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Abstract The Holder setting of the metric subregularity property of set-valued map-
pings between general metric or Banach/Asplund spaces is investigated in the frame-
work of the theory of error bounds for extended real-valued functions of two variables.
A classification scheme for the general Holder metric subregularity criteria is presented.
The criteria are formulated in terms of several kinds of primal and subdifferential slopes.
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1 Introduction

In this paper, we investigate the Holder setting of the metric subregularity property of
set-valued mappings between general metric or Banach/Asplund spaces in the frame-
work of the theory of error bounds for extended real-valued functions of two variables
developed in [31]. Several primal and dual space local quantitative and qualitative
criteria of Holder metric subregularity are formulated. The relationships between the
criteria are established and illustrated.

Recall that an extended-real-valued function f : X — Reo := RU {400} on a
metric space X is said to have a local error bound (cf., e.g., [2,4,13,22]) with constant
7 >0 at a point £ € X with f(Z) = 0 if there exists a neighbourhood U of Z such that

7d(z,S(f)) < f+(z) forallzeU.

Here S(f) stands for the lower O-level set {z € X | f(z) < 0} and f4 (x) := max{f(z),0}.
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A set-valued mapping F' : X =2 Y is a mapping which assigns to every z € X a
subset (possibly empty) F(z) of Y. We use the notation

gph Fi={(z,y) e X XY |y € F(z)}

for the graph of F and F~!:Y = X for the inverse of F. This inverse (which always
exists) is defined by

Fly)={zeX|yeF(x)}, yev,

and satisfies
(,y) €gphF &  (y,z) € gph F '

A set-valued mapping F' : X =2 Y between metric spaces is called (locally) metri-
cally subregular (cf., e.g., [10,36,44,45]) at a point (Z,y) € gph F' with constant 7 > 0
if there exist neighbourhoods U of z and V' of g such that

rd(z, F~ (§)) < d(g, F(z)nV) for all z € U.

This property represents a weaker version of the more robust metric regularity
property which corresponds to replacing ¢ in the above inequality by an arbitrary (not
fixed!) y € V.

It is well known that one can always take V' = Y in the definition of metric
subregularity, which is, thus, equivalent to the existence of a neighbourhood U of =
such that

rd(z, F~H(g)) < d(y, F(z)) for all z € U. (1)

The metric subregularity (and closely related to it calmness) property plays an
important role in both theory and applications. The amount of publications devoted
to (mostly sufficient) criteria of metric subregularity is huge. The interested reader is
referred to [1,9,10,19-21,26,33,43,48-51].

In many important situations, the standard metric (sub)regularity property is not
satisfied, and more subtle Holder type estimates come into play.

If instead of (1) one uses the following more general condition:

rd(z, F~1(9)) < (d(7, F(z)))? for all z € U, (2)

where ¢ € (0,1], then the corresponding property is usually referred to as Hélder
metric subregularity of order ¢ at (Z,y) with constant 7. The case ¢ = 1 corresponds
to standard metric subregularity. If ¢; < g2 < 1, then Holder metric subregularity of
order g2 implies that of order gs.

If fixed g in the above inequality is replaced by an arbitrary y and the inequality is
required to hold uniformly over all y near g, then we arrive at the definition of Hdélder
metric regularity of order q. The latter property and even more general nonlinear
regularity models have been studied since 1980s; cf. [6,15-17,25,42, 46].

The history of the Holder metric subregularity property seems to be significantly
shorter with most work done in the last few years; cf. [18,28,29,32,34.37,40]. Note the
only attempt so far to consider the case ¢ > 1 in [37].

One can easily see that Holder metric subregularity property (2) is equivalent to
the local error bound property of the extended real-valued function x — (d(y, F'(z)))?
at Z (with the same constant). So one might want to apply to this model the well
developed theory of error bounds; cf. [2,4,7,13,14,26,38,39,41]. However, most of the
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error bound criteria are formulated for lower semicontinuous functions (cf. Section 2),
while the function z — (d(g, F'(z)))? can fail to be lower semicontinuous even when
gph F' is closed.

Another helpful observation is that property (2) can be rewritten equivalently as

rd(z, F~H(9)) < (d(y,5))? forallz € U, y € F(x).

This allows one to apply to it the extension of the theory of error bounds to functions
of two variables developed in [31] and used there for characterizing standard metric
subregularity (case ¢ = 1).

Following the standard trend initiated by Ioffe [24], criteria for error bounds and
Holder metric subregularity of set-valued mappings in metric spaces are formulated
in terms of (strong) slopes [8]. To simplify the statements in metric and also Ba-
nach/Asplund spaces, several other kinds of primal and dual space slopes for real-valued
functions and set-valued mappings are discussed in this article and the relationships
between them are formulated. These relationships lead to a simple hierarchy of the
error bound and Holder metric subregularity criteria.

Some statements in the article look rather long because each of them contains
an almost complete list of criteria applicable in the situation under consideration.
The reader is not expected to read through the whole list. Instead, they can select a
particular criterion or a group of criteria corresponding to the setting of interest to
them (e.g., in metric or Banach/Asplund/smooth spaces, in the convex case, etc.)

Our basic notation is standard, cf. [10, 36,44, 45]. Depending on the context, X
and Y are either metric or normed spaces. Metrics in all spaces are denoted by the
same symbol d(-,-); d(z, A) := inf,e 4 d(z,a) is the point-to-set distance from z to A.
Bs(z) denotes the closed ball with radius 0 and centre x. If not specified otherwise, the
product of metric/normed spaces is assumed equipped with the distance/norm given
by the maximum of the distances/norms.

If X and Y are normed spaces, their topological duals are denoted X* and Y™,
respectively, while (-,-) denotes the bilinear form defining the pairing between the
spaces. The closed unit balls in a normed space and its dual are denoted by B and B*,
respectively, while S and S* stand for the unit spheres.

We say that a subset {2 of a metric space is locally closed near z € 2 if 2 NU
is closed for some closed neighbourhood U of Z. Given an o € Rso, a4 denotes its
“positive” part: a4 := max{a,0}.

If X is a normed linear space, f: X — Roo, z € X, and f(z) < oo, then

of(z) := {:c* € X*‘ lim inf f) = o) = 27y u = @) > O} (3)

T ke lu—z]

is the Fréchet subdifferential of f at x. Similarly, if x € {2 C X, then

Ng(z) =<x" € X*‘ lim sup fhu-z) <0 (4)
u—xz, uc2\{z} Hu - LEH

is the Fréchet mormal cone to {2 at x. In the convex case, sets (3) and (4) reduce
to the subdifferential and normal cone in the sense of convex analysis, respectively.
If f(x) = oo or & ¢ {2, we set, respectively, Of(z) = 0 or N(z) = 0. Observe that
definitions (3) and (4) are invariant on the renorming of the space (replacing the norm
by an equivalent one).



If F: X =Y is a set-valued mapping between normed linear spaces and (z,y) €
gph F', then

D F(z,y)(y") = {a" € X" | (2", ") € Ngpur(z, 1)}, ¥ € X~

is the Fréchet coderivative of F at (z,y).
Several kinds of subdifferential sum rules are employed in the article. Below we
provide these rules for completeness.

Lemma 1 (Subdifferential sum rules) Suppose X is a normed linear space, f1, fa :
X = R, and T € dom f; Ndom fo.

(i) Fuzzy sum rule. Suppose X is Asplund, f1 is Lipschitz continuous and fo
is lower semicontinuous in a neighbourhood of T. Then, for any ¢ > 0, there exist
x1,x2 € X with ||z; — Z|| <e, |fi(zs) — fi(@)] < e (¢ =1,2) such that

A(f1+ f2)(z) C dfi(x1) + Ofz(x2) +eB™.
(ii) Differentiable sum rule. Suppose f1 is Fréchet differentiable at T. Then,
A(f1 + f2)(T) = Vf1(Z) + 0f2(7).

(iii) Convex sum rule. Suppose fi and fa are conver and f1 is continuous at a
point in dom fo. Then,

(f1+ f2)(Z) = 0f1(%) + 0f2(7).

The first sum rule in the lemma above is known as the fuzzy or approximate sum
rule (Fabian [12]; cf., e.g., [30, Rule 2.2], [36, Theorem 2.33]) for Fréchet subdifferentials
in Asplund spaces. The other two are examples of ezact sum rules. They are valid in
arbitrary normed spaces (or even locally convex spaces in the case of the last rule).
Rule (ii) can be found, e.g., in [30, Corollary 1.12.2] and [36, Proposition 1.107]. For
rule (iii) we refer the readers to [27, Theorem 0.3.3] and [47, Theorem 2.8.7].

Recall that a Banach space is Asplund if the dual of each its separable subspace
is separable; see, e.g., [5,36] for discussions and characterizations of Asplund spaces.
Note that any Fréchet smooth space, i.e., a Banach space which admits an equivalent
norm, Fréchet differentiable at all nonzero points, is Asplund. Given a Fréchet smooth
space, we will always assume that it is endowed with such a norm.

