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Abstract

Analysing current phenomena and forecasting future ones have always been
at the centre of human preoccupations, with strong economical and political
impacts. Today, needs becoming too complex and involving too many pa-
rameters do not allow the construction of analytical models. Therefore, data
analysis, as an alternative, is gaining in importance.

In data analysis measurements are collected. Then an analysis is carrled
out, in order to extract information, or to forecast the behaviour of unknown
data.

While in analytical modelling the result is verified against measurements
after being constructed, in data analysis, the model is built on the data: that
is, results should be optimised to give the best accuracy: one wants the “best”
fitting parameters, or the most accurate forecasts. Therefore it is natural to
reformulate data analysis problems as mathematical optimisation problems,
and solve them using adapted tools.

Recent technological progress has boosted the development in both fields:
cheaper storing devices allow the collection of large amounts of data, while
faster processing power enable the implementation of powerful algorithms.
Consequently, while a considerable amount of research exists in both fields,
the application of one to solve the problems arising in the other is still in a
developmental stage.

The research presented in this thesis is two-fold: on the one hand, ma-
jor data mining problems are reformulated as mathematical programming
problems. These problems should be carefully designed, since from their for-
mulation depends the efficiency, perhaps the existence, of the solvers. On the
other hand, optimisation methods are adapted to solve these problems, most
of which are nonsmooth and nonconvex. This part is delicate, as the solution
is often required to be good and obtained fast. Numerical experiments on
real-world datasets are presented and analysed.
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Introduction

Mathematical optimisation was always motivated by practical purposes. It
has applications in almost every field of interest. Building accurate mathe-
matical models and problems, selecting and applying adapted optimisation
algorithms and efficiently using theory is in itself a challenging task.

In the area of data analysis, information is collected on the field and
interpreted for various purposes later on. Here again, almost every task
can be rewritten as a mathematical programming problem. Unfortunately
accurate models are too complex to be solved, and it is often necessary to
simplify the models, or design heuristic methods.

There are several reasons for this trend: data analysis problems are usu-
ally very difficult to solve, and involve complex structures that cannot be
handled correctly by the most common optimisation techniques. On the
other hand, more sophisticated methods are too demanding for current com-
puters to solve problems of reasonable size.

Unfortunately this is a never ending problem: as the computing power
will increase, data analysis models will become more accurate, but also harder
to solve. Databases will increase in size, thereby increasing the difficulty, and
optimisation methods will still not be efficient in solving these problems.

Therefore there is a necessity to study more precisely the structure of the
problems encountered in data analysis, and to develop new algorithms more
adapted to these specific types of problems.

The task of finding a common structure for data analysis is not a simple
one: the field is very broad, englobing several distinct objectives such as:

e Analysing information collected during a particular situation, in order
for example to find the cause of a problem or an event, or to interpret
the reasons for a trend;

e Using the recorded information to build forecasting models.

However, a good understanding of the types of the problems can lead not
only to more adapted solvers, but also to the development of more accurate
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models. Formulating these problems in mathematical terms is difficult, as
the models need to be both accurate and simple.

The goal of this thesis is two-fold. On the one hand, under the view
of existing approaches to data mining, a general common structure to a
class of such problems is found. Using the knowledge of this structure, an
optimisation algorithm is adapted to solve data analysis problems in general.
Although this algorithm does not address all the issues generated by these
problems, it does provide a very efficient way to solve them.

On the other hand, better methods for responding to the demands of data
analysis are elaborated and tested on real-world datasets.

This thesis is divided in three parts. In the first part, the methodology
is considered. Chapter 1 presents the different approaches to data analysis.
A specific attention is given to optimisation based models, and a discussion
on the advantages and drawbacks of these methods is proposed.

In chapter 2, the different existing optimisation solvers are reviewed. In
view of solving data analysis problems, the most appropriate ones are se-
lected, and their limitations are discussed.

The second part is devoted to computational conmdera.tlons The struc-
ture of the problems is used to adapt the methods selected in chapter 2 to
our needs. In chapter 3, a new class of functions is introduced. The class of
piecewise partially separable functions is very broad, and is particularly rep-
resentative of large scaled problems. An algorithm to solve these problems
is proposed, and results of numerical experiments on test problems from the
literature are presented, to show the efficiency of these methods.

In chapter 4, this class of function is linked with the problems modelling
data analysis tasks. In general, these problems have a similar structure which
corresponds perfectly to the class of piecewise partially separable functions.
In particular, two problems are examined, and the algorithm presented in
chapter 3 is adapted to these. These two problems are chosen because they
will be used in the models developed in the next part.

The final part focuses more on data analysis itself. Attention is given to
the construction of models, and to the way they can be evaluated. The practi-
cal tools developed in the previous part are put into action, to efficiently solve
the problems. The first task examined is the one of classification, or building
forecasting methods. In chapter 5, a classification algorithm is developed.
This method presents the advantage of having few theoretical limitations.
However, it is difficult to implement practically. The implementation pro-
posed in this thesis is tested on large scale datasets, and results are given to
show that this algorithm is efficient.

Chapter 6 gives more attention to the task of clustering, that is splitting
a dataset into several smaller ones, in order to find its underlying structure.
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The modelling of the clustering problem is a particularly hard one, as its
purpose is not clearly delimited. T'wo approaches are proposed. The first one
is designed for obtaining an accurate result, without any prior knowledge on
the dataset. The other one is more focused on time efficiency.

In chapter 7, a feature selection method is presented. Preprocessing the
dataset before solving the problem is very important, as it is often ill-scaled
and contains useless and noisy information. While a large number of prepro-
cessing methods exist, very few of them are based on optimisation. A feature
elimination scheme adapted to optimisation based data analysis method is
necessary for obtaining an accurate result. Moreover unlike most existing
methods, the scheme presented in this thesis is designed to work for cluster-
ing.

A fundamental discussion is carried out in chapter 8, on how to evaluate
the quality of clustering. In particular, attention is given to a common belief
that a good clustering method should separate a labelled dataset according
to the labels, thus acting as a classification method. It is shown in this
chapter that this is not necessarily true, and that the underlying structure
of the dataset may be based on other criteria.

A fairly new direction is examined in chapter 9, where the structure of a
set of points is studied more carefully. Once a dataset has been divided into
smaller clusters, it may be interesting to have some algorithm finding the
intrinsic properties of these clusters. In this chapter, an algorithm to find an
ellipsoidal envelope of the set is presented. An application of this algorithm
for eliminating noisy points from the dataset is developed and applied.
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Methodology



Chapter 1

Data analysis

1.1 Introduction

The second half of the last century witnessed an unprecedented development
of the technology. Increasingly sophisticated electronic measurement devices,
combined with larger and cheaper storage capacity, permitted the collection
of very large data at a high rate. Major scientific projects, like the human
genome, will rely heavily on the data collected by experts for many years.
Today, hardly any political or financial decision is made without the help of
some sort of data, and wars are declared on the basis of “intelligence data”.
However, mistakes are made. For this reason, the art of extracting non-
trivial information from data is bound to take a major importance in the
near future. This is the purpose of data analysis.

1.1.1 Definitions and notations

The information usually takes a very distinct form: for a given individual, a
set of characteristics or features are measured or evaluated. These measure-
ments are carried out on a number of instances.

For each individual, the set of values of all the characteristics is called a
record, or an observation and the set of all the records is called a dataset or
database.

Some obstacles to the measurements are:

e the cost of a particular measurement technique may restrict the number
of measures taken;

e the precision of the measurements can not always be ensured, and mea-
surement errors are likely to appear
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In [181, page 4, example 4], the author gives an excellent example which
helps explain the different concepts in data analysis. The following example
is largely inspired from this.

Example 1: Suppose one decides to collect information about a particular
sickness. On a number of patients doctors can input material such as age,
gender, height, weight, social and professional categories, diet, colour of the
eyes,. .. and whether the person is sick.

In this case, the material collected for one patient constitutes a record,
while “age”, “gender” or “diet” are features

The collected information must be coded in order to be stored in com-
puters. Such coded information is called data. This task may be a delicate
one, as several difficulties can appear:

e Most measurements can be stored under different units (time can be
stored in centuries, years, minutes, seconds, microseconds,... )

e Some more abstract information has to be made suitable for a com-
puter format (a colour may take many different variations that may be
difficult to code).

Example 2: In the case of the dataset presented in example 1, the height
can be recorded in centimetres, metres, feet, etc... Meanwhile, the weight
can be recorded in kilogrammes, pounds, or stones. Although these records
will in reality represent the same entities, a height in centimetres will “vary”
more from one record to another than a weight in stones, while a height in
metres will “vary” less than a weight in kilogrammes

Some of the characteristics may also not be very easy to record very
accurately: how to describe numerically the profession or the diet of a person?

At this stage, a dataset can be represented as a table, where the columns
are the features and the rows are the records.

The purpose of storing information is to enable researchers to find some
underlying characteristics. The process of extracting non-trivial information
from data is called data analysis or data mining. The fields of data analysis
can be divided into several categories, among which:

e Preparing the dataset for the application of some algorithms.

e Comparing the existing data, in order to find the similarities and dif-
ferences.

e Building forecasting models from the existing data, in order to assign
a new record to one of several categories.
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We focus on three particular aspects of data analysis: classification, clus-
tering, and preprocessing. In the next section we will give a brief glance
at each of these problems. Then, for each of them, the existing research
directions and solutions will be discussed.

1.1.2 Classification (supervised learning)

The supervised classification problem is one of the most widely studied in the
field of data analysis. It may be necessary to be able to guess a character-
istic using the features. A dataset is separated into several groups (classes)
according to one of its features. The goal of supervised classification is to
elaborate an algorithm to assign a new observation to one or several of the
classes.

One can distinguish between single-class classification, where each record
may only belong to one class, and multi-class classification, where a record
may belong to several classes.

Example 3: Let us come back to example 1 on the previous page. The
current test to check whether the patient is sick could be very expensive. In
that case, it is interesting to devise a method to assess whether the patient
is sick or not according to the other features.

In this case, the feature “Sick or not” represents the class. Obviously here
the dataset consists of only two classes, and each record can only belong to
one class.

1.1.3 Clustering (unsupervised learning)

The clustering problem is a less definite one than the supervised classification
problem. It consists of finding “clusters”, that is to group the records by
similarity.

The following definition can be found in [104]:

Cluster Analysis is the organisation of a collection of patterns
(usually represented as a vector of measurements, or a point in
a multidimensional space) into clusters based on similarity. In-
tuitively, patterns within a valid cluster are more similar to each
other that they are to a pattern belonging to a different cluster.

Example 4: Let us consider the dataset from the example 1 on the preceding
page, examining only the patients who are sick.
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Then the clusters are likely to reflect the different causes of the disease.
For example, one might find that people who are sick can be divided into the
following clusters:

e Elderly people,

e Smokers/Drinkers,

e Miners,

e Children growing up in the city.

This would help elaborate an adapted therapy for each of these types of
patients.

Notice however that the problem of clustering is very protean and several
solutions may appear suitable, as they would separate the datasets according
to different but acceptable criteria.

Example 5: Instead of grouping the patients according to the cause of the
disease like in example 4 on the previous page, the clustering algorithm may
also group them according to the effects it takes:

e Loss of weight, high fever
e Gain of weight, extreme fatigue

Both criteria are acceptable and both are useful for developing adapted reme-
dies or for prevention.

1.1.4 Preprocessing

As highlighted on page 6, a number of factors might influence the algorithms
of data analysis. Prior to applying a clustering or a classification algorithm,
it is thus necessary to perform preprocessing. When the characteristic can be
numerically encoded (as are distances, weights, age, etc...), different units
in which the data is entered might induce different behaviours of the classifi-
cation or clustering algorithms. Indeed, most of the data analysis techniques
involve some sort of comparison between the different characteristics, for each
particular record, and the results of these comparisons depend strongly on
the scales for each characteristic.
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Example 6: Suppose one wants to compare the influences of the sickness
on the weight of a person and on her body temperature. The temperature is
measured in Celsius degrees, and its value may vary by 2 or 3. If the weight
is measured in stones its value may change by 3.5. In this case the variations
are quite comparable. However, if the weight is measured in kilogrammes,
the change could be of 20, which would give more importance to the weight
changes than to the temperature ones.

One way to limit the fluctuations of the results is by rescaling the dataset:
each feature is reduced to a particular scale in order to enable their compar-
ison.

Another problem encountered in data analysis is the feature selection.
The choice of the data collected is usually made by humans. Aside from
financial considerations, it may seem that the most information is recorded,
the best it is. This will result in the record of much useless or redundant
information.

Example 7: Before the modern days of data mining, people used to believe
that the colour of the hair could be associated with witchery. Good feature
selections would have helped them correct this misjudgement.

Being able to sort the data through feature selection in order to eliminate
uninformative features is capital, as these features not only slow down the
programs, but also may bring some noise and alter the results.

In the rest of this chapter we will give a review of the existing methods
used in data analysis.

1.2 Clustering (unsupervised learning)

The literature about clustering is abundant and dense. The clustering prob-
lem appears in a large variety of fields, and was therefore often studied sepa-
rately, under various forms and with different vocabulary. It is not our goal
here to carry out the monumental task of giving an exhaustive overview of
the clustering techniques. Excellent starting points for such a review are
the report [104] and the book [147]. We also can refer to an older but good
introduction such as [182].

We will give here a brief overview of clustering by giving the outlines of
the main clustering approaches, and explain more in details the methods we
believe are of interest.



Data analysis

10

1.2.1 Mathematical formulation

The clustering problem, notwithstanding its multifariousness, can be formu-
lated mathematically.

A dataset can be represented as a finite set of points in the n-dimensional
space R". The clustering problem can then be reduced to the following

partitioning problem.
Given a finite set A = {a;,---,a,} C R", find A,,--- , A, such that:

g
U Ak = A
k=1

Several other rules are usually added, depending on the problem:

e If the number ¢ of clusters is fixed in advance, in some cases no empty

cluster is required
Ar#0,Vk=1,...,q.

e In the case of hard clustering (as opposed to fuzzy clustering), there
should be no overlapping between the clusters:

Our work will concentrate on the hard clustering problem.

The purpose of clustering being to group points by similarity. It is nec-
essary to elaborate a tool to evaluate the similarity between two points. Let
us consider a mathematical definition of the similarity (see [182]).

Similarity is used to compare two records, and therefore should be a
function of two vectors into the ordered space R: s : R* x R® — R. Consider
the following list of axioms.

e The similarity is the same for any identical pair (z is as similar to z as
y is to y):
s(z,z) = sp € RU{+o0},Vz € R"

e A pair of elements cannot be more similar than an identical pair:

s(z,y) < 50,Y(z,9),V(z,y) € R" x R"

e If two elements are as much similar as they can, they are identical:

s(z,y) =so=>z =19,V (z,y) € R* x R"
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e Symmetry: z is as similar to y as y is to x:
s(z,y) = s(y, %), V(z,y)

Definition 1. We will call simdlarity a function s : R® x R* — R which
satisfies all these axioms.

It is possible to write a dissimilarity function:
e If 55 € R, d(a,b) = so — s(a,b),

o If s = 400, d(a,b) = ;(i—bj

If the dissimilarity function follows the rule:
o d(z,z) < d(z,y) +d(y, 2)

then it is a metric function.

In this context metrics can be used as a dissimilarity measure. Metric
functions are a widely studied class of functions, and people are usually
more comfortable with measuring the dissimilarity than the similarity (that
is point out the differences between two items, instead of their resemblance).
Therefore most clustering algorithms are based on the minimisation of the
dissimilarity. This is the approach adopted in this thesis.

Remark 1: It should be emphasised that the distance used for the minimi-
sation should not necessarily be a metric distance. In fact, the distance is
dependent on the dataset and the clustering goals.

For example, it is quite common in telecommunications to consider the
pathloss between an antenna and a user. This pathloss is expressed under
the form: d(a,b) = aln(||b — al|s + B), for some @ > 0,5 > 0. As this is a
concave function, it is clearly not a metric.

Inasmuch as an inappropriate distance would lead to meaningless results,
for each application, or each dataset, a proper distance function has to be
specified by an expert.

Remark 2: Most clustering algorithms actually try to emulate the “visual
categorisation” done by the brain in 2-dimensional clustering: suppose one
can represent the records on a euclidean plan. Then the brain will naturally
try to group the points according to patterns based on geometrical consider-
ations (such as the Euclidean distance).

The figure 1.1(a) shows a dataset, and figure 1.1(b) on the next page
shows its natural clustering. In figure 1.1, one can see how the points “close
to one another” are grouped together. Notice however that point A is closer
to point C from another cluster than to point B from its own cluster.
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(a) 2-dimensional representation (b) “natural” clustering of this
of a dataset dataset

Figure 1.1: Visual categorisation and clustering in 2 dimensions

Remark 3: The difficulty of the clustering problem can easily be grasped
when a 2-dimensional example is considered: the number of clusters con-
tained in the dataset represented on figure 1.2 is not obvious, and probably
depends on the type of information sought.

Figure 1.2: The number of clusters in this dataset is not obvious

As distance functions, most methods use the Minkowski metric:

d(z,y) = |lz -yl ,
where

o \} (1
nz||p=(_ x?) .



Data analysis

13

Remark 4: For p = 2 and v = 1 this function is the Euclidean distance.
The advantage of such distance functions is multiple:

1. Minkowski metrics, particularly for p € {1, 2,00} are based on geomet-
rical considerations and therefore comply with remark 2 on page 11;

2. Minkowski metrics are well known and are often less computationally
demanding than less usual distance functions.
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(b) Clusters are defined by a distance to a central
plane

Figure 1.3: Datasets defined by clusters defined by different dissimilarity
measures

Figure 1.3 presents two datasets. The one presented on figure 1.3(a)
clearly consists of two clusters, which can take the form of balls. Clearly by
defining two central points for these clusters, it is possible to characterise
this dataset fairly well.

