute value

In this section we assume that ¢ in B(R) has constant absolute value and
[|itlloo = k < 00. We first prove

Lemma 1. If u has constant absolute value and is uniquely extremal in its
class in T, then u is uniquely extremal in its class in B.

Proof. Let p be uniquely extremal in its Teichmiiller class with |u(z)] = k.
Suppose that ¢ is not uniquely extremal in its infinitesimal class. Then there exists
a Beltrami differential v distinct from x such that ||v|| < k and [, pp = [, ve for
all ¢ in A(R). Using the Infinitesimal Main Inequality, Reich (see [R2]) showed
there exists a constant C = C(k) depending only on &, such that

®) /R lu = vl < O (kilell - Re /R ue)),

for all ¢ in A(R). A more general version of this inequality is proved in Section
6. Following Reich’s notation 6(p) = k||¢|| — Re [ uep, we call inequality (6) the
Infinitesimal Delta Inequality.

Since p and v are distinct, there is € > 0 and a compact set E in R of positive
Lebesgue measure such that |u — v| > € on E. Then, by (6),

(7 ez/}glscISC(k-Re/RW),

whenever ||| = 1.

Inequality (7) holds for every unit vector ¢ in A(R). In order to arrive at a
contradiction, we need to find a quadratic differential ¢ of norm 1 for which this
inequality fails. Strebel’s frame mapping theorem provides the existence of a unit
vector ¢ in A(R) for every Strebel point in T'. For arbitrary r > 0 form the truncation

a of p to E by setting
{ u© onE,
a= @

m OnR\E.

We claim that the hypothesis that u is uniquely extremal implies H(a) < Ko(a)
for arbitrary r > 0 and arbitrary compact subsets E in R of positive measure. If
s = k/(1+r), then clearly the boundary dilatation of « is less than or equal to
(1+5)/(1 — s). Assume H(e) = Ko(a). Then there exists i in the class of a with
lInlleo < s.Let f#, f* and f" be quasiconformal homeomorphisms of the unit disk
A normalized to fix 1, —1, and i, whose Beltrami differentials are the lifts of y,a
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and n respectively, and let F be the lift of a compact set E. Let h = f* o (f*)71.
Then the Beltrami coefficient of & is equal to zero on f*(F'), and the dilatation K
of hon f*(A — F) is equal to K(u|a-r)/K(a|a-r). Thus,

K(u)

K(h) <
(1+r

Since a and 7 are in the same class in T, the pull-backs of the Beltrami coefficients
of f#* = ho f* and h o f7 are in the same class in T. Furthermore,

K(r*)

WK(W’)SKU“)-

K(ho f7) < K(WK(f") <

By the unique extremality of 4 in its class in T, the Beltrami coefficient of ko f7 is
equal to u. Thus, from the normalization, ho f7 = f#. Hence f7 = h=1o f# = f*
n=a,but|[nlle <s <k=la]le-

Therefore, the extremal dilatation Ko([a]) is strictly greater than the boundary
dilatation H([a]). Thus, [] is a Strebel point in T'; and by Strebel’s frame mapping
theorem there exists s, = ko([@]) > s and a unit vector ¢ in A(R) such that a and
sr|¢|/¢ are equivalent in T Therefore, by the Reich—Strebel second fundamental

inequality (3),

2

1+a
1+s _1ts /I L el |l
1—s° 1-s, v —laf?
Hence, if u; = p/(1+7), then
2 2
+M1
1+s</ oI |<pl /II |<p!
— @ @
1—-s B = |pl?
+u1| '

< [ o= + 0 [ il

Thus,

1+s 1+s*+2Re [pue
Cy(k ,
e s = A

2(s-Re [ o) < il [ ol

®) k-Re [ wp<culir [ ol
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Therefore, (7) and (8) yield

e [ 1ol <cx®rr [ 1ol

which is a contradiction provided that r is sufficiently small. a

Remark. The truncation of a Beltrami coefficient was used in [L1] to show
that Strebel points are dense in Teichmiiller space. It was again used in [ELa] and
[MM].

We now prove the converse of Lemma 1, using similar methods and
interchanging the corresponding global and infinitesimal arguments from the proof
of Lemma 1.

Lemma 2. If u has constant absolute value and is uniquely extremal in its
class in B, then u is uniquely extremal in its class in T.

Proof. Let u be uniquely extremal in its infinitesimal Teichmiiller class with
|u(2)| = k. Suppose that p is not uniquely extremal in its Teichmiiller class. Then
there exists a Beltrami differential v distinct from g such that v and p belong to
the same class in 7" and ||v|| < k. Let f and g be quasiconformal mappings with
domain R and Beltrami coefficients i and v respectively, which agree on the ideal
boundary of R. Let i be the Beltrami coefficient of =1, and let & be the Beltrami
coefficient of g~. The Main Inequality yields a constant C = C(k) depending only
on k, such that

() = 7()
© A= et < kgl -Re [ o).

for all ¢ in A(R) (see [R1] and [R2] for more details). In a manner parallel to (6),
we refer to the inequality (9) as the Delta Inequality.
Since p and v are distinct, there is ¢ > 0 and a compact set E in R of positive

Lebesgue measure such that |i(f) — #(f)| > e on E. Then, by (9),

(10) < [elsc(k-re [ w),

whenever ||¢|| = 1. Following the same line of proof as in Lemma 1, we define a
new Beltrami coefficient a on R by letting a(z) equal u(z) on E, and

afz) =

Suppose that o is equivalent in B to some Beltrami differential n with |[n{|ec <
k/(1+r). Then u is equivalent to n + 4 — o, and

] ! ru(z) forallze R—-E.

lIn + 1 = efloe < lInlleo + |1 = el < K,
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contradicting the unique extremality of u in its infinitesimal Teichmiiller class.
Therefore, the infinitesimal Teichmiiller norm of the class of « in B is strictly
greater than its boundary semi-norm. Thus, there exists a unit vector ¢ in A(R)
such that [ po > k/(1 + ). Therefore

< fot e
1+"' E(plj‘ R__E(pl'i","

Thus,

(11) k-Re [ wo<ir [ ol
R E

and that contradicts inequality (10), provided that r is sufficiently small. (Note
that, following the proof of Lemma 1, one may use the infinitesimal frame mapping
theorem to show that there exists a real number s, strictly greater than k/(1 + r)
and a unit vector ¢ in A(R) such that o and s,|p|/¢ belong to the same class in B
and again conclude that [ pa > k/(1+7).) O

Hamilton, Krushkal, Reich and Strebel (see [H], [K], [RS], and Chapter 6 in
[G]) gave a necessary and sufficient condition for a Beltrami coefficient u to be
extremal in its class: u is extremal if, and only if, there exists a sequence of unit
vectors g, in A(R) such that

[|ullc —Re /Rmpn — 0.

The condition for unique extremality of a Beltrami coefficient y with constant
modulus given in the following theorem is a further restriction.

Theorem 1. Let u be a Beltrami coefficient in M (R) with constant absolute
value. Then the following six conditions are equivalent:

(a) p is uniguely extremal in its class in T

(b) u is uniquely extremal in its class in B;

(c) for every measurable subset E of R with nonzero measure, there exists a
sequence of unit vectors p,, in A(R) such that

1
yen (Hlilloo — Re /R o) =

(d) for every measurable subset E of R with nonzero measure, there exists a
sequence of unit vectors y,, in A(R) such that

1
(12) ——Re/mp = ||p
Jeleal  Jg ™" leleo
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and

1
13 _— oo/ n -Re/ n) — 0;
(13) fE|¢n|(””” Ll R_Emp)

(e) wis extremal in its class in T(R) and, for every compact subset E of R with
nonzero measure and everyr > 0, [uxe + I—L.'HXR—E] is a Strebel point in T;*

(f) wis extremal in its class in B(R) and, for every compact subset E of R with
nonzero measure and every v > 0, [uxe + 11? LXR-E| is an infinitesimal Strebel
point, that is,

1 1
b([wee + g s]) < | [mcs + mxns|
UXE T+ 1+TNXR E|) <|||#xE + 1+’I‘MXR E

(g) u satisfies Reich’s condition on R.

