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Abstract. The decomposition set-valued mapping in a Banach space E with
cones K;, ¢ = 1,...,n describes all decompositions of a given element on
addends, such that addend ¢ belongs to the i-th cone. We examine the decom-
position mapping and its dual.

We study conditions that provide the additivity of the decomposition map-
ping. For this purpose we introduce and study the Riesz interpolation property
and lattice properties of spaces with respect to several preorders. The notion
of 2-vector lattice is introduced and studied. Theorems that establish the rela-
tionship between the Riesz interpolation property and lattice properties of the
dual spaces are given.

1. INTRODUCTION

1. The goal of this paper is to study general cone decomposition. Let us explain
the matter of the problem.

Consider n convex cones Ki, ..., K, in a vector space E with n > 2. It is
possible that some of these cones coincide. Let L = )" | K; be the Minkowski
sum of these cones. A collection of elements x; € K;, i = 1,...,n is called the
decomposition of an element x € L with respect to the collection of cones (K;)?;
if e =21 +22+...4+ x,. We are mainly interested in the totality of all possible
decompositions for all vectors = € L. In other words we shall study the set-valued
mapping o defined on L by

n
J(x):{(xl,...,xn):in:x, x; € Ky, i=1,...,n}.
i=1




The mapping o is called the decomposition mapping with respect to cones K 1, ...,
K,. We can describe this mapping in the following way. Consider the space E"
and the operator of summation A : E™ — FE defined by

Az, ... xn) = Zn:xz
=1

Let K = K1 x...x K, C E™and let Ax be the restriction of A to K. Then Ax
is the linear operator defined on K and mapping onto L = Zle K;. It is clear
that o coincides with the set-valued mapping A;(l inverse to Ag.

2. Decomposition mapping arises in different fields of mathematics and its applica-
tions. The situation when all cones K1, ..., K, coincide was mainly investigated.
An important field of application of the decomposition mapping is mathematical
economics. Assume that we have an economy with n agents and m products.
Let E = R™ and Ky,..., K, coincide with the cone R"* C R™ of vectors with
nonnegative coordinates. A vector z = (z!,...,2™) € R describes a certain
collection of products (« is the quantity of the product j in this collection.) Having
vector x, agents need to distribute it between themselves, that is to find vectors
r1,...,o, € R such that "  2; = 2. The totality of all such distributions
coincides with the set o(z). The decomposition mapping plays an important role in
the study of some models of economic equilibrium and economic dynamics (see [3]
for details). From an economical point of view it is interesting to consider efficient
decompositions of a given element z, that is, decompositions than are better (in a
certain sense) that the other decompositions of this element. A cone decomposition
theory based on efficiency has been developed by J.E. Martinez Legaz and A. Seeger
in [4].

3. We use methods of convex analysis for examination of the decomposition map-
ping. Let K1, ..., K, be convex cones in the space E and let o be the corresponding
decomposition mapping. Then the graph

gro={((z1,...,2n),y) E E"X E:y€o(x1,...,20)}

is a convex cone, hence o is a convex process (see [5]). In another terminology
(see [6, 2, 3]) o is a superlinear set-valued mapping. The dual theory of superlinear
mappings is well developed. We give an explicit description of dual mapping to
the decomposition mapping and describe its properties. This approach allows us to
discover some interesting properties of the decomposition mapping itself.

4. An important question related to decomposition mapping is to find conditions
that guarantee its additivity. In the simplest case when all cones K; coincide with



a cone K, this property is equivalent to the following: the space E with the or-
der relation generated by K possesses the Riesz interpolation property. It is of
interest to extend this result to the case of two or more cones. To this end, we
introduce a space and objects defined with respect to several cones which can be
viewed as generalizations of such classical notions as vector lattice, exact upper and
lower bounds, Riesz interpolation property and Riesz decomposition property, Dou-
ble Partition Lemma etc. On the whole, the problem on additive decomposition can
be solved in such spaces. We establish the relationship between Riesz interpolation
property with respect to several cones, and lattice properties of the dual space w.r.t.
the corresponding dual cones.

The lattices with respect to several cones are quite natural from the point of
view of applications to mathematical economics (see 2). Indeed, it is quite natural
to assume that each agent 4 is interested only in the products with the numbers
from a certain subset .J; of the set of indices {1,...,n}. This observation leads to
decomposition mapping with respect to a system of cones K7, ..., K,, where K; is
a face of the cone R’ It can be shown that decomposition mapping with respect
to such systems is additive.

5. Next, we summarize the structure of the paper. Some definitions and results
related to superlinear mappings are given in Section 2. Decomposition mapping
and dual to decomposition mapping are described in Section 3. Properties of the
support function of the decomposition mapping are discussed in Section 4. Section 5
provides different characterizations of space with several cones that are equivalent to
the additivity of the decomposition mapping. Vector lattices with respect to several
pre-orders are examined in Section 6. Kantorovich- Riesz type theorems in spaces
with two cones are studied in Section 7.

2. SUPERLINEAR SET-VALUED MAPPINGS (CONVEX PROCESSES)

Let E,, E> be Banach spaces. A set-valued mapping a : F; — 272 is called a
convex process ([5]), if its graph gra = {(z,y) € E1 x E3 : y € a(z)} is a cone
in £1 x Ey and (0,0) € gre.

Sometimes (see, for example, [2, 6, 3]) convex processes are called superlinear
set-valued mappings. It is more convenient for us to use this terminology. A
superlinear mapping « is called bounded if

lall :=sup{lly[| : y € a(z), = € doma, [z]| <1} < +oc.

Here doma = {z : a(z) # 0}.

Let £ be a Banach space. A cone K C E is called locally compact if each
bounded subset of K is compact. The following result is well-known and can be
easily proved.



Theorem 2.1. Leta : By — 2F2 be a closed positively homogeneous mapping,
the cone K := doma be locally compact and a(0) = {0}, then a is bounded.

Definition 2.1. The set-valued mapping a* : E} — FE] is called dual to a
superlinear mapping a : By — 272, if

a*(g) ={f € By : [f,2] <[g,y], Yz € doma, y € a(z)}.

It is well-known and easy to check that the dual mapping «* is superlinear for
an arbitrary mapping a. The following duality theorem holds:

Theorem 2.1. (see ([2, 6]) Let a be a superlinear mapping. Then the sublinear
function p,(z) = inf{[g,y] : y € a(x)} is sublinear. If p, is lower semicontinuous
for all g € E’, then for all z € dom a, g € dom a* the following holds

sup{[f,2] : fea’(9)} =inf{lg,y] : y<calz)}, and Ip,(0) =a’(g).

Here Op(x) is the subdifferential of a sublinear function p at a point x.

3. DecomposITiIoN MAPPING AND ITs DuAL
3.1. Decomposition Mapping

Let £ be a Banach space and let E™ = E x E ... x E be the cartesian product
of its n copies. We assume that E™ is equipped with the sum-norm: if X =
(@1,...,2n) € E™then || X[ =37, ||z By E', (E™) we will denote the dual
spaces to £ and E™, respectively. Note that (E™) = (E’)". For f € E’ we have
If1l = sup < | /(@) 6F = (fi, ..., fa) € (B then | F|| = maxi—1,.., | fill
In particular, if fi =...= f, := f then |F|| = || f]].

In the space F let us consider a collection of convex closed cones K7, Ko, . .., K,
and in the space E™ consider their cartesian product K = K1 x Ko x --- x K.
The dual cones to K, K», .. ., K, and K will be denoted by K7, K3, ..., K} and
K*, respectively. It is clear that K* = K} x K3 x --- x K. We also use the
following notation:

L=K +...+K,.

It is well-known and easy to check that L* = (i, K

Definition 3.1. A set-valued mapping o, .. x, : E — 2E", defined by

-----

X = K :Y" x= L
OK o K (T) ::{ { (@1, ) € YiTi=1} T €

0 x ¢ L



is called decomposition mapping with respect to cones K 1, . . ., K, and the elements
of the set ok, ..k, are called the decompositions of z.

-----

For the sake of simplicity we denote ok, .k, by o if it does not lead to
confusion. It is clear that dom ¢ = L := )" | K;. The decomposition mapping is
closed. Moreover, this mapping possesses a stronger property than the property to
be closed. Indeed, if X* — X then z* — x; for all i and hence S u% — S ¥z,
Thus the following holds: if X* — X and X* € o(2") then there exists lim z* = =
and X € o(x).

3.2. The Description of the Mapping ¢*

In this subsection we give an explicit description of the mapping o* dual to the
decomposition mapping ok, ..k, = o. Let

-----

(3.2) K = dom o*.

It follows from the superlinearity of o* that the set C is a convex cone.
The following theorem allows one to get an explicit form of the mapping o*
dual to o.

Theorem 3.1.  The equality o*(G) = (_,(¢; — K;) holds for all G =
(917"'7971) GIC

Proof. Let f € 0*(G) (G € K), then by the definition of o* we have
(3.2) [f,z] <[G,X] Vzedomo, X € o(x).