Contrariwise, it is difficult to say how many point-based clusters the set
depicted on figure 1.3(b) has. Its description by means of such clusters cannot
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clarify its structure. At the same time this structure can be described by
three straight lines (hyperplanes).

1.2.2 Optimisation problem

Consider the problem of finding ¢ clusters in the dataset A, containing m
observations and n features. The clustering problem can be presented as
an optimisation problem, where the objective is to maximise the similarity
of the points inside each cluster. A common method is to assimilate each
cluster with its centre. We obtain the following formulation: ([32, 33, 182]):

- i3 > Y diea)
i=1 ge At (12)
subject to

CeC,z;=(z,...,19) € R™.

minimise ¢(C, z)

where C = {A!,..., A%} is a set of clusters, C is the set of all possible
g-partitions of the set A and z* is the centre of the cluster 4,1 <i <gq.

This formulation presents an important drawback: the variables of the
problems are clusters, or sets of points. It is therefore extremely difficult to
devise algorithms to solve such problems. However, it can be rewritten as
the following mathematical programming problem:

q
== dA ZZwUd(w’ a')
i=1 j=1
subject to
z -: (z,...,29) € R™9, (1.3)

> w;=1,1<i<m,
j=1
wi; =0o0r1,1<:<m,1<j7<¢q

minimise ¥(z, w)

where w;; is the association weight of pattern a' with cluster j, given by

~_ | 1 if pattern 7 is allocated to cluster j,V1 <i<m,1 <j<gq,
Y71 0 otherwise

This problem is a conventional optimisation problem. However it is very
heavy, as it is a mixed problem (it has both integer and real variables), and
contains a very large number of variables (this number depends on the size of
the set A, which can reach several millions). It may nevertheless be reduced
to the following nonconstrained nonsmooth problem:
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minimise -
I‘d 4 1 <s<g

subj ect to

(«),...,2%) € R™,

This formulation has several advantages: the number of variables is in-
dependent from the number of instances in the dataset. Furthermore, it is
a nonconstrained problem. Nevertheless, the objective function is noncon-
vex (for ¢ > 1) and nonsmooth, containing a large number of local minima.
Most usual optimisation algorithms do not efficiently solve this problem, for
several reasons:

(1.4)

e Due to the nonsmoothness of the function, the application of smooth
descent algorithms such as Newton’s method and its variations are not
adapted

e The potentially large number of variables (real world datasets may
contain hundreds of features) does not allow the application of global
techniques.

Remark 5: It must be noted that the formulation (1.4) gives some freedom:
not only the function d does not have to be a metric, but also the variable
z does not have to be in R™. In [37] an objective function was introduced
where the “centres” are not points, but hyperplanes, and thus the variables
belong to R™1,

1.2.3 k-Methods

General scheme

The k-means method is one of the oldest, yet still one of the most popular
clustering methods. It was introduced by MacQueen in 1965 ([138]), and
since then many variations have been developed. A generalisation of this
method is presented here, and its efficiency is discussed.

The k-methods are grounded on the convexity of metric distance func-
tions, and can thus be applied to any convex dissimilarity measure.

Algorithm 1.1 on the next page presents a general version of the k-
methods. It is easy to see that the k-algorithms terminate: there are a
finite number of ways to assign the points into g clusters. As the stopping
criterion ensures that no repeat is possible, the algorithm terminates after a
finite number of steps. The convergence of the algorithm is studied in [177].
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Algorithm 1.1: The k-methods

Step 1 Initialisation:
Select an initial solution :.r:?, i ,;rﬁ, set i+ 0
repeat
Step 2 te—1+1
Step 3 Cluster assignment:
Find clusters A‘i, sy A; such that for any 1 <[ < g,

Ai={a€ A:d(zja) < d(x;'l,a),Vl <p<gq}

Step 4 Cluster update:
For each cluster 7 solve the convex optimisation problem:

minimise Z d(z,a)
GEA} 1.5
subject to (1-5)
z € R",

until 3j € {1,...,i—1}: {4},...,A}} = {4],..., 4]}

The particularity of this algorithm is that it is based on the solution of the
problem (1.5), which is a convex problem of relatively small size. Moreover
this problem is usually smooth (when the distance function is smooth), and
thus there are many methods to find the global minimum.

The problem with this algorithm is that it strongly relies on an efficient
solver for the convex minimisation problem. Indeed, in most cases, when a
theoretical solution to this problem is not known and a local algorithm has to
be applied, the k-algorithm is practically not viable. Some interesting cases
worth mentioning are:

e The k-means algorithm (see [138]), solving the problem for d(z,y) =
1
|y — z||2, where ||||2 is the Euclidean norm: ||z||; = (3.1, z?)2. For
such distance the solution of the problem (1.5) is the barycentre of the
set A}

e The k-median algorithm (see [38]), solving the problem for d(z,y) =
ly — z||1, where ||||; is the 1-norm: ||z||; = > %, |2;|. For such distance
the solution of the problem (1.5) is the median of the set Aj.

e The k-planes algorithm, introduced in [37]. For this method, the vari-
ables are hyperplanes (z € R""!'), and the distance used is d(z,a) =
((l,a) — b)?, where z = (l,b),l € R",b € R. For this method, the
analytical solution can be obtained as the solution of a linear system.
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Although the k-methods seem quite general and lead to a local solution
for any kind of distance, in practice only the k-means and the k-median
are fast enough for being applied. Even the k-planes algorithm, for which
an analytical solution to the convex problem is calculated, cannot be applied
successfully on real-world datasets, as solving a linear system at each iteration
appears too expensive.

Notwithstanding the popularity of the k-means method, it has been shown
([25]) that these methods also rely strongly on the initial point, which trans-
lates in them often terminating on shallow local minima.

Improvements

To reduce the influence of the initial points on the k-means algorithm, many
improvements have been proposed (see [35, 66, 90, 182]). They can arguably
be divided into two categories:

1. The search for a well-chosen initial point,

2. The combination with other search methods.

The search for a combination has been particularly proficient. Most al-
gorithms are based on the application of k-means starting from a number of
initial points, chosen randomly according to some probabilistic distribution.

On the other hand, the search for an analytical initial point is a hard
task, as little is known about the structure of the dataset. Once again most
approaches are based on some statistical considerations. Two approaches
worth mentioning have been proposed by Hansen and Mladenovic in [87]
and [89] (see also [86, 88]).

e The j-means method is a variant of the k-means algorithm where the
cluster assignment step 3 is modified as follows: one of the cluster
centres is replaced by one of the observations. The selection of the
centre and the observations is based on the best improvement of the
value of the function (1.4).

e The other one is based on a combination between k-means and a Vari-
able Neighbourhood Search. Variable Neighbourhood Search ([88]) is
a metaheuristic algorithm adding perturbations to a local search algo-
rithm.

An approach proposed in [124] uses an incremental implementation of the
k-means algorithm: at iteration i, the method solves the k-means N times
(each observation being an initial point) for finding the optimal solution for
i clusters.
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In [89], the authors compare these three methods. They all clearly im-
prove the k-means algorithm. The combination between k-means and VNS is
best among them. Nevertheless, while the k-means method is an extremely
fast procedure, these methods are computationally more expensive.

1.2.4 Optimisation methods

When the number of clusters is larger than one, the objective function (1.4)
is nonsmooth. Most classical methods can therefore not be used to solve
this problem. Moreover the number of variables depends on the number of
features and on the number of clusters. It can be very large, and consequently
make problem (1.4) not solvable through global methods.

Several methods have however been applied on this problem. A good
review for these algorithms is given in [86].

Among these methods we can find:

e Dynamic Programming and Branch and Bound methods, which only
perform well for a reduced number of features and few clusters (see
[105]), but get worse for larger problems ([64, 84, 118]).

e Metaheuristics, such as Tabu Search ([4]), Simulated Annealing ([40,
178, 183]) and Genetic Algorithms ([169]). These methods were suc-
cessfully applied to solve Problem (1.4). Nevertheless, even for small
problems, these methods may be more than thousands times slower

than the k-means methods (see [5]).

e A Variable Neighbourhood approach was developed in [88], and an
interior point search in [65].

In a general manner, numerical experiments have shown that while some
heuristic methods may reach good solutions, they demand too much compu-
tational effort to be effective. The solution of the problem is out of reach
for global deterministic methods, and general purpose local descent methods
are generally slower than the k-means method without guaranteeing a better
solution.

Remark 6: It should be noted that the k-methods can be considered as
local optimisation methods, as it has been shown that they converge towards
a local solution for a particular function. For instance, the k-means method
converges towards a local minimum of the function:
minimise Z min |z — al|2
aceA
subject to

ze€R"?
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1.2.5 Other methods

Many non-optimisation based clustering methods exist. Among these can be
mentioned:

e Hierarchical methods. These methods are based on iteratively divi-
sion or merge of clusters. Their drawbacks is that the results strongly
depends on eventual errors during the previous iterations.

e Self organising maps. Self Organising Maps are one of the most
popular clustering methods. They are based on the distribution of
the data into 2-dimensional cells represented by a vector. Very little
theoretical information about these methods is known, and convergénce
only exists for 1-dimensional data. For more information, see [56, 67,
68, 69, 73, 96, 115, 116, 117, 155.

1.2.6 Evaluation of the clustering

The main criterion to evaluate the quality of the clusters is a function mea-
suring the similarity. Assuming that the dissimilarity measure is adapted to
the problem: and the dataset under consideration, the average dissimilarity
within the clusters, as described in (1.4) is a good indicator. '

However the selection of an adapted dissimilarity measure is a perilous
task, and because no automatic selection procedure exists, it can often lead
to inaccurate results. Other techniques for evaluating a clustering method
exist. We present two of them in this section.

Structure of clusters

One possible way to evaluate the quality of unsupervised classification is to
check the distribution of the points within the clusters. To this effect, the
notion of structure of clusters has been introduced in [24]. The goal is to
check how “deep” the points are in the clusters.

Suppose that we work with a dataset which contains N observations. A
clustering method has been applied to this dataset and k centres of clusters
have been obtained. Consider a point a from the dataset which belongs to
the [-th cluster (with the centre z'). For this point we determine a value c(a)
which can be found as follows:

(1.6)
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From the definition of clusters it is easy to conclude that c(a) € [0,1]. Very
often a grid for ¢(a) such as 0.1,0.2, . . ., 1 is used, and intervals are considered
rather than the exact value for each c¢(a). For example,

cla) € [(i—1)*1071,i%107"), i=1,...,9, c(a)€ [0.9,1] (1.7)

or
cla) €[0,i%107Y) i=1,...,9, c(a)e€[0,1]. (1.8)

The value ¢(a) for each point describes how “deep” this point is inside the
cluster. It should underlined that different values of ¢(a) do not represent the
radii for some spheres centred at the centres of the corresponding clusters.
They rather represent some levels of confidence that the chosen point belongs
to this cluster but not another one. It is possible that some points which are
not “deep” enough inside the corresponding cluster move to another cluster
(change their membership). It could happen, for example,

e if we change the dissimilarity measure;

e if we change the location of points (another accuracy to represent num-
bers in the computer);

e if we change the value for some internal parameters for the optimisation
methods.

If ¢(a) = 1 or close to 1 there are two centres such that the distances between
the point and these two centres are (almost) the same. In this case some
changes within the data may change the membership of the point (the point
is “unstable” inside the cluster). If c(a) is close to 0 the level of confidence
for the point to keep its membership is high (the point is “stable”).

Suppose that we obtain two different clustering results. First we can
compare the value of cluster function in the centres of corresponding clusters.
The systems of clusters with the lowest value of cluster function is better
from the point of view of cluster function. Second, we check the structure of
corresponding clusters by means of (1.6). If for the first clustering result, for
most of the points a the values c(a) are smaller than for the second clustering
result, we assume that the first collection of the centres is preferable to
the second one in the sense of the structure of the clusters (by means of
(1.6)). The most important is to investigate the points a with the values
c(a) € [0.9,1]. It is possible that this two approaches do not coincide.
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Classes and clusters: purity

The notion of purity (see for example [63]) is used in the literature for evalu-
ation of accuracy of clustering methods. It requires classes in a dataset to be
known in advance, but not used during the learning process. Assume that
we have a dataset A composed of the classes {D;,...,D;} and we apply a
clustering procedure for finding clusters {C), ..., Cx} in this dataset.

The purity of a set of clusters {C,...,Cy} is calculated as follows:

1
carcd A

k
p({C1,...,Ci}) = > max |C;N Dy, (1.9)

Let us illustrate this notion in the simplest case where a dataset A con-
tains only 2 classes {D;, Dy}. Suppose that 4 clusters {C1, Cs, Cs, Cys} have
been found in this dataset.

If the majority of points from the j—th cluster (7 = 1,...,4) is in the
i—th class (i = 1,2), we assign the whole j—th cluster to the i—th class.
When all the clusters are assigned to one of the classes, the percentage of the
correctly classified points for the test set is considered as the classification
accuracy.

1 4
p({Cl, ceuy 04}) — m ;ma}((lci N D]_l, |C= N Dzl)

The validity of the notion of purity relies on the expectation that for a
labelled dataset, a good clustering method should divide the dataset into clus-
ters corresponding to its classes. Stated differently, the classes in a labelled
dataset are the only valid clusters. This is very arguable, as other clusters
may arise in a dataset, and in case the dataset is not well constructed, these
clusters may even make more sense than the actual classes.

1.3 Classification (supervised learning)

Unlike the clustering problem, the classification problem can be clearly stated.
Given some labelled observations, one tries to devise a set of rules to assign
a label to a new observation. In other terms, the classification algorithm is
given a training set, where the labels are known, and the output should be
a decision rule on a new observation, for which the label is not known in
advance.

The labels are also called classes.



Data analysis

22

Here again, the literature is abundant, and an exhaustive list of classifica-
tion algorithmms is beyond the scope of this work. An excellent introduction
to classification techniques as well as a good list of references can be found in
[145]. Below we give a brief presentation of the main directions and a review
on the application of optimisation to classification.

1.3.1 Evaluation of the algorithm

It is fairly easy to evaluate a classification algorithm. Indeed, it suffices to
check whether it labels observations well or not.

In order to allow a comparison of algorithms, a number of standard
datasets are used in the data mining commmunity. The datasets can be found
on repositories such as [150, 170].

The algorithm is applied on a training set. Obviously, the evaluation
cannot be performed on the training set itself. Because the labels of the
points of this set are known and used by the algorithm, it is simple for this
algorithm to get the rules to classify correctly these observations.

To evaluate the quality of a classification algorithm it is thus necessary to
apply the obtained classification rules to a test set, for which the labels are
known, but not used during the learning process, but only as a verification
during the classification process.

In practice, two major techniques are used

e The training and test sets are given separately. The comparison of the
different algorithms is thus made on the same samples.

e The test set is not given. In that case, the n-fold cross validation is
applied

The n-fold cross validation is a simple process: the dataset is divided
randomly into n groups. The learning process is then applied n times, each
time a different subgroups being the test set and the rest being the training
set. The accuracy of the algorithm is then the average accuracy over the n
experiments. '

1.3.2 Non-optimisation based approaches

Here again, many approaches exist for data classification. Such methods
include:

e Statistical approaches, which tend to be very sensitive to the size of
the data: when the data is too small, their performance may be altered;
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e Machine learning methods. These methods are based on the elab-
oration of the classification rules as a tree. It has been shown in [145]
that these methods may perform very well on the training data, but
very bad on test data. They may also be unpractical, as they are very
memory-consuming;

e Neural networks. The neural network approach is based on an anal-
ogy with the brain. The training data is processed one by one, and the
classification rules are corrected or refined progressively. The draw-
back of these methods is that the classification rules are not explicit,
and therefore it is difficult to evaluate whether they will fail.

1.3.3 Optimisation methods in supervised learning

Intuitively, the classification problem is an optimisation problem: the goal is
to minimise the number of misclassified points (or to maximise the number
of well-classified points).

Mathematically the formulation of the problem takes usually the follow-
ing shape: the classification rule is formulated as a function depending on
a number of parameters. Then the objective function of the problem de-
pends on the misclassified points, and the variables of the problem are the
parameters.

In the following subsections, we will introduce various types of optimisa-
tion problems for supervised learning. Most of these problems are based on
the connected problem of separating two sets A and B. Mathematically, this
problem is formulated as follows.

Find f : R* — R such that:

fla) <0 Vac A
f(b) >0 VbeB,

or, without loss of generality, such that:

{f(a)g—l Va € A

fB)>1 WheB, (1.10)

The difficulty of solving this problem is that usually only subsets A € A
and B € B are known. This problem in general is a feasibility problem: find
a solution satisfying a given set of constraints. Feasibility problems can often
be converted to optimisation problem by the creation of a penalty function.
The function is positive for non feasible solutions, and zero otherwise. Often
these functions represent a “distance” to the feasible set, to ease the task of
the optimisation method. These functions are called error functions.
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In the case of the problem (1.10), the variable is a function. This problem
is hardly solvable as such, and most optimisation-based classification methods
actually restrict the function f to a special class.

1.3.4 Linear separability

Figure 1.4: Linear separation of sets

Linear Separability is a set-separation technique, where the separating
function is affine.
Let A and B be given sets containing m and p n-dimensional vectors,
respectively:
A={d,...,a"},a* e R",1<i<m,
B={b,...,.PL, eR"1<j<p.