Proof. (a)implies (b) by Lemma 1, and (b) implies (a) by Lemma 2. Suppose
that (a) holds and let E be any measurable subset of R with positive measure. Take
a compact subset F' of E with positive measure. Inequality (8) in the proof of
Lemma 1 yields the existence of a sequence of unit vectors ¢, in A{R) such that

Ca(K) C2(K)
H/"’”oo"Re /};N‘Pns TAI‘Fn! < T/};’S"nl

Furthermore,

for all n. Thus (a) implies (c) . Inequality (7) shows that (c) implies (b). Since

1

(oo ~Re [ o) =i (bl [ lonl =R [ o)
*‘ﬁﬁ(“ﬂ”w/EVPnl'—Re [,

(c) is equivalent to (d). The third paragraph of the proof of Lemma 1 shows that
(a) implies (). Suppose that (€) holds. If [u] is a Strebel point, then (c) holds for
a constant sequence @,. If [y] is a non-Strebel point, the fourth paragraph of the
proof of Lemma 1 shows we have inequality (8); thus (e) implies (c). Similarly,
the proof of Lemma 2 yields (b) = (f) = (c). We prove the equivalence of (b) and
(g) in Section 11 (see Theorem 13). O

*x is the characteristic function of a set.
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Remark. In [R3] Reich showed that there exists a Beltrami coefficient u with
constant absolute value such that p satisfies (12), the first half of condition (d), but
is not uniquely extremal in its class in B. Therefore, the second half (13) of the
condition (d) cannot be removed from Theorem 1.

5 Uniquely extremal differentials of Teichmiiller type

If K = (1+k)/(1—k) > 1and f(z) is the affine stretch f(z) = Kz + iy defined
on a plane domain £, then the Beltrami coefficient u of f has the form

u(z) = k-lz—zl with g = 1.

In [R4], Reich showed that if there exists a sequence ¢,, in A(2) such that

(1) wn(z) — oz} for all z in Q, and

(2) llenll —Re fQ pn — 0,
then f(z) is uniquely extremal. (A similar proof can be obtained by using
Theorem 1.) In [R4], Reich showed that a sequence @,(z) = e */" in A(Q)
satisfies conditions (1) and (2) for Q@ = Q, = {z : z > |y|*} with o > 3, and asked
if the conditions (1) and (2) are not only sufficient but also necessary for the unique
extremality of f. The next theorem provides an affirmative answer to that question.

Theorem 2. Let ¢ be a nonzero holomorphic quadratic differential on a
Riemann surface R, and let f be a quasiconformal mapping with domain R and
Beltrami coefficient u = k|p|/¢, 0 < k < 1. Then f is uniquely extremal if and only
if there exists a sequence ¢, in A(R) such that

(1) @n(2) converges to o(z) uniformly on compact subsets of R, and

(2) Kllenll —Re fR‘PnH — 0.

Proof. If there exists a sequence ,, satisfying conditions (1) and (2), then
Fatou’s lemma implies that the sequence ¢,/||¢n|| satisfies the condition (c) of
Theorem 1 for every measurable subset E of R. Thus, f is uniquely extremal in its
Teichmiiller class.

To prove the converse, suppose that f is uniquely extremal and pick a conformal
disc E C R, that is, an open set E whose closure F is in a single coordinate patch
(with local coordinate z) such that E is a closed disc in the z-plane. Since the zeros
of ¢ form a discrete set, we can change the radius of z(E) by a small amount so
that ¢ has no zeros on the boundary of E. By condition (¢) of Theorem 1, there
exists a sequence 1, of unit vectors in A(R) such that

k —Re fR"pnN

— 0.
JE ¥l
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If
fEh/Jn /Icpl

then [ lpal = [ o] and

k — Re Yo
0 < kll@nl| - Re / w=/ ol FoRe Ja ¥t
R E fEW’n,

Hence,
0< k/ lon! —Re / ontt < Kllon|| — Re / @npt — 0.
E E R

Since ¢ is holomorphic in a neighborhood of E and has no zeros on the boundary
of E, A(E) is weakly uniformly convex at ¢/ [ |p| (see [Y] and [L2]). Thus
S5 len — ¢| — 0. Hence ¢, converges to ¢ uniformly on compact subsets of E.

Let V; = E and F be a conformal disc in R such that F' N E is not empty. We
have

| — R
0<k— Re/ _ Flrlenl efF%u
k - R n
< I lenl efR<p Lo because/ |¢n|ﬁ/ || > 0.
anE ISO"I FnE FnE

Therefore, if the boundary of F contains no zeros of ¢,

./ ’fF|‘Pn| ﬁl -

Letpe FNE. Then

en(p)  w(p) =0
fFI‘Pnl fp"P'

and ¢, (p) — ¢(p) in any local coordinate of p. Thus [, |[¢n| — [ |¢|. Hence

/Ison—¢|—+0-
F

Therefore, ¢, converges to ¢ uniformly on compact subsets of F. Thus, ¢,
converges to o uniformly on compact subsets of V =V, UV, U V3 U---, where
Vi1 is the union of all conformal discs in R that intersect V,,. Clearly V is open,
and since every point in R is the center of some conformal disc in R, V is closed.
Therefore V is both open and closed; and since R is a connected set, V=R. [
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6 Delta Inequalities

In this section we generalize Reich’s Delta Inequality (9) and Reich’s
Infinitesimal Delta Inequality (6) to an arbitrary extremal Beltrami coefficient
. We start with the generalization of the Delta Inequality.

Let 4 and v be two equivalent Beltrami coefficients in T', with

[IV]loo < & = [lulleo <1,

and let ¢ be a nonzero vector in A(R). Then there exist homotopic quasiconformal
mappings f and g defined on R with Beltrami coefficients p and v, respectively,
such that f(R) = g(R) and f(p) = g(p) for every point p on the ideal boundary of
R. Let i and & be the Beltrami coefficients of the quasiconformal mappings f~!
and g™, respectively.

Theorem 3. If u and v are equivalent Beltrami coefficients in T with

”V”oo <k= ”ﬂ”oo <1,

then
2

AU o< C(Kllgll - Re /RW)’

/R 1 - a(f)(f)
for all quadratic differentials ¢ in A(R). The constant C depends only onk = ||| o-

Proof. Let o(z) and ((z) be the Beltrami coefficients of the quasiconformal
mappings ! and g~1, respectively, evaluated at the point f(z), that is, a(z) =
ii(f(2)) and B(z) = 7(f(2)). Let p = |a — B,

_ _ p
and 6 = 6(¢) = k|l¢|| — Re [, pe. Also let
Q=01-of>)1-|8?) and P=(a—pB)(1-af)a"".

Suppose first that |u(z)| is bounded from below by a positive constant s for
almost every z in R. Then for any ¢ € A(R) we have as an easy consequence of

the Main Inequality
Re [ Zue< [ Sl
2 QM JRQT

In order to get an estimate involving §(y), add

P
l=/ alRe —
RII leol
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to both sides. We get

Re P —
(14) /R '—“'LQ—”mRe /R < Ullel - o)

Furthermore,

Re P =|a|™?Re ((a - B)(@ - |aB)) = la|2(p + (1 — |al*)(Re o — |B[*)).

Hence

Re P — p=|a|?(1 - |a*)(lal® - Re af).
Thus
(15) |a| Re P — p = Ap+ B(|a| - |B|)

where A = 27"|a| 7} (1 ~ |a])?, B =2""|o| " (o] + 8))(1 — |o?).

Since |u| is bounded from below by a positive constant s > 0,A and B are
bounded away from zero and infinity. Thus, using (15) and the estimate [3| — |a| <
k — ||, (14) yields a constant ¢ which depends only on k = ||¢||c and s such that

I<c(li +7{p}),

where

I = /R\/ﬁllwl — popl

and

r=rleb= [ (=l
Using the Cauchy-Schwarz inequality and the identity
[lw] - wi? = 2lw|(jw] - Re w),

we obtain
Il S 61I1/251/2.

Using this and the inequality 7 < §, we get
I < cp(IY262% 1 6).

On letting = be the positive number I/2/§'/2) this inequality becomes
z < c(1 + 1/z), which implies z is bounded. We conclude that

1< C(k, s)8.