For every i = 1,2,...,n, and any z; € K; put X,, = (0,...,0,2;0,...,0) €
E™. It is clear that X,, € o(xz;), and (3.2) implies that [f, z;] < [G, X,] for all
x; € Ky i =1,2,...,n,0r [f,z;] < g, x;] forall z; € K;, i =1,2,...,n, ie.
[f —gi,xg) <0 forall z; € K;, i =1,2,...,n. It follows from the definition
of the conjugate cone that f € g; — K, @ = 1,2,...,n. This means that f <
ie1(gi — K7).

Conversely, let the last inclusion hold for an element f. Theng; — f € K, i =
1,2,...,n, hence for all z; € K;, i = 1,2,...,n, we have [f,z;] < [g;, 2]
Summing over i from 1 to n we get after simple calculations that

(3.3) £ 2] < lgez] forall o e Ky, i=1,2,...,n.
i=1 k=1

Letxc Fand X =(x1,...,x,) €o(x). Then Y " x; = x. Applying (3.3) we get
[f,z] < [G, X] Vz, X € o(x), which is equivalent to the inclusion f € ¢*(G). =



3.3 Domain of the Mapping o*

It will be shown in this subsection that the cone XC = dom ¢ * is the sum of two
summands, one of which is described in the following assertion.

Proposition 3.1. The equality K* = (¢*)~1(0) is valid. (Recall that K =
Ky x...x Ky)

Proof. In the view of Theorem 3.1 we have that G € (¢*)~1(0) if and only if
0 € N, (g9: — K}) which is equivalent g; € K for all 7. ]

Corollary 3.1. The inclusion K* C K holds.

Consider the set .
M={XecE":) z;=0}
=1

Let M* be the orthogonal to M subspace: M* = {G € (E™)* : [G,X] =
0 VX € M}. Consider also the diagonal D = {G = (g9,9,...,9) : g € E'} of
the space (E’)™. It is clear that D is w*-closed in (E™)" = (E’)". In the sequel an
element (g, g,...,9) € D will be denoted by g".

Proposition 3.2. The subspaces M* and D of the dual space (E™)" coincide.

Proof. Let G = g" € D, then for every X € M we have [G,X] =
Yoiilg, ] = (9,2 " x] =0, ie. G e M* and hence D C M*. Now let
us prove the opposite inclusion. Suppose, there exists an element G € (E’)™ such
that G € M*\ D. Since D is w*-closed and convex we can apply the separation
theorem which implies the existence of X = (z;) € E™ such that

3.4 G, X| > NX| = LT = DA
(3.4) (G, X] ;SE/[Q X] ;SE/;[QQC] gs;g[gzi:x]

The following cases are possible:

1. if_Y_e M, then the right-hand side of the last inequality is equal to zero, and
[G, X] > 0. On the other hand, [G, X] = 0, since G € M*;

2. if X ¢ M, then 3, ; # 0 hence sup,cp/[g", X] = 400 and we have
[G, X] > 400,

therefore the both cases lead us to a contradiction. ]

Proposition 3.3. For every g" € M* the equality o*(¢") = g — (i, K/ is
valid.



Proof. ~ Since the equality [g,z] = [g,> ;@] = Y1 ]9,z = [¢" X]
holds for all z € dom o, X = (x1,...,2,) € o(z) and every g € E/, then g €
o*(g9"), Vg € E’. From Theorem 3.1 it follows that 0*(0) = — (;"_, K, then using
the superlinearity of the dual mapping o* we obtain the relations o*(¢") = o*(¢" +
0) > o*(9") +0*(0) D g — (i, K;. These inclusions imply that o*(g") # 0 for
every ¢" € M*. If f € o*(¢g") then (see Theorem 3.1) g— f € K}, i=1,...,n,
and hence f € g — i, K. [ |

Corollary 3.2. M* C K.

Indeed, if G € M* = D then there exists g such that G = g”. Since o*(g") is
nonempty it follows that G € domo* = K.

Corollary 3.3. If g¢" € M*, G € K* then o*(¢" + G) = g + o*(G).

Proof. As G € K* then Corollary 3.1 yields o*(G) # (). Since g € o*(¢g”) and
the mapping o* is superlinear then o* (¢ +G) D o*(¢") +0*(G) D g+0*(G). We
now prove the opposite inclusion. If f € g+ 0*(G), then f —g € (L, (g:i — K}).
The last inclusion is equivalent to the following: f € g4+g, — K, i=1,2,...,n,

ie. feNisi(g+9i—K;)=0"(g"+G). n

The following theorem provides us with the explicit form of the effective domain
of the dual mapping o*.

Theorem 3.2. The cone K = domo* has the form K = K* + M*.

Proof. From Corollaries 3.1 and 3.2 it follows that K* ¢ K and M* C K.
Since K is a convex cone, then K* + M* C K. Conversely, let an element G =
(g1,---,9n) € Kand let f € o*(G) = Ni_1(9i — K}). Then f € g; — K[, i =
1,2,...,n, hence
(3.5) gi € f+ K/, i=1,...,n.

Due to Proposition 3.2, an element f* = (f, f,..., f) belongs to M*. Then it
follows from (3.5) that G € f* + K* ¢ M* + K*. n

3.4. Closedness of K for n = 2

The cone K is not necessarily closed. We describe conditions which guarantee
that K is closed only for n = 2. We need the following Lemma.

Lemma 3.1. Let n = 2. Then

K= {(hl,hg) hy —hg € Kik — K;}



Proof. Let Ko = {(h1, ha) : h1 —hg € K} — KJ}. First we show that /C C /Cy.
Let (h1,he) € K. Since K = M* + K* = D + (K{ x K3) it follows that there
exist f € E'and [; € K/, i = 1,2 such that hy = f + [1, ho = f + lo. We have
hi —hy =11 —ly € K — K3, hence (hy, ha) € Ky. We have proved that K C K.
We now prove the opposite inclusion. Let (hq, ha) € K. Then there exist [; € K
and ly € Ky such that h1 — hyg =17 — 19, Let f = hy =11 = hy — Is. Then
hi=f 411, ho=f + o, hence (hl, hg) Z(f, f)+(l1, lg) ED—F(KT X K;) =K. nm

Theorem 3.3. Let n = 2. Then the cone K is closed if and only if the cone
K} — K3 is closed.

Proof. Let K¥— K3 be closed. Let (h¥, hE) € KC, k = 1,...and let (b}, h%) —
(h1, he). 1t follows from Lemma ?? that b} —h? € K;—K3. Hence limg Y —h? =
hi1 — he € K} — K. Applying again Lemma 3.1 we conclude that (b, he) € K.

Now assume that K7 — K is not closed. Then we can find a sequence I* ¢
K;—K3, such that there exists I := limy (¥ and | ¢ Kj—K3. Letgk € KF,i=1,2
be sequences such that limy g¥ = 0. Consider sequences h¥ = g +1* and h = g5,
k=1,.... Since g¥ — g5 € Ki — K3, 1" € Kf — K} and K{ — K3 is a cone it
follows that % — h2 = g¥ — g% + I, € K7 — K. Hence (h¥, hk) € Ko = K. We
have (R}, h3) — (1,0). Since I —0 =1 ¢ K} — K3 it follows that (1,0) ¢ Ko = K.
Hence K is not closed. ]

3.5. Dual to the decomposition mapping in the case when the cone L is normal

Recall the following well-known definition (see, for example, [7]): A cone
K C FE is called normal if there exists m > 0 such that 0 <y = <g y implies
llz|| < m|ly||. It is well known that if K is a normal cone then K* is generating:
K* — K* = E’' (see, for example, [7]).

Theorem 3.4. If the cones K1, K>, ..., K, in E are such that """ | K; = L
is a normal cone, then
K*+ M*= (E").

Proof. Take an arbitrary elementG = (g1, . .., gn) € (E")". Since L is normal,
then the conjugate cone L* is a generating cone. It is follows from this that each
finite subset of E’ is bounded from below. In particular, for the set {g1,..., 9.} C
E’ there exists an element h € E’ such that g; >« h, ¢ = 1,2,...,n. In view of
L* =i, K we obtain g; — h € K, for all i = 1,...,n which is equivalent to
h € Ni1(9: — K}). In view of Theorem 3.1 we have h € o(G). Therefore for
every G = (g1,...,9n) € (E") the set o*(G) # () and domo™* := K = (E™), but
K = K* + M*, which completes the proof. ]



Proposition 3.4. If Y~  K; = L is a normal cone in E then the decom-
position mapping o is bounded, that is, there exists a constant C' > 0 such that
| X < Cl|z| foreach ze€ L and X € o(x).

