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STATIONARITY AND REGULARITY OF SET SYSTEMS

ALEXANDER KRUGER

Dedicated to R. T. Rockafellar on his 70th birthday

ABSTRACT. Extremality, stationarity and regularity notions for a system of closed sets in
a normed linear space are investigated. The equivalence of different abstract “extremal”
settings in terms of set systems and multifunctions is proved. The dual necessary and
sufficient conditions of weak stationarity (the Fztended extremal principle) are presented
for the case of an Asplund space.

1. INTRODUCTION

Starting with the pioneering work by Dubovitskii and Milyutin [8] it is quite natural when
dealing with optimality conditions to reformulate optimality in the original optimization
problem as a (some kind of) extremal behaviour of a certain system of sets. An easy
example is a problem of unconditional minimization of a real-valued function ¢ : X — R. If
x° € X one can consider the sets 3 = epip = {(x,u) € X X R: p(x) < u} (the epigraph
of ¢) and Qy = X X {u: p < @(x°)} (the lower halfspace). The local optimality of z° is
then equivalent to the condition €, Nint Qy N B,(2°) = () for some p > 0.

Considering set systems is a rather general scheme of investigating optimization problems.
Any set of “extremality” conditions leads to some optimality conditions for the original
problem.

When the sets are convex (or admit some convex approximations) extremality conditions
are given by the separation theorem. In the general case a nonconvex separation theorem
(the generalized Euler equation) was proved in [22]. By now it is generally referred to as the
Extremal principle (see [24, 33]) and has numerous applications to optimization, calculus
and economics. A different (but in a sense equivalent) scheme of investigating nonconvex
set systems was developed in [4].

Any necessary optimality conditions characterize in the nonconvex case not only opti-
mal solutions but some broader set of stationary points which can also be of interest. The
stationarity notion corresponding to the extremal principle conditions, namely weak station-
arity, was investigated in [21]. Introducing weak stationarity made possible to reformulate
the (Extended) extremal principle as a necessary and sufficient condition.
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Thus, Extended extremal principle states equivalence between primal (weak stationarity)
and dual (generalized Euler equation) conditions. Another equivalence is true: Extended
extremal principle itself is valid if and only if the space under consideration is Asplund.
The last statement adds one more line to the list of equivalent extremal characterizations of
Asplund spaces in [26].

When a stationarity condition is not true one can speak about (some kind of) regularity
of the set system. We are especially interested in investigating a strong regularity property
which corresponds to the absence of weak stationarity. It appears to be equivalent to the
metric regularity of some multifunction. Another regularity property for set systems is the
metric inequality developed in [12, 13, 29]. It is proved that regularity as defined in Section
2 is equivalent to the strong metric inequality and implies the property from [12, 13, 29].

The paper is organized as follows. The definitions of extremality, stationarity and regular-
ity for the set system are introduced in Section 2. Following [21] some constants character-
izing the mutual arrangement of sets in space are used in the definitions. The properties of
these constants and corresponding properties of set systems are investigated in this section.
More constants are introduced and investigated in Section 3.

Some special cases (conveX sets, cones, the case of two Sets) are considered in Section
4. Tt is proved, in particular, that in convex case all extremality and stationarity concepts
coincide, and when all but one sets 1, Qs, ..., 2, have nonempty interior, they reduce to
the traditional condition ﬁ?;llint QN Q, = 0. In the case of two sets the notion of weak
stationarity (see Section 2) is equivalent to “extended extremality” defined in [18].

Sections 5 and 6 contain comparison of extremality and stationarity concepts adopted
in the current paper with other “extremal” settings for set systems: the metric inequality
[12, 13, 29] and the boundary condition from [4].

The case of a single set is considered in Section 7. Formally it does not follow from the
general setting for a set system.

Section 8 is devoted to the comparison of the extremality, stationarity and regularity
properties of set systems with those of multifunctions. Considering multifunctions is another
general framework of investigating optimization, complementarity and equilibrium problems.
Both approaches (in terms of set systems and in terms of multifunctions) are in a sense
equivalent, weak stationarity being a natural counterpart of metric reqularity.

The final Section 9 presents the Eztended extremal principle: the dual criterion for weak
stationarity in terms of Fréchet normal and strict normal cones.

Mainly standard notations are used throughout the paper. The ball of radios p centered
at = is denoted B,(z). We write B, if + = 0, and simply Bifz =0, p=1. If Qis a
set then int 2, bd ) and cl) are respectively its interior, the boundary and the closure.
When considering product spaces we will always assume that they are equipped with the
maximum-type norm: ||(z1, z2)|| = max(||z1]], [|z2]|)-

2. EXTREMALITY, STATIONARITY AND REGULARITY

Let us consider a system of closed sets 1, Qa, ..., Q, (n > 1) in a normed space X with
z° € ﬂ?zlﬂl-.
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The following constants can be used for characterizing the mutual arrangement of sets
Oy, Qo ..., O, near z° ([21]):

0,1, ...,Q,](z°) = sup {r >0: (ﬂ(ai —~ ai)) () By(2°) # 0,Va; € BT} . (1)

=1
0, ..., Q](x%) = liminf 0,0, Q) (2%)/p, (2)
p—
0, ..., Q,)(z°) = liminf O[Q; —wy,..., Q2 — w,](0). (3)
Q o

(1) is defined for p > 0. The denotation w; 2 20 in (3) means that w; — 2° with w; € ;.

Evidently all the constants (1)—(3) are nonnegative (and can take the value +00). When
investigating extremality-stationarity-regularity properties of the set system one needs to
check whether the corresponding constant is zero or strictly positive.

Definition 1. The system of sets Q1, Qs, ..., Q, is
(i) extremal at x° if 0,[Q,...,Q,](2°) =0 for all p > 0.
(ii) locally extremal at x° if 6,[Q,...,Qy,](2°) = 0 for some p > 0.
(iil) stationary at z° if O[Qq,...,Q,](x°) = 0.
(iv) weakly stationary at x° if 0]y, ..., Qu](x°) = 0.
(v) regular at z° if 6[Qy, ..., Q,](z°) > 0.

The next proposition follows immediately from the definitions.
Proposition 1. (i) = (i) = (iii) = (iv) in Definition 1.

Remark 1. Opposite implications are not true in general. 8[Qq,...,Q,](x°), in particular,
may be zero even if 0,[Q1,...,Q,](z°) > 0 for all p > 0. Take p(z) = —z? in the two-set
system mentioned in the Introduction. If to take p(x) = xzsin(1/x) for x # 0 and ¢(0) =0
then the system will be weakly stationary at 0 but not stationary.

Remark 2. Condition (iii) corresponds to the traditional notion of stationarity, while (iv)
means that arbitrarily close to x° there exist points whose properties are arbitrarily close to
the stationarity property.

Remark 3. All the constants (1)-(3) are local. It is actually sufficient to assume in the
rest of the paper that the sets are only locally closed near x°. Formally the definitions above
can be applied also to nonclosed sets. However, to obtain meaningful results one needs to
assume closedness. Another possibility is to replace Q; by clQ; in the right-hand side of (1).

Remark 4. The condition 0[Q4,...,Q,](x°) > 0 also defines a kind of regularity which
is weaker than the one defined in part (iv) of Definition 1. It can be referred to as weak
regularity. We will not use this concept in the current paper.