316 V. BOZIN, N. LAKIC, V. MARKOVIC AND M. MATELJEVIC

Now assume that 4 and v are two arbitrary equivalent Beltrami coefficients such
that ||v||co < ||¢llec = k < 1. Note that I(y) is invariant under postcompositions by

quasiconformal mappings. Fix a unit vector ¢ in A(R) and let
E ={z € f(R):|a(z)| < k/2}.
Take z € E. If i{z) # #(z), let n(z) be the point on the hyperbolic circle
S={we A plw,i2) = 2p(0,k/2)}

with minimal distance from &(z) (p is the hyperbolic distance in the unit disc A).
If i(z) = (z) # 0, let n(z) = afa(z), where a is a positive constant so that (z) € S.
Finally, if i(z) = #(2) = 0, let

klg(2)|
Z)= .

n(z) 20(2)
Note that this definition is indepen‘dent of the local coordinate chart containing the
point z. Extend 7 by setting n(z) = 0 for all z in the complement of F in f(R). Let
h be a quasiconformal mapping with domain f(R) and Beltrami coefficient n. Then
the Beltrami coefficients x; and 14 of h o f and h o g are equivalent. Furthermore,
- n(f2)a(fz)

and

1 - n(gz)v(g2)
Hence, p(0, u1) = p(n(f), &(f)) and p(0,21) = p(n(g), #(g)). The definition of 7(z)
yields |p1(z)| > k/2 and |v1(2)| < k for almost all z € R. Also |u1(z)| = k/2 for
almost all z € f~Y(E) and |y (2)| = |u(z)| > k/2 forall z € R — f~!(E). Since

1 (2)] = { n(gz) — ¥(gz)

(hog)to(hof)=g"0of,

we have
I(¢) < C(k, k/2) (kllell ~ Re /R ).

Let G = f~1(E). Then

3R6/N90—Re/u1s05(3k/2+k/2)f lw|=2k/lso|-
G G G G

Hence

3Re/u<,a§2k/ |<p|+Re/ u<p+2k/|gol+Re/u1<p.
R Ge Ge G G
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That yields

Fllgl| - Re /R g < 3(Hlol| - Re /R o) = 38(¢).

Therefore, I(p) < 3C(k,k/2)6(p); and that proves the theorem. O
We now generalize the Infinitesimal Delta Inequality.

Theorem 4. There exists a universal constant C such that for every pair of
infinitesimally equivalent Beltrami coefficients p. and v with

l1¥]loo < lelloo < 00,

we have

1= 1ol <l (lllcllel R [ ),

for all quadratic differentials ¢ in A(R). The constant C is independent of u and v.
Proof. First, let u and v be two equivalent Beltrami coefficients in B with
IYlloo £ k= |lulloo < 1,

and let ¢ be a nonzero vector in A(R). By inequality (4) in Section 3,

A -wp)(p—v) V) v~
ReL 1—|v? / WPH

Re 1= 7)1 —v)

I
plle
Jy— e

to both sides of this inequality, we obtain

(1 —op)(p—v) 1
(e SR )
A-wwp-v) 1
<Re [ SZTEZE el - ),

Suppose first that u is bounded below by s > 0, that is, |u(z)| > s > 0 for almost
all zin R. Since

Adding

(16)

1-7, —v
e CZPHEZE) o2 = = o2 4 Bl o),

where
(L= ]u)? | 1= #

A= 2T
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and

(el + DA = [uf?) K
2|l ~ s
this together with the estimate |v| — |u| < k — |u| and the inequality (6) yields

[ 1= v1el < efk o) ([ V=Pl = el + [ (k= lule).

Therefore, again using the Cauchy-Schwarz inequality and the identity

B =

l|w] — w|?* = 2Jw|(jw| - Re w),

we obtain, as in the proof of the Delta Inequality,
[ tu=vliel < 0tk s)(Bllell ~Re [ we),
R R

where C(k, s) is a constant that depends only on £ and s.

Now suppose that 4 and v are two arbitrary infinitesimally equivalent Beltrami
coefficients on a Riemann surface R such that ||| < ||¢]|eo = k < 1, and let ¢ be
an arbitrary nonzero vector in A(R). Let E = {z € R : |u(z)| < k/2}. Then (v —p)/3
is an infinitesimally trivial Beltrami coefficient. Thus the Beltrami coefficients

k|l

#1 = UXEge + %XE

and

l/1=#1+——3—'u

are infinitesimally equivalent. Clearly, ||p1]loo = &, |11(2)| > k/2 for almost all 2
in R, and

lI1lleo < max{i|3p + 3v||ge k/2+ ||3(v — p)lle}
k+k/2
3 }zk'

< max{k,k/2 +

Thus k)
/ lu = v1Ple] < _Q‘(kH‘P” —Re / /4190),
R R

where C(k) = 9C(k, k/2). Furthermore,

1
kllsoll—Re/u1<p=kH<PH—Re/ Mw—gkRe/l@fSkHSOH—Re/mP,
R Ec E R

1
= mblel =3 [ u=vPlel.
R R

and
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Therefore,
[ = vittol <€) (kiell ~Re [ )

Finally, let C = 2C(3) and suppose that y and v are two infinitesimally
equivalent Beltrami coefficients on R such that

lloo < []4t]loc < o0

If ||¢|le = O, then the generalized Infinitesimal Delta Inequality clearly holds. If
|lul]oe > 0, then

Mo = —L—
2]lilloo
and
_ 14
= Al

are infinitesimally equivalent and satisfy ||p2|loc = [[V2]looc = 1/2. Thus

[ 2 = mltel < 3 (el - Re [ pa).

Hence
[ Iu=vltel < 26 /Dllullen (lIllcliell - Re [ ),
R R

and that proves the theorem. O

Remark. Miroslav Pavlovic has recently found a short and elegant proof of
Theorem 4. He has also made further progress in the study of unique extremality

([PD.
7 The proof of the Equivalence Theorem

In this section we prove the Equivalence Theorem. First we generalize
Lemma 1.

Lemma 3. [fuisuniquely extremal inits class in T, then p is uniquely extremal
in its class in B.

Proof. Let 4 be uniquely extremal in its Teichmiiller class with ||g|| = k.
Suppose that p is not uniquely extremal in its infinitesimal Teichmiiller class.
Then there exists a Beltrami differential » distinct from g such that ||v|]c < k and
S e = [pve forall  in A(R). Hence, there exists ¢ > 0 and a compact subset E
of R, such that |u(z) — v(z)| > € for almost all z € E.

We divide the proof of Lemma 3 into three steps.
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Step L. The set F = {z € E : |u(z)| = k} has measure 0.

Proof. If F has positive measure, then by the proof of Lemma 1, for every
positive real number r there exists a unit vector ¢ = () such that

an é(e) =k —Re [ wp<Cal&r [ Il

On the other hand, the generalized Infinitesimal Delta Inequality yields
€ [ lol < Ck6(p), which contradicts (17) for r sufficiently small. O

Therefore, we may assume that for some s < k,theset G = {z € E : |u(z)| < s}
has positive measure.

Step II. If 5 is any Beltrami differential supported in G with ||n]l < k,
then there is a positive number r such that the Beltrami coefficient £(r) =
r(uxr-c + nxc) is uniquely extremal in its class in 7.

Proof. Choose a positive number r such that p(0,7k) + p(0,s) < p(rk, k),
where p is the Poincaré metric in the unit disk. Let 3 be a Beltrami differential on
R such that 3 and £(r) belong to the same class in T and ||8|| < Tk. Let f, g and
h be normalized quasiconformal homeomorphisms with domain R and Beltrami
coefficients £(r), 8, and u. Then f and g are homotopic to one another and coincide
on the ideal boundary of R. Let j = ho f~'. Then h = j o f and j o g belong to the
same Teichmiiller class, and  In K () is less than or equal to p(rk, k). Therefore,
K(jog) < K(u); and by the unique extremality of p in its class in T, £(r) = 3. O

Step IIL u(z) = v(z).

Proof. Define a Beltrami coefficient 7(z) on R in the following way. If z
is outside G, let n(z) = 0. If z € G, then let n(z) be the point on the circle
{w : |[w — u(z)| = k} whose distance to v(z) is minimal. By Step II, there exists
r > 0 such that 7( —n) is uniquely extremal in its Teichmiiller class. Furthermore,
r(u — n) is equivalent to 7(v — ) and

lIr(v = Mlloo =7l = Mlloo < 7k.
Also |r(u(z) = n(2))| = rk for all z in G; thus, by Step I,
r(p(z) — 7(z)) = r(v(z) —n{z)) foralmostall z € G.