The sets A and B are linearly separable if there exists a hyperplane {z, y},
with z € R™, y € R such that

1. for any j € {1,...,m} _
<1B,G.J> -y <0:

2. for any k€ {1,...,p}
(mabk) -y > 0

The sets A and B are linearly separable if and only if co ANco B = 0.
In [30] the problem of finding this hyperplane is formulated as the follow-
ing optimisation problem:

minimise f(z,y),subject to (z,y) € R (1.11)



Data analysis 25

where
1 m
(s:,y)=a;ma};(0 ')y —y+1)+ Zma.x —(z, V) +y+ 1)

is the error function.
The authors describe an algorithm for solving problem (1.11). They show
that the problem (1.11) is equivalent to the following linear program: .

p
minimise —Zt 4= L sz
i=1 pj—l
subject to
ti > (z,a") —y+1,1<i<m,
z; > —(z, b)) +y+1,1<j<p,
t>0,z>0,

where t; represents the error for the point a* € A and z; represents the error
for the point ' € B.

The sets A and B are linearly separable if and only if f* = f(z* v.) =0
where (z*,y,) is the solution to the problem (1.11). It is proved that the
trivial solution z = 0,y € R cannot occur.

1.3.5 Support vector machine

Support Vector Machine (SVM) is essentially an extended linear separability
technique. First proposed in [191] (see also [192]), it is nowadays one of the
most popular classification methods. A good introduction can be found in
(42] (see also [193, 194] for comprehensive reviews).

Linear support vector machines

When two sets A and B are linearly separable, it is quite clear that the
minimum of problem (1.11) is 0, and that the solution is not unique. In order
to select the “best” among these solutions, a new problem is constructed,
where the linear separation is set as a constraint.

The linear separability can be written without loss of generality as follows:

2((z, k) —y) — 1> 0,Vk (1.12)
where pr € AU B is an observation, and

g5 s -1 ifp.€A
=11 ifpreB
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The goal of SVM is to maximise the margin between the separating plane
and the points. This margin is represented by 1/||z||, and therefore the goal
of the problem is to minimise 1||z||?, subject to (1.12).

Writing the Lagrangian of this problem, using A; as Lagrange multipliers,
we obtain:

K K
L2
L= 5”37” _ZAM((%PQ *Q)+Zak- (1.13)
k=1 k=1
By differentiating with respect to z and y, we obtain:
K
T= AeZkPk (1.14)
k=1
K
Z Az =0, (1.15)
k=1

which can be substituted in (1.13) to get:

k=1

K
1
Lp = E Ak — 3 E M Ay Pk, Pr)- (1.16)
Kl

The hyperplane is then found by minimising (1.16) subject to (1.15) and
the positivity of the Ags.

The vectors in A and B for which the Lagrange multipliers are nonzero
are called the support vectors.

In the non linearly separable case, no feasible solution exists to the initial
problem. A variation is therefore written, taking into account errors & > 0
as: .
zk((xspk> - y) o _ék;Vk1 (117)

If & > 1 then the point py is misclassified. In order to reduce the number
of misclassified points, the new objective is

[
e 1 k3
k=1

The linear support vector machine is a more elegant way of linearly sep-
arating two sets than the method presented in section 1.3.4, because it ac-
tually selects the “best” (according to some criterion) feasible separating
hyperplane. One should expect that by taking a hyperplane as far as possi-
ble from any point, it improves the chances of separating the sets A and B
as well.
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Figure 1.5: Nonlinear separation through support vector machine

Nonlinear support vector machines

Sometimes, the separating function is highly nonlinear. In such a case, the
space D can be mapped by a function ¢ : D — H, where (in general)
dim(H) > dim(D).

Due to the shape of the problem to solve (see function (1.16)), it is not
necessary to know ¢, but only the function K : D — R such that:

K(z,y) = (p(z), ¢(y))-

The function K is called a Kernel function.
Classical types of kernel functions are:

o K(z,y) = ({z,y) + 1)P
" K(xsy) = €_I|I_yi|2_f2az
e K(z,y) = tanh(k(z,y) — o)

Nonlinear support vector machines can be considered as statistical meth-
ods. They need to be provided with a particular distribution (Kernel func-
tion), which task is difficult, in practice, to apply rigorously. Choosing the
kernel function is a particularly difficult task when this function is very com-
plex.

Considering the problem (1.10) suppose that it is known that f € F,
where F is a family of functions. Then, one can define the set

®={(p:R"—=R™): (z~ (w,p(z))) € F},

and deduce an associated function K. Then SVM provide an elegant and
efficient method for solving the set-separation problem.
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In reality, it is very rarely possible to apply this scheme, as the conditions
necessary for it are:

e The family F should be known;

e It should be possible to deduce from it the set ® (in the case it even
exists);

e The function K should be explicitly derived from ®.

The practical application of SVM is based on arbitrary choices of K,
which may range from a “wild guess” to the judgement of an expert.

1.3.6 Polyhedral separability

Figure 1.6: Polyhedral separation of sets

The concept of h-polyhedral separability was developed in [8]. The sets
A and B are h-polyhedrally separable if there exists a set of h hyperplanes
{z*,v;}, with
reRhy;eRL1<i<h

such that

1. forany j € {1,...,m}and i € {1...,h}

(wi! a'J> - Ui < {]1
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2. for any k € {1,...,p} there exists at least one ¢ € {1,...,h} such that
(z*,b*) —y: > 0.

It is proved in [8] that the sets A and B are h-polyhedrally separable, for

some h < p if and only if
co(A)NB=10.

The problem of polyhedral separability of the sets A and B is reduced to
the following problem:

minimise f(z,y)subject to(z,y) € RMHIx" (1.18)

where

flz,y) = %Zmax [0, 113%{(5",&3') — i+ 1}]
i=1 =

1< ; i 1k
+ 5 kE_l max Iio’l?ilélh {—(:r: J0%) + v + l}]
is an error function.

Note 1: This function is nonconvex piecewise linear.

It is proved in [8] that z* = 0,1 < i < h,y € R cannot be the optimal
solution.

Let {Z*,7%:},1 < i < h be a global solution to the problem (1.18). The
sets A and B are h-polyhedrally separable if and only if f(Z,§) = 0. If there
exists a nonempty set I C {1,...,h} such that z* = 0,4 € I, then the sets A
and B are (h — |I|)-polyhedrally separable.

In [8] an algorithm for solving problem (1.18) is developed. The calcula-
tion of the descent direction at each iteration of this algorithm is reduced to
a certain linear programming problem.

1.3.7 Classification via clustering

Independently from linear and polyhedral separability, the problem of sep-
arating two sets can be studied using the clustering approach (see [145] for
references on the application of unsupervised learning for classification).
Suppose we are given two sets of points A and B. Then the structure of
each of these sets can be studied separately. From the structure of the two
sets, a separating function can then be deduced.
Suppose we formulate the clustering problem under its (1.4) form.
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Separating two sets

An approach for separating two sets of points A = {a;} and B = {b;} based
on clustering was proposed in [24]. For each set, the clustering problem
is solved, respectively with g4 and gp clusters. The solutions obtained are

X ={z},...,2% z},..., 2%} . The separating function is then:
— . . ] _ - . ] _ ¥
f(y) = min{ min ||z —yll5, min_|lzj -yl (1.19)

If the point y belongs to a cluster of the set A then it belongs to the set
A. Otherwise it belongs to the set B.

This technique can be seen as a form of piecewise linear separation of the
sets: each pair of centres is separated by a line. The separation between the
centres of the set A and those of the set B is thus piecewise linear (see figure
i B 8

Figure 1.7: Piecewise linear separation using clustering

The advantage of this technique is that it does not restrict the search
to only a convex polyhedron, and thus allows both the sets A and B to be
nonconvex. One disadvantage, however, is that it only considers the sets
separately.

1.3.8 Max-min separability

Max-min separability is a generalisation for the polyhedral separability in-
troduced in [23].
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Figure 1.8: Max-min separability.

Definition and properties

Let H = {hy,...,h}, where h; = {z7,y;},1 < j <[ with 7 € R",y; € R!,
be a finite set of hyperplanes. Let J = {1....,l}. Consider any partition of
this set J" = {Ji,..., Jr} such that

Jk#@:ISkST!
JkﬂJj=@;

| Jii=2
k=1

Let I = {1,...,r}. A particular partition J" = {Jj,..., J.} of the set J
defines the following max-min-type function:

¢(z) = maxmin {(z?,2) —y;},2z € R™. (1.20)

el jEJ;
Let A, B C R™ be two disjoint sets, that is AN B = (.

Definition 2. The sets A and B are maz-min separable (piecewise linearly
separable) if there exist a finite number of hyperplanes {z7,y;} with 27 € R™,
y; € RY, j € J={1,...,1} and a partition J" = {J,...,J,} of the set J
such that

l. forallielanda€ A
min {(¢/,a) —y;} <0;
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2. for any b € B there exists at least one 7 € [ such that

min {(z7,b) —y;} > 0.

JEJ;

Remark 7: It follows from definition 2 that if the sets A and B are max-min
separable then y(a) < 0 for any a € A and ¢(b) > 0 for any b € B, where the
function ¢ is defined by (1.20). Thus the sets A and B can be separated by
a function represented as max-min of linear functions. Therefore this kind
of separability is called maz-min separability.

Remark 8: Linear and polyhedral separabilities can be considered as par-
ticular cases of the max-min separability. If I = {1} and J; = {1} then
we have the linear separability and if I = {1,...,h} and J; = {i},i € I we
obtain the h-polyhedral separability.

Proposition 1. (see [23]). The sets A and B are maz-min separable if and
only if there exists a set of hyperplanes {z7,y;} with 27 € R",y; € R},j € J
and a partition J* = {J1,...,J;} of the set J such that

1. foranyi€l anda€ A

IjgiJril{(rj,a) —y;} < -1,

2. for any b € B there exists at least one ¢ € I such that

min {(2/,8) —y;} > 1.

Proposition 2. (see [23]). The sets A and B are maz-min separable if and
only if there exists a piecewise linear function separating them.

Remark 9: It follows from proposition 2 that the notions of max-min and
piecewise linear separability are equivalent. For this reason, max-min sepa-
rability is also called piecewise linear separability

Proposition 3. Assume that the set A can be represented as a union of sets
Ai} 1 S ?’ S q:

q
A=A
i=1
and for any 1 <i<gq
BNcoA; =0. (1.21)

Then the sets A and B are maz-min separable.



Data analysis

33

Corollary 1. (see [23]). The sets A and B are maz-min separable if and
only if they are disjoint: AN B = ().

In the next proposition it is shown that in most cases the number of
hyperplanes necessary for the max-min separation of the sets A and B is
limited.

Proposition 4. (see [23]). Assume that the set A can be represented as a
union of sets A;,1 < i < q and the set B as a union of sets Bj,1 < j < d
such that

q d
A=|JAi and B=| B,
i=1 j=1
and
coA;NcoB;=0P,V1<i<ql1<Lj<d (1.22)

Then the number of hyperplanes necessary for the separation of the sets A
and B is at most q - d. '

Remark 10: The only cases where the number of hyperplanes necessary is
large are when the sets A; and B; contain a very small number of points.
This situation appears only in the particular case where the distribution of
the points is like a “chessboard”.

Error function

Given any set of hyperplanes {z7,y;},7 € J ={1,...,l} with 27 € R",y; €
R! and a partition J” = {Ji,..., .} of the set J, we say that a point a € A
is well separated from the set B if the following condition is satisfied:

i L a) —y; <0.
MaxX 1in {{(z7,a) —y;} +1<0

Then we can define the separation error for a point a € A as follows:

i j — Y : 1.2
max O,I?é;lixgxél}}{(m’,a) yi+1} (1.23)

Analogously, a point b € B is said to be well separated from the set A if
the following condition is satisfied:

i —(z’,b) +9;} +1<0.
on L

Then the separation error for a point b € B can be written as

max |0, min max {—(z7, b) +y; + 1}} ; (1.24)

el jed;
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Thus, an averaged error function can be defined as

m

1

fay) = — max[@ marenin {(o',a) =, +1}]

(1.25)
+ —Zma,x [0 Izgnmax{ (z7,6") +y; + 1}]

where z = (z1,...,2') € R"™, y = (y1,...,u) € RL
It is clear that f(z,y) > 0 for all z € R™*™ and y € R.

Proposition 5. (see [253]). The sets A and B are maz-min separable if and
only if there ezists a set of hyperplanes {z?,y;},7 € J = {1,...,l} and a
partition J" = {Ji,...,J.} of the set J such that f(z,y) = 0.

Proposition 6. (see [23]). Assume that the sets A and B are maz-min
separable with a set of hyperplanes {z?,y;},7 € J ={1,...,1} and a partition
J'={J1,...,Jr} of the set J. Then

1. 27 = 0,7 € J cannot be an optimal solution;

2 4f
(a) for any t € I there exists at least one b € B such that

rjnezaa‘c{ z’,b) +y; +1} =r£g}1r;é%3{{—(x’,b)+yj+l}, (1.26)

(b) there exists J = {Jy,...,J,} such that J, C J,, Vit & dy J, is
nonempty at least for onet € I and 7 =0 for any j € J;,t € I.

Then the sets A and B are maz-min separable with a set of hyperplanes
{27,y;},7 € J° and a partition J = {Jy,...,J.} of the set J° where

=Jt\j¢,t€IﬂndJ0=Uji.

i=1

Remark 11: In most cases, if a given set of hyperplanes with a particular
partition separates the sets A and B, then there are other sets of hyperplanes
with the same partition which will also separate the sets A and B (see figure
1.8). The error function (1.25) is nonconvex and if the sets A and B are
max-min separable, then the global minimum of this function f(z*,y,) =0
and the global minimiser is not unique (see figure 1.9).
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Figure 1.9: Several piecewise linear separators for the same sets

The family of piecewise linear functions is particularly attractive for solv-
ing the set separation problem. Indeed, since only approximations of the sets
A and B are known, it is in any case impossible to find exactly the separating
function. Furthermore, it is well known that it is possible to approximate
any continuous function as close as wanted using a piecewise linear function.
Therefore, it seems natural to consider this family for set separation.

Unfortunately, the optimisation problem generated is not as simple as
the Support Vector Machines, and the problem of selecting the best of two
separating functions still has to be considered. Both these methods seem to
present advantages and disadvantages, but the max-min separability seems
to show more potential for improvements.

1.4 Preprocessing

Most algorithms usually work better under certain conditions. Consequently,
the data should be preprocessed in order to fit these conditions the. best
possible. Since the data is not known beforehand, the processing techniques
should be as general as possible.
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1.4.1 Scaling

One most common preprocessing need is the scaling. Indeed, it is commonly
admitted that polythetic algorithms (The features are simultaneously con-
sidered) work best. Hence, the necessity not to have any dominating nor any
dominated feature is clear. In such a case, the result would depend only on
the dominating feature.

Example 8: The results of most algorithms on the dataset presented on
figure 1.10 strongly depend on the preprocessing on this dataset: in the
case 1.10(a), the dataset is ill-scaled, and the points A; and A, have strong
chances to be attributed to the wrong clusters (or classes). In contrast, the
problems are much easier to solve on the same dataset with a good scaling,
like in 1.10(Db).

In most cases selecting the best scaling is not easy: the shapes of the
clusters or classes are not known in advance, and it could be quite easy to
worsen a situation.

Here we give three scaling techniques commonly used. figure 1.11 presents
the results of these scaling techniques on the ill scaled dataset shown on figure
1.10(a). Notice that all of them give a satisfactory scaling in this simple case.

Scaling by average

The principle of this scaling is to obtain a dataset for which the average of
each feature is the same (usually 1). This scaling is described in Algorithm
1.2.

Algorithm 1.2: Scaling by average

for each feature do
1
Step 1 Let p= ——— 3
i = ] 2"
aEA
Step 2 Foreachac Aleta' = 2.
n

One of the possible drawbacks of this approach is that it depends on the
“zero” for each feature. For example, the fact that the temperature can be
measured in Fahrenheits, in Celsius or in Kelvins may give totally different
results, as these scales present different 0.

It may be necessary for this scaling algorithm to take into account the
features with means 0. In this case, a slight modification of the algorithm
can easily solve this problem.
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(a) ill-scaled dataset

Figure 1.10: Two different scalings for the same dataset

feature 2
(b) well scaled dataset

Scaling by average and variance

The idea behind this scaling is that we do not only want all the features to
have the same average, but also that the repartition of the points around it
is similar. Algorithm 1.3 presents it more in details.

The problem of this algorithm is that the repartition of the points may

be disturbed.
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Figure 1.11: Effects of various scalings on a dataset

Algorithm 1.3: Scaling by average and variance
for each feature do

1
Step 1 Letp:mz.ﬁ.

€A
Step 2 Let o = Z(a — p)2.
acA
r a—p
Step 3 For each a € A let o’ = =

Scaling in an interval

It may be that some applications necessitate scaling all the features within

the same interval, to keep the repartition intact. Algorithm 1.4 presents the
pseudo-code for this algorithm.

Algorithm 1.4: Scaling in an interval

for each feature do
Step 1 \; Let o = mina and as = maxa.
acA acA

a
Step 2 For eacha € A let o/ =

Cl'g'-C!]‘

The drawback of this method is that it is very sensitive to measurement
€ITors or erroneous points.

1.4.2 Feature selection

Another major issue for the quality of algorithms is the pertinence of the

features. Selecting a smaller set of features sufficient to solve the given data
analysis problem is important for two reasons:
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e The presence of noisy features is likely to influence the quality of the
results given by the algorithms. While not bringing any useful infor-
mation, a feature may increase the dissimilarity between observations
in reality close to one another.

e In most optimisation problems in the data analysis field the number
of variables is proportional to the number of features. More generally,
the complexity of the problems encountered in data analysis presum-
ably depends on this number. Hence reducing it without loss of useful
information is expected to accelerate the algorithms and increase the
accuracy.

Most feature selections are based on statistical considerations, and the
features are usually eliminated according to a correlation between observa-
tious and features (see [36, 82]). In [110], an approach based on evolutionary
algorithms has been developed, while [9, 20] present solutions based on op-
timisation techniques.