The above definition of local extremality can be equivalently reformulated in terms of
sequences.
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Proposition 2. The system of sets Q1, Qa, ..., Q, is locally extremal at x° if and only if
there exists a number p > 0 and sequences {a;;} C X tending to zero, such that NI, (Q; —
aix) N By(z°) =0, k=1,2,....

As it can be seen from Proposition 2, the notion of local extremality defined above is
equivalent to the initial one introduced in [22]: an arbitrarily small shift makes the sets
unintersecting in a neighborhood of 2° (see examples in [21]). It defines a general notion of
extremality embedding different solution notions in optimization problems.

The simplest sufficient condition of regularity at z° is 2° € int N}, ;.

Proposition 3. The following assertions are equivalent:
(1) limp*,Jr() Op[Ql, - 7Qn](l‘o) > 0.
(i) 2° € int N7, Q.
Under these conditions 0], ..., Q,](z°) = 0], ..., Q,](2°) = +o0.

Proof. (i) = (i). Let 2° € int NI, Q;. Then B,(z°) C ; for some r > 0 and all
i=1,2,...,n. Consequently z° € Q; — a; for any a; € B,, and 6,[Q,...,Q,](z°) > r for
all p > 0. This implies (i), because the function p — 6,[Q1,...,Q,](z°) is monotone on the
set of positive numbers.

(i) = (ii). Let 6,[Q,...,Q,](z°) > r > 0 for all p > 0. Then for any p > 0 and any
a; € B,.,1=1,2,...,n, there exists

v e ()@= a)()Bola®)
i=1

Consequently a; € Q; —x, 2°+a; € Q;+2° —x and B,(2°) C Q; 4+ B,,. Since this holds true
for all p > 0 and Q; is closed one has B, (z°) C ;,i=1,2,...,n, and B,(z°) C N™,Q;.

If6,[Q, ..., Q,](z°) > r > 0forall p > 0 then it follows from (2) that §[Q4,...,Q,](z°) =
+oo. If z° € int N}, Q; then

n
0 € int m(QZ — wi)
=1

for all w; € ; sufficiently close to z°. Thus 0[Q; — w1, ..., 2, —w,](0) = 400 and conse-
quently 0[Q, ..., Q,](z°) = +o0. O
The next proposition gives a weaker sufficient condition for 6,[€,...,Q,](z°) to be

positive, though it does not guarantee regularity.

Proposition 4. Let the following condition be true:
n—1
ﬂ int Q; NQ, # 0. (4)
i=1
Then 0,[Q1,...,Q,](z°) > 0 for some p > 0.
Proof. Tt follows from (4) that there exists an = € 2, and an r > 0, such that Bs,(z) C €,
i=1,2,...,.n—1. If a; € B, theny+a; € Q;,1=1,2,...,n— 1, where y = ¢ — a,. Thus
y e Mis (U —a;) and 6,[Q4,...,Q,](z°) > 7 >0 for p= ||z — z°|| + 7. O
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The next two propositions give some relations between extremality-stationarity-regularity
properties of a set system and some its subsystem.

Proposition 5 (Reduction). Let n > 2. The following assertions hold:

)-
() 6,02, Q](°) 2 6,00, Du](a°).
(i) 6,[005100, 0,](5°) > 6,00, ., D, (2°).

Proof. The assertions are evident if to notice the next two simple facts:

(1) TF (Vi (0 — a:)) N By(2°) # 0 then (5 (2 — a;)) N B,(a°) # 0.
(ii) If (N, (% — a;)) N B,y(2°) # 0 for all a; € By, i =1,2,...,n, then

n—1

() (2 = a1)) N (2 = az) N By(a°) # 0

=1

for all a1, as € B,. O

Proposition 6. Let n > m > 2. The following assertions hold:

(i) If one of the systems {Q1, Qa, ..., Yn} or {Nit; s Qnt1, -, D} is (locally)
extremal at x° then the system {Qq, Qa, ..., Q,} is (locally) extremal at z°.
(ii) If one of the systems {Q1, Qa, ..., L}t or {Nie; iy Qnt1, -, U} is (weakly)

stationary at x° then the system {1, Qa, ..., Q,} is (weakly) stationary at x°.
(iii) If the system {Q1, Qa, ..., Qu} is reqular at x° then each of the systems {1, Qa,
v Qoo {NE L U, Qs -, Q) ds regular at 2°.

Combining (1)—(3), one can get the following representation:

n

(N =wi—a)) (B, #0, Yai € B, }/p. (5)

i=1
The next assertion is an immediate consequence of (5).

Proposition 7. é[Ql, oo, Q0](2°) > a > 0 if and only if there exists a 6 > 0, such that

(ﬁ(%-%-%))ﬂBp?é@ (6)

for any p € (0,90], w; € Q; N Bs(2°), a; € Bap, 1 =1,2,...,n

Due to Proposition 3 8[€2,...,Q,](z°) can be finite only if 2° ¢ int N7, ;. The next
proposition gives a more precise estimate.

Proposition 8. If z° € bd N, Q; then 0[Qy, ..., Q,](z°) < 1.
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Proof. It z° € bd N?_; Q; then z° € bdQ; for some i € {1,2,...,n} and there exists a
sequence {xy} ¢ €, approaching z°. Denote by ry the distance from z; to ;. One has
r > 0 since £2; is closed. Without loss of generality we will assume that r; < 1. Select
wg € ; such that
ok — wll < 7e + 77
and denote aj, = zy — wk, pr = 1, — 3. Then Q; N B, (zx) = 0 or
(Qz — Wk —ak)ﬂBpk =0

and it follows from Proposition 7 that

0, ..., Q,](z°) < kliﬂrgo llax |l /px = 1.

U

Thus, one always has either 0 < 0, ...,Q,](z°) < 1 or 0[Q,...,Q,](x°) = 400 (when

x° € int NI, ©;). At the same time 0[€,...,Q,](z°) can obviously take any nonnegative
values.

3. MORE CONSTANTS

Let us consider two more constants related to the behavior of the set system {Q;, Qo,
oovy Q) near z°:
0,[, ..., Qu)(2°) =sup{r > 0: B, C (2N B,(x°)) — (Q; N B,(z°)),
Vi, j€{1,2,...,n}, i#j}, (7)

07121, ., Q] (2°) = sup{r > 0: (Q; —a1) N (Y — az) N B,(z°) # 0,
Yai,as € B, i,7 € {1,2,...,n}, i £j}. (8)
The difference of sets in (7) is understood in the algebraic sense:
Q) — Qo ={w; —ws: wy €01, wy € N}
Obviously 0 < 6,[Q1,...,Q,](2°) < 2p for any p > 0. This means that, in contrast to

0,[Q1, ..., Q4] (2°) (see Proposition 3), 0,[,...,Q,](z°) always tends to zero when p — 0.
One always has the inequality

9;)’[91,...,Qn](x°) >0,[Q,...,0,](x°)
and it can be strict. Take e.g. three halfspaces in R?:

0 = {(x,y) Y2 0}7 Qy = {(l‘,y) Yy < J)}, Q3 = {(.If,y) S —33}.
Then 1 NQ2NQ3 = {(0,0)} and 0,[Q, ..., 2,](2°) = 0 while ][Q4, ..., Q,](2°) is positive
for all p > 0.
Some relations between (1), (7) and (8) are given by the following proposition.