Hence u(z) = v(z) for almost all z € G. |

Next we generalize Lemma 2.

Lemma 4. If u is uniquely extremal in its class in B, then u is uniquely
extremal in its class in T.
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Proof. Let u be uniquely extremal in its infinitesimal Teichmiiller class with
[lulloo = k. Suppose that 4 is not uniquely extremal in its Teichmiiller class. Then
there exists a Beltrami differential v distinct from u but belonging to the same class
in T such that ||v||. < k. Let f be a quasiconformal mapping with domain R and
Beltrami coefficient . Then there exists a quasiconformal mapping g with domain
R and Beltrami coefficient v, such that f and g are homotopic and coincide on the
ideal boundary of R. Let i be the Beltrami coefficient of f~1, and let & be the
Beltrami coefficient of g=!. Clearly |u| = |i(f)| and [v| = |5(g)]. It is enough to
prove that i = #. If z and ¥ do not coincide, there exist e > 0 and a compact subset

FE of R such that
B - @) |

1= a(f (=)o)

for almost all z € E. The proof of Lemma 4 now follows the same steps as those

in the proof of Lemma 3.

Step I. The set F' = {z € E : |u(z)| = k} has measure 0.

Proof, If the set F' had positive measure, then by the proof of Lemma 2, for
every positive real number r, there would exist a unit vector ¢ = ¢(r) such that

5(s0)=k—Re/u<pSkr/l<pl-
R F

On the other hand, the generalized Delta Inequality yields € [, |o| < Cé(p), a
contradiction provided that r is sufficiently small. a

Therefore, we may assume that for some s < k, theset G = {z € E : |u(z)| < s}
has positive measure.

Step II. If  is any Beltrami differential on G with ||5||oc < k, then the Beltrami
coefficient £ = puxr—c + nxc is uniquely extremal in its class in B.

Proof. Take any real number C such that C > 2k/(k — s). Suppose that some
Beltrami differential  is equivalentto £ in B and ||@||e < k. Then Cpand a+Cpu—§€
belong to the same class in B. Furthermore,

lla+Cu—€lloo < |lelloo +1|IC1 — €lloe < k + max{Cs +k,(C — 1)k} = Ck.

By the unique extremality of u in its class in B, we have Cu = o+ Cu — €. Thus
a = &, and that proves Step I1. O

Step IIL i(f) = o(f).
Proof. Define a Beltrami coefficient n(z) on f(R) in the following way. If
z is outside f(G), let n(z) = 0. If z € f(G), then let n(z) be the point on the
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hyperbolic circle s = {w € A : p(w, i(z)) = p(0,k)} whose hyperbolic distance
to 7(z) is minimal. Let h be a quasiconformal mapping with domain f(R) and
Beltrami coefficient . Then the Beltrami coefficients y; and v; of ho f and hog are
equivalent in 7. Furthermore, |y, (2)] = k for all z in G, and ||v1||ee < ||61]]00 = k-
By Step II, p1(2) is uniquely extremal in its infinitesimal Teichmiiller class; thus
ti1(z) = 11 (z) for almost all z € A(f(G)) by Step L. Therefore, the quasiconformal
mapping
(hog)™to((hof)™) ' =g"0f

has dilatation equal to zero on G. Hence v(z) = fi(z) for almost all z € f(G). O

Taken together, Lemmas 3 and 4 constitute the Equivalence Theorem:

Theorem 5 (Equivalence Theorem). A Beltrami coefficient u is uniquely
extremal in its class in T if, and only if, u is uniquely extremal in its class in B.

8 The Equivalence Theorem in Teichmuller geometry

Theorem 6. If a nonzero Beltrami coefficient 1 is uniquely extremal in its
class in T and ) is a complex number with |\ < 1/||pl|cc, then Ay is also uniquely
extremal in its class in T.

Proof. This Theorem follows from the Equivalence Theorem and the fact that
the condition for unique extremality in B is invariant under multiplication by A. O

In {[EKK], Earle, Kra and Krushkal showed (see also [Liz]) that the following
four conditions are equivalent for every extremal nonzero Beltrami coefficient u in
M(R).

(a) u is uniquely extremal in its Teichmiiller class and has constant absolute
value (up to a set of measure zero, as usual),

(b) there is only one geodesic segment joining the class of 4 to the basepoint
inT,

(c) there is only one holomorphic isometry f from the unit disk A into 7 such
that £(0) = [0] and f(||ullee) = [u], and

(d) there is only one holomorphic map g : A — M(R) such that g(0) =0 and p
is equivalent to g(||y|ls) in 7.

Combining this theorem with Theorem 6, we see that conditions (a), (b), (¢) and
(d) are all equivalent to the same conditions with p replaced by Cu for any complex
constant C with |C| < 1/||u||s, and, by Theorem 1, they yield the conditions (b),
(c), (d), (e), (f) and (g) of that theorem. In particular, we have the following two
theorems.
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Theorem 7. Suppose p in M(R) is extremal and nonzero. If there is only
one geodesic segment joining [0] and [u] in T(R), then there is only one geodesic
segment joining [0] and [Ap], where X is any complex constant with |\ < 1/]|u|]co-

Theorem 8. Suppose that u is a nonzero extremal Beltrami coefficient in
M(R). The geodesic segment joining the Teichmiiller class of i to the basepoint
is unique if and only if u has constant absolute value and [ux e + ﬁ,uxg_ E] is
a Strebel point for every r > 0 and every compact subset E of R with positive
measure.

9 The Equivalence Theorem and holomorphic motions
of the plane

Let Q be a plane domain and denote by A its complement in the extended
complex plane. A holomorphic motion h;(z) of points z of A is a mapping h,
defined for each ¢ in the unit disc A with the following properties:

hq is the identity mapping,

hy is an injection for all t € A, and

ht(z) is a holomorphic function of ¢ for each fixed z in A.

It is convenient to assume that three points are fixed by the motion A, and, for
simplicity, we assume that these three points are 0, 1, and co. These assumptions are
harmless because we can always find a holomorphically varying curve of Mébius
transformations M, for which M; o h;(p) = p if p is any one of these three points.
The parameter ¢ is a called the complex time parameter for the motion.

By a result of Slodkowski ([S1]), any holomorphic motion of A can be extended
to a holomorphic motion of the extended complex plane. This extension is not nec-
essarily unique. For instance, the identity mappings and the vertical stretchings are
two different extensions of the holomorphic motion h;(z) = z of the complement
of the upper half plane. The extended injections h; are quasiconformal mappings
whose Beltrami coefficients depend holomorphically on ¢. On the other hand, any
Beltrami coefficient x in M () defines a holomorphic motion h; of A by letting
h¢(z) be the restriction to A of a quasiconformal homeomorphism of the extended
complex plane which fixes 0, 1, and oo, and has Beltrami coefficient ¢(u/|| |00 ) X0
We say that h;(z) so defined is a canonical holomorphic motion generated by the
Beltrami coefficient u. Moreover, by a result of Lieb ([Li]), any holomorphic mo-
tion h; of A is parametrized by a unique basepoint preserving holomorphic mapping
H: A — T(A) = T(Q) x M(A) with h(z) = n(H(t),z), where ©([f],z) = f(2).
This result holds even if  is disconnected (i.e., A is any closed set), and the notion
of equivalence in T(2), where {2 is a subset of the extended complex plane, might
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be different from the notion of equivalence on the surface which is the union of
components of Q (see [Li] for more details).

If a canonical holomorphic motion h; is generated by a uniquely extremal
Beltrami coefficient u, then a Beltrami coefficient v, of any extension &; of h; to
the extended complex plane is equivalent to ¢u/|| || in T(2). The quasiconformal
homeomorphism ;(z) has dilatation less than or equal to (1+t)/(1 —t) (see [BR]);
thus

lIlieo < .

By Theorem 6, t1/||4|| is uniquely extremal in its class in T'(2); thus

. M
=l

Hence we have the following theorem.

Ut

Theorem 9. Suppose h,; is a canonical holomorphic motion of a closed set
A induced by a Beltrami coefficient p which is uniquely extremal with respect to
the equivalence relation which defines the Teichmiiller space T(S), where 2 is the
complement in the extended complex plane of A. Then h; has a unique extension
to a holomorphic motion of the extended complex plane.