Proof. Since L is a normal cone it follows that there exists a constant m > 0
such that the inequalities = > y >r 0 imply ||z|| > m||y||. Let 2 € L and
X = (x1,...,z,) € o(z). Foreach j =1,...,n we have Zi;ﬁsz‘ € Z#sz‘ C
L, hence x — x; € L. We also have »; € K; C L. This means that x >
zj >p, 0, hence [|z|| > mlla;l, j = 1,...,n. Since X = Y70, ||lz;| we get
1 X =325 llzill < Jllzl = Cllz|l, where C' = n/m. u

4. A SupporT FUNCTION TO THE DECOMPOSITION MAPPING o

In this section we will study the properties of the decomposition mapping
,,,,, K, = 0, using the methods of subdifferential calculus.
For every G € (E™)’ consider the function ps : E — R defined by
pa(z) = inf [G, X] (x € E).
Xeo(x)

(We assume that the infimum of the empty set is equal to +o0o. We also assume
that +o0o0 + (—00) = +00.)

The function p is called the support function to the decomposition mapping o
corresponding to the linear function G. Let

4G K, (T) = —DG— K1 .o~ K o (— ).
It follows from this equality that we do not need to specially study the function ¢¢.

Proposition 4.1. The function p¢ is sublinear.

Proof. Let z,y € domo. Then z +y € domo also. Since the mapping o is
superlinear, we have

pa(r+y) Zeg(la:-ky)[ < ZEU(IOS‘HT(?/)[ |

— i G, X|+[G,Y
XEJ(J:),YEJ(y)([ ] [ ])

= inf inf ([G,X]+][G,Y
Xeo(x) YEJ(y)([ ] [ ])

= 1 f G,X + i f G,Y = + .
xleri(m)[ ] Yg;(y)[ | = pc(@) +paly)



If at least one of the elements x, y does not belong to dom o then pg(x) + pa(y) =
+00, S0 pa(z+y) < pa(x) + pa(y) in this case as well. Thus p is subadditive. It
is easy to check that p is positively homogeneous. ]

Assume that pi(0) = —oo. Then for all z € domo = """ | K; we have
pa(z) = pa(z+0) < pa(z) +pa(0) = —oo so it is important to describe G such
that p(0) > —oo. For such G we have ps(0) = 0.

Proposition 4.2. The equality pc(0) = 0 holds if and only if G € cl K.

Proof.  Since pg(0) = infxeq(0)[G, X] it follows that pg(0) = 0 if and only
if [G,X]>0forall X € o(0). The set

J(O):{X:(xl,...,xn):in:(), x1 € Kq,...,x, € Kp,}

(2

coincides with the cone M N K, hence ps(0) = 0 if and only if G € (M N K)*.
However

(MNK)*=c(M*"+K*)=cl(D+ K*)=clIK. [ ]
Proposition 4.2. For every G € K the equality dom o = dom p¢ holds.

Proof. Since G € K it follows that there exist f € E’ and [; € K such that
G=f"4+,....,1lp). Letz edomo =" | K;and X = (z1,...,2,) € 0(2)
then . . .

i=1 i=1 i=1
Note that [l;, z;] > 0 for all ¢, therefore [G, X| > [f, z]. Hence
pa(z) = inf [G,X]> f(z) > —oc.
Xeo(x)
It is clear that pg(z) < [G, X] < +00. We have proved that domo C dompg. If

z & > ", K; =domo then pg(x) = +oo (because the infimum over the empty
set is equal to zero). Hence domo = dom pg. ]

5. THE ADDITIVITY OF THE DECOMPOSITION MAPPING

In this section we study conditions that provide the additivity of the decompo-
sition mapping o. In order to give a description of these conditions we need to
extend many notions of the theory of ordered space for spaces that are equipped
with several preorders.



5.1. Riesz interpolation property in a space with two cones

Consider an ordered Banach space with the cone of positive elements K. Con-
sider now the family of cones K3, ... K, with an arbitrary n > 1 where K; = K
foreach i = 1,...,n. It can be shown that the decomposition mapping ok, ... K, iS
additive if and only if the space (E, K) possesses the Riesz interpolation property.
(See Theorem 5.1, where a more general result is proved.) Our goal is to generalize
this result for the case of different cones K7, ..., K,. For this purpose we need to
generalize the notions of vector lattice and Riesz interpolation property for a space
with different cones. In the classical situation where a cone K can be repeated n
times with an arbitrary n we have different equivalent definitions of vector lattice.
One of them is given in terms of arbitrary finite sets and the other in terms of sets
that contain only two elements. If we have different cones K7, ..., K,, then the
situation is different: we can consider the supremum and the infimum only finite
sets that contain exactly n elements with the given n. A similar remark can be made
with respect to the Riesz interpolation property, the Riesz decomposition property
and the double partition lemma.

We will start with the Riesz interpolation property.

Let pointed cones K1, ..., K, in a vector space E be given. Each of them
induces its own order relation >; (i =1,...,n) on E . The space E with cones
Ki,...K, isdenoted by F = (F; Ky, ..., K,).

Remark 5.1. If the cones K, ..., K, coincide and are equal to a cone K,
we will use either notation (E, K1, ...K,) with K; = K, i =1,...,n or notation
(E, K) (if the latter is used, it is assumed that the number n is known).

For the sake of simplicity we consider the case n = 2. Then we will show how
the definitions and results obtained can be extended for an arbitrary n.

Definition 5.1. Consider a space (E; K1, K3) and let L = K; + Ko. We
say that the space (F; K1, K) possesses the Riesz interpolation property if for for
every four elements 1, zo, 10, y2 € F, satisfying the inequalities

(5.1) YL 2K, T1, Yo 2K, T2, Y1 2L T2, Y2 =L T,
there exists an “intermediate” element ¢ € E such that
(5.2) Y1 2K, € >k, £1, and yo >k, ¢ >k, T2,

We will also call this property the Riesz interpolation property in E with respect
to cones K1, K5”.



Remark 5.2. It follows from (5.2) that y; >; ¢ > 2o and yo >, ¢ >, 7.
Indeed, if there exists an element ¢ € E such that

Y1 >k, ¢ >k, ©1 and  ys >k, ¢ >k, X9,

thenc—x1 € K1 C L, yo—c€ Ko C L. Sincec—ax9 € Ko CL,y1—ce€ K1 CL
then T9 <y C and Y1 >71 C.
Note that

Ki+ K=K, Ke+Ky=Ky, K +Ky=L Ky+K;=0L.
Hence (5.1) can be expressed in the form
y; —x; € K; + Kj, 1,5 =1,2.

We will use the definition of an interval (x,y) z with respect to a cone H C E.
Recall that

(@, y)u = (x+H)(y—H), (z,y€E, y>pya).

We can express Definition 5.1 in terms of intervals: if z1, z2, 41, y2 are four elements
such that y; — z; € K; + Kj, 1,5 = 1,2, then

(5.3) (z1,91) 1, N (22, Y2) K, 7 0.

It follows from (5.3) and Remark 5.2 that

ﬂ <$i7yj>Ki+Kj # 0.

i,j=1,2

Remark 5.3. To check the Riesz interpolation property with respect to the cones
K1, Ky in the space E = (E; K1, K>) it is sufficient to verify that an intermediate
element exists under the additional hypothesis: z1, x2 € L. Indeed, assume that the
Riesz interpolation property holds for all four-tips 1, Z2, 91, 2 such that g, — Z; €
K+ K; and z1, 2o € L. Letx;,,y; € F, i,7=1,2 and yi—x; € K+ Kj (’L,j =
1,2). Let z = x1+29—y1. Consider four elements 1 = 21—z, T2 = x9—2, §1 =
Y1 — 2, Jo = y2 — 2. We have

ilcle—z:yl—xQGL, jg::xg—z:yl—xlechL.

Therefore the Riesz interpolation property holds for elements z; — z, y; — 2 (4, =
1,2) so an element ¢ exists such that

U1 >k, € >k, 1, and gy >k, ¢ >k, To.



Let c =¢+ 2. Then
Y1 2K, ¢ 2K, T1, and ye >k, ¢ >k, To.
We have proved that the Riesz interpolation property holds in (E; K1, K>).

5.2. Riesz decomposition property and double partition lemma in a space with
two cones

Definition 5.2. We say that the space £ = (E; K1, K3) possesses the Riesz
decomposition property if

(T1 4 @2, 41 + y2) K+ ke = (@1, Y1) Ky + (T2, 92) Ky
for all T1,Y1 € Ky, x2,Y2 € K5 such that Y1 ZKl 1, Y2 ZKQ x9.

Consider a space (E; K1, K»). Let 21,51 € K1, 29,92 € Ko and y1 >k, 1,
Y2 >k, T2. Then it is easy to check that

(5.4) (@1 + 22,91 + Y2) Ky 1Ko D (@1, Y1) K, + (T2, Y2) Ko
In view of (5.4), the Riesz decomposition property is equivalent to the following:
(1 + 22,1 + ¥2) Ky +K, C (@1, Y1) K, + (@2, ¥2) Ky -
This means that each element z such that
1+ 22 SKi4+Ky 2 SKi+Ky Y1 T Y2
can be represented as the sum z = 21 + 25 with

1 <K, 21 <k, y1 and z <g, 22 <k, Yo.