The (normalized) duality mapping J between a normed space Y and its dual Y™ is
defined as (cf. [35, Definition 3.2.6])

Jy)={y" €Sy~ [ (", y)=lyll}, yeY. (5)

Note that J(—y) = —J(y). The following simple fact of convex analysis is well known
(cf., e.g., [47, Corollary 2.4.16]).

Lemma 2 Let (Y, |- ||) be a normed space.

(i) Bl - () = J(y) for any y # 0.
(i) 9] -1I(0) = B~.
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The structure of the article is as follows. In the next section, we present a survey
and some extensions of the error bound criteria for a special family of extended-real-
valued functions on products of either metric or Banach/Asplund spaces. The criteria
are formulated in terms of several kinds of primal and subdifferential slopes. The rela-
tionships between the slopes are presented. In Section 3, we demonstrate how Hoélder
metric subregularity of set-valued mappings can be treated in the framework of the
theory of error bounds. A collection of slopes for a set-valued mapping are discussed.
The final Section 4 is dedicated to primal and subdifferential criteria for Holder metric
subregularity.

2 Error bounds and slopes

In this section, we discuss a general model of error bounds for an extended-real-valued
function f : X X Y — R on a product of metric spaces considered in [31] and recall
several error bound criteria in terms of (several kinds of) slopes.

It is assumed that f(Z,y) = 0, and f depends on its second variable in a special
way:

(P1) fz,y) > 0ify #7,
(P2) liminf £
Fey)i0 d(y,9)
In particular, condition f(z,y) | 0 implies that y — 7.
Function f is said to have an error bound with respect to z at (Z,y) with constant
7 > 0 if there exists a neighbourhood U of Z such that

7d(z,S(f)) < f4(z,y) forallz e U, y €Y, (6)
where
S(f) = {z € X | f(2,5) <0} = { € X| f(x,5) <0 for some y € Y},

The second equality is a consequence of (P1).
The error bound modulus

- o f(z,y)
Er f(z,7) := hmﬁlgf s (7)
e d(z, S(f))

coincides with the exact upper bound of all 7 > 0 such that (6) holds true for some
neighbourhood U of Z and provides a quantitative characterization of the error bound
property.

Observe that the case of a function f : X — R of a single variable can be covered
by considering its extension f : X XY — R defined, for some § € Y, by

] {ﬂm if y =,

T,Yy) =
f(@y) o) otherwise.

Conditions (P1) and (P2) are obviously satisfied.
Definition (7) admits the following equivalent representations.

P = =\ _ . . f('fE,y) —_ : 3 f(x’y)
Proposition 1 Er f(z,7) = Lf%?yllfléog Az 50) w_)%n]}(lgg)w FENSIDR
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The roles of variables x and y in definitions (6) and (7) are different. To better
reflect this, we consider the following asymmetric maximum-type distance in X x Y
depending on a positive parameter p:

dp((2,9), (u,v)) := max{d(z, u), pd(y, v)}. (8)
Alternatively, one can use the parametric sum-type distance:
1
dp((m7y)7 (u7 U)) = d(il', ’LL) +pd(y7 ’U). (9)

To formulate (nonlocal) primal space characterizations of the error bound property
(6), we are going to use the following two (possibly infinite) constants:

<& x — u [f(x7y) — f+(u’ v)]+
VIl ) = S () ()

VII%(z, g) =1l inf VIlS(z,y), 11
IV (z,9) plﬁ)ld(x,f)<pfél<f(m,y)<p| flp(z,y) (11)

(10)

which are called, respectively, the nonlocal p-slope of f at (z,y) and the uniform strict
outer slope. It is assumed in (10) that f(z,y) < co.If f(z,y) = oo, we set |V f|{(z,y) =
0o. In (11), the usual convention that the infimum of the empty set equals +oo is in
force.

The word “strict” reflects the fact that p-slopes at nearby points contribute to
definition (11) making it an analogue of the strict derivative. The word “outer” is used
to emphasize that only points outside the set S(f) are taken into account. The word
“uniform” emphasizes the nonlocal (non-limiting) character of |V f|5(z, y) involved in
definition (11).

In the sequel, superscript ‘¢’ (diamond) will be used in all constructions derived
from (10) and its analogues to distinguish them from “conventional” (local) definitions.

Definition (10) is a realization of the nonlocal slope [14] for the case of a function
on a product space with the product metric defined by (8). In definition (11), we have
not only z — T and f(z,y) | 0, but also the metric on X X Y used in the definition
of the nonlocal p-slope |V f|$(z,y) changing with the contribution of the y component
diminishing as p | 0.

The local analogues of (10) and (11) are defined as follows:

e M)~ f )
Vilo@.y):= Tmsup 2 o), (@,9) "
(u,v)#(z,y)
VI (@,9) = (3
IV~ (z,9) pli%d(xj)<p71(r)l<f(x,y)<f)

IV flo(z,9) (13)

and are called, respectively, the p-slope of f at (z,y) (f(z,y) < 0o) and the strict outer
slope of f at (Z, 7). Definition (12) is a realization of the local (strong) slope [8] for the
case of a function on a product space with the product metric defined by (8).

The next modified strict outer slope of f at (Z,y) can be useful when estimating
the error bound modulus:

ik Z,y) := lim inf max{
Vi7" @ 9) pl0 d(z,2)<p,0< f(z,y)<p

Vi fES L

Observe that, unlike the completely local constant (13), its modified counterpart (14)
contains under max a nonlocal (when (z,y) is fixed) component f(z,y)/d(z, ).
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In normed linear spaces, one can use for estimating slopes and hence error bounds
other tools based on either directional derivatives or subdifferentials. Below we describe
some tools from the second group.

Suppose X and Y are normed linear spaces. In the product space X x Y, along
with the usual maximum-type norm

[[(w, v)[| = max{{|ull, [[o]l},  (u,v) € X XY,
we consider the p-norm || - ||, being the realization of the p-metric (8):
[ (w, v)llp = max{[Jull, pllv[|},  (u,v) € X x Y.
The corresponding dual norm (we keep the same notation || - ||, for it) is of the form:
1™ vl = "l + 7 o™l (", 07) € X7 < Y™

One can define subdifferential counterparts of the local slopes (12)—(14): the subd-
ifferential p-slope

0f1p(2,y) = [E (15)

= inf
(z"y")edf(z,y), ly™li<p

of fat (z,y) (f(z,y) < 0o) and the strict outer and, respectively, modified strict outer
subdifferential slopes

10f1”(#,9) := lim inf Ofp(,), 16
10f1” (2, 9) lirm |\:v7i\|<p,0<f(:r,y)<p| lp(z,9) (16)
IGY ik Z,y) := lim inf max{ o z,y), f(x,li) } 17
i TR ST LAl P S

of f at (Z,9).

Remark 1 Definitions (11), (13), (14), (16), and (17) corresponding to the lower 0-
level set S(f) of f can be easily extended to the case of the general lower level set
{r € X | f(z,9) < f(Z,y)} with an arbitrary finite f(Z, §). It is sufficient to replace f in
(P1), (P2), (10), (11), (13), (14), (16), and (17) with function (z,y) — f(z,y)— f(Z, §).

Remark 2 p-slopes (10), (12), and (15) are nondecreasing functions of p. This makes
the infimums in (11), (13), (14), (16), and (17) nondecreasing functions of p too. This
observation allows one to simplify estimates involving strict slopes, e.g., in Corollary 1
below.

The next proposition summarizes the relationships between the slopes. It extends
[31, Proposition 3.2 and Theorem 3.3].

Proposition 2 (Relationships between slopes)

() V15 y) > max{Wf|p<x,y>, %}

for all p >0 and all (x,y) € X XY with 0 < f(x,y) < oo;
() [V/°(@9) > [V~ F (@9 > V7 (@9).
Suppose X and 'Y are normed linear spaces.

(iii) [8f]” " (z,9) > [0f]” (z,9);




(iv) [V flp(z,y) < |0flp2(z,y) +p
for all p> 0 and all (z,y) € X XY with f(z,y) < oo;
() [VfI7(z,9) <[0f]” (%, 9) and [Vf]”"(2,5) <10f[”"(2,7);
(i) V17 (@,9) = [0f” (z,9) and [Vf]”F(z,9) =10/ (z,7)
provided that one of the following conditions is satisfied:
(a) X andY are Asplund and f+ is lower semicontinuous near (Z,y);
(b) f is convex near (Z,7);
(¢c) f is Fréchet differentiable near (Z,y) except (T,7);
(d) f = fi1+ f2, where f1 is convezr near (ZT,y) and fa is Fréchet differentiable near
(@,9) escept (z,);
(vil) if f is convex near (Z,7), then
(a) [VI(@,y) =V lp(z,y)
for all p > 0 and all (z,y) € X XY near (Z,y) with 0 < f(z,y) < oo;
(b) V7@, 5) = NI+ @.5) = VI (@5) = 1071 (2.9) = 107 (@, 7).