Proposition 9. The following assertions hold:

(1) If0,[Qu,. .., Qu](2°) > 1 >0 then 0, ,[Q1,...,Q,](z°) > 2.
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(ii) If O,[, ..., Qu](2z°) > r >0 then 67, »[, ..., Q] (2°) = /2.
Proof. (i) If 0,[Q1,...,Q,](z°) > r > 0 then by the definition (1)

n

(M@ —a)) N B, @) #0

i=1
for any a; € By, i = 1,2,...,n. In particular, for any 4,5 € {1,2,...,n}, i # j there exists
z € [(€ —ai) N By(2°)] N [(5 — a;) N B,(2°)]
and consequently
0 € [(Qi —a;) N B,(2°)] = [(€ — a;) N B,(x°)]
and
a; — a; € [N Bp(2° + ai)] = [ N By(2® + a;)] € (2 N Byyr(2°)) — (2 N Bpyr(2°))
Since a; and a; are arbitrary, one has
Bar C (4 N Byyr(2°)) — (25 N Bpyr(2°))
and 0, .[Q1, ..., Q](2°) > 2r.
(ii) If 0,[Q1,...,Q,](z°) > r >0, 4,5 € {1,2,...,n}, i # j, and a1,a2 € B,y then
ay — az € B, and by definition (7)
a1 — a € (4N By(a®)) — (1 B,(2°))
and consequently
0e ((Ql — Cl1) N Bp(.lio — al)) — ((Q] — a2) n Bl,(l‘o — CLQ)) C
((Qi —a1) N Byyry2(2®)) = (€ — a2) N By j2(2°)).
This means that
((Qi - al) N Bp+r/2(wo)) N ((Qj - a2) N Bp+r/2(330)) 7é 0.
The set in the left-hand side of the last inequality is exactly
(Qz — CL1) n (Qj — a2) n BP+T/2(SCO).

Thus 6”7 ,[Q1,...,Q,](z°) > r/2. O

p+r/2

The next proposition summarizes some easy corollaries of Proposition 9.

Proposition 10. The following assertions hold:
(i) If 0,2, ..., Q,](2°) < oo then 6.[Q,...,Q,](x°) > 20,[Q,...,Q,](x°) for any
r>p4+ 0,0, .., Q,](2°).
(ii) If 0,[, ..., Q,](z°) = oo for some p > 0 then
o Q] (2°) = o0

(iil) 0,[Q1, ..., Q](z°) > min(20, /5[, ..., Qa](2°), p).

(iv) 07[Q, ..., Qu](z°) > 0, [, ..., Q,](2°)/2 for any
>0 Q)2+ p

() 0190 0 ]() > 0ol 0 ](a)/2.
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It is possible to define some more constants based on (7) and (8) in the same way as (2)
and (3) were defined on the base of (1).

0'[Q,...,Q,](2°) = liminf 9’p[Q1, s Q)&% / p, (9)
p—+0
0" [, ..., Qu)(2°) = liminf 07[Q1,...,Q.](2°)/p, (10)
p—+0
0'[Q1,..., 2] (z°) = liminf 0'[Q) —wy,..., 2 — w,](0), (11)
Qo
0", ..., 0] (z°) = liminf 0”[Q) —wi, ..., — w,](0). (12)
Qo

The next proposition follows from estimates (iii) and (v) of Proposition 10.

Proposition 11. The following assertions hold:
(i) 40”[Qq, ..., Q)(z°) > 0'[Q1,...,Q,])(2°) > min(0][Qy, ..
(ii) 40" [Qq, ..., Q,](x°) > ¢'[Q1, ..., Q,](z°) > min(d

The “zero” case is of special interest.

o Q] (2°), 1).
[Q,...,Q,](z°),1).

Proposition 12. The following assertions hold:
(1) (02,[Q1,...,2,](z°) =0) = (0,[Q1,...,Q2,](z°) =0) =

)
= (0'[,...,Q](a°) =0) =

(
(i) (0”2, Q%) = 0)
(O[%,.... 2](°) = 0).
(iii) (q”[Ql, S Q)(2°) =0) = (0'[Q,...,Q,](z°) =0) =
(B[, 2.])(@%) = 0).

4. SPECIAL CASES

4.1. Convex sets. In the convex case, as one could expect, the concepts of extremality
and local extremality coincide and appear to be equivalent to both stationarity and weak
stationarity.

Proposition 13. Let Qq, Qs, ..., Q, be conver.
(i) If 0,[, ..., Q] (x°) > 0 for some p > 0 then 0,[Q4,...,Q,](z°) > 0 for all p > 0.
(i) The function p — 0,[Q,...,Q,](x°)/p, considered on the set of positive numbers,
18 nonincreasing.
() O[04, ... 2u)(2%) = supm 0,[,. Du)(a") .
(iv) 0[Q,...,2](x°) = 0[Q, ..., Q,](z°).
Proof. (i) Let 6,[,...,Q,](z°) > 0 for some p > 0. Since the function p —
0,[Q,...,Q,](2°) is nondecreasing it is sufficient to show that 6,[Qq,...,Q,](z°) is pos-
itive for any positive p’ < p. Denote t = p’/p. It follows from (1) that for any positive
r<0,Q,...,0,](2°) and any a; € By, i =1,2,...,n, one has

(Y0 - a0) (15,025 %0

=1
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Take arbitrary a; € By, i = 1,2,...,n, and select some
ze (ﬂ(ai - ai/t)) ) B (a°).
i=1

Then z + a;/t € ; and, since €; is convex, x; + a; € §;, where x; = 2° + t(z — z°). Thus

Ty € (ﬁ(ﬂz - ai)) me'(ﬁ'?o)

i=1
and consequently 0, [Qq,...,Q,](z°) > t0,[Q, ..., Q] (z°).
(ii) The last inequality can be rewritten as
O [, .., Q](2°)/p > 0,[Q, ..., 2,](z°)/ p.

(iii) The assertion follows from (ii) and the definition (2).

(iv) The inequality [, ..., Q,](z°) < 0], ..., Q,](x°) follows from the definition (3).
Let 0 < o < B < 0[Q1,...,2,](x°). Then it follows from (iii) that there exists p > 0, such
that 6,[Q,...,Q,](z°) > fp and consequently

(N~ e0) N Bta) 20

i=1
for any a; € Bgp, t = 1,2,...,n. The last condition can be rewritten as
(ﬂ(Ql —x° — al)> ﬂBp 7é @
i=1
Take arbitrary w; € Q; N Bg_qa),(2°). Then

((](Qz —w; —ai)) ﬂBp #0

i=1
for any a; € B, and consequently

0, —wi,..., 2 —wy](0) > ap

and

0 —wi,y ..., O — wy](0) > a
The conclusion follows from the definition (3). O
Proposition 14. Let Qq, Qo, ..., Q, be convex. Then (i) & (i) & (iii) & () in

Definition 1.
IfintQ; #0,i=1,2,...,n— 1, then the first four conditions in Definition 1 are equiva-
lent to the following one:
n—1

m intQ; NQ, =0, (13)

i=1
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while condition (v) is equivalent to
n—1