Remark 5.4. It is easy to check that the Riesz decomposition property with
respect to cones K1, K is equivalent to the fact that the equality

<0,1‘ +y>K1+K2 = <07x>K1 + <07y>K2
holds for all z € K1, y € K.

Consider a space (E; K1, K2) with two cones K3 and K. Consider two arbi-
trary elements y1, z; € K and two arbitrary elements g, 25 € Ko. Let

(5.5) 1= +2, To=ys+20 and y =y +yo, 2 =21 + 2.



and z = 21 + x9. Then z1 € K1, 29 € Ko and x € L. We can also represent x
as the sum of two elements from L: = = y + z. We say that the double partition
lemma holds in the space E = (E; K1, K3), if the reverse assertion holds: if for an
element x € L the following equalities hold:

r=x1+ 29, Where z1 € Ky,z9 € Ko

and
r=y+z Where y,z€L,

then elements y1, 21 € K1, y2, 22 € K5 exist such that each z; (i = 1,2) can be
represented in the form z; = y; + z; and also y = y; + 4o and z = z1 + 25.

Remark 5.5. Let K; = K, := K. Then the Riesz interpolation property
holds in the space (E; K1, Ko) if the ordered space possesses the “classical” Riesz
interpolation property. The same conclusion can be made with respect to the Riesz
decomposition property and the double partition lemma.

5.3. Additivity of the decomposition mapping

The decomposition mapping ok, x, =0 : E — 2E% with respect to cones K
and K in the space £ = (E; K1, K») is expressed in the following way:

o(x) ={X = (z1,22) € K1 x Ko : 21+ zo =2} (x€FE).

Recall that domo = L := K7 + K. We are interested in conditions that guarantee
the additivity of the decomposition mapping. The following theorem claims that all
above definitions are equivalent and that each of them is equivalent to the required
additivity.

Theorem 5.1. The followings statements are equivalent:

1) The space FE = (FE; K1, K5) possesses the Riesz interpolation property;
2
3

4) The decomposition mapping o g, x, = 0 : E — 2F” s additive, i.e. if
z,y€ Lthen o(z+vy) =0o(z) +o(y). (Here L = K1 + K5.)

(1)
(2) The space E = (F; K1, K2) possesses the Riesz decomposition property;
(3) The double partition Lemma takes place in the space F = (E; K1, K»);
(4)

Proof. 1 = 2. In view of Remark 5.4 it is enough to show that

(0,21 + 22) iy + 1, = (0, 21) iy + (0, 22) K-



Let z1 € K1, 290 € Ko and y € L and let 1 + x2 > y. We can express these
conditions in the following way:

Y2,y —1, 122k,0, y>p0, w2>py-—x1.

Let us apply the Riesz interpolation property to these inequalities, and find an
intermediate element, i.e. an element ¢ € E such that

(5.6) Y2k C2K Y —T1, T2 2k, C 2K, 0.
Let y1 =y — cand yo = ¢. Then (5.6) yields
y1 € K1, y2 € Koy, 11 2k, Y1, T2 2K, Yo-
We have also y = 41 + y2, i.e. y1 and y, form the required decomposition and
y1 €0, 21)Ky, Y2 € (0, 22) K,

2 = 3. Letanelementx € F besuchthatx = x1+x9, Wherez; € Ky, 20 € Ko
and © = y + z, where y,z € L. Then z1 + z2 >; y >1 0. By the Riesz
decomposition property elements y; € Ki, yo € K5 exist such that

T1 2K, Y1, T2 2Ky Y2, Y = Y1+ Yo.

Let 21 = x1 —y1, 29 = T2 — yo. We have z; € Ky, 29 € Ko, x1 =y1 + 21, X2 =
Yo + 22 and
2t zm=rit+ro—(y1+y)=x—y==z2

Therefore the elements y1, s, 21, 22 are as desired.

3 = 4. Let y,z € L. Since the decomposition mapping o is superlinear, then
o(y+2) D o(y)+ o(z). Let us prove the opposite inclusion. Let X = (z1,x2) €
o(y + z), then by the definition of the mapping o we have

1 €Ky, o€ Ko and z1+a0 =y + 2.

In view of the double partition Lemma there exist elements 41,21 € K1, y2, 22 €
Ko, such that every z; (i = 1,2) can be represented in the form x; = y; + 21, x9 =
yo + 2o and y = y1 + Yo, 2z = 21 + 29. It means that

Y =(y,2) €0(y), Z=(2,22)€0(z)

and X =Y +Z,ie. X €o(y) +o(2).
4 = 3. It can be proved by an argument similar to that in the proof of 3 — 4.



3 — 1. Let elements a1, as, b1, by € F satisfy the inequalities
b1 >k, a1, b1 > a2, ba >k, as, by >1, a;.

Letu; =b1—aq € Kl, Uy = by —ag € KQ, vy =by—aq € L, vy = by —ay € L.
Then uq +ug = v +v9. From the double partition Lemma it follows that elements
Y1, 21 € K1 and ys, 29 € K> exist such that

ur =y1+21 € K1, ug =yo+20€ Ky and vy =y1+y2 € L, vg = 21+22 € L.

The element ¢ = a; + y; is an intermediate between a; and b; (i, j = 1, 2). Indeed,
up = by —ay >k, y1 yields by >k, a1 +y1 >k, ar,and v1 = ba — a1 > Y
implies that by >, a1 +y1 >, ay1. Since the equality vy = y1 + yo Yields by —yo =
a1 + by, then from uy = by — a9 >, Y9 and vy = by — a1 >, y1 we obtain
b1 > aq +y1 = by — Y > Q9. Finally, the inequality uy = by —as ZKQ Y2 ylelds
by >k, bo — Y2 = a1 +y1 >k, a2. u

5.4. Examples

First we will give an example of cones such that the decomposition mapping o
is nonadditive.

Example 5.1. Let the following cones be given in the space £ = R?: the
positive orthant and the ray passing through the point 7= (—1,1) € R? , i.e.

K ={X = (u,v) €R* : u>0,v>0}

Ko={X=(u,v) €R? : u=-\v=X\\>0}

Let z = (1,0) € K1, y = (—1,1) € Ky, then z := 2 +y = (0,1). An easy
calculation shows that

o(z) ={(z.0)},  o(y)={0,y)}
o(z) ={Z=((a,1 - a), (~a,@)) s a € [0,1]}.
o(z) +o(y) = {(z,0)+ (0,9)} = {(1,0) + (=1, 1)} = {(0, 1)}
={(a,1- @), (~a,a)) :a=0)}.

Thus o(2) # o(x) + o(y).
Let K7 be a cone and K5 be a subcone of K. Recall, that K is called a face
of K3, if the inclusions z,y € K1 and x +y € Ky imply z,y € Ko.

Theorem 5.2. Let the double partition Lemma take place in the space £ =
(E, K1) and let a cone K4 be a face of the cone K. Then the double partition
Lemma is valid in the space E = (E; K1, Ka).



Proof. Let z1 + 20 = o+ y, where x,y € K1+ Ky, 21 € K1, 29 € Ko.
Since the double partition Lemma takes place in the space E = (E; K1), then there
exist elements x1, zo,y1,y2 € K1 suchthat 21 = x1 +y1, 22 =22+ 1y2, ==
1+ T2, Y=y +y2. AS To,ys € K1, 20 =22+ 1ys € Ko and the cone K is
a face of the cone K7, then zo, 0 € K>, i.e. the double partition Lemma holds in
the space E = (E; Ky; K2) with respect to the cones K7 and K. [

Theorem 5.3. Let the space E = (FE; H) possess the Riesz interpolation
property, and let cones K, K, be faces of the cone H. Then the space F =
(E; K1, K») possesses the Riesz interpolation property.

Proof. Let L = K7 + K> and elements z1, x2, y1, y2 € F satisfy the following
relations:

Y1 2K, T1, Y1 2L T2, Y2 2K, T2, Y2 2L T1.
Since Ky, K>, L C H theny, >y xj, i,j = 1,2. As the space £ = (E; H)
possesses the Riesz interpolation property, then there exists an element ¢ € E such
that
Yi 2H CZ>H T4, 1,5 = 1,2,
i.e.
y1—ce€H, y—ceH, c—x1€H, c—xz9€H.

It follows from the inequality y; >x, 1 that y1 —21 = (y1—¢)+(c—z1) € K;. In
the same manner the inequality yo >k, x2 impliesys—z9 = (y2—c)+(c—x2) € K.
As K, K, are faces of the cone H, we have y; — ¢, c —x1 € K1, y2—¢, c—
x9 € Ko, le. y1 >k, ¢ >k, 1, Y2 >K, C >k, T2. Therefore, the space
E = (FE; K1, K») possesses the Riesz interpolation property. ]

The definitions and results presented above can be easily extended to the case
where the number of cones is greater than two. We will consider this only for the
Riesz decomposition property. This property in the space £ = (E; Ky, ..., K;)
can be expressed in the following form: if z; € K; (i =1,...,n) then

(0,21 + 22+ + Tn) Ky + Ko bt Ko = (0, 21) 1y +(0,22) iy + -+ (0, 20) ke, -
Lemma 5.1. Let the Riesz decomposition property hold for the space (E; K 1,
K1) Let KO = Ky +.. .+ K,_; and let the Riesz decomposition property

hold for the space (E,K(l),Kn). Then this property also holds for the space
(E;Ky,....K,).