Remark. Note that if u has constant absolute value, then Theorem 9 was
proved by Earle, Kra and Krushkal, and its proof is an immediate consequence of
the condition (c) that we mentioned in Section 8. However, in the next section
we show that there are uniquely extremal Beltrami coefficients with non-constant
absolute value.

Corollary 1. IfA = {z : z < |y|*}, with a > 3, then the affine motion

1+¢ .
ht(Z) = ﬁ.’b‘"}"’l'y

of A has a unique extension to the extended complex plane.

Proof. h, is uniquely extremal (see [RS2]) and h; is a canonical motion
induced by the Beltrami coefficient of h;. Thus, Corollary 1 is an immediate
consequence of Theorem 9. O

Let E be a Mergelyan subset of a plane domain 2, that is, a compact subset
of ? with empty interior and connected complement. Mergelyan sets may have
positive measure, and in that case they have an important role in studying the
unique extremality (see Lemma 3.1 in [R3]). The key is in the unique extendibility
of the vector fields defined on the coniplement of a Mergelyan set. Suppose that a
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Beltrami coefficient y is infinitesimally trivial (i.e., [¢] = [0] in B(2)) and vanishes
on Q ~ E. If Q is of infinite analytic type, we may assume with no loss of generality
that C — Q has a cluster point. Let V' be a tangent vector field at ¢t = 0 to a
canonical holomorphic motion of A = Q¢ generated by y (see [EGL]). Then V is a
holomorphic function on C — E and vanishes on a set that has a cluster point; thus
V vanishes on E¢. Since V is continuous and FE has no interior points, V(z) = 0
for all z € C. Therefore, 4 = 8V vanishes on E. This shows that if y and v are
two infinitesimally equivalent Beltrami coefficients on 2, and u(z) = v(z) for all
z outside some Mergelyan subset E of Q, then u = v (see the treatment of this
argument in [R3]).

Lemma 5. Let Q? be a plane domain of infinite analytic type. If U is an open
set in the extended complex plane such that U C Q and C — U is connected and
dense in C — U, then the restrictions to U of quadratic differentials in A(Q) are
dense in A(U).

Proof. Since  is of infinite analytic type, we may assume with no loss of
generality that C — Q has a cluster point. Let A be the space of all quadratic
differentials in A(U) which are obtained by taking the restrictions of quadratic
differentials in A(Q). If A is not dense in A(U), then by the Hahn—Banach theorem,
there exists a bounded linear functional L on A(U) and a quadratic differential ¢ in
A(U) such that L(y) > 0 and L(y) = 0 for all ¢ € A. By the Riesz representation
theorem, there exists a Beltrami coefficient ¢ on U so that L(q) = [, ug, for all
g € A(U). Let V(2) = L(p,) where

2(z—1)
nw(w — 1)(w — z)’

pa(w) = -

That is, V is the initial tangent vector to the normalized holomorphic motion
generated by the Beltrami coefficients tu, [¢f| < 1. We have ¢, € A(U) for all
2€C—-U, and ¢, € Aforall z € C - Q; and, since L vanishes on A, V vanishes
on C — Q. Hence V is holomorphic on the connected set C — U and vanishes on
a subset that has an accumulation point; thus V vanishes on C — U. Therefore, L
vanishes on the space Rat of all integrable rational functions in the complex plane
with all poles located in C — U. By the Bers’ approximation theorem ([A], [B]),
Rat is dense in A(U). Thus L vanishes on A(U), a contradiction. 0O
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10 Uniquely extremal differentials with non-constant
modulus

In this section we assume that R is a Riemann surface which is a subset of
another Riemann surface W such that W — R has a cluster point. In particular, R
may be any Riemann surface whose universal covering group is of the second kind,
or any surface of finite genus and infinite analytic type. We are going to construct
uniquely extremal Beltrami coefficients in T(R) which are not constant in absolute
value. First, we generalize the ideas from the holomorphic motions in Section 9 to
the Riemann surface R. We say that a subset E of R is a Mergelyan set, if Eisa
compact subset of R with empty interior and connected complement.

Lemma 6. Ifa Beltrami differential p is infinitesimally trivial and supported
on a Mergelyan set E, then i = 0.

Proof. Fix three points p;,p; and p; in W — R and let Wy = W — {p1,p2,p3}.
Let H be the upper half plane, and = : H — W, the universal covering map with
covering groupI". Let B = 7~ }(E), U = n~1(R), and © : A(U) — A(U,T) = A(R)
be the Poincaré theta series. Suppose that there exists a nonzero infinitesimally
trivial Beltrami differential 4 € M(R) supported on the set E. Lift 4 to the I'-
automorphic Beltrami differential i on H,

™'(2)

i(2) = W) -

Let V be the initial tangent vector to the canonical holomorphic motion generated
by i, that is,

1 -
V() = T / /B o2 (w)i(w)dudv,

where ) (z—1)
P = - Dw )

Hence, forall z € C - U,

Ve = o [ e =o

Therefore, V is a holomorphic function on C — B and V(z) = 0 for all z in
C - U. Since R — E is connected, the restriction of V' to any connected component
of C' — B vanishes on a subset containing a cluster point. Thus V' (z) = 0 for all
z € C — B, and since V is continuous and B has no interior points, V vanishes on
H. O
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In the case when R is the unit disc, Lemma 6 was proved by Reich in [R3].
Now we generalize Lemma 5.

Lemma 7. Let N be an open subset of R such that the closure N of N is
compact and R — N is connected and dense in R — N. Then the set of restrictions
to N of quadratic differentials in A(R) is dense in A(N).

Proof. Let w: H — W; be the universal covering map from Lemma 6 and let
U = n"'(R) and D = n~!}(N). Let A be the set of all vectors in A(N) obtained
by taking restrictions of quadratic differentials in A(R). If A is not dense in A(N),
there exists a linear functional L in A(N)* represented by a Beltrami differential
p in M(N) and a vector ¢ € A(N) such that L(q) = [, uq for all ¢ € A(N),
L(p) > 0, and L(v) = 0 for all ¢ € A. Lift u to a Beltrami differential 4 € M(D).
Again, let V(z) = [}, .. Then V(z) = L(©(p;)) =0 forall zin C —U,and V is
holomorphic on C — D. Since W — R has a cluster point and R — N is connected,
every connected component of C — D contains a cluster point of C — U; thus
V vanishes on C — D. By the Bers’ approximation theorem, the linear span of
quadratic differentials ¢, over all z in C — D is dense in A{(D). Since the Poincaré
series ©p : A(D) — A(D,T) = A(N) is surjective (see [Kr]), L vanishes on A(N),
a contradiction. O

Lemmas 6 and 7 are consequences of Bers’ approximation theorem. In case
R is a bounded plane domain, they are also consequences of Mergelyan’s theo-
rem. Reich suggested that if uniquely extremal Beltrami coefficients with non-
constant modulus exist, Mergelyan’s theorem might play arole. Next, we show that
suitable generalizations in Lemmas 6 and 7, together with the generalized
Infinitesimal Delta Inequality from Section 6, indeed play a role in constructing
uniquely extremal Beltrami coefficients with non-constant absolute value.

Theorem 10 (Counterexample Theorem). Let R be a Riemann surface
which is a subset of another Riemann surface W such that W — R has a cluster
point. Then there is a uniquely extremal Beltrami coefficient u on R such that |y
is not a.e. constant on R.

Proof. Fix aunit vector g in A(R). We define the g-measure of a Borel subset
S of R by [ |q(z)|dzdy. Take a Mergelyan subset E of R with positive measure
and pick two sequences U, and V), of open sets in R such that E C Up41 C
Upn, Va1 C Vi, U, Vs, = 0, the g-measure of R — (Ur—, V» U E) is zero, and
R - (U, UV,) is connected and dense in R — (U, U V,,). To construct a uniquely
extremal Beltrami differential 4 with nonconstant modulus, we let ¢ equal zero on
E. Outside E, p is defined as the limit of |, |/¢,, Where the sequence ¢, € A(R) is
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chosen to satisfy Reich’s condition, that is, §(¢,) — 0 and liminf, .. |@n(2)| > 0
for almost all z in R — E. If u is not uniquely extremal in its class in B(R), then
by Lemma 6, there exists a Beltrami coefficient v infinitesimally equivalent to
p and different from u on the set E°. Thus, there exists ¢ > 0 and a compact
subset G of E¢ with positive measure such that |u(z) — v(z)] > ¢ for almost all 2z
in G. By the generalized Infinitesimal Delta Inequality (Theorem 4) and Fatou’s
lemma, 0 < €% [, liminf |p,| < Climinf 6(¢,), a contradiction. Thus g is uniquely
extremal in its class in B; hence by the Equivalence Theorem, g is uniquely
extremal in its Teichmiiller class.