ﬂ intQ; NQ, # @, (14)

i=1
Proof. The first assertion follows from Proposition 13. Condition (i) in Definition 1 implies
(13) (Proposition 4).
Let intQ; #0,i=1,2,...,n— 1, and (13) hold true. Choose w{ € Q;,i=1,2,...,n—1,
and p > 0, such that Ba,(wf) C int§;, i =1,2,...,n — 1. Denote
ag =k (2° —wp), i=1,2,...,n—1, apx = 0.
We shall show that .
(ﬂ(Qi - aik)) NBy(2°) =10
i=1
for all sufficiently large k. If ||a;|| < p then for ¢ =1,2,...,n — 1 one has
(€ —aik) N By(x°) C QN Bap(2°) —aj = {w —aik : w € Q; N Byy(x°)} =
{w+ k(W +w—2°) —w) : w e QN Byy(x°)}.
In the last expression w{ + w — x° € Ba,(wf) C int ; and
wHE (W) +w—2°) —w) €intQy
since (; is convex. Thus
(Qz — aik) N Bp(l‘o) C int §;

and it follows from (v) that

This implies (ii) in Definition 1. O

Remark 5. As it follows from Proposition 14, for convex sets all of which except maybe
one are solid, the concept of extremality/stationarity takes the traditional form (13). From
the other hand, the concepts investigated in the current paper make sense and are applicable
for convex sets which are not necessarily solid.

4.2. Cones. Another special case that can be important for applications is the case of a sys-
tem of cones. It follows from the next proposition that all the properties under consideration
are determined by the constant 6, calculated for p =1 (possibly for shifted cones).
Proposition 15. Let Qq, Qo, ..., Q, be cones. Then the following assertions hold.
(i) Ifw; € Q;,i=1,2,...,n and p > 0 then
0,0 — wi,- . D — wa)(0) = P01 — 1 /ps- ., U — /] (0).
In particular, p — 6,(Q,...,2,](0) is positively homogeneous:
0,2, ..,92,](0) = pb1[Q, ..., 2,](0).
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(ii) Ifw; € Q;,i=1,2,...,n then
[ —w1,...,Q, —wy](0) = 1itminf91[91 —twi,y .., Qp — twy](0).

In particular, 0[Qq, ..., Q,](0) = 01[Q, ..., Q2,](0).
(111) G[Ql, ey Qn](O) = infwiegi 91[91 — Wiy ;Qn — wn](O)

Proof. (1) Let w; € ;,i=1,2,...,nand p > 0. Since Q;, i = 1,2, ..., n are cones inequality
(6) is equivalent to the condition
n
(ﬂ(Qz —wi/p— ai/p)) NB #0.
i=1

The conclusion follows from Proposition 7.

(ii) The assertion follows from (i) and the definition (2) by substituting p = 1/.

(iii) The assertion follows from (ii) and the definition (3) since tw; when ¢ — oo and
w; — 0 can determine any point in ;. O

Proposition 16. Let 2y, Qs, ..., Q, be cones, x° = 0.
(i) (i) & (i) < (i) in Definition 1 and these conditions are equivalent to
01[91,...,2,](0) = 0.
(ii) The system of sets Qq, Qa, ..., Qp is weakly stationary at x° if and only if

w}relgl 01[Q1 — wi,y...,Qp — wy](0) =0.

Proposition 17. Let Oy, Qa, ..., Q, be cones. If 0[Q,...,Q,](0) > 0 for some p >0
then Q; —Q; = X for any i,j € {1,2,...,n}, i # j.

Proof. Let 6/,[Q1,...,Q,](0) > 7 > 0 for some p > 0 and i,j € {1,2,...,n},i# j. It follows
from (7) that B, C (;NB,)—(;NB,). Then B, C ; —; and consequently Q; —Q; = X
since §; — Q; is a cone. O

4.3. Case n = 2. Considering (7) (and (9) and (11)) can be especially useful in the case of
two sets (n = 2). In this case one has 0][Qy, Qa](2°) = 0,1, Q](2°) and the “derivate”
constants (10) and (12) reduce respectively to (2) and (3). It follows from Propositions 10
— 12 that the properties of [, Q](2°) are very similar to those of 6,1, Qa](z°).

Proposition 18. The following assertions hold:
(i) (6p[21,9Q](2°) = 0) = (6], 521, 2:](2°) = 0).
(i) (0,[,Q](2°) = 0) = (6 p/Q[Ql’QZ]( °)=0).
(iii) (6[21,Q](2°) = 0) < ([, Q:)(2°) = 0).
(iv) (01, 22](2°) = 0) & (0, 2](2°) = 0).
Thus in the case of two sets all the concepts in Definition 1 can be equivalently described

in terms of (7), (9) and (11) instead of (1), (2) and (3). In particular, weak stationarity is
equivalent to “extended extremality” as defined in [18] (see also [19], [20]).
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On the other hand, the general case n > 2 can be easily reduced to the case of two sets: one
can consider the system of two sets 1 = Qy X Qo x...xQ, and Qs = {(z,z,...,2): z € X}
in X™ and the point 2° = (z°,2°,...,2°) € Q1 N Q.

Proposition 19. The following inequalities hold:
0,100, ...,Q.)(2°) > 0,[Q1, Q2] (2°) > min(2,[Q1, - - ., Q] (2°)/2, p).
Proof. Tf 0 <7 < 0,[Q, Q] (2°) then
(Q1 —a) N QN B,(3°) # 0
for any a = (a1,as,...,a,) € B,. Due to the definitions of Q0 and Q- this means that for

any a; € By, i = 1,2,...,n, there exists € B,(z°), such that x € Q; —a;, i =1,2,...,n.
Thus,

and consequently 0,[,...,Q,](2°) > r. This proves the first inequality.
I£0 <7 < 051, .. Q])(2°)/2 then

.

(Q: — az‘)) N By(2°) # 0

i=1

n

(ﬂ(Qz - ai)) N Bay(x°) # 0

i=1
for any a; € Ba,, i =1,2,...,n. In other words,
(Q1 — a) N Q2 N By, (3°) # 0
for any @ € Ba,. Assume additionally that » < p. Then
(@ — a1) N (R — a2) N By(3°) # 0
for any a1, as € B,. This proves the second inequality. O
Proposition 20. The system of sets 0y, Qa, ..., Q, is extremal (locally e:z:zfremal, sta-

tionary, weakly stationary, reqular) at x° if and only if the system of sets Q1, Qo in X" is
extremal (locally extremal, stationary, weakly stationary, regular) at °.

Remark 6. The analogs of Propositions 19 and 20 are true for the following system of two
setsin X" Q= x Qo x ... x Qg and Qo = {(z,2,...,7): € Q,}.