Proof. We have for an arbitrary z; € K; i =1,...,n— 1.

(0, 214224+ + Tn-1) Ky + Ky bt Ky = (0, 1) 1 KO, Z2) sy + - +(0, Tn1) K,y



and we also have for y € K and z,, € K,
<07 Y+ xn>K(1)+Kn = <07 y>K(1) + <07 wn>K"

Lety=a1+azo+ -+, € K. Since KW+ K, =K, +...+ K,,_1+ K,
it follows that <0, Y+ $n>K(1)+Kn = <0, r1t+xo+ -+ xn>K1+K2+~~~+Kn and

<0, y>K(1> + <0, wn>K" = <0, r1+x0o+ -+ xn_1>K1+K2+...+Kn_1 + <0, xn>Kn

= <07 w1>K1 + <07 w2>K2 +oot <07 xn_1>Kn—1 + <07 xn>Kn

Thus the result follows. ]

Using this lemma and induction we can easily extend all results that known for
the Riesz decomposition property for the case of two cones, to the case of n cones.
Definition of the Riesz interpolation property can be extended to the case of n-cones
in a similar manner. We can also define in a similar way what it means for the
double partition lemma to hold with respect to n cones and define the additivity of
the decomposition mapping in this situation. Using induction it is easy to extend
all results that were proved in this section for the case of two cones to the case of
n COnes.

6. A VECTOR LATTICE WITH RESPECT TO SEVERAL PREORDERS

6.1. Supremum and infimum in a space with two cones

Let cones K7, ..., K, be given in a vector space E. Let us introduce a pre-order
>k, t=1,...,non E by means of the cone K;. As usual we denote this space
by F = (E;Ky,...,K,). Let us introduce the notions of supremum and infimum
in the space £ = (F; Ky, ..., K,). We will need these notions only for sets of n

elements so we give a corresponding definitions only for such subsets of E. Let
(z1,...,2n) CE=(E;Ky,...,K,).

Definition 6.1. Anelementu € E = (E; Ky, ..., K,) is called an infimum of
the set {x1,...,z,} with respect to K1, ..., K,, if
() ; >k, u foreveryi=1,2,...,n;
(i) if an element z € E is such that z; >k, z for every i = 1,2,...,n, then
u>k, z, t=12,...,n
We will denote an element with properties (i) and (ii) by v = Inf{z1, ..., z,}.

A supremum is defined in a similar way.

Definition 6.2. An elementv € E = (E; K, ..., K,,) is called a supremum
of the set {z1,...,z,} with respect to K1,..., K,, if



() v>k, x; forevery i =1,2,...,n;

(i) if an element z € E is such that z >, x; for every i = 1,2,...,n, then

22k, v, 1=1,2,...,n.
We will denote an element with properties (i) and (ii) by v = Sup{z1, ..., 2, }.
Lemma 6.1. If all K,..., K, coincide, then the definitions of Inf and Sup

coincide with the definitions of ordinary inf and sup for n elements.
Let us study the properties of these new objects.

Proposition 6.1.  Let

(6.2) (&) N (= K) = {0}
=1 =1
Then each set {z1,...,z,} cannot have more than one infimum and supremum

with respect to (K, ..., K,).

Proof. Assume that elements « and u’ # w are infimums of a set zq,...,z,
with respect to K1, ..., K,. Since z; >k, u for every i and «' = Inf (z1,...,z,)
we conclude that v’ >, w for all i. Hence v/ — u € K; for all i. This means
that v’ —w € (,_, ., K;. The same argument shows that u — v’ € (,_; , K;
ie v —ue—_  ,Ki Since (ML, Ki) N (- Ki)jz, = {0} it follows that
u = u'. The same argument shows that a set (x4, ..., x,) cannot have more than
one supremum with respect to (K1, ..., K,). [ |

It is easy to find an example that shows that if condition (6.1) does not hold
then a set of n elements can have more than one infimum.

In the rest of the paper we always assume that we consider infimum and supre-
mum only with respect to a system (Kj,..., K,) of cones such that (6.1) holds.
We will now present some simple properties of the infimum and supremum.

Proposition 6.2. Let z;,y; € £ = (E;Ky,...,K,), i = 1,2,...,n and
let there exist Inf{x;} and Sup{x;}, Inf{y;} and Sup{y;} with respect to cones
K1,..., K,. Then the following assertions are valid:

(1) SUp{[EZ} ZKZ Inf{xz}, (l = 1, 2, .. .,n);

(2) there exist elements Sup{—=z;} and Inf{—=z;} and Inf{z;} = —Sup{—=x;},
Sup{z;} = —Inf{—z;};

(3) for every z € E there exist Sup{x; + z} and Inf{z; + z} and Inf{z;} + 2 =
Inf{x; + 2z}, Sup{x;} + 2 = Sup{z; + z};



(4) forevery \ > 0 there exist elements Inf {\z;} and Sup{\z;} and AInf{z;} =
Inf{Az;}, ASup{z;} = Sup{Aw;};

(5) forevery A < 0 there exist Sup{\z;} and Inf {\z;} and AInf{x;} = Sup{Az;},
ASup{z;} = Inf{\z;};

(6) if x; ZKZ Yi, = 1,2,...,n, then Inf{xz} ZKZ Inf{yz}, l=1,2,...,n,
Sup{zi} >rc, Supyi}, L=1,2,...,n.

We omit the simple proof of this proposition.

In general, the operation Inf and Sup do not commute in the sense that Inf(x;, z2)
is not necessarily equal to Inf(xze, z1) and Sup(z1, z2) is not necessarily equal to
Sup(z2, z1). An example can be found in Proposition 6.6.

The operation Inf and Sup with respect to a system of cones can be useful for
the description of some objects. We now present an interesting example. Consider
a space (E, K1) where £ = R™ and K; = R}. Letx € R, = intR"}. Consider
the conic segment (0, z) x,. This is a parallelepiped with 2™ vertices. One of these
vertices is zero and one more of the vertices is x. We cannot describe other vertices
of (0, z) in terms of the order relation generated by the cone Kj.

We will now show that Inf operation allows, by choosing appropriate cones to
“catch” other vertices of the parallelepiped (0, ). Moreover for each of the vertices
x; there exists a cone H; such that z; = Inf (x, 0) with respect to the pair of cones
(K1, Hj).

Let E = R™ be the Euclidian space and K; = R’} be the positive orthant.
Let z = (2!,...,2") € E be an element with positive coordinates: z* > 0, i =
1,2,...,n). Then the set

<07w>K1 = {y eR" : x ZKl Yy ZKl 0}

is an n-dimensional parallelepiped.

Let £ = 2" be the number of vertices of (0, z)g, and let z; = (x}, o @)
(j =1,2,...,k) be these vertices. Let us introduce the index sets I = {1,2,...,n}
and let I; = {i € I : a =0}, j = 1,2,..., k. Observe, that if i ¢ I; then

ot =% (j €I). Consider the cone:

Hj:{(ylv'--vyn)eRn : yi€R+, ’LGIJ}
The following assertion holds:

Proposition 6.3. The vertex z; (j = 1,..., k) of the parallelepiped (0, z) k,
can be calculated as Inf{x;0} in the space (E; K1, H;) j=1,...,k.

Proof. Since z; = (z},...,2%) € (0,2)k, (j = 1,2,...,k) it follows that
x>k, xj, j=1,2,..., k. From the construction of the set /; and the cone H; it
is easy to see that —x; € Hj, i.e. 0 >p, ;.



Now let an element z = (2!,...,2") € E be such that z >, z, 0>y, 2.
Then z* > 2*, i € I and 2* € —Ry, i € I;. Since z' = zj for i ¢ I; and
xé >0 (i € I) then ac; > 2t (i € N), ie. xj >k, 2z AS xé—z’ >0 (i € Ij),

then z; — 2 = (z; — 2,25 — #,...,2; — z) € H;. Thus we have proved that
Tj >, %, Tj >pq; 2. This means that z; = Inf{z; 0} (with respect to the pair of
cones Ky, Hj). n

In the following, unless otherwise indicated, we will consider the case where
the number of cones is equal to two.

Let cones K7 and K, be given in a space E. We say that a pair of cones K;
and K5 generates a space F, if E = K1 — K». Itisclear that £ = K; — K, if and
only if E = Ky — K1. AsetQ C E = (F; Ky, K») is called bounded from above
(below) if an element v € E exists such that u >k, = (z >k, u, respectively),
1 =1,2forall x € Q.

Observe that the following simple proposition holds.

Proposition 6.4.
(1) If for each x € E the two-element subset {0, z} is bounded from below then
a pair of cones K, and — K generates the space E.

(2) If for each x € E the subset {0, z} is bounded from above then a pair of
cones K1, Ko generates the space E.