Now we start with the construction of the sequence ¢,. Let ¢ € A(U; U V3) be
defined as ¢;(z) = 0 for all z in Us, and ¢ (2) = 2¢(z) for all z in V2. By Lemma 7,
there exists a sequence of non-zero vectors ¥, in A(R) such that

”d’n - q1”U2UV2 — 0.

Take a compact subset W, of V2 such that the interior of W, contains all zeros of
¢ in V7 and fwo lg1] < 1/2. Since 1, converges to ¢; uniformly on E U V7, there is
a sufficiently large integer N such that [ [¥n(z)| < 1/8 and |[yn(2)| > |g(z)] for
all z € Vi — Wy. Let 1 = 9. Since the g-measure of R — (o, VU E) is zero,
we may pick Vj, such that |, R-Vi, |¢1| < 1/4. Take a compact subset W of Vi, 41
such that the interior of W; contains all zeros of ¢; in Vg, le le1f < 1/4, and
the g-measure of W, is less than 1/2. Let g, = 0 on Uy, +; and ¢z = 2¢; on Vi, 41.
Then g2 € A(Uk,+1U Vi, +1); and, by Lemma 7, there exists a sequence of non-zero
vectors a,, in A(R) such that |(a, — g2lv, ,,uvi, 4, — 0. Therefore, a, converges to
gz uniformly on E U Vi, . Thus there is a sufficiently large integer M, such that the
following three conditions hold:

(l) fE |aM(Z)| < 1/8a
(i) |an(2)| > lp1(2)| for all z € Vi, — Wi, and

(@)l _ o2l |
@) " e | 2], Te]

Let p2 = aps. By repeating this construction, we obtain a sequence of non-zero
quadratic differentials ¢, in A(R), a subsequence V;, of V4, and a sequence of
compact subsets W, of V. 4, which satisfy the following conditions.

1) [z lon1(2)] < 1/272,

@) len+1(2)] 2 |pn(2)| for all z in Vi, — W,

(iii) for all z € Vi, — Wi.

(3) the g-measure of W, is less than 1/2"+1,
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(4) W, contains all zeros of v,y in Vi, ,,

(%) fW,.+1 o] < 1/27F2,

lens1(2)] _ en(2)l|
oni1(2)  en(2) |7 2" [y, lenl

(6) forall z € V},, — W,,

(7) an -W, CVy - Wn—}—l: and

n+-1

¥ fR—VK"H l@nt1] < 1/27F2.

To see how the induction works, suppose that conditions (1) through (8) hold
at level n. Let gpyo = 00n Uy, 41 and gnio = 2¢0py1 On Vi, 41 Then gny2 €
A(Uk,,,+1UVk,,,+1), and by Lemma 7, there exists a sequence of non-zero vectors
am in A(R) such that ||am — gniellu,, ,, 11Vi, 0 — 0- By letting onyp = an fora
sufficiently large integer M, we get conditions (1), (2) and (6) on the next inductive
level (with n replaced by n + 1). Since R — ({Upy_, Vim U E) has measure zero, we
may pick Vi, ,, such that the next level of condition (8) holds. Finally, we take a
compact subset W, 15 of Vi, . ,+1 such that the next (n + 1) level of conditions (3),

(4), (5) and (7) hold.

By conditions (2), (6), and (7), the sequence |, (z)|/¢n(2) is a Cauchy sequence
in each L (V, — W;). Hence |pn(z)|/¢n(2) converges to some u(z) for all z in
Ui21 (Vi; = W), and pu(z) = 0 for all z in E. By (3), u(z) is defined for almost all
z in R, and |u(z)| = 1 for almost all z in R — E. Furthermore,

0<8(6n) = [ loal ~Re [ s

fenl ~Re [ pen+2 [ |¢n|+2/ onl-
W, Vi, —Wa R—Vi, Wa

n_ ¥n

<J
Vi

Hence, by (5) and (8),

1
6(3011) < / I(Pnl —Re / son + 1"
Vi, —Wa Ve, —Wn

n
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Furthermore, (2), (6), and (7) yield

7
/ ,<Pn,_Re/ /“PnS/ |¢nl/"'_| Z
an—W", an—Wn V —W ‘Pn
= lim e B Z / | ] e
m=0 Jvi, W Pm m—r00 Vi Pi+1 Pj
—1 1
< lim mz:/ | I l‘p]'i'll I‘p] < mz:/ | l l‘pJ+1| |(PJ|
_m_*oojzn Vi, — W, J J+1 <P m_”’o J ()DJ
m—1
1 1
< lim Z <
m—oo 20 — 2n~ 0

j=

Theorem 11. Let R be a Riemann surface which is a subset of another
Riemann surface W such that W — R has a cluster point, and let q be a unit
vector in A(R). Then for every ¢ > 0 and every Beltrami differential u in M(R),
there exists a uniquely extremal Beltrami coefficient v on R such that the g-measure
of the set where y is different from v is less than e.

Proof. Let k = {|u]|co. Choose a Mergelyan subset E of R such that the g¢-
measure of R — F is less than ¢. By imitating the proof of the Counterexample
Theorem, construct a uniquely extremal Beltrami coefficient # on R such that
[Inllec > k and n(z) = 0 for all z € E. We leave to the reader to check that this
construction is easily effected in the case when R is the unit disc or an annulus. In
the case when R is more complicated, take a simple closed Poincaré geodesic y on
R. Then there exists a Jenkins—Strebel differential ¢ € A(R) whose only cylinder
c has a core curve freely homotopic to -y, and the measure of R — ¢ is zero (see
[S5] for more details). Thus the construction reduces to the case of an annulus.
(Another approach to this construction may be obtained by using a fundamental
domain of R.) Define v € M(R) by v(z) =n(z) forall z € R — E, and v(z) = u(z)
for z € E. Then by Step II in the proof of Lemma 4, v(z) is uniquely extremal. O

11 Characterizations of unique extremality

Let R be a Riemann surface whose universal covering surface is the unit disc.
If 4 € L*°(R), we say that the set X(u) = {z € R : |u(z)] = ||u||oo } 1s the extremal
set for the Beltrami differential ». The extremal sets play the fundamental role in
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our characterizations of unique extremality. As an illustration, we start with the
following lemma.

Lemma 8. Let 1 € L°(R) be a uniquely extremal Beltrami differential and
let E={z € R:|u(z)| < s} where s < ||u||co. Then the space of all restrictions to
E of quadratic differentials in A(R) is dense in L*(E).

Proof. Suppose that A is not dense in L!(E). Then by the Hahn—Banach
theorem there exists a non-trivial bounded linear functional L on L'(E) which
vanishes on A(R). By the Riesz representation theorem, there exists a nonzero
v € L>°(R) supported on E such that 0 = L(p) = [, vy for all ¢ € A(R). Thus, for
sufficiently small ¢ > 0, the Beltrami differential 11 +tv is infinitesimally equivalent
to u and satisfies |ju + tv]|oo < ||¢4||00, cOntradicting the unique extremality of p. O

To obtain a characterization of unique extremality in the general case, we study
the proof of the Hahn—Banach theorem. Let M be a subspace of a normed space
X, and let A be a bounded linear functional on M and A its real part. Let

Azo) = yig{l{A(y) + Il |y = zoll}
and
A(zo) = sup {A(z) — [|A]| |z — zol[}.
TeEM

The analysis of the proof of the Hahn—Banach theorem leads to the following
lemma.

Lemma 9. A has a unique norm-preserving extension from M to X if and
only if X(zo) = Mzo) for all zg in X — M.

We say that X satisfies the unique approximation property at g € X — M if
there exist sequences u,, and v, in M such that

AMtn = vn) = [|M|(|[en = zoll + [|zo — val|) + o(1).
Recall that the the functional § = §, is defined on M by

§(e) = lIM lell = Ae)-

We say that a sequence ¢, in M is a weak Hamilton sequence for A if §x(¢y,)
converges to zero as n tends to infinity.