5. METRIC INEQUALITY

Some other approaches based on comparing distances can be used for characterizing
stationarity /regularity properties of set systems. Let d(-,-) be the distance function in X
associated with the norm. We will keep the same notation for point-to-set distances. Thus,
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d(z,Q) = inf,eq ||z — w]| is the distance from a point  to a set Q and d(z, ) = co. Let us
introduce two more constants:

I, .o, Q)2 ):hflszlip< QQ / rga<xnd;v Q)) ) (15)
D[, ..., Q,](z°) = limsup ( ﬂ /1I£ax d(z + xQ)) : (16)
ij—m»g =1 =n o

The “extended” division operation (-/-), is used in (15), (16) to simplify the definitions.
It makes division by zero legal. The formal rules are as follows: 1) (a/8)o = o/, if 5 # 0;
2) (a/0)o = 400, if @ > 0; 3) («/0)s = —o00, if & < 0; 4) (0/0)o = 0. The first three rules
are quite usual (the second and the third cases will never occur in (15), (16)). The fourth
rule is the most important one here. In the case 2° € int N}, €1, it automatically leads to
I, ..., Q)(2°) = 9[Q,...,Q2,](2°) = 0. Otherwise the points where the numerator and
the denominator are both zero in the right-hand side of (15) or (16) can be ignored when
calculating the value of the upper limit.

Some easy corollaries of the definitions (15), (16) are summarized in the next two propo-
sitions.

Proposition 21. The following assertions hold:

(i) D[Q,..., Q) (2°) = limsup, _o0[Q — 1, .., Qn — 2] (z°).

(i) If 2° ¢ int NPy Q; then D[Qy,. .., Qu)(2°) > I[Q, ..., Q] (2°) > 1.

Otherwise V[, ..., Q] (x°) = I[Q, ..., Q](z°) = 0.

Proposition 22. The following assertions hold:

(1) 9[Q1,...,0:.](x°) < oo if and only if there exists a 3 > 0 and a § > 0 such that

n
d(z, () ) < 8 max d(z, ;) (17)

1<i<n

for all x € Bs(z®). Y¥[Q,...,Q2,](x°) coincides with the exact lower bound of all
such .
(i1) I, ..., Q](2x°) < oo if and only if there exists a >0 and a § > 0 such that

d(z,

.

(Q —xz)) <p o d(x + zi, Q) (18)

=1

for all x € Bs(x°), x; € Bs, i = 1,2,...,n. @[Ql,...,Qn](x") coincides with the
exact lower bound of all such (.

The main “regularity” question is whether the corresponding constant is finite.

Remark 7. The condition formulated in part (i) of Proposition 22 is equivalent to the
reqularity condition known as the metric inequality [12, 13, 29] (it is formulated in [12, 13, 29]
with the sum of the distances in the right-hand side instead of the mazimum). The condition
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in part (ii) can be considered as the strong metric inequality. If (17) is valid for all x € X
then the system of sets is said to be linear regular [28]. Collections of normal or downward
[34] sets are examples of linearly reqular set systems.

Remark 8. The inequality O[Q, ..., Qu](x°) > 9[Q1, ..., Q] (x°) can be strong. Take e.q.
Oy = Qo = {2°}. Then evidently, 91, Qa](z°) = 1, I[Q1, Q2](x°) = oco0. Thus, the strong

metric inequality is really stronger than its traditional counterpart.
The constant (16) appears to be closely related to (3).
Theorem 1. 9, ..., 0,](z°) = 1/60[Q4,...,Q,](z°).

Proof. Let us show that 0, ...,Q,](z°) > a for any a < 1/9[Q,...,Q,](z°). Chose an
arbitrary

B e (9Q,...,0,](x°),1/a).
Due to Proposition 22 there exists a § > 0 such that (18) holds for all € Bs(z°), x; € Bs,
i =1,...,n. Denote & = d/(a+1). Let 0 < p < ¥, w; € QN Bs(x°), |lai] < ap,
i=1,...,n. Then
lwi —2° +ail| <6, i=1,...,n,
and it follows from (18) for x = z°, x; = w; — 2° + a; that the inequalities
o —a)) < ) .0 < )
d(0, Q(Qz wi — a;)) < ﬁlrél?gn d(wi + ai, ;) < ﬂfgiagxn lail| <p

hold true. Thus, (6) is valid, and it follows from Proposition 7 that the inequal-
ity 0[Q1,...,Q,](z°) > « holds. Since « is arbitrary one has ¥[Qi,...,Q,](z°) >
1/0[Qla~"7Qn]($o)‘A .

Let us show that 9[,...,Q,](z°) < 1/a for any positive a < 0], ..., Q,](x°). Due to
Proposition 7 there exists a 6 > 0 such that (6) holds for all 0 < p < §, w; € Q; N Bs(x°),
a; € Bop, t =1,...,n. Denote

8 = dminfa/(a+1),1/(a+ 3)]
and chose arbitrary points @ € Bs/(2°), 2; € Bsr, i = 1,...,n. Consider two cases.
1) d(z + z;,Q;) > ¢ (a+ 1) for some j € {1,...,n}. Take p =0/, w; = 2°, a; = ;.
Obviously p < 0, |lai]| < ap, ¢ = 1,...,n, and it follows from (6) that there exists an
x' € By jo(2°) such that o’ +z; € Q;, i =1,...,n. Thus,

d(z, [ (% —z)) < |lz —2'|| <8 (a+1)/a < (1/a) max d(z + z;, ),

1<i<n

.

i=1

which implies 19[(217 .o, 2,](2°) < 1/a due to Proposition 22.
2)d(x+2x;,8;) <d(a+1),i=1,...,n. Forany i =1,...,n chose a point w; € §; such
that ||z + z; — w;|| < ¢ (a+ 1). Evidently

|wi — 2°|| < 8 (a+3) < 6.
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Take a; = ¢+ x; — w;, p = Maxi<;<n ||a;|| /a. Then p <4, ||la;|| < ap,i=1,...,n, and one
can use condition (6) again: there exists an &’ € B,(x) such that 2’'4+x; = o' —z4w;+a; € Q;,
i=1,...,n. Consequently
n
d(z, Q(Qi — @) < o~ 2|l < (1/a) max ||z +zi —wi .

1=
Since ||z + x; — w;|| can be made arbitrary close to d(z + ;,€2;) by the appropriate choice
of w; € Q;, the last inequality implies that

n

d(z, (€ — 2:)) < (1/e) max d(@+ i, )

i=1
and consequently 9[Qy, ..., Q,](2z°) < 1/av.

Since « is arbitrary one has ¥[Q1,...,Q,](x°) < 1/0[Q4,...,Q2,](x°). O
Corollary 1.1. The system of sets Q1, Qa, ..., Q, is reqular at z° if and only if

I, ..., Q,](2°) < 00. Under these conditions ¥[Qq, ..., 0,](x°) < co.

6. BOUNDARY CONDITION

Another “extremal” setting based on considering set systems was developed in [4]. Instead

of considering the intersection of closed sets 1, 9, ..., £, the authors consider their sum
n n
ZQZ: {w—Zwi: Wi GQZ', 1= 1,2,...,71}.
i=1 i=1
The sets are not assumed to have a common point. Let z7 € €;, ¢ =1,2,...,n. The main

“extremal” property investigated in [4] is whether the boundary condition

f: 2% € bd (f: Q) (19)
=1 i=1

holds true.

Not surprisingly this condition appears closely related to the extremality concept consid-
ered above. In the framework of the current paper we are interested not only in extremality,
but also in regularity properties. Therefore a little more general setting will be discussed
here. We are going to introduce one more constant:

Gl Q) (a5, .., 28) = sup {7" >0: B af)cd (N Bp(x;?))} : (20)
i=1 i=1

Note that the sets Q1, Qa, ..., Q, are considered locally when defining (20). The condition
(19) is equivalent to (,[1, ..., Q,])(23,...,z5) =0 for any p > 0.