1.4.3 Dataset reduction

Nowadays, the datasets used in data analysis are often extremely large, count-
ing millions of observations. In some cases, data started to be collected as
early as the 70’s (for example the ADRAC database). In other cases, like in
the Stock Market, information is added daily.

Although the more information the better, algorithms are seldom able to
deal with such large numbers of data, and it may be a judicious choice to
design an algorithm working well on a subset of the data than a “quick and
dirty” algorithm, able to work on the whole dataset, but providing deceiving
results.

Even though the number of variables of most optimisation problems we
consider in data analysis does not depend on the number of observations in
the dataset, too large datasets do influence the efficiency of the algorithms.
Particularly when the number of variables is large, it is necessary to evaluate
the objective functions many times. The computational effort for these eval-
uations is directly related to the number of records in the dataset. Therefore,
it is often advantageous to apply a dataset reduction scheme before solving
the problem.

Additionally, a large number of records in the dataset often leads to ob-
jective functions having a large number of local minima, many of them not
very deep, and therefore not acceptable at all. Decreasing the number of
observations is a way to reduce the difficulty of solving the problems.
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An alternative which has been explored recently is to elaborate some
datasets which somehow “summarise” the original datasets. The e-cleaning
dataset (see [24]) is a method providing such reduced datasets, as shown in
algorithm 1.5.

Algorithm 1.5: e-cleaning procedure
input : A very large dataset A.
output : A not so large dataset B.

Step 1 Initialisation:
Select € > 0. Set Ayj=Aandi=1
repeat

Step 2 Select b* € A;

Step 3 Let Ay «— {a € A; : d(a,b*) < €}

Step 4 Set w; « card(Ap:)
Step 5 Let Ai+1 — A" \ Abi
Step 6 Set1—1+1

until A;‘ = 9

Depending on &, the set B is much smaller than the set A. Varying ¢
allows to get a balance between the size of the dataset and the accuracy of
the representation. The weights w; are very important, as they enable the
modification of the objective functions accordingly.

The e-cleaning procedure should provide a good approximation for the
function (1.4). It has been shown in [181] that if we use the generalised
cluster function

Zwt min d(z, b) (1.27)

1<s<q

instead of the original function f, we get, for all z € R*, |f(z) — f(z)| < .

The minimisation of data analysis functions for datasets with weights has
been studied in [78].

Notice that the selection of the representatives b* in step 4 of the algorithm
can be different. For example it is possible to take the barycentre of the set
B;.

although the final dataset depends on the order in which the observations
are processed, results of numerical experiments show that the order does not
influence the results very strongly.
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1.5 Test datasets

In this section we present all the test datasets that will be used for numerical
experiments in this thesis.

1.5.1 Supervised learning

Letters The dataset was introduced by David Stale. It is based on various
fonts representation. The dataset consists of 20000 observations, 26
classes, 16 numerical attributes. There are samples of 26 capital let-
ters, printed in different fonts. 20 fonts have been considered and the
location of the corresponding samples has been distributed randomly
within the dataset (see [145]).

Pen-based recognition of handwritten digits (Pendigits) This dataset

was introduced by E. Alpaydin and Fevzi Alimoglu. It contains 10
classes, 10992 observations, 16 attributes. All input attributes are in-
tegers between 0 and 9.

The dataset has been created by collecting 250 samples from 44 writers.
The samples written by 30 writers are used for the training set and the
digits written by the other 14 are used for writer independent testing.
These writers are asked to write 250 digits in random order inside boxes
of 500 by 500 tablet pixel resolution. The first ten digits are ignored
because most writers are not familiar with this type of input device,
but subjects are not aware of this (see [145]).

1.5.2 Unsupervised learning

Fisher’s iris dataset This dataset contains 50 samples of 4 measurements
for 3 types of irises (4 features, 150 observations). The initial goal is
to establish rules to differentiate between the types of irises.(see [72]).

Image segmentation dataset This database contains information about
7 outdoors images, segmented to obtain a classification of every pixel.
Each instance is a 3x3 region. The dataset contains 19 features, 2310
observations [150].

The travelling salesman problem - TSPLIB1060 2 features, 1060 ob-
servations [170].

The travelling salesman problem - TSPLIB3038 2 features, 3038 ob-
servations [170].
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Heart disease database 13 features, 364 observations [145].
Diabetes database 8 features, 768 observations [145].

Australian credit cards database 14 features, 690 observations [145].

No. of No. of

Database training test attributes classes
Shuttle control 43500 14500 9 7
Letter recognition 15000 5000 16 26
Landsat satellite image 4435 2000 36 6
Pendigits 7494 3498 16 10
Page blocks 4000 1473 10 5
Fisher’s iris dataset 150 - 4 -
Image segmentation dataset 2310 - 19 -
TSPLIB1060 1060 - 2 -
TSPLIB3038 3038 - 2 -
Heart disease 364 - 13 -
Diabetes 768 - 8 -
Australian credit cards 690 - 14 -

Table 1.1: Datasets in use in this thesis

1.6 Summary

A large choice of methods is available for the most common data analysis
techniques. The variability between these methods mostly stands on their
efficiency, their applicability and their portability.

While statistical and heuristic methods are to this day the fastest methods
to apply, they do not provide a large freedom of application: if one method
works for a particular dataset, there is not guarantee that it will be successful
on another dataset.

Statistical methods are more efficient on large datasets, and may not
give very good results when the number of records is small. Moreover, for
a long period these methods were based on particular distributions. Today,
much more efficient and portable statistical methods are designed with no
assumption on the distribution of the points in the database.

Heuristic methods are less limiting on the number of records. However,
they suffer from the same problem as classical statistical algorithm: they are
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not very portable, and a method working well in one case may completely
fail in other (not necessarily more complex) cases.

Because optimisation based methods are not limited in the number of
variables, nor by a particular black-box scheme, they give more freedom to
the expert. The same method can be applied to various fields, under various
conditions, just by changing the error function.

However, they necessitate a good optimisation solver. The problems aris-
ing in data mining are very demanding, and most current general-purpose
optimisation methods may require too much resource to be applied “out of
the box”. Therefore it is necessary to develop new methods, or to adapt
the methods to the types of error functions that arise in classification and
clustering.



Chapter 2

Optimisation methods

2.1 Generalities

2.1.1 Presentation
Definition of the problem

The field of optimisation is very large and has many applications. Its purpose
is to find the “best” solution to a given problem under particular circum-
stances, by choosing suitable values for a set of given variables.

It is possible to find excellent reviews for optimisation. Classical results
of mathematical analysis provided in [49, 59, 60, 171] are unequalled. Good
generalist presentations about optimisation can be found in [54, 74, 94, 95,
97, 98, 157, 160, 161]. Most results presented in this chapter are detailed
in these. Proofs of theorems and of the termination of algorithms will be
omitted, as they can be easily found in the literature. -

In mathematical programming, each variable takes a numerical value and
the list of variables can consequently be written as a vector z € A C R",
where n is the number of variables. The vector z is also called a a feasible
solution.

The quality of a given set of variables is measured with a function ¢ :
A — R. The higher the value of the function g the better the quality of
the parameters. The goal of optimisation becomes to mazimise the quality.
The function q is also sometimes called fitness function . Alternatively, it is
possible to define a cost function ¢ : A — R. The goal of optimisation is
then to minimise the cost. Clearly the two problems are equivalent, as the
cost can be defined as the opposite to the fitness: ¢ = —¢. By convention,
most optimisation procedures are designed to minimise.

44
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A very general formulation of the optimisation problems is then:

minimise f(z)
subject to (2.1)
z€Cl

The function f is also called objective function.

Reformulation of the continuous optimisation problem

In the case of constraint optimisation, the set C is usually defined by a set of
inequalities and/or a set of equalities. The general continuous optimisation
problem can then be rewritten:

minimise f(z)
subject to
gi(z) <0, Vi<i<m (2.2)
hi(z) =0, V1<j <,
z € R"™

If ne = n; = 0 then problem (2.2) is an unconstrained problem, otherwise
it is a constrained problem and the functions g;,1 <7 < m; and h;,1 < j < n,
are called the constraints of the problem. Notice that the convexity of
an unconstrained problem only depends on the convexity of the objective
function.

Remark 12: There exists a very large number of techniques which study
the problem of taking constraints into account.

For a smooth programming problem, the most efficient among these tech-
niques is based on Karush-Kuhn-Tucker theorem (see theorem 1 on the fol-
lowing page).

This theorem is difficult to generalise to the nonsmooth case, and there-
fore other methods have to be employed. Among such methods one of the
simplest is to incorporate the constraints into the objective function using a
penalty function p such that:

(z)=0 ifzeC;
f:{£($)>0 ifz¢C

Usually the problem is then reduced to the following unconstrained prob-
lem:
minimise f(z) + Ap(z)

where A > 0 is a penalty parameter.
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Theorem 1 (Karush-Kuhn-Tucker). Considering problem 2.2 on the previ-
ous page, where f,g; and h; are all differentiable. Then if * € R™ is a local
minimizer, there ezists u; € R*, v; € R such that:

Z:LW’Ql L2 ZUJVJIL =

wU;g; = 0.

Definition 3. The function
nj
L:(u,v,z)— f(z +X:u39t +Zvjhj(:c)
j=1

is called the Lagrangian .

The most difficult type of problems is the one where the properties of the
function and of the domain cannot be exploited, that is nonsmooth nonconvex
optimisation.

2.1.2 Notions of mathematical analysis
Convexity

Convexity plays an important role in optimisation.

Definition 4. A set A is convex if for any z,y € A, for any ¢ € [0, 1]

tz+ (1—t)y e A

Definition 5. Consider the function f : C — R. The set
epi(f) = {(z,y) €ECxR:y > f(z)}

is called the epigraph of the function f.

Definition 6. A function f is convex if its epigraph is convex.

Proposition 7. A function f is convez if for any z,y, for any t

tf(z)+ (11—t f(y) = ftz + (1 - 1)y
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Global vs local minimum
Consider a function f: Dy — R.

Definition 7. A vector z is considered a global minimiser of f on Dy if
f(z) < f(y),Yy € Dy.

f(z) is the global minimum for f on Dy.

Definition 8. A vector z is considered a local minimiser of f on Dy if 3e > 0

such that:
f(x) < f(y),Yy € Dy N B(z,e).

f(z) is a local minimum for f on Dy.

Figure 2.1: Function having 8 local minima and only one global one

The function represented on figure 2.1 has 8 local minima: z;,1 <7 < 8.
For instance, z; is clearly a local minimiser, since in its neighbourhood the
function is minimal at z;. However, because f(z2) < f(z;), z; is not a global
minimum.

The point zg is the only global minimum of the function f.

In the case of convex optimisation, any local minimum is also a global
minimum. However this is not necessarily true when f or Dy are not convex.
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Finding a local minimum is easier than finding a global minimum, as it is
sufficient to verify the local properties of the function around a vector z to
know whether it is a solution or not. Accordingly, many efficient methods
have been developed for the convex optimisation problem, and most of these
methods can be applied to find a local solution to the general problem 2.2.

Although it is sometimes important to reach the global solution, in many
practical problems it is satisfactory enough to find a “deep” local minimum.
This, however, raises the question of deciding whether a local minimum is
“deep” enough, and more generally to be able to evaluate the depth of a local
minimum. These questions are in turn related to the problem of knowing the
global minimum. _

For instance, on figure 2.1, although it is not a global minimiser, the
point x5 is likely to be a satisfactory enough solution for practical purposes.
Nonetheless the only reason we can assess that is because we know the global
minimum of the function and can compare the function values. On the other
hand, the point zg is likely to be dismissed as a good solution. However,
deciding whether intermediate points like 25 or 7 are satisfactory is a difficult
task.

Moreover, the function can be noisy, that is a slight random perturbation
can be introduced due to measurement errors. Figure 2.2 presents a noisy
version of the function from figure 2.1.

llg

G - - gk a4

Figure 2.2: Noisy function
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Lipschitz continuity
Definition 9. A function f is said to be Lipschitz continuous if
L € R, Y(z,y) € Dy : | f(y) — f(2)| < Llly — =|.

The smallest L for which f verifies this is called the Lipschitz constant of f.

Definition 10. A function f is said to be locally Lipschitz on D if it is
lipschitz on any bounded subset D € D

2.2 Analytical considerations

Differentiability is a very powerful tool of mathematical analysis. Notwith-
standing the efficiency of the optimisation methods based on this tool, few
practical problems of optimisation have a smooth structure. This considera-
tion means much research effort has to be done on the generalisation of the
notion of gradient. Here we will present two major contributions: the Clarke
subdifferential and the quasidifferential in the sense of Demyanov-Rubinov.

2.2.1 Preliminaries
Consider a function f defined on an open set {2 C R™.
Definition 11. A function h is called positively homogeneous if

h(Az) = Ah(z),Vz € R™, VA > 0.

Definition 12. A convex positively homogeneous function is called sublinear.
A concave positively homogeneous function is called superlinear.

Let us denote P (resp. @) the set of all sublinear (resp. superlinear)
functions defined on R™.

Definition 13.

9p = {u linear : u(z) < p(z),vVz € R"}
is the subdifferential of the function p € P. Similarly

dq = {u linear : u(z) > q(z),Vz € R"}

is the superdifferential of the function ¢ € Q.
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The information provided by the directional derivatives is very useful in
the field of optimisation. Indeed, they allow one to know whether a direction
is descending or ascending. However the set of all directional derivatives
is infinite in the multidimensional case. For smooth functions, it can be
represented by one vector: the gradient. In the nonsmooth case, we need to
create tools that approximate these sets.

Consider the (Dini or Hadamard) directional derivative as a function of
the direction: f(u). Assume the continuity of the function f.

Definition 14. A continuous sublinear function p defined on R™ and such
that
p(9) = f2(9),Vg € R

is called an upper convez approzimation (u.c.a) of the function f at the point
z

Definition 15. A continuous superlinear function ¢ defined on R™ and such
that

q(9) = f.(9),Yg € R"

is called an lower concave approzimation (l.c.a) of the function f at the point
%

Definition 16. (see [146]) A function f is said to be semismooth at z if it
is locally Lipschitz continuous at z and the limit

lim v,
ved f(z+ag'), ( g>
9'—g,

a—0

exists for every g € R".

In order to consider generalisations of the gradient, the following defini-
tion is capital (see [171]).

Definition 17. Suppose f is a convex function. Then a linear function
dominated by f is called a subgradient of f of f at z € R". The set of the
subgradients of f at x

0.f(z) = {€ €R": f(y) > f(z) + &' (y — 2), Yy € R"}
is called the subdifferential of f at x.

The notion of subgradient is extremely important in convex analysis. A
large majority of practical methods to minimise convex functions revolves
around this notion.
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2.2.2 Clarke subdifferential

The Clarke subdifferential is one of the simplest generalisations of the notion
of gradient. This notion has been studied for example in [48, 49]. It has been
developed for locally Lipschitz functions. It is known that these functions
are continuous almost everywhere.

Definition 18. The Clarke subdifferential is defined as follows:

df(zx) = co {_]il‘glo Vf(z;) : z 2%, zand z; € Df} ; (2.3)

Note 2: The Clarke subdifferential of a convex function coincides with its
subdifferential.

Proposition 8. 0 € df(z) if and only if « is a stationary point. In partic-
ular, if the point z € R™ is a minimum of the function f then 0 € Of.

Proposition 9. The steepest descent at point z € R™ is the direction g° € R™
such that:
0 .
= min 24
I9°l = min {loll} (2.4

Definition 19. The generalised directional derivative is the limit:

fly+ag) — f(y)

(e}

f°(z, g) = limsup
a—0t,
y—

Note 3: The generalised derivative always exists, and

0 _
Pz, 9) = uég?f;)mg)-

Definition 20. The function f is said Clarke regular if it is differentiable
with respect to any direction g € R™ and its directional derivatives and
generalised derivatives are equal.

f(z,9) = f'(z,9),Yz € R",Vg € R*

An explicit method to calculate the Clarke generalised gradient of a
Clarke regular function is available (see [48]). However the class of Clarke
regular functions is very restrictive.
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Example 9: The following function f : R? — R is not Clarke regular

f(@) = 21| — |za].
Indeed, for z° = (0,0) and g = (0,1), f'(z° g) = —1 while f°(z° g) = 1.
The Clarke subgradient of this function at zV is
Bf(xu) = Co {(lt —1)1 (1: 1): (—11 1): (_l: _1)}

The major drawback of the Clarke generalised gradient is that for non
Clarke regular functions, there exists no explicit calculus.

2.2.3 Demyanov-Rubinov quasidifferential
Let f be a locally Lipschitz continuous function.

Definition 21. The function f is called gquasidifferentiable at a point z if
it is directionally differentiable and there exists compact, convex sets 0 f (z)
and df(z) such that:

"(z,9) = max (v,g)+ min (v, g).
f( g) UEQJ’(E)< g> 1.’65)'(:1:)( g>

The pair Df(z) = [0f(z), 8f(z)] is called a quasidifferential of the function
£ atm.

Note 4: The quasidifferential is not unique.

Remark 13: For a convex function, the pair [0f(z), {0}], where 0f(z) is
the Clarke subdifferential at z, is a quasidifferential at z. '

Similarly, for a concave function, the pair [{0}, df(z)] is a quasidifferential
at z.