Proof (i) Inequality |V f|5(z,y) > |V f|p(2,y) comes from [31, Proposition 3.2(i)], while
the other inequality is a direct consequence of definition (10).

(ii) The second inequality follows from comparing definitions (13) and (14), while
the first inequality requires a modification of the proof of [31, Proposition 3.2(iii)]. Let
IVfI°(Z,5) <~ < oo and p > 0. By (P2), one can find a p’ € (0, p) such that

f(l’, y) /
dyy) (18)

aslongas 0 < f(x,y) < p’. By (11), there exists a point (z,y) € X xY with d(z,Z) < p
and 0 < f(z,y) < p such that |Vf\z/(m7 y) <7, ie., by (10),

f(z,y) = f+(u,v)
dp ((2,9), (u,v))

for all (u,v) # (z,y). Observe that (z,y) # (Z, y) since f(x,y) > 0. Hence, |V f|p(z,y) <

~ and
f(xvy) — min f(:E,y) / ,1f(x,y)
dp’((xfy)v (i’,gj)) N {d(x’i‘) ’ (p) } ST

/

<7

d(y,7)
Together with (18), this implies f(z,y)/d(z,Z) < . Thus,

s {19115t 52D} <5

=

and consequently,

~

U

(w,{/)} <.

(z,7)

max{|Vf|p<x,y>,

inf
d(z,2)<p, 0< f(z,y)<p

Taking limits as p | 0 and v | [V f|°(Z, 7), we arrive at the claimed inequality.

(iii) is a consequence of definitions (16) and (17).

(iv) comes from [31, Theorem 3.3(i)].

(v) is a consequence of (v) and definitions (16) and (17).

(vi) Under condition (a), the first equality comes from [31, Theorem 3.3(iii)], while
the second one requires a modification of the proof of that theorem.

Let X and Y be Asplund and fi be lower semicontinuous near (Z, ). Thanks to
(v), we only need to prove that |V f|” T (z,7) > |0f|” " (&, 7). If [Vf]” T (z,7) = oo, the




assertion is trivial. Let |Vf|>+(x ) < fy < c0. Choose a 7' € (|[Vf]”1(z,7),7) and
an arbitrary p > 0. Set p’ := min{1,y "1 }p. By definitions (14) and (12), one can find
a point (z,y) € X x Y such that d(z,z) < p’, 0 < f(z,y) < p', f(z,y)/d(z,Z) <+, f
is lower semicontinuous near (z,y), and

f@,y) = f(u,v) <4'||(u,v) — (z,9)ll,  for all (u,v) near (z,y).

In other words, (z,y) is a point of local minimum of the function

(u,v) = f(u,0) +7[[(w,v) = (2, ) 5.
Take an

e€ <O,min {p —d(z,7),p— f(z,y), 7 —, W})

sufficiently small such that f is lower semicontinuous on Be((z,y)) and Be(z)NS(f) =
(. Applying the fuzzy sum rule (Lemma 1(i)), we find points (z,w) € X X Y and
(2%, ") € 01 (2,w) such that d((z,w), (z,y)) < &, f(2,w) < f(z,y)+e, and | &,y <
v + €. It follows that d(2,Z) < p, 0 < f(z,w) < p, f(z,w)/d(z,7) < 7, |lz*|| < 7,
and ||y*|| < p'y < p. Hence, |9f|p(z,w) < v and consequently [0f]>F(Z,7) < ~. The
claimed inequality follows after letting v — |V f|7 T (z, 7).

The validity of the equalities under each of the conditions (b)—(d) follows from the
proof of [31, Theorem 3.3(iii)] if one replaces the fuzzy sum rule for Fréchet subdif-
ferentials in Asplund spaces there with the exact convex sum rule (Lemma 1(iii)) and
differentiable sum rule (Lemma 1(ii)) valid in arbitrary normed spaces.

(vii) Let p > 0, (z,y) belong to a convex neighbourhood of (%, %) on which f is
convex and 0 < f(z,y) < oco. Take any (u,v) € X X Y with f(u,v) < f(x,y). Then,

fay) = Falun) o fey) = S(L = Oey) + b))
dp((2,), (w,0) = 00 dp((1=1)(w, ) + Hu,v), (z,))

and consequently, |V f[5(z,y) < |V f|o(z, y). Together with (i), this proves (a). Equality
V%, 9) = |Vf\>(m,y) follows from (a) and definitions (11) and (13). The other
equalities in (b) follow from (ii) and (vi)(b). O

S |vf|p($7y),

Remark 3 One of the main tools in the proof of inequalities

VI @g) 2 10f17 (@.9), V7T (@,9) 2 [0f17 " (7.9)
in item (a) of part (vi) of the above proposition, which is crucial for the subdiffer-
ential sufficient error bound criteria in Corollaries 1 and 2 below, is the fuzzy sum
rule (Lemma 1) for Fréchet subdifferentials in Asplund spaces. There are two ways of
extending this inequality to general Banach spaces.

1) Restricting the class of functions to those possessing a kind of sum rule for
Fréchet subdifferentials as in items (b)—(d) of part (vi) of the above proposition.

2) Replacing Fréchet subdifferentials with some other (possibly abstract) subdif-
ferentials on the given space satisfying a certain set of natural properties including a
kind of (fuzzy or exact) sum rule (trustworthy subdifferentials [23,24]); cf. [2, Propo-
sition 1.13], [3, Proposition 2.3], [4, Proposition 4.1], [13, Proposition 6]. For instance,
one can use for that purpose Ioffe approzimate or Clarke-Rockafellar subdifferentials.

Note that the opposite inequalities in part (v) are specific for Fréchet subdifferentials
and fail in general for other types of subdifferentials.
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The uniform strict outer slope (11) provides the necessary and sufficient character-
ization of error bounds [31, Theorem 4.1].

Theorem 1 (i) Er f(z,9) <|V/|°(z,9);
(ii) o X andY are complete and fy is lower semicontinuous near (Z,y), then Er f(Z, 5)

IVF°(,9).

It follows from Theorem 1 that inequality |V f|°(Z,%) > 0 is crucial for determining
the error bound property of f at (Z, 7).

Remark 4 The nonlocal p-slope (10) depends on the choice of p-metric on the product
space. If instead of the maximum-type metric d,, defined by (8), one employs in (10)
the sum-type metric d}), defined by (9), it will produce a different number. We say that
a p-metric d;) on X x Y is admissible if d, < d;) < d,lj. Thanks to [31, Proposition 4.2],
Theorem 1 is invariant on the choice of an admissible p-metric.

Thanks to Theorem 1 and Proposition 2, one can formulate several quantitative
and qualitative criteria of the error bound property in terms of various slopes.

Corollary 1 (Quantitative criteria) Let v > 0. Consider the following conditions:

(a) f has an error bound with respect to x at (T,y) with some T > 0;

(b) 971, 9) > 7,
i.e., for some p >0 and any (z,y) € X XY with d(z,Z) < p and 0 < f(z,y) < p,
it holds |V f|5(z,y) > 7, and consequently there is a (u,v) € X X Y such that

f(mvy) - f+(u7 U) > ’de((uv 'U)v (Iv y));

(c) lim inf I, l_/)
a—z, f(z,y)10 d(2, T)

@ IVfIZ (@9 >,
i.e., for some p > 0 and any (z,y) € X XY with d(z,Z) < p and 0 < f(z,y) < p, it
holds |V f|p(x,y) > v and consequently, for any e > 0, there is a (u,v) € Be(z,y)
such that

>

f(@,y) = fu,0) > vdp((u, v), (,9)); (19)

(e) VA~ (z.9) >,
i.e., for some p > 0 and any (xz,y) € X XY with d(z,Z) < p, 0 < f(z,y) < p, and
fz,y)/d(z,T) <7, it holds |V f|p(z,y) > v and consequently, for any € > 0, there
is a (u,v) € Be(z,y) such that (19) holds true;

(f) X andY are normed spaces and |0f]” (%, 7) > 7,
i.e., for some p > 0 and any (z,y) € X XY with ||z —Z|| < p and 0 < f(z,y) < p,
it holds |0 f|p(x,y) > v and consequently ||z*|| > v for all (z*,y*) € Of(z,y) with
ly* [l < p; o

(g) X andY are normed spaces and |0 f z,q) >,
i.e., for some p > 0 and any (z,y) € X XY with ||z — Z|| < p, 0 < f(z,y) < p,
and f(x,y)/l|lx —Z|| <7, it holds |0f|p(z,y) > v and consequently ||x*|| > v for all
(", y") € 0f (x,y) with |ly*|| < p.

The following implications hold true:

(i) () = (e), (d) = (e), (e) = (D), () = (2);

>+(
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(ii) o v < 7, then (a) = (b);
(iii) if 7 <+, X and Y are complete, and f is lower semicontinuous near (T,y), then
(b) = (a).

Suppose X and Y are normed spaces.