Proposition 23. Define Q1 = Oy x Qo x...xQy,, Oy = {(z1,20,...,2p) € X™: 30 oy =
S xd}, #° = (29,23,...,25) € X™. The following assertions hold for any p > 0:

7

(1) 92P[Qla QQ](:Z'O) > min(CP[le ) Qn}(xcl)’ ) ‘T%)/(Qn)v p)



16 ALEXANDER KRUGER

(i) Cop[Q1,..., Qp](at, ... 2p) > min(9p[ﬁl, Qg](i"), D).
Proof. Evidently the sets Ql, Qg are closed and z° € Ql N Qg.
(i) Let 0 <7 < (o[, ..., Q,](2F, ..., 2;). Select arbitrary points a1, a2 € B, /(2n) C X"

i n

Then @ = a1 — az € B,,. If @ = (a1,0a2,...,a,) then a; € B/, C X,i=1,2,...,n, and
a=>Y"_a; € B,. It follows from (20) that

n n
D oap+ae) (N B,(x)).
=1 =1

This means that there exist w; € Q; N B,(xf), i = 1,2,...,n, such that

n n
> (wima) =3
i=1 i=1
In other words, & — @ € Qy, where & = (w1, wa,...,wy) €Y N B,(z°), and consequently

@ —ay € (Y —a1) N (2 —a2) N By (2°).
Assume additionally that » < 2np. Then
(Q1 — 1) N (Qy — az) N Bop(d®) # 0
>

and it follows from the definition (1) that 2,[Q1,Q](2°) > 7/(2n). This proves the first
assertion.

(i) Let 0 < 7 < 0,[Q1,Q](#°). Select arbitrary a € B, C X and take @ = (a,0,...,0) €
X™. Then a € B, C X™ and it follows from (1) that

(Q1 —a) N QN B,(3°) # 0.
This means that there exist w; € Q; N B,q.(z7), i = 1,2,...,n, such that

R
i=1 i=1
In other words,
St 0 € (0N By a9)).
i=1 i=1
Assume additionally that » < p. Then it follows from (20) that

Cop[, ., Q) (2, ... 2p) >

This proves the second assertion. O
Proposition 23 implies the following “extremality” statement.

Proposition 24. Let Qy, Qs, Z° be as in Proposition 23. The following assertions hold:
(1) G, (23, ...,25) = 0 for some p > 0 if and only if the system of sets Qy,
Qo is locally extremal at T°.
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(i) Cp[Q,y. .., Qu)(2t,...,25) =0 for all p > 0 (i.e. the boundary condition (19) holds
true) if and only if the system of sets 21, Qo is extremal at T°.

Thus, the boundary condition for a set system (both in local and global forms) is equiv-
alent to the (corresponding version of) extremality for another set system. The opposite
statement is also true.

Proposition 25. Let 1y, Qa, ..., Q, be closed sets in X and x° € N]_,Q;. Define 0 =
D x Qo x .o xQy, Qo ={(z,2,...,2) € X" : z€ X}, ° = (2°2°...,2°) € X™. The
following assertions hold for any p > 0:

(1) C2p[le QQ]('iC); _jo) 2 H{(in(qp[gl7 MR QTL](IO)? p)

(ii) 0,[,...,Q.](z°) > (o[, Q] (2°, —2°).
Proof. Evidently the sets Ql, Q, are closed, z° € Ql, —7°€ Qs and 0 € Q + Q.

(i) Let 0 < 7 < 0,[Q,...,Q,](2°). Select arbitrary a = (a1, as,...,a,) € B, C X™.
Then a; € B, C X,i=1,2,...,n, and it follows from (1) that

(ﬁ(Qi —ai)) () By(a) # 0. (21)

i=1
This means that there exists @ € Q; N B,,,(2°), such that & —a € Qy N B,(i°), or
a—& € QyN B,(—i°). Consequently

a € (1N Bpyr(3°)) + (2N B,y(—1°)).
Since a is arbitrary one has

By C (1N Byir (%)) + (Q2 N By (—2°)).
Assume additionally that 7 < p.  Then it follows from (20) that the inequality
C2p[€21,Q22](2°, —2°) > r holds. This proves the first assertion.

(ii) Let 0 < r < Cp[fll,flg](:io,—io). Select arbitrary a; € B, C X, ¢ =1,2,...,n, and
set @ = (a1, ag,...,an). Then a € B, C X™ and it follows from (20) that
ae (UNB,E°) + (92N B,(—i%).

This means that there exist w; € ; N B,(2°), i = 1,2,...,n, and z € B,(z°), such that
a;, =w;—x,1=1,2,...,n. Thus, z =w; —a; € (% —a;) N B,(2°), i =1,2,...,n. In other

words, (21) holds true. Due to (1) this proves the second assertion. O
Proposition 26. Let Qq, Qo, ..., Qp, Q1, Qo, 2°, 7° be as in Proposition 25. The following
assertions hold:
(i) The system of sets Q1, Qo, ..., Qp is locally extremal at x° if and only if
C,[Q1, Q) (3°, —3°) = 0 for some p > 0.
(ii) The system of sets Qq, Qa, ..., Qp is extremal at x° if and only if

o[04, Q)(3°, —3°) = 0 for all p > 0.

Remark 9. The four propositions presented in this section extend and improve Proposition
2 from [4], which actually contained the following two implications (for the case n = 2):
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(i) (19) = the system of sets M, Qo is locally extremal at 7°, where Qq, Qo, Z° are as
i Proposition 25. ~ ~
(ii) The system of sets Q1, Qa, ..., Q, is locally extremal at z° = &° € bd (1 + Q2),

where Q1, Qo, ..., Qp, Q1, Qo, x°, ° are as in Proposition 25.

The first assertion is covered by Proposition 24 above. The second one is not true. Firstly,
there should be 0 instead of Z° in the right-hand side of the implication. Secondly, the local
extremality leads to the local version of (19):

0€bd (@1 N By(#)) + (22N B,(-7)) )
for some p > 0 (see Proposition 26).

Remark 10. Two more constants can be defined based on (20) in the same way as (2)
and (3) were defined on the base of (1). One can use them for defining the correspondent
stationarity and regularity notions. Due to Propositions 28 and 25 they will be equivalent to
the corresponding notions investigated in the preceding sections.

7. REGULARITY OF A SINGLE SET

The case of a single set is not covered by the definitions and results presented above. Let
Q be a closed set in X with z° € (.

Definition 2. Q is extremal (locally extremal, stationary, weakly stationary, regular) at z°
if the system of two sets {2, Q} is extremal (locally extremal, stationary, weakly stationary,
regular) at z°.

As it follows from Proposition 18 in the case of two sets the constants (7), (9), (11)
are convenient for describing extremality-stationarity-regularity properties. In the current
setting they take the following form:

0,[Q(z°) =sup{r >0: B, C (2N B,(z°)) — (2N B,(z°))}, (22)
0[2)(=°) = iminf 6,[(a°)/p. (23)
0[Q)(2°) = liminf 6'[Q — wy, Q — ws](0). (24)

Q
w1 ,wa—x°
Remark 11. Note that (24) is defined on the basis of (9), not of (23). This is because two
different shifts of a single set make two different sets.