Proposition 10. If the point = is a local minimiser of f on R™

~ 3f(z) C 8f(x) (2.5)
A point verifying (2.5) is called inf-stationary point
Proposition 11. If a point z is not inf-stationary, then the direction:

o_ 0 + w°
T T T ROl

where

[0° + w°|| = max min ||v + w||,
af(z) 2f(z)

is the direction of steepest descent.
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The class of quasidifferential functions is very broad. A particular family
of quasidifferentiable functions contains the functions with the following form:

f(z) = F(z, g1(2), - -, gi(x)), (2.6)

where F(z,y1,...,ys) is continuously differentiable and the functions g;, 1 <
i < k are quasidifferential (and semismooth). This is particularly useful if
the functions g; can be concave or convex, as this means for instance that
difference of convez (DC) functions are quasidifferentiable.

f(z) = fi(z) — fa(z),

where f and f, are convex, and the pair [8f, f], where

{ 8f = ofi,
af = _af21

is a quasidifferential of this function.

Example 10: The function given in example 9 is quasidifferentiable, as a
difference of convex functions:

{ fi(z) = |z|
fa(z) = |z2]

A quasidifferential of this function at (0, 0) is:

{ Qf(o, 0) =0 {(1: _1)! (1: 1)}
af(o! 0) =cCo {(_1: 1)1 (—11 _1)}

2.3 Descent methods

The descent methods are certainly the most popular family of optimisation
techniques. They are based on a very simple idea: keep going down until
it is not possible anymore. In the case of convex functions, these methods
reach the global minimum, but in the general case they only converge to a
stationary point (which may or may not be a local minimum).

Their popularity is due to their ability to reach good practical solutions
in very acceptable tinme.

Algorithm 2.1 presents a generic descent algorithm.
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Algorithm 2.1: A generic descent method

Step 1 select an initial solution ag,...,zo, set k =0
repeat
Step 2 Find a descent direction dy
Step 3 Find a descent step oy and set zpy1 « zk + ardy

Step 4 ke—k+1
Step 5 until Stopping criterion

2.4 Numerical methods

Interesting problems of optimisation are the ones presenting complicated
objective functions. This means that it may be difficult or impossible to
calculate the gradient, the subdifferential or a quasidifferential. For this
reason, many practical situations require so-called finite elements methods.

The idea behind these methods is as follows: instead of being exactly
calculated, the desired object is closely approximated, using only values of
the objective function.

Mathematically, iu order to approximate h(z), where h can be the gradi-
ent, the subgradient or a quasidifferential, a family of functions g, is defined,
so that

ax(z) Ay h(z).

2.4.1 Cutting planes method

The cutting planes method was first independently proposed by Cheney and
Goldstein in [47] and by Kelley in [108]. It is based on a well known property
of convex functions (see [171]): a convex function is the upper envelope of
all the linear functions it dominates

Theorem 2. Consider a convez function f defined on R™ and the set U of
linear functions on R™. The function f can be defined ezactly using the set

Ur={ueU:u(z) < f(z),Vz € R"}

as follows:
£(x) = sup {u(z) :u € Uy}, Va € R"

This property of convex functions gave rise to the following idea: when
convex, the objective function can be approximated by a set of linear func-
tions, and the problem is reduced to a linear programming problem. At each
iteration of the cutting planes algorithm, the reduced problem is solved, giv-
ing a lower approximation of the actual minimum, and the approximating
set is adequately updated .
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The cutting planes method presents several drawbacks.

e the choice of the initial points is crucial, as the algorithm may not
converge.

e the method only works on convex functions, and may not be successful
in finding even a stationary point of a nonconvex function

e at each iteration it is required to evaluate a subgradient of the function.
Despite the Clarke regularity of convex functions, it may be a difficult
task.

e the convergence of the method has been shown to be very slow in some
cases (see [197])

Notice that finite elements approximations of the subgradients cannot be
applied here, since the piecewise linear approximation of the function may
not be dominated by the objective function anymore.

2.4.2 Bundle methods

Bundle methods were first proposed by Lemaréchal in 1978 in [122] and
further developed by Kiwiel in [113]. An excellent presentation of this method
can be found in [95]. Other good reviews include [135, section 5] and [139]
(see also [134, 137, 140]). Numerical experiments are presented for example
in [114].

These methods are an improvement of the Cutting planes method, ad-
dressing some of its issues. In order to ensure the convergence and to improve
the efficiency, a quadratic term is added to the local linear approximation of
the curve, in order to keep the search local.

The bundle methods require a very large amount of memory to store the
information. In practice, it is not possible to keep all information, and a
balance should be found between efficiency and memory. These methods
also necessitate the solution of a quadratic subproblem, and the choice of
the quadratic approximation is not simple. All these issues are thouroughly
discussed in the literature (see [135, 139]).

2.4.3 Discrete gradient method

Notwithstanding the importance of subdifferentials and quasidifferentials in
the domain of nonsmooth analysis, these tools are difficult to calculate. Con-
sequently some research has been oriented at constructing approximations
(see [60, 61]). The most successful of them is certainly the discrete gradient,
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proposed by Bagirov in 1992 in [10]. We describe here these tools and a
corresponding nonsmooth optimisation method.

Definition of the discrete gradient

The discrete gradients allow the construction of continuous approximations
to the subdifferential and the quasidifferential. They have been studied in
(10, 11, 12, 13] as approximations of subdifferentials and in [19, 22] as ap-
proximations of quasidifferentials.

Excellent and thorough reviews can be found in [16, 19).

Define operators H; : R®™ — R" for 1 < i <n,0 < j < n by the formula

: 193 0,...,0) if j < i
HJ = (gls 1 945, Y, ) =J 2 2.7
&7 { (911---a9i—11079:’+1:---:gjaosn-s[}) 1f,?22'- ( )

That is

gy ity — J (0,--.,0,0,0,...,0) #f1<j<nj+#i,
Hjg— H; 9—{ 0 if j =1. (28)

Let e(8) = (Bey, Bea, . .., "e,), where § € (0,1]. For z € R™ we consider
the vectors

ol =l(g,e,2,\,8) = z + Ag — 2(\) Hle(B), (2.9)

where g € S1,e € G,i € I(g,a),z€ P,A>0,0<7< n,j #1.
It follows from (2.8) that

gt {(o,...,o,z(A)gj(ﬁ),O,...,O) Eifgna%z (2.10)

It is clear that H?g = 0 and z2(g,€,2,\, B8) =z + Ag for all i € I(g, @).

Definition 22. The discrete gradient of the function f at the point z € R™
is the vector I"*(z, g,e,2,A,8) = ([,..., %) € R*, g € 51,% € I(g, &), with
the following coordinates:

1 f(xf ](g,e,z,A,ﬁ))_f(ﬂfg(g,e,Z,A,ﬁ)) . n. 4 i
F.‘f_ z()\)ej(ﬁ) ] :1SJS :.?7(_- )
f(z2(g,e,2,0,8) — fz) — X Tj(Ag; — 2(N)e;(8))

F:z .7:1!]'.!61'

)\gi
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For any j # 1, the discrete gradient is a typical finite elements evaluation.
The coordinate I'} allows the following equation to be satisfied for any g €
Sy,e€Gi€I(g,a),z€ P,A>0and > 0.

flz+Xg) — f(z) = Mz, g,e,2,),8),9)-

Approximations of the subdifferentials and the quasidifferentials

The generalised gradient and the quasidifferentials can be approximated by
sets of discrete gradients.

Consider a family of sets C(z, &) of set valued mappings depending on
€ > 0. We consider the following definition (see [199]).

Definition 23. The limit of the family C(z,¢) is defined by:
N S

Definition 24. A family Cf(z,¢€) is a continuous approzimation to the sub-
differential df(z) if

o Cf(z,¢e) is Hausdorff continuous with respect to z for all € > 0.

e the set df(z) is the convex hull of the limit of the family C(z, €), that
is

af(z) =coCLf(x)
Consider the following sets:

Dof(z,2,\,B) =clco {T%(z,9,6,2,\,8) : g € S1,e € G,i € I(g,2)} .

It is possible to find sequences A, <=> 0, 8. <= 0, z., such that the sets
Do f(z, z, A\, B) constitute a continuous approximation of the subdifferentials.

For constructing the quasidifferential of the functions of type 2.6, it is
possible to use the gradient of the function F' and the structures of the
functions g;.

oOF oF , , o _

D, f(z,z,A,B) =co {3; +§3y,;v , V" € Doyi(z, 2, A, B),1 € 11(37)},
oF oF . . . ,

Dyf(z,2,\ B) =co {% + a—%w ,w' € Doys(z,2,\,0),1 € Ig(x)} )

el
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where o
I1= 1€l — >0 5

Ay

oF
lIh=<iel:— <0

Ay

In particular, if the function is a difference of convex (f = f; — fa), then
its quasidifferential can be approximated by the pair

[-D[Jfl(xr Z, /\1 6)1 _DDfQ(x: Z, /\1 6)] .

The method

Descriptions of this method can be found in [14, 15, 18, 21]

The function f is assumed to be semismooth.

The discrete gradient method is a descent method. Therefore, the main
step in this method is the search for the descent direction. T'wo algorithms
are given, one based on the subdifferential, the other one based on the qua-
sidifferentials.

Algorithm 2.2 presents the method for ﬁndmg a descent direction with
approximations of the subdifferentials. It is based on two main steps:

e calculation of a discrete gradient with respect to a given direction.
e search for the direction of the next discrete gradient.

At each iteration, the approximation of the subdifferential is extended by
adding a new discrete gradient.

It is shown that the algorithm terminates, and either the latest discrete
gradient computed is a descent direction, or 0 € D, where D is the approxi-
mation of the subdifferential.

If the function f is a difference of convex, then the discrete gradients can
be applied for approximating the quasidifferentials. We note f = f; — fo,
where f; and f are convex functions. The method for finding the descent
direction relies on the following proposition:

Proposition 12. Consider two convez and compact sets A and B and the
vectors v° € A and w° € B such that:

0 — 40| = max rnm||v —w|| > 0.
web v

lv” —
and fOT g H_ﬂ-'w_D” é>0:

=)
max(v, g°) — max(w, g %) >
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Algorithm 2.2: DG: finding a descent direction: Clarke subdif-
ferentials version

Let z € P,A > 0,0 € (0,1], the number ¢ € (0,1) and a small enough number
é > 0 be given.

Step 1 choose any g' € S,e € G,i € I(g*, ).

Step 2 set _ﬁg(l‘) —Pand k1
repeat

Step 3 Calculate a discrete gradient

T_rk = ri(ma gky €,Z, ’\: 6))7' € I(gk,&),

construct the set Dy (z) = co {Dr—1(z) U {v*}}

Step 4 Calculate the vector ||w®|| = min {llw] : w € Dr(z)}.
if
l[w*]| <6, (2.11)
then

// First stopping criterion
| stop // w=0 and w € 0f(z): <z considered stationary

else
Step 5 Calculate the search direction by g"+1 = ——w—:v.
& [l |
f(z+ ") = f(z) < —eA|lw¥|, (212)
then

stop. // g is a descent direction

L // Second stopping criterion

until One of the stopping criteria is satisfied
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Then
BC A+ S;s

As a corollary, if A = 9f,(z) and B is a continuous approximation of
df1(z), then a sufficient condition for a point = to be inl-stationary of the
function f is

Jo® —w)| < &

Unfortunately this result cannot be generalised to the case when contin-
uous approximations to both df,(z) an df;(z) are used. To our knowledge,
no known condition exists for a point to be inf-stationary when continuous
approximations are used.

Algorithm 2.3 presents the discrete gradient method using the subdiffer-
entials. The version based on quasidifferentials is very similar.

Algorithm 2.3: Discrete gradient method
Let sequences dx > 0,2z € P, Ax > 0,8k € (0,1], 0 — 40,z — +0, \p —
+0, Bx — +0,k — +oc0 and numbers ¢; € (0,1), ¢z € (0,c;] be given.
Step 1 choose any starting point 2° € R™

and set k = 0.
Step 2 set s =0 and z¥ = 2%,
repeat

Step 3 apply algorithm 2.2 for the

calculation of a descent direction at

r=2aF 6§ =6k 2=2,)=A,8=Pk,c=ci. As a result we get the set
Do (z¥) and an element v* such that

l[vll = min {[|v]| : v € Din(25)} .

case [|v5]| < _
// m’: cannot be improved: the step size is reduced

Step 4 set 28t — 2F and k — k+ 1.
case f(z¥ + M\gk) — f(z%) < —c1||vF|. 7/ g¥ is a descent
direction
Step 5 let z* 1 be the result of a line search starting from mf: in the direction
k
s
Step 6 set s +— s+ 1.

until & = ko

Step 4 in algorithm 2.2 require to solve a quadratic optimisation problem,
which can be formulated as the minimal distance between a point (the origin)
and a polyhedron (the convex hull of all discrete gradients). This specific
problem has been studied, and solutions have been proposed for instance by

Wolfe in [198] (see also [75]).
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The numerical experiments presented in [16] show that the discrete gra-
dient is an efficient method for finding a stationary point. Furthermore, due
to the gradual reduction of the search radius of the direction search, this
method avoids many non minimal stationary points and even shallow local
minima. Finally, its derivative-free nature is practically advantageous over
bundle methods.

2.4.4 Other methods

Among the other methods of nonsmooth local optimisation can be mentioned:

e Nelder-Mead simplex method ([151]). This method, one of the old-
est nonsmooth methods, is based on the update of a simplex according
to the values of the function at its end points. It has been shown that
it does not always converge to a local solution (see [142, 143]), and
several variations have been proposed in [43, 109, 187].

e Trust region methods. Trust region methods are proposed as an
alternative to descent methods, where a local approximation of the
objective function is a simpler function. Various types of local approxi-
mations have been proposed (See [53, 62, 74, 80, 91, 123, 141, 148, 149]).
The most efficient trust region method for nonsmooth optimisation is
Powell’s method (see [162, 163, 164, 165, 166]). Here only values of
the objective function are used: It is shown in [166] that this method
performs well for problems with less than 160 variables.

2.5 Global methods

Objective functions usually have many local minima, some of them sensibly
higher than the global one. For such functions, local algorithms may reach
a local yet unsatisfactory solution.

Another large family of methods in the field of optimisation is the one of
the global methods: these methods guarantee a convergence towards a global
solution.

These methods cannot rely on local characteristics of the functions any-
more. Most of them are designed to work with particular types of functions,
such as Lipschitz continuous functions.

The most popular global optimisation method is the Branch and Bound
technique. This technique has been widely studied (see [85, 99, 107, 152,
168]), and is based on the idea of dividing the domain in subdomains, and
to find lower bounds to the function over each subdomain. These lower
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bounds allow the elimination of some of these subdomains by comparison
with existing solutions. Then the algorithm is applied over each remaining
subdomain. .

Another global optimisation technique is the Cutting angle method. This
method is based on the notion of abstract convexity, developed and stud-
ied in [156, 172, 174, 119, 120, 180]. The cutting angle method is then
a generalisation of the cutting planes method for abstract convexity (see
[6, 7, 17, 156, 174, 175, 176]

2.6 Heuristic methods: simulated annealing

A great majority of heuristic methods is based on the evaluation of randomly
generated points. For this reason, the solution obtained for two different runs
of the same algorithm can be different. It is almost impossible to obtain the-
oretical results on the convergence of these methods. The main difficulty in
the construction of a heuristic method resides in the way random points are
generated. The best results are usually obtained when the previous knowl-
edge is used to generate the new points.

As a rule, heuristic methods work better for discrete optimisation, where
the generation of new points is easier (the feasible set may even be finite in
the case of constraint programming). However, many heuristic methods can
also be applied to continuous optimisation. It is usually possible to define
families of heuristic methods. Such families are called metaheuristics. We
present here one of the most popular ones.

The simulated annealing method is based on an analogy with the natural
process of crystal cooling: molecules subjected to a slow decrease of temper-
ature reach the form a pure crystal, which corresponds to a state of minimal
energy. This process has been modelled in 1953 in [144] using a Monte-Carlo
method. The idea of applying an analogy with this model to optimisation
was then developed independently by Kirkpatrick in 1983 in [112] and Cerny
in 1985 in [46]. It has since then gained a great popularity, and has been
widely studied (see for example [1, 2, 31, 34, 39, 51, 55, 57, 71, 76, 77, 101,
102, 103, 106, 132, 173, 179, 189, 190, 196]).

Many good introductions to this method have been written, for instance,
see [195], and [202, chapter 2] for an exhaustive review of the literature on the
subject. For a good introduction to the application of simulated annealing
algorithms to continuous optimisation refer to [131].

Algorithm 2.4 presents a general version of the simulated annealing. Sev-
eral parameters need to be selected. Their choice is crucial for the efficiency
of the method. ‘
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Algorithm 2.4: Simulated annealing algorithm

Step 1
Step 2

Step 3
Step 4

Step 5
Step 6

select an initial point 2°, set k « 0.

select an initial temperature T°.

repeat

sample a point z°1 from the distribution Dg(.).
sample a uniform number p € [0, 1] and set:

k41

Y - yk otherwise

{ o+l if p < Ap(y, o 1)
set trq1 = Uk(tx)

record the best value met.

until Stopping criterion is met

Ay, is the probability of acceptance of a point. While in the early itera-
tions (for “high temperature” ), the tolerance should be quite large, and
most points can be accepted, the algorithm should gradually restrict it
to finally only accept descent steps.

The most commonly used function is the so called Metropolis function.

ky_ f(gk+1

Ax(y*, "1 t,) = min {1, w} :
73

Dy, is the distribution of the points at the iteration k. This is a cru-
cial function. Most continuous algorithms are based on the uniform
generation of a random direction 6, € R™ and of a random step size
8k € (0, Smax), although the step size is sometimes fixed. Constraint
programming problems may require difficult to generate feasible points.

Uy is the rate of evolution of the temperature. It is usually a decreasing
function such as try; = ati, where 0 < a < 1. The rate of descent
must be slow enough to ensure a satisfactory convergence, although too
slow a rate would compromise the efficiency.

the stopping criterion can be determined differently. Instances of ap-
plicable criteria are:

1. the number of iterations has exceeded a certain limit,

2. the “temperature” is lower than a certain value.