(iv) (d) = (f) and () = (g);

(v) (d) & (f) = (e) & (g) provided that one of the conditions (a)—(d) in part (vi) of
Proposition 2 is satisfied;

(vi) if f is convexr near (Z,%), then (b) & (d) & (e) & (f) & (g).

The conclusions of Corollary 1 are illustrated in Fig. 1.

(c)
f convex \L f convex ~N<T
<= T === T = anN<— T =
(d) (e) (0 e )
4\ =
X, Y Proposition 2 Y S )
normed | vi)@—@ | normed XY complete; f Isc

Fig. 1 Corollary 1

Corollary 2 (Qualitative criteria) Suppose X and Y are complete metric spaces
and f4 is lower semicontinuous near (Z,y). Then, f has an error bound with respect
to x at (Z,7) provided that one of the following conditions holds true:

(a) IVf°(z,9) > 0;
(

imi f(z,y)
b) H}cn}&fy)w d(z, )
() \7}‘ ( g) > 0;

(d) |[VfI~ (m ¥) > 0, or equivalently,

’

lim inf [V flp(z,y) > 0.
PO d(z,z)<p, 0< LB <p

If X andY are Banach spaces and one of the conditions (a)—(d) in part (vi) of Propo-
sition 2 is satisfied, then the following conditions are also sufficient:
af1” (z,9) > 0;

(e) 19f]
(f) | f\>+(i,17) > 0, or equivalently,

lim inf |0f]p(z,y) > 0.
PI0 [lz—zl|<p, 0< {1241 <p

Moreover,

(i) condition (a) is also necessary for the local error bound property of f at (Z,y);

(ii) (b) = (d), (¢) = (d), (d) = (), (e) = (£).
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Suppose X and 'Y are Banach spaces and one of the conditions (a)—(d) in part (vi) of
Proposition 2 is satisfied.

(iii) (c) < (e) and (d) & (f);
(iv) if f is convex near (Z,7), then (a) < (c) & (d) & (e) & (f).

The conclusions of Corollary 2 are illustrated in Fig. 2.

lim in f(@y)

inf >0
z%i,f(lz,y)i,o d(z,T)

f convex f convex

IVfle(z,5) >0 Er f(z,5) > 0

X,Y Banach
| Proposition 2 |

f convex

Fig. 2 Corollary 2

3 Holder metric subregularity

From now on, F : X 3 Y is a set-valued mapping between metric spaces and (Z,3) €
gph F'. We are targeting the Holder metric subregularity property, the main tool being
the error bound criteria discussed in the previous section.

3.1 Definition

Let a real number ¢ € (0, 1] be given.

A set-valued mapping F' : X == Y between metric spaces is called Holder met-
rically subregular of order ¢ at (Z,7) € gph F' with constant 7 > 0 if there exists a
neighbourhood U of Z such that

rd(z, F~1(5)) < (d(g, F(z)))? for all z € U, (20)
or equivalently,
rd(z, F~1(4)) < (d(y,5))? forall x € U, y € F(x).

The Holder metric subregularity property can be characterized using the following
(possibly infinite) constant:

(d(y, F(2))* (21)

“rq[F](®,9) := lim inf
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which coincides with the supremum of all positive 7 such that (20) holds for some U
and, when positive, provides a quantitative characterization of this property.
Property (20) is exactly the error bound property (6) for the function f defined by

flz,y) = {(d(%y))q if (z,y) € gph F,

. (22)
400 otherwise,

while constant (21) coincides (7). Indeed, f(Z,7) = 0, conditions (P1) and (P2) are
trivially satisfied, and f(z,y) = 0 if and only if y = 7 and € F~!(j). Hence,
S(f) = F~1(g). Observe also that condition f(z,y) | 0 is equivalent to y — § with
(z,y) € gph F and y # .

3.2 Primal space slopes

The nonlocal slopes (10) and (11) of f in the current setting take the following form:
[(d(y, 9)7 = (d(v, )]+

VFS (z,y) = sup , 23

| 40 (9) (u,v)#(z,y) dp((u,v), (z,y)) (23)
(u,v)€gph F’

VF|$(Z,7) :=lim inf VFS (x,y). 24

[VElq(z,) = lim P IVElgp(z,y) (24)

(z,y)Egph F, ¢ F~ ()

We will call the above constants, respectively, the nonlocal (g, p)-slope of F at (z,y) €
gph F and the uniform strict g-slope of F at (T,7).

As the main primal space local tool, in this section we are going to use the p-slope
of F at (z,y):

: [d(y, 9) = d(v,9)]+
VF|y(z,y) = lim sup 25
| ‘P( ) (u,v)—=(z,y), (u,v)#(z,y) dp((u,v),(a:,y)) ( )
(u,v)Egph F

defined for all p > 0 and (z,y) € gph F. Observe that constant (25) does not depend
on q.

Using some simple calculus, one can formulate the representation for the local p-
slope (12) in the case when f is given by (22).

Proposition 3 Suppose (z,y) € gph F', y #, p > 0, and f is given by (22). Then,
IV flo(@,y) = a(d(y, 9)? " [VFp(2,y).

Proof By (12), (22), and (25),

[(d(y, ) = (d(v, 7))+

Vilp(x,y) = lim sup
L o WY X (TN EX7)
(u,’U)EgphF
_ lim sup [g(d(y, 1) (d(y, §) — d(v, 7)) + o(d(v,y))]+
(,0) = (@), (,0)A(29) dp((u, v), (z,y))
(u,v)Egph F'
ey s 02D = w0

(u,v)=(z,y), (u,v)#(z,y) dﬂ((uv ’U), (x, y))
(u,v)Egph F'

= q(d(y, 9)" " [VFlp(,y).
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In the above formula, o(-) is a function from R4+ to R4 with the property o(t)/t — 0
ast ] 0. a

The strict g-slope and the modified strict q-slope of F at (Z,7) are defined as follows:

VF|,(%,7) := qlim inf d(y, )T V|, (2, y), 26
IVF[q(Z,7) L L PR (d(y,9)* " [VF|p(z,y) (26)
(z,y)Egph F, ¢ F ()
VF[(z,5 - - V\a— d(y, 9))?
VFer, = lim inf max d(y, 5))? Lvr x, ,(77 .
Ve =ty o) 9P (), G
(w,y)Egph F, ¢ F~ ()
(27)

In view of Proposition 3, these constants coincide, respectively, with the corre-
sponding strict outer slopes (13) and (14) of f.

3.3 Subdifferential slopes

In this subsection, X and Y are normed spaces. We define, respectively, the subdiffer-
ential p-slope and the approzimate subdifferential p-slope (p > 0) of F' at (z,y) € gph F’
with y # 7 as

OF|p(z,y) := inf ¥, 28
OFlpe )= e e (28)

|OF |5 (x,y) := liminf

f inf [l [, (29)
v=yY—Y €D F(z,y)(J(v)+pB*)

where J is the duality mapping defined by (5). These constants do not depend on gq.
In the rest of the section, when Y is a normed space, we use the notation

&) = ly—3ll'"q.

The next proposition gives representations for the subdifferential p-slope (15) in
the case when f is given by (22).

Proposition 4 Suppose (z,y) € gph F, y #7, p > 0, and [ is given by (22).
(1) If X and Y are Asplund and gph F is locally closed near (x,y), then

_ —1 . . .
0flo(z,y) = aly =gl diminf o b2
(" y") = (zy),y" =y 2"€D*F(z",y" ) (J(y" —9)+&q(y") pB™)
(«',y')E€gph F

(i1) If either F' is convezr near (x,y) and ¢ =1 orY is Fréchet smooth, then
101p(x,9) = ally = 517 1OF ¢, (4)p(v).
Proof (i) Suppose that X and Y are normed spaces and observe that
f(u,v) = g(v) +igpn p(u,v),  (u,v) € X XY,

where g(v) = ||lv — 7|7 and igp), F is the indicator function of gph F: igpy, p(u,v) = 0 if
(u,v) € gph F' and igpp, (u,v) = 0o otherwise. In its turn, function g is a composition
of two functions: v — |lv — g|| on Y and ¢ — t? on Ri. The latter function is Fréchet
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differentiable on (0, 00). It follows from the composition rule for Fréchet subdifferentials
(cf., e.g., [30, Corollary 1.14.1]) that, for any v # g,

"I - 9).