Remark 12. The concept of set regularity adopted in Definition 2 is related to the property
of Q—Q to have the nonempty interior. It differs from other existing definitions of tangential
or normal reqularity (see [3, 5, 6, 23]). For example, it follows from Proposition 29 below
that any convex set with the empty interior is extremal at each point.

Application of the results of the previous sections leads to the following statements.

Proposition 27. Q is locally extremal at x° if and only if there exists a number p > 0 and
a sequence {ar} C X tending to zero, such that

QN(Q—ap)NBy(z°) =0, k=1,2,....
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Proposition 28. The following assertions are equivalent:
(i) z° € bd Q.
(i) ljmpHJrO 0,(2](z°) = 0.
(iil) 9[Q)(x=°) < 1.

Proposition 29. Let Q) be conver. The following assertions are equivalent:

(i) Q is extremal at x°.

(ii) Q s locally extremal at x°.
(iil) Q is stationary at x°.
(iv) Q is weakly stationary at x°.
(v) int Q= 0.

Proposition 30. Let 2 be a cone. The following assertions are equivalent:

(i) Q is extremal at 0.

(if) Q is locally extremal at 0.
(iil) Q s stationary at 0.
(iv) 6:[2(0) = 0.

Proposition 31. Let Q be a cone. Q is weakly stationary at 0 if and only if
inf  0'[Q — wi,Q — ws](0) = 0.

w1 ,wz €N
Remark 13. If Q is a cone, the condition 0,[Q(0) > 0 for some p > 0 means that § is
nonflattened (nonoblate) [35] which in its turn implies that 0 is generating: Q — Q = X.
If X is Banach these conditions are actually equivalent (see [1]).

8. EXTREMALITY, STATIONARITY AND REGULARITY OF MULTIFUNCTIONS

It is not surprising that the extremality-stationarity-regularity concepts defined above for
set systems are closely related to the similar notions for set-valued mappings (multifunc-
tions).

Let F : X = Y be a multifunction between normed spaces X and Y with a graph
gph F ={(z,y) e X XY : y € F(x)} and (z°,y°) € gph F.

Similarly to (1)—(3) the following three constants can be defined for characterizing the
local behavior of F' near (z°,y°):

0p[F](2°,y°) =sup{r > 0: Br(y°) C F(B,(z°))}, (25)

H[F](x(:’:UO):l})gi%f HP[F](I‘: ’y )7 (26)

0[F)(z°,y°) = liminf  §[F)(z,y). (27)
(,9)*" (2°,y°)

Definition 3. The multifunction F': X =Y is
(i) extremal at (x°,y°) if 6,[F](z°,y°) = 0 for all p > 0.
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(ii) locally extremal at (x°,y°) if 0,[F](z°,y°) = 0 for some p > 0.

(iil) stationary at (x°,y°) if O[F](x°,y°) —0

(iv) weakly statzonary at (z°,y°) if O[F ]( y°) = 0.

(v) regular at (x°,y°) if é[ Fl(z°,y°) >

Remark 14. The constants (25)-(27) are nonnegative. They characterize the covering
property [7] (or its absence when the corresponding constant is zero) of F' either at the point
(x°,y°) (constants (25), (26)) or in its neighborhood (constant (27)). It is well known (see
e.g. [25, 33]) that the covering in a neighborhood (or linear openness) is equivalent to the
metric (or pseudo) regularity property [11, 13, 14, 30] (and to the Aubin property [2, 33]
of the inverse mapping). Thus the regularity in part (v) of Definition 3 is actually the
metric reqularity. Besides the “covering” collection of constants (25)-(27) one can define
the corresponding “regularity” one in a similar way.

The relations between (25)—(27) and (1)—(3) are given by the following theorem.

Theorem 2. Define Q1 = gph (F), Qo = X x {y°}. The following assertions hold.

(1) 90[917 QQ](xO’ yo) < min(ep[F}(xovyo)/va) < 92/)[91’ 92](xoayo) fOT any p > 0.
(i) 021, o] (2°,3°) < min(A[F](2°,4°)/2,1) < 20[Q1, Q] (2°,7°).
(iil) 0[Q1, Q](z°,y°) < min(0[F)(2°,4°)/2,1) < 20[Q1, Q2] (2°,y°).

Proof. (i) Let p > 0 and 0 <7 < 0,[Q1,Q2](2°,y°). Due to (1) this means that
(€1 — (a1,b1)) N (Q2 — (az,b2)) N B, (2%, 9°) # 0

for any ay, b1, a2,bs € B,.. Since

Qo — (az,b2) = X x {y° — ba},
the last condition implies that for any by,bs € B, one has y° — by € B,(y°) and

F~1(y° + by — bg) N B,(x°) # 0.
The first inclusion immediately yields r < p while the second condition leads to the relation

Bar(y°) C F(By(2%)),

which due to (25) means that 6,[F](x°,y°) > 2r. This proves the first inequality in (i).
Let 0 <r < pand 2r < 0,[F](z°,y°), i.e. Bo,(y°) C F(B,(2°)). Then

Bar(y°) € F(Bay(2° 4 a1))
for any a; € B,.. Consequently
F7 y° + by —bo) N Boy(x® +a1) #0
for any a1, b1,bs € B;.. The last condition can be rewritten as
Q1N (Q2— (0,02 —b1)) N Bap(a® +a1) x {y° +by — b2} #0

or

(Ql — (al,bl)) N (QQ — (ag,bg)) N ng(fﬂo) X {yo — bg} 7é @
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for any ay,b1,az2,bs € B,. This means that 0,[21,Q2](2°,y°) > r, which proves the second
inequality in (i).
Inequalities (ii) and (iii) follow from (i). O

Corollary 2.1. Let 1, Qs be as in Theorem 2. The following assertions hold.
(i) F is extremal at (2°,y°) < {Q1,Qa} is extremal at (x°,y°).
(ii) F s locally extremal at (z°,y°) < {Q1,Qa} is locally extremal at (x°,y°).

(i) F is stationary at (z°,y°) < {Q1,Qa} is stationary at (x°,y°).

(iv) F is weakly stationary at (z°,y°) < {Q1, D2} is weakly stationary at (z°,y°).

(v) F is regular at (z°,y°) < {Q1,Q2} is reqular at (x°,y°).

Thus, all the properties of the multifunction F' defined in Definition 3 can be deduced
from the corresponding properties of the set system. The contrary is also true and the
concepts in Definitions 1 and 3 are in a sense equivalent.

Let us consider again a set system {Qq, Qa, ..., Q,} (n > 1) with 2° € N2, Q.
Theorem 3. Define F': X = X" : Fla)=(Q1—2) X (Q—2) X ... x(Q, —x), v € X.
The following assertions hold.

(i) 0,[,...Q,](z°) = 0,[F](z°,0,...,0) for any p > 0.
(i1) 0[Q,...0Q,](x°) = 0[F](z°,0,...,0).

(iii) O[,...Q,](z°) = 0[F](z°,0,...,0).