In a general manner, despite the good results it obtains in discrete opti-
misation, the simulated annealing method meets some difficulties for solving
continuous problems. '
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The simulated annealing method is a heuristic, and therefore there are
numerous difficulties in clearly assessing the quality of the solutions it reaches.
The convergence of the method has been studied by Locatelli among others
(see [127, 128, 129, 130] and references therein).

2.7 Hybrid methods

Hybrid methods are the most recent family of optimisation method. Their
apparition owes to the fact that current global methods are not applicable
using current technology for solving real world large problems

Often in practical situations local methods are the only alternative. In
order to improve the chances of getting a good solution, these methods are
usually run several times starting from several initial points (either randomly
chosen, or otherwise deduced from analytical considerations). Unfortunately
it is seldom possible to ensure the quality of the solution thus obtained.

On the other hand, global and even heuristic methods are too time and re-
source consuming to be reasonable options, even though they may guarantee
to reach at least a good practical solution.

An ideal method should combine the economical efficiency of a local
method with the qualitative efficiency of a global (or heuristic) one. For
this purpose hybrid methods have been designed.

A number of combinations have been proposed, most of which can fall in
one of the following categories:

1. the global search is used to escape from the results reached by the local
method.

2. the global search is inserted inside the local search in order to improve
the search properties of the local method.

3. the global method is applied as a preprocessor, in order to generate a
set of starting points for the local method.

A method of the latter category has been applied for instance in [125].
The following subsections bring more light over the other two categories.

2.7.1 Global method as an escape method

This type of hybrid method is very simple. Its core idea lies on the fact that
a global minimum is also necessarily a local one. A descending sequence of
local minima is constructed by applying at each iteration the local method,
starting from a point obtained by the global one.
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Algorithm 2.5: Hybrid method of type 1

Step 1 select an initial point zg. Set k « 0

repeat
Step 2 set k +— k+1.
Step 3 find a local minimum Z; by applying the local method starting from zj_;.

Step 4 apply the global method on the problem

minimise fr(z) = min{f(z), f(Tx}
subject to
z € R".

until a point z; € R™ such that f(zx) < f(Zx) is reached, or the stopping
criterion of the global method is satisfied.
until f(zr) = f(Zk)

This hybrid method has been implemented for instance in [23, 28, 201].
Algorithm 2.5 shows the mains steps of this type of methods.

Its great advantage is that it uses the convergence properties of the gIobaI
method. If this method guarantees the convergence to a global minimum,
then it is easy to see that algorithm 2.5 will stop when the function fi(z) is
flat. For this reason, such methods work very well on small problems.

However this method may become very time consuming, as the global
method is applied on a problem of the same size as the original one. At
least on one occasion (when the function fi is flat) is it necessary to run
the global method until its stopping criterion is met. This means that this
hybrid method may not be suitable for very large problems. -

2.7.2 Global method as an improvement of the local
search

This type of hybrid method is usually more complex to implement, as they
are inserted in the local algorithm. For this reason they often are method-
dependent. Such hybrid methods based on the simplex algorithm can be
found in [92, 93, 121, 167, 200].

Such a hybridisation based on descent methods has been developed in
[26, 27]. This method relies on a multidirectional search rather than the
usual line search. Algorithm 2.6 on the following page presents this hybrid
method.

The step lengths specified in step 5 are usually computed using the bounds
of the feasible set. The size of the problem (2.13) is exactly the cardinality
of the set Xj. This size can be as small as necessary (in practice 2 or 3).

Although no guarantee of reaching the global solution can be given, this
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Algorithm 2.6: Multidirectional search descent algorithm

Step 1 select an initial point g and set k « 0.

repeat
Step 2 find a descent direction d at point z; as well as a set of other directions
Dy,.
Step 3 set ke—k+1
Step 4 carry out a line search, reaching ;.
Step 5 For each direction d € D, find a maximum step length sg and set

Ty =Tk + 84
Step 6 let Sk be the convex hull of the points Xy {Zx,za,d € D}.

5k={y=y= >z, Y az=1}
TENk TE Xy
Step 7 use the global method to solve the problem:

minimise f(y)
Subject to (2.13)
y € Sk

Step 8 let zx be the solution of this problem
until the stopping criterion of the local method is met

algorithm works well in practice.

2.8 Large scale optimisation

Many real world problems involve a very large number of parameters to be
selected. Most of these problems can be rewritten as mathematical program-
ming problems. Unfortunately the state of the art optimisation algorithms
are not applicable to such kinds of problems.

On the other hand, the objective functions of such problems present a
particular structure. For instance this is extensively used in linear program-
ming softwares like CPLEX ([100]), where the size of the problem is reduced
by an aggressive preprocessing,.

Nonlinear problems are much more complex, and an automatic analysis
of the function and the constraints seems no longer possible. Nevertheless
a few studies have been carried out to deal with the structures of the large
dimensional problems.

The basis of most ideas in this domain is the fact that when the number of
parameters is very large, the proportion of pairs of parameters that influence
one another is small. In the smooth case, this translates to the Hessian of
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the objective function being a sparse matrix. It was studied for example in
[81, 186G]. Another idea, proposed for example in [41, 44, 45, 126, 153, 154],
is based on the construction of approximations of the Hessian of the function
using previous knowledge.

Much less has been done for nonsmooth functions. To the best of our
knowledge, only variants of the latter method has been adapted (see [83]).
This is particularly necessary for bundle methods, in order to reduce the
memory overflow specific to these methods.

2.9 Choice of the method utilised

The problems arising in data mining require a method able to solve high-
dimensional problems. Therefore out of the box global methods and heuristic
methods are not suitable for our research. On the other hand, because these
problems are nonconvex, it is necessary to select a method dealing efficiently
with nonconvex problems.

Functions in data classification and clustering are seldom differentiable.
Smooth methods of optimisation are not a good choice for such kind of prob-
lems, as their behaviour may be quite unpredictable.

The efficiency of the discrete gradient method to leave a shallow local
minimum has been shown by numerical experiments in [16, 17]. Moreover,
it has a better capacity to solve nonsmooth high dimensional problems than
Powell’s or Nelder-Mead’s methods (see [29] for comparisons), while the non
regularity of the objective functions disqualifies the cutting planes and bundle
Methods as good alternatives. Therefore this method will be used in the rest
of this thesis.

The version of the discrete gradient method selected is based on Clarke
subdifferentials rather than quasidifferentials. Although quasidifferentials
constitute a much better local approximation of the function, and many

objective functions in data analysis can be rewritten as difference of convex,

the stopping criterion for quasidifferentials (f(z) C 8f(z)) is rather difficult
to implement numerically. On the other hand the stopping criterion for
the Clarke generalised gradient (0 € 9f(z))) is much simpler to evaluate
with the incrementally constructed discrete gradient set (see algorithm 2.2
on page 59). We believe that little change will be necessary to apply the
work presented in this thesis to the quasidifferentials based discrete gradient
method.

Because the discrete gradient method is a local solver, it is necessary
to assess the results it reaches. For comparison of their quality, the hybrid
methods described in algorithms 2.5 based on the DG and on simulated an-
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nealing and 2.6 based on DG and cutting angle method will also be applied
in some occasions. The latter method as well as DG are part of the com-
mercial software CIAO-GO (see [188]). Finally come comparisons will also
be carried out with the commercial software LGO (see [158]), based on the
branch and bound method.



Part 11

Computational considerations



Chapter 3

Solving large scale nonsmooth
optimisation |

3.1 Introduction

Supervised and unsupervised learning problem formulations usually present a
recurrent difficulty: the size of the problems depend on the number of features
in the dataset. Additionally, since the goal of data analysis is to extract
information from the datasets, restricting the features is not always advisable.
This leads to large scale problems of nonsmooth nonconvex optimisation.

As a rule, large scale problems present a sparse structure: Most param-
eters are pairwise independent. Furthermore, the parameters can usually be
separated in different independent groups of parameters. We will see in this
thesis that very few, if any, data analysis problems derogate from that rule.

In case the objective function is smooth, this translates to the Hessian
being a sparse matrix. In such a case, matrix calculus can be applied (see
section 2.8 for references). ;

In the general case, though, the Hessian no longer exists, and it is nec-
essary to explore new directions for developing adapted algorithms. In this
chapter we will study large scale optimisation problems. We will introduce
the class of piecewise partially separable functions, and present an algorithm
for their minimisation. This method is based on the discrete gradient method
(see section 2.4.3). Results of numerical experiments on test functions will

be presented.

70
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3.2 Piecewise partially separable functions:
definition and examples

Let f be a scalar function defined on an open set Dy C R™ containing a
closed set D C R™.

Definition 25. The function f is called partially separable if there exists a
family of n x n diagonal matrices U;, 1 < ¢ < M such that the function f can
be represented as follows:

M

@) =3 fiUi).

i=1

Without loss of generality we assume that the matrices U; are binary,
that is they contain only 0 and 1. It is also assumed that the number m; of
non-zero elements in the diagonal of the matrix U; is much smaller than n.

In other terms, the function f is called partially separable if it can be
represented as the sum of functions of a much smaller number of variables.
If M = n and diag (U;) = e;, then the function f is separable.

Remark 14: Any function f can be considered as partially separable if we
take M = 1 and U; = I, where [ is the identity matrix. However, we consider
situations where M > 1 and m; < n,1 <7< M.

Example 11: Consider the following function
f(z) =) jmin{|zi, |z]}.
i=1

This function is partially separable. Indeed, in this case M = n,m; = 2,
UH = 1,U# = 1, all other elements of U; are zeroes for all 1 < i < n and

fi(Uiz) = min{|z;|, |z1]}.

Definition 26. The function f is said to be piecewise partially separable
(ppsf) if there exists a finite family of closed sets Dy,...,Dp such that

vy Di = D and the function f is partially separable on each set D;,1 <
1< m.

Example 12: All partially separable functions are piecewise partially sepa-
rable. '
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Example 13: Counsider the following function

160 = s >l

The function f is piecewise partially separable. It is clear that the functions
m
piz) = |mi—z,1<ji<n
i=1

are partially separable with M = n,m; = 2 and U = U” = 1 for all
1 < i < n. In this case the sets D;,1 < ¢ < n are defined as follows:

D; = {I €R™: {1011(5:) = (,Oj(l'), 1< J < ﬂ,j 7{‘- 2}

The piecewise partial separability of the function f follows from the fact that
the maximum of partially separable functions is piecewise partially separable,
which will be proved later on in proposition 17.

3.2.1 Chained and piecewise chained functions

One of the interesting and important classes of partially separable functions
is the one of the so-called chained functions.

Definition 27. The function f is said to be k-chained, & < n, if it can be
represented as follows:

n—k+1

- Z JilZss - - s Tigr—1),

i=1
where f; : R — R.

For example, if k£ = 2, the function f is:
n—1
f(z) = Zfi(%xm):
i=1

where f; : R? — R.

Remark 15: Any k-chained function is partially separable. Indeed for k-
chained functions M = n — k+ 1, m; = k and the matrices U;,1 <i < M
are defined as follows:

Ul =1i<j<i+k-1

and all other elements of U; are zeros.
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Proposition 13. Any separable function is 1-chained.

Definition 28. The function f is said to be piecewise k-chained if there
exists a finite family of closed sets Dy,. .., D,, such that U:l] D; = D and
the function f is A-chained on each set D;,;1 <% < m.

Remark 16: Any piecewise k-chained function is piecewise partially sepa-
rable. This directly follows from remark 15.

The following is an example of piecewise 2-chained function.

Example 14 (Chained Crescent I function ([140]):

f(z) = max {f1(z), fa(z)}

where
n—1

filz) = E (2F + (o — 1)+ 30— 1),
=1
n—1

faz) = Z (=27 — (zit1 — 1)* + Tig1 + 1) .

i=1
Both f; and f, are 2-chained functions. We define two sets as follows:

D, ={z € R": fi(z) > fa(x)},
D, = {z € R": fa(z) > fi(z)}.

It is clear that the sets D, D, are closed, f(z) = fi(z) for z € D; and
f(z) = fa(z) for z € D,. Furthermore Dy U Dy = D. Thus the function f is
piecewise 2-chained.

3.2.2 Piecewise separable functions

Definition 29. The function f is said to be piecewise separable if there
exists a finite family of closed sets Dj, ..., Dy, such that |J;%, D; = D and
the function f is separable on each set D;,1 <1 < m.

Proposition 14. Any piecewise separable function is piecewise 1-chained.

Proof. Since any separable function is 1-chained (proposition 13) the proof
is straightforward. ]

Corollary 2. Any piecewise separable function is piecewise partially separa-
ble.
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Proposition 15. All separable functions are piecewise separable. In this
case m = 1.

Example 15: All piecewise linear functions are piecewise separable. A func-
tion f : D — R! is said to be piecewise linear if there exists a finite family
of closed sets @1, ..., Qp such that | J/_, Q; = D and the function f is linear
on each set @;,1 < i < p. Since any linear function is separable the function
f is piecewise separable and in this case m = p.

Example 16: One of the simplest piecewise separable functions is the fol-
lowing maximum function:

_ 2
f(z) = max z;.

Here m = n and
Di={zeR":2}>13,1<j<nj#i}

f(z) = 2? for any z € D;. It is clear that JI-, D; = R™. It should be noted
that the function f is neither separable nor piecewise linear.

3.3 Properties of piecewise partially separa-
ble functions

In this section we study some properties of piecewise partially separable

functions.

Proposition 16. Let f; and f, be partially separable functions defined on the
closed set D C R™. Then the function f(z) = fi(z) + fa(z) is also partially
separable on D.

Proof. Since the functions f; and f, are partially separable there exist fam-
ilies of matrices U},1 <i < M; and U},1 < j < M, such that

My
A@) =) fulUlz),
=1

M>
fa(z) =Y foy (U} ).

j=1
Consider the following sets:

I={ie{l,...,M}: U #U2Vj €{1,...,Mp}},

J—lell,. )0z vie )y, B
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H={(j),ie{l,....,M},j€{l,..., Mo} : U} =U}}.

It is clear that for any ¢ € I there isno j € {1,..., M} such that (i,5) € H
and similarly for any j € J there is no i € {1,..., M} such that (¢,7) € H.
Then the function f can be represented as follows

f(z) = Z (f1:(Ui'z) + f2;(UFz)) + Z fi(Ulz) + ngj(szm). |

(i.j)eH iel jeJ

This function is partially separable: that is

f(z) =) fulVaa),

where M = M, + M, — card (H), the matrices Vi, 1 < k < M can be defined
as follows:
We define three sets of indices:

K= {1<k<card(H) (¢,j) e H };
Ky= {card(H)+1<k< M 1€1 ;
Kg-_— {Ml+1§k§M1+M2—card(H) jeJ },
and let
Uil = U_f k€ K;
Vk = Uil ke Kg;
U? k€ K.
and
o f]_.;(UilI) -+ ij(UEI) k € Kl;
fe(Viz) = { fri(U}'z) k € Ks;
fg_,-(sz:r:) k € Kj.

Here card (H) stands for the cardinality of the set H.
O

We say that two partially separable functions f; and f, have the same
structure if I = J = (), where I and J are defined by equation (3.1) on the
preceding page. These functions are more interesting from a practical point
of view. In this case the function f has the same structure as f; and f, and

f(z) = Z (F1:(Uiz) + f25(Ulz)).

(i,7)eH

For example, if f; and f are k-chained then the function f is also k-chained.
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Proposition 17. If f and g are piecewise partially separable (piecewise k-
chained, piecewise separable) continuous functions defined on the closed set
D, then -

1. h(z) = af(z),a € R is piecewise partially separable (piecewise k-
chained, piecewise separable);

2. h(z) = f(z)+g(x) is piecewise partially separable (piecewise k-chained,
piecewise separable);

3. h(z) = maz(f(z), g(z)), h(z) = min(f(z), 9(z)) and h(z) = |f(z)| are
piecewise partially separable (piecewise k-chained, piecewise separable).

Proof. 1. The proof is straightforward.

2. Since the functions f and g are piecewise partially separable there exist
families of closed sets

my
D{,1<i<m,|JD{=D

i=1

and s
g : 9 _
Dj{,1<j gmg,UDj =D
3=1
such that the function f is partially separable on the sets Df and the

function ¢ is partially separable on the sets Dj-’ . We define a family of
sets Qij, 1 <1 <my,1 < j < my where

Qi; =D nDJ.

It is clear that

UJ@s=D

V]
and the sets ();; are closed. Since the sum of partially separable func-
tions is partially separable we get that f + g is partially separable on
each set ();;.
The proof for piecewise k-chained and piecewise separable functions is
similar.
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3. Consider the following two sets:
P={zeD: f(z) 2 g(z)}, R ={z € D: g(z) = f(z)}.

It is clear that P, UP, = D. Since the functions f and g are continuous
the sets P, and P, are closed. We define the following families of sets:

Q=PND1<i<m,Qi=PNDI1<j<m,

These sets are closed. It can be easily shown that
mj m2
i J

h(z) = f(z),z € Q},1 <i < m, and f is partially separable on each
set Q;. Similarly h(z) = g(z),z € Q3,1 < j < my and g is partially
separable on each set Q?. Then we get that the function A is piecewise
partially separable.

Since h(z) = min(f(z), g(z)) = —max(—f(z), —g(z)) then we get that
h is piecewise partially separable. h(z) = |f(z)| = max(f(z), —f(z))
and both f and — f are piecewise partially separable it follows that the
function h is also piecewise partially separable.

Again the proof for piecewise k-chained and piecewise separable func-
tions is similar.

O

The problem of computation of Hessians of twice continuously differen-
tiable partially separable functions was discussed by many authors (see, for
example, [3, 52] and section 2.8 on page 66 for more references).