9g(v) = qllv — ¥
If X and Y are Asplund, then the fuzzy sum rule (Lemma 1) is applicable to
function f: for any € > 0,

of(w,y) C U {o",y" + 0"} + eBxo sy

1" y") = () lI<e, (w’,z//)/EgphF
(",y")ENgpn r(z',y")
1
ly" —yll<e, v*€dg(y")

By definition (15),

|0f|p(z,y) > lim inf l=*| — ¢
g 10\ |I(a" y)—(z.)li<e, (a5 Egph F

(x/*/,y*)enghF(x’,yl’,)
ly” —yll<e,v"€dg(y")
ly*+v*[[<p

= lim inf |
ed0 ||(=",y") = (z,9)lI<e, (2',y')€gph F
x*eD*F(z',y')(y*)
lly" —yll<e,v*€dg(y"”)

ly*—=v*|I<p
= lim inf llz* ||
ed0 ||(=",y") = (z,)lI<e, (2',y")€gph F
z*€D*F(z',y")(0g(y")+pB")
lly" —yli<e
= lim inf inf [l ]

ed0 ||(z",y") —(z,y)l|<e z* €D F(z',y")(8g(y"")+pB")
(«',y")€gph F

lly" —yll<e
= lim inf inf l|l™ |
(@ 0= (@), y" =y 2" eD"F(z',y")(9g(y")+pB")
(z',y")E€gph F
= lim inf inf [l=*]|
@y 0= @),y =y 2" €D F(2',y") (glly" —5l1 """ I (v —5)+pB")
(z',y")€gph FF
= lim inf inf QHUH qu—le*H
(@ = @),y =y 2"eD"F(z'yy )(J(y”*y)nLEq(y”)pIB )
(z',y')egph F
—qly—gl""" | timinf inf ke
(z'y )—>(1,y) y' =y ' €D F(z',y")(J(y"' —9)+E (v ) pB”)
(¢',y’)E€gph FF

(ii) The proof is similar to that of (i). Instead of the fuzzy sum rule, one can use
either the differentiable sum rule (part (ii) of Lemma 1) when Y is Fréchet smooth, or
the convex sum rule (part (iii) of Lemma 1) when F is convex and ¢ = 1 to write down

the representation:

of(z,y) = U {w*vqlly—@l\q_lJ(y—g)+y*},

(z*,y*)ENgpn r(z,y)
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By definition (15),

0fp(z,y) = [E

inf
(z*,y™)ENgpn r(z,y)
v eJ(y—9), lly*+ally—gll* v |I<p
_ —1 . *
= qlly — [ ., inf (e
(CD Y )engh};(zfy)
v eI (y—9) [y +v* I<€q(y)p
inf ll=™ ||
z*€D* F(z,y)(J(y—9)+&q(y)pB™)

=qlly — 717" 10F ¢, (4), (@, v).

_1g—1
=qlly —gll

3.4 Strict subdifferential slopes

Using subdifferential p-slopes (28) and (29), we define now the strict subdifferential
g-slope and the approzimate strict subdifferential q-slope of F at (Z,§):

[0F[4(z, ) :=qlim inf ly =17 [0F e, ()p(x,m),  (30)
! P10 lo—zlI<p, ly—7l<p Sa(w)p
(z,y)€Egph F, z¢ F~1(5)

|OF | (Z,7) :=qlim inf
a pd0 o=z <p, lly—7l<p
(x,y)Egph F, ¢ F~ ()

ly = gl OFIE, (yyp(x,m)  (31)

and their modified analogues:
0F|§ (%,9) :==

. . g lly — 7l
lim inf max < qlly — 7197 HOF ¢, (y)p (%, ¥), T2 b (32)
Pl llz—zl|<p, ly—3ll<p { Lalv)e [l — ]

(z,y)€gph F, g F~1(g)

0F|gt (2,79) =
. . a— y —gl?
lim inf max < q|ly — 7|7 hor|2 m,y,”i,}. 33
R SRS VIR R R = 3 B
(z,y)€gph F, ¢ F ' (g)

With the help of Proposition 4, we can formulate representations for the strict
outer subdifferential slopes (16) and (17) in the case when f is given by (22).

Proposition 5 Let f be given by (22).

(i) If X and Y are Asplund and gph F is locally closed near (Z,q), then

0f1” (z,9) > [0F[4(z,5) and [0f]”"(z,7) > [0F|5 " (7, 7).

(ii) If either F is convex near (Z,y) and ¢ =1 or'Y is Fréchet smooth, then

[0f7 (z,7) = 10F|4(z,5) and [0f]7T(z,7) = [0F[§ (z,7).
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Proof (i) By (16) and Proposition 4(i),

ofl~ Z,y) > lim inf
0f1” (2. 9) PO Il(z,y)—(z,9)lI<p
(z,y)€gph F, ¢ F ' (5)

g—1 1. .
qlly = gl|*"" lim L inf [l .
el0 (=" ) —(zy)l<e [ly" —yll<e
z*eD*F(z',y")(J(y"' =) +&q(y"") pB")
(z',y)Egph FF

For fixed p € (0,1) and (z,y) with ¢ F~1(7) and a sufficiently small ¢ > 0, it holds
Be(x)nF~H(g) =0, ||(x.y) = (2,9)]| +& < p, and [ly 7| "™ = (1= p)lly/ —g][ 7" for
all y' € Be(y). Besides, |ly" — o'l < |ly" —yll +1ly’ — yll < 2¢. Hence,
0f]7 (2,9) > qlim inf
POl )= (@0 <p
(z',y')e€gph F, &' ¢ F~1(7)
1-p)ly — 7 =1 im inf
(1=l - gl tim et
a* €D F(a'y")(J(y" —§)+&4 (y")pB")

ly' = g1 ORI, (2, y) = [OFTS(E. 7).

[Ea

= qlim inf

pl0 (=" )= (@.9)lI<p
(¢',y')egph F, o' ¢~ (y)

The proof of the other inequality goes along the same lines.

(i1) follows from Proposition 4(ii) in view of definitions (16), (17), (30), and (32).
0

The next proposition provides some simplifications in the representations (30)—(33).

Proposition 6 The following assertions hold true:

N TAaST - — . . —_ng—1
(i) |0F|q(Z, ) > qlim o inf ly —gll* " [0F|p(x,v);
L0 |lz—z[|<p, [ly—7lI<p
(z,y)€Egph F, z¢ F~1(5)
(i) |0F|g(Z,7) > glim inf
I L0 Jlz—zl|<p, ly—7li<p
(z,y)€gph F, z¢ F~1(7)
e . . — gl
i) [T (2,5) > lim inf max{qny—yuq Hor| (x,y>,“@’7,};
(i) 10Fl; (=.5) L0 [lz—zl|<p, ly—7ll<p P [z — 2|
(z,y)€gph F, o ¢ F~(7)

- —_ 19
iv) [FI2t (z,7) > lim inf max{qny—guq4|aF|“<m7y>,M}.
() 1oFlq"(#,9) pl0 a2 <p, |ly—7ll<p g |z — z|

(z,y)Egph F, ¢ F~*(7)

If ¢ = 1, the above relations hold as equalities.

—11g—1
Hy_qu |8F‘Z(x7y)}

Proof We consider the first inequality. The others can be treated in the same way.
If |0F|q(Z,y) = oo, the inequality holds trivially. Let |0F|¢(Z,7) < v < oo. Fix an
arbitrary p > 0 and choose an a > 0 and a p’ € (0,p) such that a(p')'~? < ¢ and
¢ < ap. By (30), there exists an (z,y) € gph F with ||z — | < o/, |y — gl < 0’
and z ¢ F7Y(§); ay* € Y*, an 2* € D*F(z,y)(y*), and a v* € J(y — ) such that
[v* =yl < lly=gll' ~9p'/q and qlly— |7 |2*|| < 7. Hence, ||z 2| < p, |y —3ll < p,
and |[v* — y*|| < a~1p’ < p, and consequently the right-hand side of (i) is less than .
The conclusion follows since v was chosen arbitrarily.

If ¢ = 1, then the right-hand sides of (i) and (30) coincide. O
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The next statement summarizes the relationships between the g-slopes. It is a
consequence of the definitions and Propositions 3 and 5.

Proposition 7 (Relationships between slopes)

() IVFIG () > max{qw(y, )" [VF|p(a,y), %(Efz—%}
for all p> 0 and (z,y) € gph F with y # §;

(i) [VF[3(z,9) = [VFlg (2,9) 2 [VFlq(z,9).

Suppose X and Y are normed spaces.

(ii)) [9F[3(Z,9) < [0F[q(Z,7) < |0F|3 (z,5) and
0F|§(z,9) < |9F|g" (z,9) < [9F|g (z.9);

(iv) [VFlq(z,9) > [0F|(z,5) and [VF|g (z,9) > |0F[g* (z,7)
provided that X and Y are Asplund and gph F' is locally closed near (Z,7);

(v) [VFl4(2,9) = [0F|q(%,9) and [VFI] (z,5) = [0F[§ (,7)
provided that Y is Fréchet smooth and one of the following conditions is satisfied:
(a) X is Asplund and gph F is locally closed near (Z,7);
(b) F is convex near (T,7);

(vi) [VF(2,9) = [VFI{ (2,9) = [VFl1(2,9) = [0F[{ (2.9) = 10F|1(z.7)
provided that F is convex near (Z,y).

3.5 Limiting outer g-coderivative

In this subsection, X and Y are finite dimensional normed linear spaces.