Lemma 10. If A has a unique norm-preserving extension from M to X, then
Jor each xq € X — M, there exist sequences u,, and v, in M such that
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(1) A(un) = Azo) +[|A]] llun — ol | + o(1),

(2) A(va) = Axo) — |1l [}on — zoll + o(1),

(3) Aun —wn) = |[All(llzo — unl| + llzo — vnl]) + o(1), and
(4)

4) wu,, — vy is @ weak Hamilton sequence for .

Proof. We may suppose with no loss of generality that ||A\|| = 1. If A has a
unique Hahn—Banach extension (which we continue to denote by A) from M to X,
then by Lemma 9, for each zy in X — M there exist sequences u,, and v, in M such
that

Aun) = |lun = zoll + (1) = A(@o) = A(vn) + ||vn — @o| + o(1).
Hence A(w.) = {|zo — unl|| + ||zo — val] + o(1), where w, = u, — v,,. Combining
this inequality with

A(wn) < Jlwall < [lzo — uall + [z — vnll,
we conclude that
(18) llwall = llzo — unl] + llzo — val| + o(1)
and AMwy) = ||wa|| + o(1). O
The following result is an immediate consequence of the previous two lemmas.

Theorem 12. Let A be a bounded linear functional on M and X its real part.
Then A has a unique norm-preserving extension from M to X if and only if A
satisfies the unique approximation property at each xo in X — M.

Following the discussion of Reich’s sufficient condition for the unique ex-
tremality in Section S (see [R1] and [R4] for more details), we say that 4 € L*°(R)
satisfies Reich’s condition on a set E C R if there exists a sequence ¢, in A(R) so
that 8(p,,) — 0 and liminf |¢,(2)| > 0 for almost all z in E.

Lemma 11. If u € L°(R) is uniquely extremal in its class in B(R), then p
satisfies Reich’s condition on its extremal set.

Proof. Suppose that y is uniquely extremal in its class in B(R) and let E =
X (p) be its extremal set. Without loss of generality, we assume ||¢|| = 1. Take a
unit vector g in A(R), and let f = |q|zzxg. Clearly, f € L*(R) and

[ gu=[1a=[in=1s1

By condition (1) of Lemma 10, there exists a sequence ¢,, in A(R) such that

Re [ uf+1lf = pull~Re [ gou—0.
R R
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Hence,

0 < |lfll + 1 = @nll = llenll

R — ¥n _R nld — Y,

< e/Rsszer enll e/Rst 0
and

0 < ||enll =R "

< lignll equ

<Nfll+11f = @all - Re ]RW

=Re /Rafﬂlf—gonll—Re /Rsonu—*O-
Thus

8(¢n) — 0.

Since 0 < [(If[ +1f = @nl = lenl) < NIFIl +1f = ¢nll — [l¢nl] — 0, by passing to a
subsequence, we may assume that | f(z}| +|f{z) — pn(2)] — l@n(2}| — 0, for almost
all z € E. Hence, liminf,_. |@n(z)] > |f(2)| = |g(2)| > 0 for almost all z € E. O

If u has constant absolute value, the converse of Lemma 11 holds, and this
provides another characterization of the unique extremality of p (see Theorem 1).

Theorem 13. If u € L™(R) has constant modulus, then p is uniquely
extremal in its infinitesimal Teichmiiller class if and only if p satisfies Reich’s

condition on R.

Proof. Lemma 11 shows that if p is uniquely extremal and has constant
absolute value, then p satisfies Reich’s condition on R. To prove the converse,
suppose that u has constant absolute value and satisfies Reich’s condition on R.
First we show that p is extremal in its infinitesimal class. Since p satisfies Reich’s
condition on R, there exists a sequence ¢, in A(R) such that §(¢,) — 0 and
lim inf |, (2)| > 0 for almost all z € R. Therefore, by Fatou’s lemma,

liminf ||pn|| > 0.
n—oo

Hence )
©n
m —Re/,u—=——6(p -0
lulleo =Re | 410l = Toam ™)

thus p is extremal.
If p is not the unique extremal, then there exists v € L>(R) equivalent to ,
such that |u(z) — v(z)| > € > 0 for all 2 in some compact set F' of positive measure.
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The generalized Infinitesimal Delta Inequality (Theorem 4) yields

& /F ol < Clliloob ()

for all ¢ € A(R). On the other hand, 4 satisfies Reich’s condition on R. Thus, there
exists a sequence p,, in A(R) such that 6(y, ) — 0 and lim inf |, (z)| > 0 for almost
all z € R. Applying Fatou’s lemma, we obtain the contradiction. a

Using Theorem 13, we may now generalize Theorem 1 and give characteriza-
tions for the unique extremality of an arbitrary Beltrami differential in M{R). We
say that a Beltrami coefficient  is an admissible variation of y if ||1]|cc < ||#||co
and there exist a subset P of R and a real number s < ||u||c such that |u(z)] < s
for almost every z in P and u(z) = n(z) for almost all zin R — P.

Theorem 14 (Characterization Theorem). Let . € M(R). The following
conditions are equivalent.

(1) w is uniquely extremal in its class in T,

(2) u is uniquely extremal in its class in B;

(3) for every admissible variation 1 of u and every compact subset E of X(n)
with nonzero measure, there exists a sequence of unit vectors ¢, in A(R) such that

1
_— oo — R n 0;
o (Illloo ~ Re /R mon) =

(4) for every admissible variation 1 of u and every compact subset E of X (u)
with nonzero measure, there exists a sequence of unit vectors o, in A(R) such that

1
(19) ! Re / 10n = [Illoo
fE|‘Pn| E
and
1
20 —'""700/ n_Re/ n) ~ 0;
(20) il [ leal=Re | men)

(5) p is extremal in its Teichmiiller class and for every r > 0, every admissible
variation n of p, and every compact subset E of X(n) with nonzero measure,
[nxE + 131X R-E] is a Strebel point in T;

(6) u is extremal in its infinitesimal class and for every r > 0, every admissible
variation 7 of p, and every compact subset E of X(n) with nonzero measure,
[nxE + 55X R-E] is an infinitesimal Strebel point in B(R);

(7) every admissible variation 7 of u satisfies Reich’s condition on the extremal
set of n; and

(8) A, satisfies the unique approximation property at each zo € L'(R) — A(R).



UNIQUE EXTREMALITY 335

Proof. (1) is equivalent to (2) by the Equivalence Theorem. (2) and (8) are
equivalent by Theorem 12. Clearly, (3) is equivalent to (4) by the same reasoning
used to prove (c) is equivalent to (d) in Theorem 1. If 4 is any uniquely extremal
Beltrami coefficient, so is every admissible variation n of u, by Step II in the proof
of the Equivalence Theorem. Thus, by Lemma 11, (2) implies (7). Again, if
satisfies (2), so does any admissible variation n of u; thus by the proof of Lemma
2, (2) implies (6). The parallel reasoning (i.e., using the proof of Lemma 1) shows
that (1) implies (5). The calculation in the last paragraph of the proof of Lemma
1 shows that (5) implies (3), and the last paragraph of the proof of Lemma 2
shows that (6) implies (3). From the generalized Infinitesimal Delta Inequality, we
conclude that (3) or (7) implies that every admissible variation 7 of y is uniquely
extremal on its extremal set X (n); thus by Step III in the proof of the Equivalence
Theorem, (3) implies (2) and (7) implies (2). O

In the Counterexample Theorem we showed that the complement of the
extremal set of a uniquely extremal Beltrami differential may have positive
measure. In our final theorem we use the Characterization Theorem to show
there are uniquely extremal Beltrami differentials whose extremal sets are empty.

Theorem 15, Let R be a Riemann surface which is a subset of another
Riemann surface W and suppose that the complement of R in W has a cluster
point. Then there exists a uniquely extremal Beltrami coefficient 1. on R whose
extremal set X (i) is empty.

Proof. Let f, be a sequence in L'(R) such that each member of the sequence
appears infinitely many times and which is dense in L!(R). Inductively, we define
a sequence of uniquely extremal Beltrami coefficients u,, on R and two sequences
un, and v, in A(R), such that

(1) [lealloo < {etn+1lloo < 1, and

@) IAaliUlus = Fill + [Jvi = Fill) = An(us — ;) < 27°%, for each 1 < ¢ < n, where
A, is the linear functional on A(R) defined by An(0) =Re [, ppn.