Proof. We prove only the first part of proposition. Let =z € E. If the two-
element set {z, 0} is bounded from below, then there exists u € E such that z > g,

u, 0>k, u,i.e. x—u € Ky, u € —Kjy. Then the element = can be represented
in the form z = (z —u) +u € K; + K9 = K1 — (—K3) and since z is an arbitrary
element, we obtain £ = K; — (—K3). n

Proposition 6.5. Assume that the cone H := K N K> is generating. Then for
each z,y € E the set {x, y} is bounded from above and from below.

Proof. Letz,y € E. Since E = H — H it follows that there exists x1,y; €
H, z9,y0 € H such that z = 21 — 22, ¥y = y1 — y2. This means that z <y
z1, y <g y1. Wehave z <y 21 <g z1+y1 and y <y y1 <y z1 + 1. Since
K, D H, Ky D H it follows that x <g, =1+ vy1, ¥ <k, 1 +y1. Thus {z,y}
is bounded from above. A similar argument shows that this set is bounded from
below. [ ]

6.2. 2-Vector lattices

Definition 6.3. A space E = (FE; K1, K3) is called a 2-lower (upper) vector
semi-lattice, if for any two elements x;, zo € E there exists Inf{x1, xo} (Sup{z1, z2},
respectively) in the space £ = (E; K1, K»).



Definition 6.4. A space F = (F; K1, K>) is called a 2-vector lattice, if for
any two elements x;, 2o €C E there exist Inf{x1, z2} and Sup{x1, z2} in the space
E = (E‘7 Kl, KQ)

We will now present some examples of a 2-vector lattice.

Proposition 6.6. Let (S, %, u) be a measure space and E = LP(S, X%, )
with 1 < p < +o00. Assume that E is equipped with the natural order relation
(x >y < z(s) > y(s) ae.). Let K be the cone of nonnegative on S functions
x € E. Let Be Y and Ky = {x € E : z(s) > 0,s € B} be the cone of
nonnegative on B functions. Then

(1) the space (F, K1, K9) is a 2-vector lattice; if x,y € E then Sup (z,y) = v
and Inf(z,y) = u, where

©2) T
(6.3) u(s) = { inf(thzsv)y(t?)) e ng'

(2) the space (E, K», K1) is a 2-vector lattice; if x,y € E then Sup (z,y) = v’
and Inf(z,y) = u', where

o = { ) aep
p inf(z(s), y(s)) seB
(6.5) “<3):{ o) seS\B

Proof. (1) Let z,y € E. We will prove that v defined by (6.2) coincides with
Sup (z,y) in (E, Ky, Ko). First we will show that v >, x. Indeed, v(s) > x(s)
for s € B and v(s) = z(s) for s € S\ B, hence v >k, x. Since v(s) > y(s) for
s € B, it follows that v >k, y. Now let z >x, = and z >k, y. Then z(s) > z(s)
for all s € S and z(s) > y(s) for s € B, hence z >k, v and z >k, y.

The same argument shows that the function « defined by (6.3) is equal to
Inf ((L‘, y) in (E, K, KQ)

(2) Let z,y € F and let v" be defined by (6.4). Then v/(s) > x(s) for s € B
and v'(s) > y(s) for all s € S, hence v/ >k, = and v/ >k, y. It is easy to
check that (z >x, x,2 >k, v) = (2 >k, V', z >K,), SO v' = Sup (z,y) In
(E, K9, K1). The same argument shows that v’ = Inf (z,y) in (E, Ko, K1). [ ]



Proposition 6.7. Let (S, %, ) be a measure space and E = LP(S, X, u) with
1 <p<+oco. Let By € ¥ and By = S\ B;. Consider the cones

Ki={zxe€F:x(s)>0,s€ By}, Ko={xe€FE:x(s)>0,s¢€ By}

Then (E; K4, Ko) is 2 vector lattice and for each =,y € E we have

Sup (.f(),y) = Inf (.f(),y) = x(S) e
y(s) s € Bs.

Proof. The proof follows immediately from the definitions of Sup and Inf. m

It follows from Proposition 6.7 that in 2- vector lattices the equality Inf (z, y) =
Sup (z, y) can be valid for = # y. Of course this is impossible in classical lattices.

Theorem 6.1. Let E = (E; K;, K2) be a 2-vector lattice. Then for any
x1, x9 € E the equalities

z1 + o = Inf {1‘1;1‘2} + SUp {.162;1‘1} = Inf {1‘2;1‘1} + SUp {.161;1‘2}
hold.

Proof. Let x1,x9 € F, then Item 3. of Theorem 6.2 yields
Sup{zg;x1} — 21 — 29 = SUp{xe — 21 — x2; 21 — X1 — w2} = SUp{—=1; —x2}.
Item 2. of the same theorem implies that
Sup {—x1; —z2} = —Inf{zy; z2}.

Hence, z1 + xo = Inf{z1; 22} + Sup {z2; z1}.
Similarly, since SUp {.7}1;1‘2} — Xy — T = SUp {.161 — T2 — XT1;T2 — T2

1‘1} = Sup{—mg;—xl} and Sup{—xg;—xl} = —Inf {1‘2;1‘1} then z1 + 29 =
|nf{x2;$1}+sup{$1;$2}.

Let a space F = (F; K1, K3) be a 2-vector lattice.
Definition 6.5. The elements
#'. =Sup{0;z}, z_ = —Inf{z;0}

are called the positive and the negative parts of an element z € £ = (F; K1, K>)
with respect to a pair of cones (K7, K»).



It follows from the definition of Sup and Inf that 2/, >x, 0 and —2’ <f, 0,
hence 2/, € K; and 2’ € Ko.

Definition 6.6. The elements
o =Sup{x;0} € Ky, a” =—Inf{0;z} € K

are called the positive and the negative parts of an element z € £ = (F; K1, K>)
with respect to a pair of cones (K2, K1).

Put
|z|" = x’+ +a, 2| = xi + 2.

We have |z|" € L, |z|" € L, where L = K; + Ko.
6.3. Modulus in 2-vector lattices

Definition 6.7. The quantity

2l )"
- 2

|z]

is called the modulus of an element x € E = (E; K1, K2) in a 2-vector lattice.

Example 6.1. Let (5,3, u) be a measure space and let E = LP(S, %, ).
Consider the space (E, K1, K2) where K1 = {z € E : z(s) > 0,aes € S},
Ky={x € FE:x(s) >0:2(s) >0,ae. s € B}, where B€ X. Letu € E. Then

lu(s)] seB
\M@={ 0  s¢B

This equality easily follows from Proposition 6.6.

Example 6.2. Let £ = LP(S,3,u), B € ¥,Bo = S\%, Ky ={z € E:
x(s) >0, s € B}, Ky ={x € E:xz(s) >0, s € By}. Applying Proposition
6.7, we can obtain that || =0 for all z € E.

Now let us study the properties of the modulus.
Theorem 6.2. Let E = (E; K3, K») be a 2-vector lattice, and let =,y € E.
Then

/

L x=2af —a "

— .
=uxl, —x7;

2. |z|" = Sup{—z; z}, |z|” = Sup{x; —x},



67) || = Sup{0; 2} + Sup {0; —=}
= Sup{x;0} + Sup {—=;0} and |z| >k, 0, i = 1,2;
3. | —z| =zl
If at least one of the cones K1, K is a pointed cone then
4. Inf{a’ ; 2/, } =0, Inf{z” ;2] } =0;
5. [a| = Sup{a’ ;@ }, |2l = Sup{a’l;a”},
If both K7 and K5 are pointed then

6. || =0 ifand only if z = 0;

Proof.

1. By substituting 2o = 0 in (6.6), we obtain the required result.

2. Taking into account Item 1. of the current theorem and Item 2. of Theorem
6.2 we have

|| =2l +a = -2 )+ (@ +2.) =z +22 =
=z — Inf{22;0} = x + Sup{—2x;0} = Sup{—=x; z}.
Similarly
|| =2l + 2" = (L —2")+ (2" +2") =z + 22" =

=z — Inf{0; 22} = = + Sup{0; —2z} = Sup{z; —z}.

Thus
o] = |z|'+|x|”  Sup{-z;x}+Sup{z;—}
- 2 2
_ (Sup{—z;x}+x)+(w+Sup{z;—x}) Sup{0;2z}+Sup{0;—2x}
N 2 N 2
= Sup{0; z}+Sup{0;—z} >k, O,
and
‘(L“ _ (SUp{—.ﬁL‘; .fL‘} - .fL‘) —+ (.fL‘ —+ SUp{.%'; —.%'})
N 2
_ Sup{—2z;0} + Sup{2z;0}
N 2

= Sup{—=; 0} + Sup{; 0} >k, 0.