In finite dimensions, strict subdifferential g-slopes (30) and (31) coincide and can
be equivalently expressed in terms of the limiting outer q-coderivative ﬁ;>F (z,7) of
F at (Z,7) defined by its graph as follows:

gph D> F(z,§) = {(y*,m*) EY* x X* |
Azw, v, Thy Uh, vE) C X XY x X x Y™ x Y* such that
(wk:yk) € gD F, @y ¢ F7H(7),
(yk, %) € gph D™ F (g, yr), vi € J(yx — 1),
(zr,yk) = (.9), v — allye — 717 vk = 0,
«

"
ly*|lzr — x*, if y™ # 0, then ylj — y* } (34)
lypll Iyl

This set is a closed cone in X X Y. Hence, the limiting outer g-coderivative is a closed
positively homogeneous set-valued mapping.

Proposition 8 |[0F|(Z,9) = |0F|q(Z,§) = _ _inf [l=*])-
z* €D} F(%,5)(Sy+)

Proof We first prove that

|0F|q(z,5) = inf fl*]]. (35)
z*€D;” F(Z,7)(Sy+)
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Let (y*,2*) € gph Dy~ F(%,9), |ly*|| = 1, and p > 0. Choose an arbitrary sequence
(k> Uk Thos Yjs» Vg, ) corresponding to (y*,z*) in accordance with definition (34).
Then, for a sufficiently large k, it holds ||z — Z|| < p, llyx — 7l < p, (Tg,yx) €
gph P,z ¢ F7HG), vi € allye — 9ll9 " T(yr — 9) + pB*, 2 € D*F(xp, up) (¥3),
and ||zf, — ™| < p. Hence, by (28) and (30), |0F|¢(Z,9) < |lzg| < ||=*|| + p and
consequently,

|OF|q(Z,y)

IN

~_inf [lz* - (36)
z*€Dy” F(2,5)(Sy+)

Conversely, by definitions (28) and (30), there exist sequences (zx,yr) — (Z,7)
with (2, yx) € gph F, xp, ¢ F7H(g) and (z},y5,v}) € X* x Y* x Y* with (y},2}) €
gph D*F (. yx), vj; € J(yr — ) such that yi — qllyx — gl|? "vi — 0 and ||z}|| —
Wq (Z,7). Passing to subsequences if necessary, we can assume that zj — z* € X*
and either yj # 0 for all k € N, or y;; = 0 for all k¥ € N. In the first case, we can
assume that y;/||yi|l — v* € S§y-~, and consequently, by definition (34), (z*,y*) €
gph D}~ F(z,9). In the second case, (z*,y*) € gph D}~ F(z,7) for any y* € Y™*.
Hence,

OFl,(z,9) = Io* > __in ol
x*eD;” F(z,7)(Sy«)
This together with (36) proves (35).
The remaining equality

|0F|q(z,5) = inf (e
x*eD}” F(2,5)(Sy+)

follows from comparing definitions (28) and (29) thanks to the upper semicontinuity
of the duality mapping. O

Remark 5 The above definition of the limiting outer g-coderivative follows the original
idea of limiting coderivatives; cf. [36]. In particular, it defines a positively homogeneous
set-valued mapping with a not necessarily convex graph. However, there are also several
important distinctions. Firstly, similar to the corresponding definition introduced in
[26], this is an “outer” object: only sequences (zj,yr) € gph F' with xj components
lying outside of the set F 71(@) are taken into account. Secondly, as it is reflected in
its name, the limiting outer g-coderivative depends on ¢. It is not excluded in the
definition that |Jvg|| — oo and consequently ||yj || — oo, and nevertheless the sequence
(yj) produces a finite element y* € Y.

Remark 6 Analyzing the definition of the limiting outer g-coderivative and the proof of
Proposition 8, one can notice that there is no need to care much about the convergence
of the sequences in Y*. The limiting outer g-coderivative in Proposition 8 can be
replaced by the corresponding limiting set in X* only:

SZ>F(j7g) = {x* €eXx” | H(xk7yk:7$27y;;7’02) CX XY XX xY"xY”
such that (z1,yx) € gph F, z & F~(9), (yi.xr) € gph D*F(zg,yp.),
_ _ _1g—1
vk € Jyk — ), (@ uk) = (2,9), vk —allys — 97 vk = 0, zp — 2"}

Proposition 8 remains true if D~ F(z,9)(Sy+) there is replaced by Sg~ F(z,7). This
way one can also relax the assumption that dimY < oc.


https://www.researchgate.net/publication/226383871_On_Metric_and_Calmness_Qualification_Conditions_in_Subdifferential_Calculus?el=1_x_8&enrichId=rgreq-1594a446735e51ae0c3017c5acecd12f-XXX&enrichSource=Y292ZXJQYWdlOzI2ODc0ODAxNTtBUzoxNzM0OTI2MDc2NjAwNDRAMTQxODM3NTI2OTcxOA==
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Remark 7 One can define also a g-coderivative (indirect) counterpart of the modified
strict subdifferential g-slopes (32) and (33). It is sufficient to add to the list of properties
in definition (34) an additional requirement that ||y — g||?/||zx — Z|| — 0 as k — oc.
The corresponding set can be used for characterizing metric g-subregularity. However,
the analogues of the equalities in Proposition 8 would not hold for it.

4 Criteria of Holder metric subregularity

In this section, if not specified otherwise, X and Y are metric spaces. The next theorem
is a consequence of Theorem 1. It is invariant on the choice of an admissible metric on
X XY (see Remark 4).

Theorem 2 (i) °rq[F|(z,7) < |VF|5(Z,7);
(ii) o X andY are complete and gph F' is locally closed near (Z,7), then *rq[F|(Z,y) =
IVF[q(Z, 7).
The estimate in the next proposition can be useful when formulating necessary
conditions of g-subregularity.

Proposition 9 Suppose X and Y are normed spaces and F is conver near (Z,7).
Then, q - *rq[F|(z,y) < |0F|,(Z, 7).

Proof 1t °r¢[F](Z,y) = 0, the conclusion is trivial. Suppose 0 < 7 < *r¢[F](Z,¥) and
0 < 7 < q. Then, there exists a p € (0,¢q — 7) such that

rd(e, F7H(@) < ly—gll?, Vo€ Bp(@)\ F~'(y), y € F(x). (37)

Choose an arbitrary (z,y) € gph F with ||z — Z|| < p, |ly — 3l < p, = ¢ F1();
v* € J(y — ¥); and =¥ € D*F(z,y)(v* + £(y)pB*). By (37), one can find a point
u € F~1(j) such that

Tl —ull < lly — gl (38)

By the convexity of F', the Fréchet normal cone to its graph coincides with the normal
cone in the sense of convex analysis and consequently, it holds

(% u—=) < ("7 —y) +EWelly — 9l = -1 = E@)p)lly — 7l-
Combining this with (38), we have
7~

_ _1g—1
glly =gl ™ (lw — zl| > —glly — gl|7" («*,u — )

> (qlly — gl = p)lly — 7l
>qlly —gll* = (g =y — 7l
>qlly —all* = (g —lly — gl
=9lly = gll* > y7l|u — z||.

Hence,

—_ng—1
ally =gl || > ~,

and it follows from definitions (30) and (28) that [0F|,(Z,§) > 7. Passing to the
limit in the last inequality as v — ¢ and 7 — °r¢[F](Z,y), we arrive at the claimed
inequality. O
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The next two corollaries summarize quantitative and qualitative criteria of Holder

metric subregularity of order q.

Corollary 3 (Quantitative criteria) Let v > 0. Consider the following conditions:

(a)
(b)

(e)

(f)

(8)

(h)

F is Holder metrically subregular of order q at (Z,y) with some T > 0;
IVFq(z,9) >,

i.e., for some p > 0 and any (x,y) € gph F with x ¢ F~1(g), d(x,z) < p, and
d(y,7) < p, it holds [VF|§ ,(z,y) > v, and consequently there is a (u,v) € gph F
such that

(d(y, )% = (d(v,9))? > vdp((u, ), (z,9));

o (d(y,9))? }
lim inf dwz)
+¢F1(5), ye F(x)
‘VF|Q(Eag) > v

i.e., for some p > 0 and any (z,y) € gph F with x ¢ F~1(y), d(z,z) < p, and
d(y,§) < p, it holds q(d(y,9))? Y|V F|y(z,y) > v, and consequently, for any e > 0,
there is a (u,v) € gph F' N Be(x,y) such that

a(d(y,7)" " (d(y, §) — d(v,5)) > vdp((u,v), (z,7)); (39)

IVF|§ (z,9) >,

i.e., for some p > 0 and any (z,y) € X x Y with ¢ F~1(y), d(z,z) < p,
d(y,§) < p, and (d(y,5))?/d(x,Z) < v, it holds q(d(y,§))? ' |V F|p(x,y) > v and
consequently, for any € > 0, there is a (u,v) € gph FNBe(z,y) such that (39) holds
true;