Note that |{|An|| = ||¢tn]|eo- Suppose that we have already found u;,u; and v;,
1<i< N.LetE, C E; C E; C --- be an exhaustion of R (up to a set of measure
zero) by Mergelyan sets (see the proof of Corollary 2 for the construction of the
sequence E,).

By Theorem 11 and Step II in Lemma 4, we may choose a uniquely extremal
Beltrami differential yy; such that {{un||e < [|gn+1llo <1, and pxy = uxy+i0n
some E,,. In addition, if we choose m large enough, we can force pn4 to satisfy
inequality (2) for each 1 < i < N. Then, since py+; is uniquely extremal, we can
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choose quadratic differentials uy41 and vy4; such that inequality (2) holds for
n=N+1landl1<i<n.

Hence, there exists a differential 4 € L*(R) such that u,, — p a.e. on R and
lu(2)] < |[plloo < 1 for almost all z. Therefore, A,(¢) — Au(p) for all  in A(R).
Thus inequality (2) holds for A and each :.

Since for each f,, there exists a subsequence f,, of f, such that f,, = f,, for
each k, we conclude that A, satisfies the unique approximation property at each f,,.
Hence, since the set of all f, is dense in L'(R), we conclude that )\, satisfies the
unique approximation property at each f € L'(R). Thus, by the Characterization
Theorem and the Equivalence Theorem, 34 is uniquely extremal in its Teichmiiller

class. O

Acknowledgments

We would like to thank Clifford J. Earle, Frederick P. Gardiner, Edgar Reich
and Kurt Strebel for motivation and many helpful discussions and suggestions
concerning our research and related literature.

REFERENCES

[A] L. Ahlfors, Finitely generated Kleinian groups, Amer. J. Math. 86 (1964), 413—429; 87 (1965),
759.

[B] L. Bers, An approximation theorem, J. Analyse Math. 14 (1965) 1-4.

[BA] A. Beurling and L. Ahlfors, The boundary correspondence under quasiconformal mappings,
Acta Math. 96 (1956), 125-142.

[BR] L.Bers and H. L. Royden, Holomorphic families of injections, Acta Math. 157 (1986), 259-286.

[EKK] C. J. Earle, I. Kra and S. L. Krushkal, Holomorphic motions and Teichmiiller spaces, Trans.
Amer. Math. Soc. 343 (1994), 927-948.

[EG] C.J.EarleandF. P. Gardiner, Geometric isomorphisms between infinite dimensional Teichmiiller
spaces , Trans. Amer. Math. Soc. 348 (1996), 1163—1190.

[EGL] C. J. Earle, F. P. Gardiner and N. Lakic, Vector fields for holomorphic motions of closed sets,
Contemp. Math. 211 (1997), 193-225.

[ELa] C.J. Earle and N. Lakic Variability set on a Riemann surface, preprint.

[EL] C.J. Earle and Zhong Li, Isometrically embedded polydisks in infinite dimensional Teichmiiller
spaces, J. Geom. Anal., to appear.

[EL2] C.J. Earle and Zhong Li, Extremal quasiconformal mappings, preprint.

[G] F. P. Gardiner, Teickmiiller Theory and Quadratic Differentials, Wiley-Interscience, New York,
1987.



UNIQUE EXTREMALITY 337

[Gr] H. Grotzsch, Uber die Verzerrung bei schlichten nicht konformen Abbildungen und iiber eine
damit zusammenhdngende Erweiterung des Picardschen Satzes, Ber. Verh. Sachs. Akad. Wiss.
Leipzig 80 (1928), 503-507.

[H] R. S. Hamilton, Extremal quasiconformal mappings with prescribed boundary values, Trans.
Amer. Math. Soc. 138 (1969), 399-406.

[K] S.Krushkal, Extremal quasiconformal mappings, Siberian Math. J. 10 (1969), 411-418.

[Kr] L Kra, Automorphic Forms and Kleinian Groups, Benjamin, Reading, Massachusetts, 1972.
[L1] N. Lakic, Strebel points, Contemp. Math. 211 (1997), 417—431.

[L2] N.Lakic, Infinitesimal Teichmiiller geometry, Complex Variables Theory Appl. 30 (1996), 1-17.
[Li] G. S. Lieb, Holomorphic motions and Teichmiiller space, Ph.D. Thesis, Cornell Univ., 1990.

[Liz] Zhong Li, Nonuniqueness of geodesics in infinite dimensional Teichmiiller spaces, Complex
Variables Theory Appl. 16 (1991), 261-272.

[MM] M. Mateljevi¢ and V. Markovi¢, The unique extremal q.c. mappings and uniqueness of Hahn—
Banach extension, Matematichki Vesnik 48 (1996), 107—112.

[P] M. Pavlovic, in preparation.

[R1] E.Reich, On criteria for unique extremality of Teichmiiller mappings, Ann. Acad. Sci. Fenn. Ser.
A 1Math. 6 (1981), 289-301.

[R2] E. Reich, Extremal extensions from the circle to the disk, preprint.

[R3] E. Reich, On the uniqueness question for Hahn—Banach extensions from the space of L* analytic
Junctions, Proc. Amer. Math. Soc. 88 (1983), 305-310.

[R4] E.Reich, On criteria for unique extremality of Teichmiiller mappings, Indiana Univ. Math. J. 30
(1981), 441-447.

[R5] E. Reich, An extremum problem for analytic functions with area norm, Ann. Acad. Sci. Fenn.
Ser. A I Math. 2 (1976), 429-445.

[RS] E. Reich and K. Strebel, Extremal quasiconformal mappings with given boundary values, in
Contributions to Analysis (L. Ahlfors et al., eds.), Academic Press, New York, 1974, pp. 375—
392.

[RS2] E. Reich and K. Strebel, On the extremality of certain Teichmiiller mappings, Comment. Math.
Helv. 45 (1970), 353-362.

[S1] Z. Siodkowski, Holomorphic motions and polynomial hulls, Proc. Amer. Math. Soc. 111 (1991),
347-355.

[S1] K. Strebel, On quasiconformal mappings of open Riemann surfaces, Comment. Math. Helv. 53
(1978), 301-321.

[S2] K. Strebel, On the existence of extremal Teichmiiller mappings, J. Analyse Math. 30 (1976),
464-480.

[S3] K. Strebel, Eine abschdtzung der linge gewisser kurven bei quasikonformer Abbildung, Ann.
Acad. Sci. Fenn. 243 (1957), 1-10.

[S4] K. Strebel, Zur frage der eindeutigkeit extremaler quasikonformer abbildungen des einheits-
kreises I and II, Comment. Math. Helv. 36 (1962), 306-323; 39 (1964), 77-89.

[S5] K. Strebel, Quadratic Differentials, Springer-Verlag, Berlin and New York, 1984.

[T] O. Teichmiiller, Extremale quasikonforme abbildungen und quadratische differentiale, Abh.
Preuss Akad. Wiss., Math.-Natur. K1. 22 (1939), 1-197.



338 V. BOZIN, N. LAKIC, V. MARKOVIC AND M. MATELJEVIC

[Y] S.Yu-Liang, On the weak convexity of Q(R), Proc. Amer. Math. Soc. 124 (1996), 1879—1882.
[Z] Zhong Li, Nonuniqueness of geodesics in infinite dimensional Teichmiiller spaces, Complex

Variables Theory Appl. 16 (1991), 261-272.

Vladimir BozZin
DEPARTMENT OF MATHEMATICS
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
CAMBRIDGE, MA 02139, USA
email: bozin@math.mit.edu

Nikola Lakic
DEPARTMENT OF MATHEMATICS
WHITE HALL
CORNELL UNIVERSITY
ITHACA, NY 14853, USA
email: nikola@math.cornell.edu

Viadimir Markovi¢ and Miodrag Mateljevic
MATEMATICKI FAKULTET
UNIVERSITY OF BELGRADE
STUDENTSKI TRG 16
11000 BEOGRAD, YUGOSLAVIA
email: vmarkov@matf.bg.ac.yu miodrag@matf.bg.ac.yu

(Received March 15, 1998)