3. It is obvious.

4. Letu = Inf{a/ ;2" }. Since 2/, >k, 0, 2’ >k, 0, thenu >g, 0, i =1,2,
Let z; = 2/, —u, 20 = ' — u. It follows from the definition of Inf that
21 >k, 0 and zo >k, 0. Item 1. of the current Theorem yields © = 2; — 22,
and therefore z; >k, x. Since also z; >, 0 we have z; >k, Sup{0;z} =
z, i=1,2.
The latter inequality implies that v = 2/, — 2 € —K;, i = 1,2. Since at
least one of the cones K7 and K is pointed it follows that v = 0.

The second equality can be deduced by similar reasoning.
5. Theorem 6.1 and Item 4. of the current theorem yield
|z = 2!, + 2L = Sup{a’ ;2! } + Inf{a, ;2" } = Sup{a’ ;2! },
lz|" = 2!} + 2" = Sup{a’l; 2" } + Inf{z’]; 2" } = Sup{a’; 2" }.

6. Let |z| = 0. Applying (6.7) we have Sup{z;0} + Sup{—=x;0} = 0, therefore
Inf (z,0) = —Sup{—=;0} = Sup{z;0}. We have

r >k, Inf{z;0} = Sup{z; 0} >k, =.

Since K is a pointed cone, then z = Inf{x; 0} = Sup{z;0}. It follows from
this that = <g, 0 and x >, 0. Since K is a pointed cone, we have x = 0.
The proof of assertion x =0 = |z| = 0 is trivial. ]

Proposition 6.8. Consider a space (F, K1, K3) such that the cone H =
K7 N Ky is a generating cone. Assume that for each h1,ho € H there exists
Inf (hy, ha) and Sup (hq, he) in the space of (E, K1, K3). Then (E, K1, K») is a
2-vector lattice.

Proof. Letx,y € E. Since H is a generating cone, thenthe set {x,y} C (E, H)
is bounded from below, i.e. there exists an element z € F such that z,y >y z.
This meansthat z — z € H, y — z € H so there exists u = Inf (z — z, y — z) in the
space (E, K1, K2) . The result follows now from Theorem 6.2, Item 3. A similar
argument shows that there exists Sup (x, y). ]

Now we consider Inf and Sup in a 2-vector lattice E = (E; K3, K») as operators
acting from the space E? to the space E.

We need the following definitions. Let G be a vector space. An operator
A: G — (FE, Ky, K») is called sublinear if A is positively homogeneous (A(Ax) =
AA(z) for all z € G and A > 0) and subadditive: for each z, z2 € G it holds:

A(z1 + 22) <k, A(x1) + A(z2), i=1,2.



An operator A : G — (E, K1, K>) is called superlinear if A is positively homoge-
neous and superadditive: if for each z1, x5 € G it holds:

A(z1 + 22) >k, Al21) + A(22), i=1,2.

Theorem 6.3. Consider operators P : E2 — E and Q : E? — E, where
P(X) = Inf{zy; 22}, Q(X) = Sup{zy;z2}, where X = (21, x2) € E2.
Then P is a superlinear operator and () is a sublinear one.

Proof. We will only prove that P is superlinear. Since P is positively homo-
geneous (see Theorem 6.2, Item 4.), we need only to prove that P is superadditive.
We will start with P. Let X! = (z1,2}) € E?, X% = (22,23) € E% Then

P(X') = Inf{zy;23},  P(X?) = Inf{af; 23},
P(X' + X?) = Inf{z] + 22; 2 + 23},
By the definition of Inf we have
1 >, P(XY, 2) >p, P(XY), 2>k, P(X?), 23>k, P(X?).
Therefore 22 + 22 >, P(X') + P(X?), 2} + 23 >k, P(X!) + P(X?). Then
Inf{x] + 2323 + 23} >k, P(X') + P(X?), i = 1,2,

or P(X'+ X?) >, P(XY) + P(X?), i=1,2. ]

The following theorem states that =/, «’ , [, 2’ are sublinear projections.
First, we will prove the following lemma.

Lemma 6.1. Let E = (E; K1, K2) be a 2-vector lattice with the pointed cones
K, and K,. Then for every x € E the relations

Sup{0; Sup{0; z}} = Sup{0; =}, Sup{Sup{z;0};0} = Sup{x;0}

and
Inf{0; Inf{0; 2} } = Inf{0; 2}, Inf{Inf{x;0};0} = Inf{z; 0}

are valid.
Proof. We will prove only the first equality. Other assertions can be proved

by similar reasoning. Let U = Sup{0;z} and V' = Sup{0; U}. We have U > O,
U >k, U, hence U >k, Sup (0,U) =V, i =1,2. Conversely, V >, 0, V >k,



Uyield V >k, Sup{0; U} >k, U. Since K> is a pointed cone then U >k, V and
V>g, UimplyU =V. ]

An operator A : E — E is called a projector if A? = A.

Theorem 6.4. Let a space E = (FE; K;, K3) be a 2-vector lattice. Assume
that the cones K; and K, are pointed. Consider the operators T\, 7", T'/, T"
defined on E by

T (x)=2al, T (x)=2a_, Tl(x)=2z, T'(x)=2".

Then these operators, acting from £ to £ are sublinear projectors, besides 7'/ (E) C
Ky, T”(E) C K5 and T/_(E) C Kl,T_/’f(E) C K.

Proof. Letxz € F = (E; K1, K3). Let

T (z)=2ay, T (x)=2_, Tl(z)=2, T'(x)=2".

Consider the vectors Y, = (z,0) € E?, Z, = (0,2) € E2. Then

Ti(2) = Q(Zs), T (x)=-P(;), T{(x)=Q(Ya), T(z)=-P(Z)

where the operators P and () are the same as in Theorem 6.3. Then Theorem 6.3
implies the sublinearity of 7", 7", 7%, T".

The definitions of =/, z’_, 2/, 2" yield

T, (z), T!(z) e K1 and T’ (z), T} (z) € K

forall z € E.
Finally, let us show that (T°}.)? =T, (T")? =T", (T})?> =T, (I")?> =T".
It can easily be obtained by means of Lemma 6.1:

(T})%(2) = T(T (%)) = T (2, ) = Sup{0; Sup{0; z}} = Sup{0; 2} = T (),

where z € E. By acting analogously with 7", T"/, " the required assertion can be
proved. ]

7. KANTOROVICH-RIESZ TYPE THEOREMS
Let £ = (E; K1, K3) be a space with two cones K1, Ko. Consider the space

E’' = (E'; K7, K7) with the cones K}, K3, where E' is the dual space to £ and K
are the conjugate cones to K; (i = 1, 2). We consider the relation between the Riesz



interpolation property in E = (E; K1, K5) and the property of £/ = (E’; K, KY)
to be a 2-vector lattice. As above, let

o=0k, Kk,(z) ={X = (z1,22) e K1 X Ky : 1 +22 =2} (x€ K+ K),
be the decomposition mapping with respect to the cones K1, K5 and let

pa(x) = inf  [G,Y] (r € E, G e€dom o)

YEO'Kl,KQ (ac)

be the support function of o corresponding to a linear function G (pg was defined
and studied in Section 4). First, we will prove the following assertion.

Proposition 7.1. Let cones K7, Ky be given in the space F and let . =
K + K. If the decomposition mapping o = ok, k, : £ — 2E” is additive on the
cone L, then pg is a positive additive on L function for every G € K* = K} x K3.

Proof. Let G € K* and z,y € L. Since o is additive, then o(z + y) =
o(x)+ o(y). Thus,

r+y) = inf [G,Z]= inf G,7Z
palety) =, W A= B D)
= inf G, Z'+Z" = inf [G,Z'|+ inf [G,Z"
Z'co(x), Z"€o(y) Z'€o(w) Z"eo(y)

= pc(r) + pa(y)-

We proved that p¢ is additive on L. Now let us show that p (G € K*) is positive
on the cone L, i.e. if z € L then pg(z) > 0. Indeed, it follows from the fact that
olz) C K=K xKyand G € K* = K] x K3. [

We also need the following assertion.

Proposition 7.2. Assume that the cone L = K7 + K5 from Proposition 7.1 is
generating and closed. Consider a function [  define on E by

(7.1) la(z) = pa(x1) — pa(x2), Tr=x1— 22, X1,%2 € L.
Then s is well defined and I € E.

Proof. First we show that I is well-defined. Let x = 21 — 22 = y1 — yo.
Since x1 + y2 = y1 + w2 and pg is additive it follows that pg(z1) + pa(y2) =
e (Y1) + pa(xe), therefore pa(z1) — pa(y2) = pa(y1) — pa(y2). This means that
the number /() does not depend on the presentation of x as the difference of two
elements from L. It is clear that [ is an additive function. Since p¢ is sublinear it



follows that p¢ is positive homogeneous. Let x = x; — xzo. Then —z = 29 — 1,
hence l¢(—z) = pa(z2) — pa(z1) = —lg(x). Thus pe is homogeneous. Since the
cone L is generating and closed it follows that each positive on L linear function

is continuous, hence I € E'. ]
Let
(7.2) ga(x) = sup [G,Y] (r € E, Gedomo™).