X and Y are normed spaces and [OF|3(Z,7) > v,

i.e., for some p > 0 and any (z,y) € gph F with ¢ F~1(7), |z — Z|| < p, and
ly — gll < p, it holds

ally = gl OF ¢y, (. y) > (40)

and consequently, there exists an € > 0 such that

—ng—1
ally =yl ™| >~ for all

z” € D"F(z,y)(J(Be(y — ) + §(y)pB);

X and Y are normed spaces and [OF|37 (z,5) > 7,

i.e., for some p > 0 and any (x,y) € X x Y with x ¢ F7L(g), ||z — 7| < p,
ly — gl < p, and ||y — gl|?/|lz — Z|| < v, condition (40) holds and consequently,
there exists an € > 0 such that (41) holds true;

X and'Y are normed spaces and |OF|q(Z,7) > 7,

i.e., for some p > 0 and any (z,y) € gph F' with x ¢ Fﬁl(gj), |z — Z|| < p, and
ly — gl < p, it holds

ally = 1% 1OF ¢y, y) > v (42)

and consequently,

—_ng—1
qlly — gl ™| >~ for all

= ) . (43)
x" € D"F(z,y)(J(y — 9) +&(y)pB");
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(i) X andY are normed spaces and W;‘(a’:, 7)) >,

e., for some p > 0 and any (z,y) € X x Y with x ¢ F~X(g), |z — z| < p,
ly — gl < p, and ||ly — gl|?/||lx — Z|| < 7, condition (42) holds, and consequently
(43) holds true;

(G) X and Y are finite dimensional normed spaces and

|z*|| >~ for all * € D~ F(%,7)(Sy ).

The following implications hold true:

(i) (c) = (e), (d) = (e), (e) = (b), () = (g) = (1), (f) = (h) = (i);
(ii) if v < T, then (a) = (b);
(iii) if 7 < v, X and Y are complete, and gph F' is locally closed near (Z,q), then (b)
= (a).

Suppose X and Y are normed spaces.

(iv) If F is convex, and v < g7, then (a) = (h);
(v) () = (d) and (g) = (e)
provided that X andY are Asplund and gph F is locally closed near (Z,7);
(vi) (h) & (d) and (i) < (e)
provided that Y is Fréchet smooth and one of the following conditions is satisfied:
(a) X is Asplund and gph F' is locally closed near (Z,7);
(b) F is convex near (Z,q);
(vil) (b) 4 (d) > (e) & () < (i)
provided that F is convex near (Z,y) and ¢ = 1;
(viii) if X and Y are finite dimensional normed spaces, then (f) < (h) < (j).

The conclusions of Corollary 3 are illustrated in Fig. 3.

(c)

F convex, g=1 \L F convex, g=1 <7
<~ - — = < — — = < - -~
(d) (e) )T _—(a)
T<
| X, )}"?SI])IUDC? | \ [Y smooth X,Y comp]ete /
close:
: gp | | (X Asplund gph F closed ,
gph F closed) /
O3 Gz @17,
< i X2y convex]| Y
~ - | / F convex, g=1 /
>SN
R —
S - -
\Fionvex,q 1 X,Y normed
— F convex
- - = y<qT

Fig. 3 Corollary 3

Corollary 4 (Qualitative criteria) Suppose X and Y are complete metric spaces
and gph F' is locally closed near (Z,4). Then, F' is Hélder metrically subregular of order
q at (Z,7y) provided that one of the following conditions holds true:
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(2) VFlg(@,5) >0;
)  Gimif @I
T—T T
z@¢F 1 (3), yEF (x)
(C) ‘VF|Q(j7g) > O;
(d) [VFE[§(z,9) >0, or equivalently,

lim inf Ay, 9)* IV Fp(z,) > 0.
PO 4(z,2)<p, d(y.7)<p, %QJ
(z,y)Egph F, 2¢ F ' ()

If X and'Y are Asplund spaces, then the following conditions are also sufficient:

(e) |0F|g(z, ) > 0;
(f) [0F |37 (z,5) > 0, or equivalently,

lim inf ly = G OF |¢y) () > 0.
PO |lz—zl|<p, lly—3ll<p, I=2 <p we

Tz—z

(z,y)Egph F, ¢ F ()

The next two conditions:

(h) \aF\Z}_(i,zj) > 0, or equivalently,

lim inf ly = 17 OF |y, (@, ) > 0,
PO 2=z <p, ly—gll<p, =2l <

llz—2]]

(z,y)Egph F, ¢ F~'(7)

are sufficient provided that X and Y are Banach spaces and one of the following con-
ditions is satisfied:

— X is Asplund and Y is Fréchet smooth,
— F is convezx near (Z,7) and either Y is Fréchet smooth or ¢ = 1.

If X and Y are finite dimensional normed spaces, then the following condition is also
sufficient:

(i) 0¢ D~ F(z,5)(Sy~).
Moreover,

(i) condition (a) is also necessary for the metric q-subregularity of F at (Z,7);
(i) (b) = (d), (¢) = (d), (d) = (a), () = (f), (g) = (h).

Suppose X and Y are Banach spaces.

(iii) If X and Y are Asplund, then (e) = (c) and (f) = (d);
(iv) i Y is Fréchet smooth and either X is Asplund or F is conver near (Z,7), then
(e) & (c) and (f) & (d);
(v) if F is convex near (Z,y), then condition (g) is also necessary for the metric q-sub-
regularity of F' at (Z,9);
(vi) if F is convez near (T,y) and g = 1, then (a) < (¢) & (d) & (g)
(vil) if X and Y are finite dimensional normed spaces, then (e) < (g)

(0);

-
< (i).
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*1q[F)(@,5) > 0

d(y,7))?
lim inf % —t—
Tr—T x,x JR—
= VFl;(2,9) > 0
yEF () \
| F' convex, g=1
] ‘
IVF|,(z,5) >0 !
AN |
X Banach, Y smooth ~
X,Y Asplund | | | | X,Y Asptand |
X Asplund or F convex |
Tyx> = = * TATTa/~ ~ Shrat — - X,Y%a ach
0¢ Dq F(z, y)(Sy*) % - = — |8F\q(x,y) >0 ‘8F|q (m,y) >0 th)zrxyex
S 7/
~ dim X <oco |
~dimY<oco | <
~ P |
[OF|,(@,5) > 0 f———= [0FI; &.5) > 0| |
) F convex, g=1
L ______ X,Y Banach__ _ _ _ _ _ J
F convex

Fig. 4 Corollary 4

The conclusions of Corollary 4 are illustrated in Fig. 4.

Another three subdifferential criteria of Holder metric subregularity of order ¢ have
been established recently by Li and Mordukhovich [34] (cf. [40]). In the case when Y is
a Banach space, they introduced two modifications of the duality mapping J defined by
(5), namely, the g-duality mapping J? and, given an € > 0, its normalized e-enlargement
J& (both acting Y\ {0} = Y*):

JU(y) = qllyl| T I (y),

q o y* +ev” * q < 1.yt * 44
s = { s e rwa <Ly e o)

Using (44), the authors defined for the mapping F' two nonnegative constants:
. _g—1 —1,-
o= Su%mf{QHQU*ll Ny = gll?"" | (z,y) €gph F, & ¢ F~ (1),
e>

. 1
o — || <e, |ly — gl < min{e, |z — 2|7},
1 _ _
Iy =yl <llz—2z|a,y #7, 2" € D'F(z,y)(JEW — 1)},  (45)
Bi= sm;poinf{qux*n Ay =719 | (2,y) € gph F, = ¢ F(7),
£

1
lz —Z|| <e, ly — gl <min{e, |lz —Z||2},
a* € D*F(z,y)(J(y—9))}. (46)

which played a crucial role when determining the Hoélder metric subregularity of F.
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Using the notation adopted in the current article and with o and S defined by
(45) and (46), respectively, [34, Theorems 3.3, 5.1, and 5.3] can be formulated in the
following way.

Theorem 3 (i) Suppose X and Y are Asplund and gph F is locally closed near (Z,7).
Then, 1) a < °ry[F](Z,y) and 2) condition o > 0 is sufficient for Hélder metric
subregularity of order q of F at (Z,7).

(i1) Suppose X is Asplund, Y is Fréchet smooth, and gph F is locally closed near
(Z,9). Then, 1) B < °rq[F](Z,y) and 2) condition 8 > 0 is sufficient for Holder metric
subregularity of order q of F' at (Z,7).

(iii) Suppose X is Banach, Y is Fréchet smooth, and gph F is closed and convex.
Then, condition B > 0 is necessary and sufficient for Hélder metric subregularity of
order q of F at (Z,7).

The assertions of the above theorem are obvious consequences of Proposition 7 and
Corollary 3 thanks to the next proposition.

Proposition 10 Suppose X and Y are normed spaces. Then,

(i) o <|0F[§*(z,7),

(i) [0F|q(z,9) < B <[0F|5 (%, 7).