Proof. Due to the definition of F' condition z° € N};€; is equivalent to the inclusion
(0,...,0) € F(x°), and condition

B,(0,...,0) C F(B,(z°))

means that for any a; € B, i = 1,2,...,n there exists an « € B,(z°) such that a; € ; —z,
i =1,2,...,n. This is equivalent to
(ﬂ(gi - a,-)) () Bo(z°) # 0.
i=1
Due to the definitions (25) and (1) this proves (i). (ii) and (iii) follow immediately. O

Corollary 3.1. Let F : X = X" be as in Theorem 3. The following assertions hold.
(i) {Q,...Q,} is extremal at x° < F is extremal at (z°,0,...,0).
(i1) {4,...Q} is locally extremal at x° < F is locally extremal at (°,0,...,0).
(iii) {Q,...Q,} is stationary at x° < F is stationary at (z°,0,...,0).
(iv) {Q1,...Q,} is weakly stationary at x° < F is weakly stationary at
(2°,0,...,0).
(v) {Q,...Q,} is regular at z° < F is regular at (°,0,...,0).

Remark 15. The multifunction F defined in Theorem 3 was used in [13] and other pa-
pers when investigating properties of set systems. Due to Proposition 22 (ii) and Corollar-
ies 1.1 and 3.1 the “strong metric inequality” (18) is equivalent to the regularity of F at
(°,0,...,0). It is not difficult to show that the metric inequality (17) is equivalent to the
inverse mapping F~1 being Lipschitz upper semicontinuous [32] at 0.
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9. DuaL CRITERIA

The stationarity and regularity properties of set systems were defined above in terms
of primal space elements. They admit some dual characterizations in terms of “normal”
elements.

Let X* denote the space (topologically) dual to X and (-, -) be the bilinear form defining
duality between X and X*.

Recall that the (Fréchet) normal cone to a set Q at 2° € Q is defined as

N(z°|Q)=qz" e X*: limsupw§0 . (28)
R PR

This convex cone is a natural (and one of the simplest) generalization of the normal cone in
the sense of convex analysis.
Let us define one more constant for the system of closed sets Q1,Qs,...,,:

n n
Q... Q,](z°) = lim inf " " :
1O 0)(°) 5;110111{(;@ /;nxz@

xf € N(z;/Q), x; € Q; N Bs(z°), i = 1,...,n}. (29)

One more “extended” division operation (-,-)s is used here. It differs from the (-,-), op-
eration, which was used in (15), (16), in the fourth rule definition: 4) (0/0)s = co. This
allows us to exclude the case zj = a5 = --- = 2} = 0 when calculating (29). If this is the
only case (z° € int N, ;) one automatically gets n[Q4,...,Q,](x°) = cc.

Note that the normal cones are “calculated” in (29) not at 2° but at the points from
its neighborhood the size of which then tends to zero. This is an example of a “fuzzy”
definition.

The definition (29) can be simplified a little if to make use of the strict §-normal cone
[16, 17, 20] (6 > 0) to a closed set Q at z° €

Ns(2°|Q) = U {N(z|Q): z€ QN Bs(z°)}. (30)
(29) takes the following form:

n
*
2

i=1

N[, ..., Q,](z°) = lim inf{(

6—+0

/ZIIw?II) :
i=1 00
zf e Ns(z°|), i=1,...,n, } (31)

Obviously N (z°|Q) € Ns(x°|Q) for any § > 0. Contrary to (28) the cone (30) is nonconvex
in general.
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One can use also the limiting normal cone [22, 23] based on (28), (30):
N(z°| Q) = m cl*Nj(z°] ), (32)
>0

where the symbol cl* denotes weak™* sequential closure of a set (a collection of the limits of
all weakly™ convergent sequences of elements of this set) in the dual space. In other words,
z* € N(2°|Q) & there exist sequences {zx} C Q, {z}} C X* such that 2} € N(zx|?),

k=1,2,...,and ) — 2°, o}, ", 2* when k — co. The analog of (29), (31) is defined as

n n
St /anﬂ) :
i=1 i=1 oo

i € N(2°|), i = 1,...,n,}. (33)

g1, ..., Qp](x°) = inf{ (

Remark 16. Of course, [, ..., Q,)(2°) = [, ..., Q,](z°) if dim X < co. To be able to
apply (32) and (33) in infinite dimensions one needs to impose additional compactness-type
assumptions guaranteeing nontriviality of the limits in the weak® topology (see. [27]).

The condition 7[Q1,...,Q,](z°) = 0 plays a crucial role when characterizing weak sta-
tionarity of the set system.
(29) can be rewritten as

n

*
2l

=1

T’[Qla AR Qn](‘ro) = 5115-10 lnf{

v} € Ny(a®1Q), i=1,...,n, Y _|laf[| = 1}. (34)
i=1

Proposition 32. n[Qy,...,Q,](z°) =0 if and only if for any 6 > 0 there exist elements
wi € Q; N Bs(x°), =] € N(w;|), i =1,2,...,n,

such that

Dollaill =1, | Y =] <o

i=1 i=1
Remark 17. Adopting the terminology from [15, 18, 19, 22] (based on [8]) the condition
N, ..., Q](x°) =0 (and its representation in Proposition 32) can be addressed to as the

generalized Euler equation. It can be considered as (some kind of) a separation property
for nonconvex sets. Note that it is formulated in a “fuzzy” form.

The next theorem proved in [21] gives the relations between (31) and (3) and dual con-
ditions of weak stationarity and regularity of set systems.
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Theorem 4. The following inequality holds:

0, ..., Q) (2°) <[, ..., ] (x°). (35)
If X is Asplund and 0]y, ..., Q,](z°) < 1 then

0, ..., Q](a°) < Ol .., 2a)(@®) (36)
1—-0[Q,...,Q0](x°)

The first part of the theorem is elementary. The proof of the second part (the Asplund
space case) is based on the application of the two fundamental results of variational analysis:
the Ekeland variational principle [9] and the sum rule due to M. Fabian [10]. Recall that
a Banach space is called Asplund (see [31, 36]) if any continuous convex function on it is
Fréchet differentiable on a dense set of points. Asplund spaces form a rather broad subclass
of Banach spaces. It contains e.g. all reflexive spaces and all spaces that admit equivalent
norms, Fréchet differentiable at all nonnull points.

Corollary 4.1. If n[Q,...,Q,](x°) = 0 then the system of sets Q1, Qa, ..., Q,, is weakly
stationary at x°.
If X is Asplund then the Extended extremal principle is true:
(i) The system Qq1, Qo, ..., Q, is weakly stationary at x° if and only if
N, ..., Q] (z°) =0.

Remark 18. Due to Proposition 1 it follows from the second part of Corollary 4.1 that in
the Asplund space setting the equality n[Q, ..., Q,](z°) = 0 (the generalized Euler equation)
is a mecessary condition of local extremality of the set system. This result first proved in
[22] (in a slightly weaker form) is currently known as the Extremal principle [24, 26]. The
stronger condition (i) in Corollary 4.1 is called the Extended extremal principle [20]. Taking
into account the extremal characterizations of Asplund spaces in [26] one can conclude that
asplundity of the space is mot only sufficient but also necessary for the Extended extremal
principle to be valid (see [20]).

Theorem 5. The following assertions are equivalent:

(i) X is an Asplund space.
(ii) The Extremal principle is valid in X .
(iii) The Extended extremal principle is valid in X.
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