Now let us assume that the function f is partially separable and the
functions f;,1 < i < M are directionally differentiable. Then the function f
is also directionally differentiable and

M
f(z,9) = fi(Usz, Uig). (32)
i=1
It follows from this formula that if f separable then

fl(z,9) =) filzi,9:) (3.3)
i=1
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where
;+($§) if gi > 0,

fi(zi,g) =4 0 if g; = 0,
= ;_(.‘IT.;') if g; < 0.

and fi, (z;), fi_(z:) are the right and left side derivatives of the function f;
at the point z;.

Below we study the Lipschitz continuity and directional differentiability
of piecewise partially separable functions.

Let f be a piecewise partially separable function defined on the closed
convex set D C R", that is there exists a family of closed sets D;,1 < j <m
such that Ui, D; = D, f(z) = fij(z),z € D; and the functions f; are
partially separable on D;.

Proposition 18. Let f be continuous and each function f; be locally Lips-
chitz continuous on Dj,1 < j < m. Then the function f is locally Lipschitz
continuous on D.

Proof. We take any bounded subset D C D. Then there exists a subset of
indices {j1,...,Jp} C {1,...,m} such that

coDND;, #0,1<k<p.

Let L;, > 0 be a Lipschitz constant of the function f;, on the set coDN D;,,
1<k<p. Let

Lo = max Lj,.
1<k<p *

Now we take any two points z,y € D. Then there exist indices ji,, jr, €
{j1,--.,Jp} such that z € D;, andy € D;, . If k; = ko = k then it is clear
that

|f(z) = )] = |fi(z) — fu(®)| < Lillz —yl| < Lollz — yl|.

Otherwise we consider the segment [z,y] = az + (1 — @)y, @ € [0, 1] joining
these two points and define the following set:

Digy) = {z € [z,y]: 3, e{1,...,p}: 2z € Dj, ﬂDjlz}.

It is clear that in this case the set Zj;, is not empty. Then there exists a
sequence of points {z1,...,2n} C Zzy), N < p such that

LA {:E,zl}- - Djkl;
o {szy}CDjkz;
o Vi S {1, ..,N—' 1},351 = {1, . ,p} : {Zi;2i+1} c Dj!‘_.
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Then taking into account the continuity of the function f we have:

1£6) ~ 5@ = |£0) + Y (F(a) - £ - @
= )+ 3 Uale) = fi () — 3 (@

N-1

S]fjkz (y) il fjkz (zN)K + Z !fjel(zi) i szi (ZH—I)[
52 |fjrcl (2’1) . fjkl (m)l

N-1
<Ljilly — vl + > Lillzi — ziall + Ly, |22 — =

i=1

N-1
<Lo (lly —anll+ Y Nz =zl + |z — x”) :

i=1

Then, as all 2; are aligned on the segment [z, y], we get

|f(y) = f(z)| < Lolly — =||.

Since points = and y are arbitrary it follows that the function f is locally
Lipschitz continuous. O

Corollary 3. Assume that all conditions of proposition 18 are satisfied.
Then the function f is Clarke subdifferentiable.

Proposition 19. Assume that for any two points z,y € D the set Zy is
finite and all functions f;,1 < j < m are directionally differentiable. Then
the function f is also directionally differentiable.

Proof. We take any point z € D and any direction g # 0 such that = +
ag € D,a € [0,a] for some @ > 0. By the definition

) . fla+ag) - f(z)
f(z,9) = lim = :

Assume that £ € (\,cx Dk, where K C {1,...,m}. Let y =z +ag € D.
Since the set Zj; ,) is finite there exists a finite sequence of numbers ay, ...,
such that o; € (0,@) and z + @;g € Dy; N Dy,,,, 1 < j <1 and

o [z,2+ a19] C Dy, k1 € K;
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. ["‘U+u1g!y] C DA!H_I;
o Vie{l,...,l =1} : [t + aig,z + ai419]) C Dy, ,-

This implies that the segment [z,z + a19] C Dy,. Thus

f(z,9) = fi,(z,9)

It follows that if the function f is piecewise partially separable then its direc-
tional derivative can be calculated using (3.2) and if this function is piecewise
separable then its directional derivative is calculated using (3.3). O

In general piecewise partially separable functions are not regular. The
following example demonstrates it.

Example 17: Consider the function
f(z1,22) = ||z1| = |22l], (21, 22) € R?.

This function is piecewise separable. However it is not regular. Indeed, for
the direction g = (1,1) at the point z = (0, 1) we have

f'(z,9) =0 and f%(z,g) =2,

that is f'(z,g) < f%=,g).

This example shows that in general for the subdifferential of piecewise
partially separable functions a full calculus does not exist. Therefore in
many cases the computation of their subgradients is a quite difficult task.

3.4 Minimisation of piecewise partially sepa-
rable functions

In this section we will develop an algorithm for minimising one class of piece-
wise partially separable functions.
We will consider the following unconstrained minimisation problem

minimise f(z) subject to z € R" (3.4)

where the objective function f is as follows

Zma}c min fix(x) (3.5)

JEJ; keK;
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and functions fix,1 <4 < M, j € J;,k € K; are partially separable, that is
there exists a family of n x n matrices Uyjp, 1 <t < M;j, such that

M; g

fijx(z) = Z ffjk(Uijkzw)-
t=1

The function f is piecewise partially separable. If all functions f;;; are I-
chained (separable) then the function f is piecewise [-chained (piecewise
separable).

Particular cases of this function are the following:

1. The case when the sets J;,1 <4 < M are singletons

flz) = Z ilcnin fir(z). (3.6)

The clustering function (1.4) serves as an example for this type of
functions when K; = K,Vi € {1,..., M} and the functions f; are
separable.

2. The case when M =1

f(z) = maxmin f;(z). (3.7)

iel jeJ;

As we can see from example 17 even for very simple cases this type of
functions may not be regular and therefore sometimes the computation of
their subgradients is quite difficult. Therefore, methods based on function
evaluations only seem better alternatives to solve problem (3.4).

We will develop a new modified version of the discrete gradient method
(see section 2.4.3 on page 55) for solving problem (3.4). Numerical experi-
ments have shown that the first two steps (steps 3 and 4 of algorithm 2.2 on
page 59) take most of the CPU time used by the method. We will introduce
a new scheme for the calculation of discrete gradients of piecewise partially
separable functions represented as a sum of max-min functions. To calculate
the discrete gradients we use only values of the objective function. Since the
calculation of the objective function in the problem (3.4) can be expensive,
such a scheme will allow one to significantly reduce the number of objective
function evaluations.
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3.4.1 Remarks on the discrete gradient

The structure of the discrete gradient method, presented in section 2.4.3, is
suitable for being adapted to minimise piecewise partially separable func-
tions. The following preliminary remarks on the discrete gradient will be
used in this adaptation.

Remark 17: It follows from definition 22 on page 56 that for the calculation
of the discrete gradient I'(z,g,e,2,\,0),i € I(g,a) we define a sequence of
points

2, ... ,5':::_1,.’5::“, cwg B

i1

For the calculation of the discrete gradient it is sufficient to evaluate the
function f at each point of this sequence.

Remark 18: The discrete gradient is defined with respect to a given direc-
tion g € S;. We can see that for the calculation of one discrete gradient
we have to calculate (n + 1) values of the function f: at the point z and
at the points z(g,e, 2, A\, 3),0 < 7 < n,5 # 4. For the calculation of the
next discrete gradient at the same point with respect to any other direction
g* € S; we have to calculate this function n times, because we have already
calculated ¢ at the point z.

Remark 19: One can see from (2.10) on page 56 that two successive points
of the sequence

0] i—1 .41 k)

Bysa oy ly e sy iy

differ by one coordinate only. More precisely, the point z¥ can be obtained
from the point z*~! by changing only the k-th coordinate.

3.4.2 Calculation of the discrete gradients of the sum
of max-min functions

We take any point z € R™ and any direction g € S). Remark 17 implies
that for the calculation of the discrete gradient of f at z with respect to the
direction g first we have to define the sequence

i—1 i+1
SO A TR .5
It follows from remark 19 that each new point z? differs from z?~* by one co-
ordinate only. In order to calculate the discrete gradient we have to evaluate
the function f at all these points.
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The functions f;, are partially separable and they can be represented as

zjk

fljfs. Z fnk 1}.’:33:

We will call ff;, core functions. The total number of these functions is

=33 S Mo

i=1 jeJ; kek;

For one evaluation of the function f we have to compute these functions
Ny times. Since for one evaluation of the discrete gradient we compute the
function f n + 1 times the total number of computations of core functions
for one evaluation of the discrete gradient is

Nt = (’ﬂ. + I)N{)
For p € {1,...,n} we introduce
Q""’; ={te{l,..., My} : f}i; =1},
J = {t € {1 1j"k} 13!:! = 0} .

It is clear that M = ca.rcl(Q"J’“) + card (Q ) One can assume that

card (Q¥*) < card(Q k). For example, if all functions fi;; are I-chained

then s 5
cqrd(Q;;"k) < [l and card (@-;J )=2n—-1-1

If these functions are separable then
card(Q;jk) =1 and card (@;jk) =n-—1.
Then the function fi;, can be calculated at the point zP as follows:
fiie(@®) = Y fiuUgna®) + Y Fi(Uiwa™™) (3.8)
teQy" teQ*

that is we compute only functions ff,t € QJ* at the point z” and all other
functions remain the same as at the point zP~!. Thus in order to calculate
the function f at the point 2P we compute

N= Z Z Z card (Q¥*)

i=1 jeJ; keK;
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times the core functions at this point. Since card (QY*) < Mjj one can
expect that Ny < Np.
If all functions fijx, 1 <4 < M, 7 € J;, k € K; are l-chained then

M
N, = IZ Z card (K;)
i=1 jeJ;
If all these functions are separable then
M
Ny=> "% card (Kj;)
i=1 jeJ;

Thus in order to compute one discrete gradient at the point x with respect
to the direction g € S; we have to compute the function f at the points z
and z + Ag using formula (3.5) and at all other points 2,1 < p < n,p # 1
it can be computed using the simplified scheme (3.8). In this case the total
number of computations of core functions is

Nis =2No + (n — 1) N,

which is significantly less than IV; when n is large.
Now we consider one special case of functions (3.5).

Functions represented as a sum of minimum functions

We consider the following functions:

Emm fir(z (3.9)
where K = {1,...,K},z* € R",z = (z?,...,2z%) € R>*" and the functions

fir are separable
flk Z: f%jk

The function (3.9) can be derlved from the function (3.5) when
Ji={1L1<i<MK;={1,...,K}.

In order to calculate one discrete gradient of the function (3.9) we have to
evaluate functions f;;x MK (n + 1) times. However the use of the simplified
scheme reduces this number to 2M K + n — 1.
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3.5 Numerical experiments

A number of numerical experiments have been carried out using large scale
nonsmooth optimisation problems.

3.5.1 Test problems

The following test problems have been used in numerical experiments. The
description of chained problems can be also found in [83, 133, 136].
consider unconstrained minimisation problems. Below f, stands for the min-
imum value of function f.

Chained problems
Problem 1 (Chained LQ function).

n—1
= Zmax {—a:i — Tiy1, —T; — Tig1 + (mf + 3:@2+1 - 1)} o= —(n—l)\/ﬁ.

i=1
Problem 2 (Chained CB3 I function).

n—1
flz) = Zma.x {zf +271,(2—2:) + (2 — ziq1)?, 2675211} f, = 2(n—1).
i=1

Problem 3 (Chained CB3 II function).

fz) = {Z %3 +T34), Z ~ @), 2) ffx"“‘“} ,

i=1 i=1

f,k =2(n —1).

Problem 4 (Nonsmooth generalization of Brown function 2).

n—1
f@) = 3 (st 4z ), £ = 0.

i=1

Problem 5 (Chained Mifflin 2 function).

n—1
f(z) = Z (—zi +2(z? — 22,1 — 1) + 1.75|z] + 7, — 1), f. varies.
i=1
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Problem 6 (Chained Crescent 1 function).

n—1 n—1
f(z) = max {Z (22 + (@i — 1)? + 2 — 1), D (=2 — (@1 — 1)* + @i + 1)} :

i=1 i=1
fi=0.
Problem 7 (Chained Crescent II function).

n—1
f(.’B) = Zma.x {131_2 -+ (xi-i-l - 1)2 + Tiy1 — 1, "-IL'? — ($,‘,+_1 - 1)2 + Ziy1 + 1} y f* =5 1().
i=1

Problem 8 (Chained Wood function).

k
fl@) = D [100(23;_; — 22))* + (@gj-1 — 1)* +90(25;4y — Tajaa)® + (22541 — 1)°

=1
+ 10(z2j + Tajt1 — 2)* + (225 — Tajp2)?/10),
k= (n-2)/2,
£.=0.

Problem 9 (Chained Powell singular function).
k
fz) = Z [(5172;'—1 + 1025))? + 5(Taj41 — Taj42)? + (aj — 2@gj41)* + 10(zgj—1 — Taj42)’]

i=1
k=(n-2)/2,
f* = 0.

Piecewise partially separable problems

Problem 10 (PPSF CB3 I function).

n
= Z max {z{ + %, (2 — z;)? + (2 — 21)%, 2¢7%+™ } | f, = 2n.

i=1

Problem 11 (PPSF CB3 II function).

b3 n

f(m)=mw{z(wf+fﬂ?)a2((2—m=) +@2-m)? 2Z<e-f=+m} fo=2n.

i=1 i=1



Solving large scale nonsmooth optimisation

87

Problem 12 (PPSF Nonsmooth generalization of Brown function 2).

n

@) =Y (JslH + |z ) £ =0,

i=1

Problem 13 (PPSF Broyden function).

n

f@)=> 13- 2z)zi -z —za+ 1|, f = 0.

i=1

The objective functions are smooth in Problems (8), (9) and they are
piecewise partially separable in Problems (10)-(13). The latter functions are
modifications of corresponding test functions.

The code has been written in C++ and numerical experiments have been
carried out in PC Intel Pentium 4, 1.6 MHz. Their results are presented in
tables 3.1-3.4. In these tables we use the following notations:

e 7 is the number of variables;

t the CPU time in seconds;

e Ny the number of evaluations of core functions when the simplified
scheme is applied;

e Ng the number of objective function evaluations when the simplified
scheme is applied;

e N, the number of objective function evaluations without application of
the simplified scheme;

e z° and z* are the initial point and the minimiser, respectively.

We consider that starting from the point z° the algorithm succeeds if for
the final point Z the inequality

f(i‘) _‘f*

é
AETER

is true. Otherwise we say that it fails. Here the tolerance § = 1074.

In the numerical experiments for each problem and n we ran the algorithm
starting from 100 randomly chosen points. In the tables we present average
values of t, Ny, Ng and N, /Ns. In the column “Failed” we present the number



Solving large scale nonsmooth optimisation

88

flzo) = f(z*)
n t Ny Ng  Nyg/Ng Failed min max

Cliained 2000 44.30 3.23e7 1.62e4  1800.0 1.27e05 1.43e05
LQ 1500 23.60 1.84e7 1.23e4 1310.0 9.34e04 1.07e05
1000 11.40 9.28e6 9.29e3 859.0 6.32e04 7.27e04

800 8.31 6.66e6 8.34e3 686.0 4.84e04 5.80e04

500  5.18 4.10e6 8.21e3 416.0 2.99e04 3.76e04

300 3.26 2.38¢6 7.95e3 244.0 1.79e04 2.22e04

100 1.76 7.58ed 7.66e3 79.0 5.24e03 8.65e03

50  1.31 3.02ed 6.17e3 39.9 2.33e03 4.47e03

10 0.34 1.10e4 1.22e3 5.6 2.54e02 1.00e03

Chained 2000 81.20 3.26e7 1.63e4 1380.0 2.73e09 7.80e09
CB31 1500 49.00 2.13e7 1.42e4 963.0 1.86e09 6.71e09
1000 25.60 1.14e7 1.14ed 633.0 9.85e08 4.39e09

800 18.70 8.29e6 1.04ed 511.0 2.28e08 4.23e09

500 9.25 4.20e6 8.42e3 309.0 3.29e08 3.13e09

300 3.56 1.8le6 6.04e3 163.0 1.17e08 2.26e09

100 0.76 3.93ed 3.97e3 49.2 2.95e06 9.50e08

50 0.37 1.69e5 3.46e3 24.6 9.48e04 6.97e08

10 0.03 1.44ed 1.60e3 3.0 3.96e03 3.55e08

Chained 2000 40.20 2.07e7 1.03e4 1250.0 2.92e09 7.65e09 -
CB3II 1500 18.2 1.06e7 7.04e3 806.0 2.01e09 5.76e09
1000 8.22 5.19e6 5.19e3 488.0 9.61e08 4.42e09
800 5.72 3.62e6 4.53e3 385.0 7.16e08 3.84e09
500 2.93 1.87e6 3.76e3 243.0 3.73e08 2.99e09
300 1.50 9.44ed 3.16e3 150.0 5.76e07 2.39e09
100 0.50 2.37ed 2.39e3 54.0 1.05e07 1.40e09
50  0.29 9.83e4 2.01e3 26.2 1.19e05 1.06e09
10 0.02 1.03e4 1.15e3 3.9 4.38e03 2.42e08

COO00OCOoOOC | o000 oo |locoDo oo O

Table 3.1: Results for piecewise chained functions

of failures of the algorithm. We also present the minimum and maximum
values of the difference f(z°) — f(z*) in order to demonstrate how far the
initial points are from the solution.

Figures 3.1 and 3.3 show the dependence of Ng on the number of variables
n for piecewise chained and piecewise partially separable functions, respec-
tively and figures 3.2 and 3.4 show the dependence of N,/Ng on the number
of variables n for these functions.