Proof (i) If |0F|§“(%,7) = oo, the inequality is satisfied trivially. Suppose |0F[{ *(Z, 7) <
v < 0o. Then, by definition (33),

0F|§%(z,5) > 1

. . _n1g—1 a

im inf ally = gl* 1OF ¢ () p(, y)-

W0 o=zl <p, lly—7l<p $wpt™
ly—all?/lz—z(| <~

(z,y)€gph F, 2¢ F~(9)

1
If0<p<y 7972, 0<|z—2| <p,and |ly — gl|?/|lz — Z|| <, then,

1

ly =l < Ol = al)7 = llo =213 (vlo — 21"~ 3) " <o~ 2] 3.

Hence,

W+a(f7 g) > lim inf qlly — g||Q*1|aF|a (@, ). (47)
! pl0 llo—zll<p. ly—5li<p Ewp

ly—gl<llz—z| 2
(z,y)€gph F, z¢ F~1(7)

If (z,y) € gph F, y # g, and € € (0, ||y — g||), then, by definition (29), it holds

OF|¢ x,y) > inf x|
19Fley)p(:v) llo—(y—5)l<e =7l

¥ €D* F(x,y)(J(v)+&(y)pB™)
inf ||13*||
lly'—yll<e
2*€D*F(z,y)(J(y' —7)+&(y)pB*)
= inf [l
lly'—yll<e
z* €D F(z,y)(y"+£(y)pv™)
y* ey =), lv*I<1



26

Let p € (0,1), (z,y) € gph F, & # &, and y # § be such that ||y — 7||' = < ¢. Choose
an ¢ € (0, ||y — 7|) such that inequality ||y’ — y|| < € implies the following estimates:

_n 1 _ _ing—1
Iy =yl <llz—zle, 1—p<(y—3l/ly-al)" <2 (48)
Then, given any v/ € Y with ||y/ —y| <&, v* € J(v' —¥), and ||[v*|| < 1, we have

ly™ +&)pv™| > 1—p >0,
- a1
o= p(lly" = all/lly — gD~ < 2,

—111—q / —nl—q
y—vy y -y
Y+ E(y)pr" =y + ” q” pv* = ” H (

—ng—1
ally' = gll" y" + pv"),
v+ Epevt  ally =gl Y+

ly* +E@Wpv*ll  llally’ — gll9—ty* + p'v*||

€ Jy — ) C I, ~ ).
Hence,
D Fla )" + €)= 5" + €)oo’ 10" Flavy) (L EE0P)
< lly" +E@wpv 1D Fa,y) (V3,0 - 9)

and consequently,

1
ly —yll<llz—z| ¢, y'#y
o )7
z*eD* F(z,y)(J5,(y' —9))

Combining this estimate with (47) and making use of (48), we obtain

o _ . 2 . _ng—1 .
[OF[{*(,9) > lim(1 - p i gy =) inf Il
pl0 lz—z||<p, ly=7ll<p I —yll<llz—zI T, y'£5
ly—gll<llz—z|2 " €D F(z,y) (JL, (' ~7))
(z,y)€gph F, 2 F ' (7)
> lim inf aly =gt inf lz*|| = a.
pl0 ||z—z||<2p, ly—7l<2p I —yl<llo—zl .5/ 0
ly=gl<llz—z|I2 @* €D F(z,y)(J5,(y'—7))

(z,y)€gph F, 2 F ' (7)
(ii) As in the proof of (i), we have from definition (32)

— .
|0F|F (z,7) > lim inf
q\ L0 la—z||<p, IIy*@H1<p
ly—gli<llz—z| 2
(z,y)€Egph F, z¢ F ' (§)

ally = g1 1OF ¢y, (2, ),

where, by definition (28) and using again (simplified versions of) the same arguments
as in the proof of (i),

0F |¢()(@,y) = 2" > (1 = p) inf [l

inf
a* €D F(w,y)(y" +£(y) pv™) N €D F(z,y)(J (y—7))
y eI (y—9), llv"[I<1

The second inequality in (ii) follows from the last two estimates and definition (46).
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1
Let 0 < e < q? 9, (z,y) €Egph F, 0 < |ly — 9|l < ¢, and w* € JZ(y — ), that is,

o dlly =gl y 4 e
llally = glla=ty* 4 ev*|

for some y* € J(y — 3) and v* € B*. Observe that £(y) = ||y — 7|1~ %/q < e'7/q,
_g—1 -1 -1 2—
lally = gll% y" +ev™|| > ge?F —e =" (g—e"") >0,
_1q—1 —1g—1
ally =gl* y" +ev” =qlly = gl (y" + e€(y)o").
Hence,

l[w* — *|:H v egt | vt =yt +e€@)oT) + € )|
Y ly* + €)oY ly* + e€(y)o*]
|1 lly* +e€)o*|l] +e6(y) _ 2e€(y) 2
= 1—e€(y) = 1—¢e&(y) = 1—¢e274/q

£(y)

Given a p > 0, one can always choose an & > 0 such that 2¢/(1 —&279/q) < p, and
consequently D*F(z,y)(w*) C D*F(z,y)(y* + £(y)pB*). The first inequality follows
from definitions (30), (28), and (46). O

Proof of Theorem 3 The conclusions follow from Theorem 2(ii) thanks to Propositions 7
and 10.

(i) requires parts (ii) and (iv) of Proposition 7 and part (i) of Proposition 10.

(ii) requires parts (ii) and (v)(a) of Proposition 7 and part (ii) of Proposition 10.

(iii) requires parts (ii) and (v)(b) of Proposition 7, part (ii) of Proposition 10, and,
additionally, Proposition 9. a

Remark 8 Assertions (i) and (ii) of Theorem 3 are in general weaker than the cor-
responding ones in Corollary 3. They can be strengthened if inequality ||y — g|| <
min{e, ||z — :EH%} in definitions (45) and (46) is replaced by a more restrictive (when
lx — Z|| < 1) one: ||y — g|| < min{e, ||z — Z||»} where p can be any number in the
interval (g, 2). Proposition 10 remains true in this situation. The only change required

1 __1
in its proof is replacing inequality p <y 1-/2 by the following one: p <y 1-2/7.

The next example illustrates the computation of the constants involved in the
definition and characterizations of Hélder metric subregularity.

Example 1 Consider a mapping F' : R — R given by

{m2 if z >0,

F(z) = (z4)° =
@) (@+) 0  otherwise,
cf. [34, Example 3.8]. It is obviously Holder metrically subregular of order ¢ = 1/2
t (0,0). Note that F~1(0) = (—00,0] and, if z > 0, then d(z, F~1(0)) = z and
d(0, F(x)) = z2. This allows us to compute the modulus of Holder metric subregularity
(21):

*rq[F](0,0) = lim inf =1
rq[F](0,0) lulon -
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This result can also be deduced from Theorem 2(ii). For that, one needs to compute
the uniform strict g-slope (24). Let x > 0, y = #2, and p > 0. Then the nonlocal (g, p)-
slope (23) of F at (z,y) takes the following form:

VFL () = [z —ut]+ . 49
Wl o) = 2 el —al. ol — a7} o

If w > z, then * —uy = z — u < 0 and the expression under sup in the right-hand
side of (49) equals 0. If u < 0, it equals 2/ max{|u — z|, pz®} and is continuous and
increasing on (—oo, 0] as a function of u, attaining its maximum at 0. Hence,

T—u 1

o — - =
a0 Y) ogﬁz max{z — u, p(z2 —u2)}  max{l, pz}’

IVF

and consequently |VF|g ,(z,y) = 1 if pz < 1. It follows immediately from definition
(24) that |[VF|5(0,0) = 1.

Holder metric subregularity of F' can also be established from the estimates in
Proposition 7 after computing any of the local strict g-slopes (26), (27), (30)—(33)
which, in turn, depend on local p-slopes (25), (28), and (29). Observe that the last
three constants do not depend on q.

Similarly to the above, for x > 0, y = :102, and p > 0, one has

[

2
~ —uly
[VFE|p(x,y) = limsup
g U—T, UFET max{|u—x|,p|u2 _:172'}
r+u 2x

ul% max{l,p(z +u)} max{l,2pz}

and consequently, |VF|,(z,y) = 2z if pr < 1/2. Mapping F is differentiable and
D*F(z,y)(y*) = {2zy*} for any z > 0, y = 2%, and y* € R. Duality mapping (5) in R
has a simple representation: J(v) =1 if v > 0 and J(v) = —1 if v < 0. Thus,

OF|p(z,y) = |OF|5(z,y) = inf =¥ = 2z(1 — p).
OF (o) = [OFlje )= | b et = 2n(1 - p)

Observing that (d(y,0))?"! = 1/z and £(y) = 2z in (30)—(33), we arrive at

=|0F|4(z,9) = |0F|{ (z,9) = |0F|§(z,7) = |0F |3 *(z,7) = 1.

By Proposition 7, this ensures that F' is Holder metrically subregular of order % at
(0,0) with modulus not less than 1. A
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