YEO'Kl,KQ (ac)

The links between g and p were discussed at the beginning of Section 4. Assume
that the mapping o is additive. Then the function ¢ is additive. Assume that the
cone L is generating and closed. Then the function

(7.3) ma(x) = qa(z1) — qa(x2), T =T — T2

is well defined. This function is a linear continuous function defined on E. These
results can be proved in the same manner as the corresponding results for the function

pG-

Proposition 7.3. Let a be a superlinear mapping defined on a cone L C F;
and mapping into E'» with weakly compact images. Let for all g € £, the function
pg defined by py(z) = sup,cq(y)lg, y] be linear. Then a is an additive mapping:
a(x1 + x2) = a(z1) + a(xs) for all 1,29 € L.

Proof.  Assume, on the contrary, that there exist vectors x1,zo € L such
that a(z1 + x2) # a(x1) + a(zs). Since a is superlinear we have a(zq + z3) D
a(z1) + a(zg). Hence there exists y € a(z1 + x2) such that y ¢ a(z1) + a(z2).
The set a(z1) 4 a(z2) is convex and weakly closed. Then there exists g € E’ such
that

l9,y] > sup{[g,2]: 2 € a(z1) + a(z2)}
= sup{[g, 2] : z € a(x1)} +sup{[g, 2] : z € a(z2)||}
= pg(x1) + pg(w2).

It follows from this that
pg(x1 +22) = sup{lg, 2] : 2 € a(z1 + 22)} = [9,y] > pg(1) + py(@2).
This contradicts the linearity of p,. n

The following statement is a version of L. V. Kantorovich-F. Riesz Theorem
(see, for example, [7, 8]) for spaces with two cones.



Theorem 7.1. Let E be a Banach ordered space with the closed cones K1, Ko
and let the cone L = K1+ K> be closed and normal. If the space E = (E; K1, K»)
possesses the Riesz interpolation property with respect to the cones K 1, K> then the
dual space £/ = (E'; K, K3) is a 2-vector lattice with respect to the conjugate
cones K7, K.

Proof. Since L = K + K, it follows that L* = KN K3. Since L is normal it
follows that L* is a generating cone. In view of Proposition 3.4 it is enough to show
that Inf (g1, g2) and Sup (g1, g2) exist for elements G = (g1, g2) with g1, 92 € L*.
We will prove only the existence of Inf (x;, z2). The existence of Sup (z1, z2) can
be proved by a similar argument.

Theorem 5.1 shows that the Riesz interpolation property with respect to the
cones Ky, Ko in the space E = (F; K1, K) is equivalent to the additivity of the
decomposition mapping, so applying Proposition 7.2 we conclude that the function
Il defined by (7.1) is a positive linear continuous function.

We will prove that I = Inf{g1; 92} € E' = (E’; K7, K3). Evidently for all
x1 € K1, 29 € K, the following inequalities hold:

la(z1) = pa(z1) < gi(w1), lg(w2) = pa(x2) < go(x2).

By the definition of the conjugate cone we obtain ig < K 91, e <k; 92

Let an element h € E' be such that A <k; 91, h <k; go. Letz € L
and elements z; € K7 and 2, € Ky be such that x = z; + z2. (In other
words, (z1,x3) € aKl’KQ)(x).) Since z; € K; and zo € Ko we have [h, z1] <
[gl,xl], [h, 1‘2] < [gg,wg]. Hence

[h, 1‘] < [gl, wl] + [gg, wg] for all (.%'1, wg) S JKLKQ(x).
This yields

[hy z] < inf vzl +lewlh =pa(@) =lo() (z€L).

(z1,02) €0k Ko (T

Therefore [h,z] < [lg,z] (z € L), that is h <p« lg. Since L* = Ki(K;
it follows that h <g: f, h <k; f. This means that [ is the infimum of the
elements g, go with respect to the cones K7, K;. We have proved that for each
g1, g2 € L* the infimum with respect to K5, K exists. The existence of Sup (g1, g2)
can be proved by the same argument using functions g defined by (7.2) instead of
pc and functions m¢ defined by (7.3) instead of . ]

It is interesting to find conditions that guarantee that the inverse to the statement
in Theorem 7.1 holds. We will demonstrate that this statement is valid if £ is a
reflexive space. Actually we will prove the following stronger result.



Theorem 7.2. Let E = (E; K1, K2) be a reflexive Banach space with cones
K, and K5. Assume that the cone L = K + K is closed, normal and gener-
ating. Assume that the space (E’; K, K3) is a 2-vector lower semilattice. Then
(E, K1, K3) possesses the Riesz interpolation property.

We need the following assertion.

Lemma 7.1. Let the the space E be reflexive and let the cone L = " | K;
be normal. Then the function p¢ is lower semicontinuous for all G € K.

Proof. Since the cone L is normal it follows that (see Theorem 3.4) K = (E™)’
and (see Proposition 3.4) the mapping o is bounded. Let x € L and let » be a
number such that ||z|| < r. Let B = {2’ € E : ||2/|| < r}. Then the set o(B) is
contained in the ball By = {X € E": || X|| < r|lo||}. The set B x By is weakly
compact and the mapping o is weakly closed. Hence this mapping is weakly upper
semicontinuous on B. We will now show that the function ps is weakly lower
semicontinuous at x. Indeed, let

A< pa(z) = Xg(lff(m) G(X).
Consider theset A = {Y € E" : [G,Y] > A}. Then the set o(x) is contained in the
open set A. Since o is weakly upper semicontinuous then there exists a weak neigh-
borhood V' of = such that (V) C A. If y € V then pe(y) = infy ¢, [G, Y] > A
Hence pg is weakly lower semicontinuous. Since pg is convex, this function is
also strongly lower continuous. ]

We now turn to the proof of Theorem 7.2.

Proof. For the sake of definiteness we assume that (E’; K, K3) is a 2-vector
lower semilattice. We will check that the decomposition mapping ¢ = ok, k, IS
additive, this implies the Riesz interpolation property. We will show that for all
G = (g1,92) € (E')? the support function p of the decomposition mapping o =
0K, K, coincides with the restriction of a certain linear function on L. Recall that
pg is sublinear and (see Theorem 7.1) is lower semicontinuous for all G € (E2).

LetU = {h el :h SKT g1, h SK; gg}. We have [h, xl] < [gl,xl], ([h, 1‘2]
< [g2, x2]) for each h € U, x € L and X = (z1,23) € o(x). Therefore

[h, @] = [h, 1] + [, 2] < inf  ([g1, 1] + [92, 22]) = pa(2).
X=(z1,22)€0(x)
We have demonstrated that h € Opg, S0 U C Opg.
Now let h € Opg and let x; € K. Then

[h,x1] < pg(r1) = inf [g1, 24] + [g2, 25] < [g1, 21] + [g2, 0] = [g1, z1].
X=(z',x5)€0(x1)



Thus h <k; g1 In the same manner we can show that & <k; g2- It follows from
this that Opc € U. We have proved that Opg = U. Let hg = Inf (g1, g2). Then
hg € Uand hg >k h, hg >k; hforall h € U. Since pg is lower semicontinuous
we have

pe(x) = sup [h,z] = sup[h,].

h€dpa heU
Since hg > h for all h € U we have that ha(x;) > h(x;) for all h € U and
x; € K, (1 =1,2) hence pg(z1) = suppeplh, 21] = [ha, z1], x € K; and
pa(r2) = suplh, zo] = [hg,22],  x € Ka.

helU

Now let x € L and X = (z1,22) € o(x). Since pg is sublinear and h¢ € Opg we
have

(ha, z] < pa(x) < pa(x1) + pa(x2) = [ha, 1] + [ha, x2] = [ha, x].

Thus pg(z) = [hq, ] for all z € L. Hence we can consider pg as the restriction
of a function hg € E’ to the cone L.

Applying Proposition ?? we conclude that the decomposition mapping is bounded,
therefore sets o(x) are bounded for all x € K. Since the space E is reflexive it
follows that these sets are weakly compact. We now can apply Proposition ?? that
show that o is an additive mapping. [ |

A similar result can be proved for 2-vector upper semilattices.

Theorem 7.3. Let E = (E; K1, K2) be a reflexive Banach space with cones
K, and K5. Assume that the cone L = K + K, is closed, normal and gener-
ating. Assume that the space (E’; K7, K3) is a 2-vector upper semilattice. Then
(E, K1, K) possesses the Riesz interpolation property.

The proof is similar to that of Theorem 7.2. We need to consider the superlinear
function ¢, where gG(_x) = s_upX:(mlm)ea(m)([gl,xl] + [g2, z2] and repeat the
proof of Theorem 7.2 with obvious changes.

Corollary 7.1. Let F = (E; K1, K2) be a reflexive Banach space with cones
K, and K. Assume that the cone L = K1+ K> is closed, normal and generating.
If the space (E’; K7, K3) is either a 2-vector lower semilattice or 2-vector upper
semilattice then this space is a vector lattice.

Indeed, applying either Theorem 7.2 or Theorem 7.3 we conclude that (E; K7, K>)
possesses Riesz interpolation property. Combining this with Theorem 7.1 we obtain
the desired result.
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