As one can see from tables 3.1 - 3.4 the proposed algorithm allows us to
solve all problems with a given accuracy except problem 4 (with n = 2000),
Problem 6 (with n = 1000, 2000), problem 7 (with n = 100 — 2000) and
problem 13 (with n = 800, 1000, 1500, 2000). However, it should be noted
that all problems have been solved with accuracy e = 1072, In the numerical
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fzo) — f(z7)

n t Ny Ns  Ny/Ng Failed min max
Chained 2000 76.60 1.79e7 8.94e3  1850.0 5 8.86e02 9.37e02
generalised 1500 32.30 7.76e6 5.18¢3  1360.0 0 6.56e02 7.09e02
Brown 2 1000 15.30 3.83e6 3.84e3 874.0 0 4.35e02 4.77e02
800 9.75 2.50e6 3.12e3 689.0 0 3.49e02 3.77e02
500 4.91 1.15e6 2.30e3 425.0 0 2.14e02 2.42e02
300 3.24 5.78e5 1.93e3 250.0 0 1.28¢02 1.45e02
100 1.57 1.38ed 1.39%e3 82.1 0 4.02e01 4.99e01
50 2.48 b5.56ed 1.14e3 40.3 0 1.86e01 2.64e01
10 0.03 4.53e3 5.03e2 6.6 0 2.39e00 5.87e00
Chained 2000 10.70 8.84e6 4.42e3  1840.0 5 1.27e05 1.43e05
Crescent I 1500  5.51 4.72¢6 3.15e3  1350.0 3 9.48e04 1.09e05
1000 2.45 2.23e6 2.23e3 875.0 0 6.26e04 7.05e04
800 1.71 1.56e6 1.95e3 692.0 0 4.87e04 5.72e04
500 099 B8.62eH 1.73e3 428.0 0 2.93e04 3.60e04
300 0.62 4.54eb 1.52e3 256.0 0 1.78e04 2.30e04
100 0.30 1.19e5 1.20e3 82.9 0 5.37e03 8.04e03
50 0.23 5.18e4 1.06e3 40.5 0 2.33e03 4.47e03
10 0.03 5.78¢3 6.42e2 6.7 0 2.83e02 9.95e02
Chained 2000 25.80 2.15e7 1.08e4 1760.0 100 1.27e05 1.41e05
Crescent II 1500 11.20 1.07e7 7.17e3 1250.0 99 9.40e04 1.06e05
1000 4.45 b5.14e6 5.15e3 779.0 100 6.20e04 7.23e04
800 2.83 3.62e6 4.53e3 606.0 98 4.96e04 5.86e04
500 1.30 1.84e6 3.69e3 361.0 99 3.01e04 3.64e04
300 0.70 8.95eb 2.99e3 207.0 97 1.76e04 2.25e04
100 2.48 2.53e5 2.55e3 71.2 61 5.11e03 8.56e03
50 0.50 1.25e5 2.55e3 39.1 0 2.31e03 4.46e03
10  0.26 7.51e3 8.34e2 6.0 0 2.61e02 9.23e02

Table 3.2: Results for piecewise chained functions
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f(zo) — f(z*)

n t Ny Ns  Ny/Ng Failed min max
Chained 2000 85.20 7.18e7 3.59¢e4 1700.0 0 4.69e05 5.16e05
MifHin 1500 63.50 6.73e7T 4.49e4 1140.0 0 3.48¢05 3.91e05
1000 22.50 2.83e7 2.83ed 708.0 0 2.2905 2.68e05
800 14.00 1.83e7 2.29e4 549.0 0 1.84e05 2.11e05
500 6.13 B8.08¢6 1.62e4 331.0 0 1.13e05 1.33e05
300 3.15 3.73e6 1.25ed 198.0 0 6.61e04 B.37e04
100 1.60 7.97e5 8.05e3 75.0 0 1.76e04 3.10e04
50 1.65 3.37e5 6.88e3 40.0 0 8.59e03 1.81e04
10 0.91 1.39e4 1.54e3 6.0 0 9.15e02 3.84e03
Chained 2000 62.00 4.27e7 2.14e4 1290.0 0 3.31e08 3.86e08
Wood 1500 34.20 2.44e7 1.63ed 844.0 0 2.49e08 3.05e08
1000 19.20 1.26e7 1.26ed 466.0 0 1.62e08 1.99e08
800 14.00 8.77e6 1.10e4 345.0 0 1.22e08 1.72e08
500 13.20 4.39¢6 8.79%3 201.0 0 7.79e07 1.11e08
300 10.40 2.25e6 7.5le3 117.0 0 4.20e07 6.59e07
100 11.40 6.19e5 6.25e3 40.6 0 1.08e07 2.77e07
50 11.10 2.73e5 5.57e3 22.7 0 4.35e06 1.28e07
10 0.29 2.75e4 3.05e3 3.7 0 5.70e04 3.18e06
Chained 2000 24.10 1.53e7 7.64e3 1040.0 0 1.48¢08 1.88e08
Powell 1500 13.90 9.13e6 6.09e3 658.0 0 1.10e08 1.52e08
singular 1000 8.89 5.29e6 5.30e3 402.0 0 7.19e07 1.01e08
800 13.00 4.13e6 5.17e3 325.0 0 5.08¢07 8.58e07
500 6.42 2.52e6 5.04e3 219.0 0 3.36e07 5.68e07
300 5.72 1.67e6 5.58e3 142.0 0 1.78e07 3.67e07
100 5.69 5.40ed 5.45e3 444 0 4.33e06 1.36e07
50 544 2.24e5 4.58e3 21.6 0 1.26e06 7.62e06
10 0.21 3.79e4 4.22e3 3.3 0 2.49e04 1.77e06

Table 3.3: Results for piecewise chained functions
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f(zo) — f(=*)

n t Ny Ng Ny/Ng Failed min max
PPSF 2000 51.20 3.87e¢7 1.94ed 854.0 0 3.82e06 8.07el0
CB31 1500 27.50 2.19e7 1.46e4 605.0 0 2.80e06 7.70el0
1000 12.90 1.07e7 1.07ed 384.0 0 1.88e06 2.93el10
800 9.26 7.85e6 9.82e3 298.0 0 1.49e06 3.99e10
500 493 4.26e6 8.53e3 178.0 0 9.11e05 2.00el0
300 2,71 2.28e6 7.63e3 103.0 0 5.17e056 1.89el10
100 1.57 5.24e5 5.29e3 30.5 0 1.33e05 5.91e09
50 2.26 2.0leb 4.09e3 15.5 0 6.04e04 3.07e09
10 0.04 1.50ed 1.67e3 3.3 0 3.00e03 9.64e07
PPSF 2000 24.40 2.12e7 1.0Ged 777.0 0 3.74e06 9.08el0
CB3 II 1500 11.70 1.08e7 7.20e3 540.0 0 2.76e06 6.83el0
1000 5.62 5.35e6 5.36e3d 341.0 0 1.84e06 2.67el0
800 4.14 3.98e6 4.98e3 261.0 0 1.47e06 3.80el0
500 2.24 2.17e6 4.35e3 163.0 0 9.04e05 2.08el0
300 1.29 1.31e6 4.36e3 97.1 0 5.08e056 1.93el0
100 0.86 9.97eb 1.0led 29.8 0 1.36e05 3.98e09
50 0.25 1.99e¢5 4.05e3 15.6 0 7.76e04 2.09e09
10 0.02 1.08e4 1.19e3 3.4 0 3.68e03 4.93e08
PPSF 2000 79.60 3.T4e7 1.87ed 975.0 3 5.00e02 1.32e03
generalised 1500 39.80 1.94e7 1.30e4 724.0 0 4.01e02 9.97e02
Brown 2 1000 16.30 8.22¢6 8.23e3 473.0 0 2.47e02 6.59e02
800 10.70 5.38e6 6.74e3 376.0 0 1.97e02 5.27e02
500 5.10 2.40e6 4.81e3 232.0 0 1.24e02 3.23e02
300 3.60 1.24e6 4.13e3 138.0 0 7.74e01 1.98e02
100 2.98 2.74eb 2.77e3 45.9 0 2.28e01 6.68e01
50 2.89 1.0led 2.07e3 23.0 0 1.23e01 3.41e01
10 0.02 6.21e3 6.89e2 4.7 0 1.50e00 6.79e00
PPSF 2000 54.50 6.18e7 3.09e4d 525.0 93 1.25e07 2.21e07
Broyden 1500 19.10 2.44e7 1.63e4d 329.0 82 8.85e06 1.72e07
1000 8.41 1.16e7 1.16ed 199.0 32 6.25e06 1.10e07
800 5.59 7.99e¢6 1.00ed 164.0 8 5.05e06 8.75e06
500 2.48 3.32¢6 6.66e3 109.0 0 2.62e06 5.73e06
300 1.32 1.58e6 5.29e3 70.9 0 1.75e06 3.35e06
100 0.57 2.96e5 2.99e3 26.5 0 5.27e05 1.36e06
50 0.62 1.26e5 2.56e3 14.0 0 2.39e05 6.85e05
10 0.06 1.60ed 1.78e3 3.1 0 1.05e04 1.95e05

Table 3.4: Results for piecewise partially separable functions
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Figure 3.1: Average number of function evaluations for piecewise chained
functions

experiments we restricted the maximum number of discrete gradients which
can be calculated at each iteration to 200. In all these problems in order to
calculate solutions with higher accuracy we have to significantly increase this
number. But in this case the CPU time may increase substantially.

Results for CPU time reported in the tables demonstrate that the algo-
rithm is quite fast to find solutions with the given accuracy in problems up
to 2000 variables.

The numbers presented in columns for the minimum and maximum values
of the difference f(z°) — f. show that randomly chosen initial points are not
close to the solutions for almost all problems and all n. Therefore one can
assert that the number of objective function evaluations Ng is moderate for
all problems and n. We can also see from figures 3.1 and 3.3 that the number
Ng is almost a linear function of the number of variables for all problems for
which the algorithm was successful.

The ratio N,/Ng increases as the number of variables increases. Figures
3.2 and 3.4 demonstrate that this ratio is a linear function of the number of
variables and N,/Ns ~ an where o = 0.30 + 0.95.
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Figure 3.2: Average ratio of the number of function evaluations for general
scheme to simplified scheme for chained functions

3.6 Conclusion

In this chapter we have developed an algorithm for solving one class of large
scale nousmooth optimisation. This class contains piecewise partially sepa-
rable functions. These functions have many practical applications including
applications in data mining and information retrieval. The algorithm for
minimisation of these functions is the modification of the discrete gradient
method. It has been shown that the calculation of discrete gradients can be
significantly accelerated. We present results of numerical experiments which
demonstrate that the proposed algorithm is effective for solving many large
scale nonsmooth optimisation problems up to 2000 variables.

As it was pointed out above in this chapter the discrete gradient method
consists of three major steps: the computation of the discrete gradients, the
computation of a descent direction by solving a certain quadratic program-
ming problem and a line search. The simplified scheme proposed in this
chapter allows one to significantly accelerate the computation of the discrete
gradients. However, the acceleration of two other steps taking into the struc-
ture of large scale problems may lead to a more efficient algorithm and its
application to a broad class of large scale nonsmooth optimisation problems.
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Chapter 4

Minimisation algorithms for
data analysis problems

4.1 Introduction

Optimisation based formulations of data analysis problems present very gen-
erally the same shape: due to the discrete nature of the sets of n-dimensional
points representing the datasets, the objective functions are usually based on
a set of operators, such as:

sumn over the elements of the dataset;
maximum or minimum over the elements of the dataset;
product over the elements of the dataset.

In the case of the sum, the maximum and the minimum, it has been shown
in proposition 17 on page 76 that these functions conserve the partial piece-
wise separability. Functions taking the form of a product are encountered
very seldom, and can be transformed using the logarithm operator.

4.2 Solving the Max-Min separation problem

In this section we discuss an algorithm for minimisation of the error function
(1.25) on page 34.
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4.2.1 Statement of problem

The problem of the max-min separability is reduced to the following mathe-
matical programiming problem:

minimise f(x,y)
subject to (4.1)
(SB,‘y) c R{n+l)><£

where the objective function f has the following form:

f(z,y) = filz,y) + f2(z,7)

and
1 « _
i : S A Ny
filz,y) = = ;max lO, mex min {(27,0") —y; + 1}] ; (4.2a)
1o , " s
falz,y) = - t:Zl:ma.}c [D, min max {—(z7, 0" +y; + 1}] : (4.2b)

The problem (4.1) is a global optimisation problem. However, the number
of variables in this problem is large and the global optimisation methods
cannot be directly applied to solve it. Therefore we will discuss algorithms
for finding local minima of the function f.

The functions f; and f, are nonconvex piecewise linear. These functions
are Lipschitz continuous and consequently subdifferentiable in the sense of
Clarke (see definition 18 on page 51). Moreover, both functions are semis-
mooth (see definition 16 on page 50). Therefore the function f is also subd-
ifferentiable. The function f; contains the following max-min functions:

o1z, y) = s_&x}réi}; {{(e7,a") —y; +1},1<k<m

and the function f; contains the following min-max functions:

oz, y) = I?Ei}lrjg\lgaf{——(m’,b*) +y;+1},1<t<p.
The differential properties of max-min functions are studied, for example, in
[58, 160]. The functions @1, 1 < k < m and ¢y, 1 < ¢t < p are not regular
(see definition 20 on page 51). Then the functions fi, f, and consequently the
function f are not regular, too. Therefore the calculation of subgradients of
the function f is a difficult task. This implies that the methods of nonsmooth
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optimisation which use subgradients at each iteration seem not to be effective
for solving problem (4.1).

In the paper [111] optimisation problems with twice continuously differ-
entiable objective functions and max-min constraints were considered and
these problems were converted to problems with smooth objective and con-
straint functions. However, this approach cannot be applied to the problem
(4.1), because the function f contains not only max-min-type functions but
also min-max-type functions.

In order to provide an efficient algorithm for minimising the error func-
tion, the scheme presented in section 3.4 on page 80 will be applied.

4.2.2 Differential properties of the objective function
Proposition 20. The function f is semismooth.

Proof. The sum, the maximum and the minimum of semismooth functions
are semismooth (see [146]). A linear function, as a smooth function, is semis-
mooth. Thus the function f which is the sum of functions represented as the
maximum of (0 and max-min of linear functions, is semismooth. O

4.2.3 Calculation of the discrete gradients of the ob-
jective function

Due to their piecewise linearity, it is quite clear that functions f; and f; de-
fined in (4.2a) and (4.2b) on the preceding page are piecewise separable. The
objective function of problem (4.1), as their sum, is thus piecewise separable.
The scheme proposed in section 3.4.2 can therefore be applied on this
function.
The objective function f depends on (n + 1)! variables where [ is the
number of hyperplanes. The function f; contains max-min functions ¢y,

1(2,y) = maxmingyi(z,y), 1 <k <m
where ‘
Yik(z,y) = (2?,a") —y; + 1,j € Ji € L.
We can see that for every 1 < k < m, each pair of variables {z7,y;} appears

in only one function ¥ .
For a given 1 < i < (n+ 1)l we set

$—1 _
w= ||+ 1d=i- @D D)
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We define by X the vector of all variables {z7,y,;},1 < j < :
X = (XI:XZ: va. :X['n.—!-l)l)

where _
zg if 1<d; <n,

A= g Hd=ntl

We use the vector of variables X to define a sequence
X0, Xt xt xHDl e 0) g e R

as in remark 17 on page 82. It follows from (2.10) that the points X!
and X; differ by one coordinate only. This coordinate appears in only one
linear function 4. It follows from the definition of the operator H! that

X! = X} and thus this observation is also true for X;*'. Then we get

Yuk(X7) = Yun(X; ), V5 # 6.

Moreover the function 14, can be calculated at the point X} using the value
of this function at the point X} i > 1:

i Yigk(X7TY) — z(N)afe(B) if1<d; <n,
Yl Xi) = O 4 2 (Wel)  Fd =t L.

In order to calculate the function f at the point X7, > 1 first we have
to calculate the values of the functions 114, for all a* € A,1 < k < m using
(4.3). Then we update f; using these values and the values of all other linear
functions at the point X;™' according to (4.2a). Thus we have to apply a
full calculation of the function f; using the formula(4.2a) only at the point
X2 =X+ \g.

Since the function f, has a similar structure as f; we can calculate it in
the same manner using a formula similar to (4.3).

Thus for the calculation of each discrete gradient we have to apply a full
calculation of the objective function f only at the point X = X +\g and this
function can be updated at the points X}, > 1 using a simplified scheme.

We can conclude that for the calculation of the discrete gradient at a
point X with respect to the direction g° € S; we calculate the function f at
two points: X and X = X + A\g°. For the calculation of another discrete
gradient at the same point X with respect to any other direction g' € S; we
calculate the function f only at the point: X + Agl. _

Since the number of variables (n+1)l in the problem (4.1) can be large this
algorithm allows us to significantly reduce the number of objective function
evaluations during the calculation of a discrete gradient.

(4.3)
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On the other hand the function f; contains max-min-type functions and
their computation can be simplified using an algorithm proposed in [70]. The
function fs contains min-max-type functions and a similar algorithm can be
used for their calculation.

Results of numerical experiments show that the use of these algorithms al-
lows one to significantly accelerate the computation of the objective function
f and its discrete gradients.

4.3 Solving the clustering problem

Problem (1.4) on page 15 is a nonsmooth optimisation problem. It is very
difficult to adapt the simplified scheme to the general form of these func-
tions, since the dissimilarity measure can take any form. We will present
here a scheme for minimising the cluster function when the dissimilarity is
measured using a Minkowski metric (see formula 1.1 on page 12). Since the
objective functions in these problems are represented as a sum of minimum of
norms they are Lipschitz continuous. Moreover they are piecewise partially
separable functions, and the scheme presented in section 3.4 on page 80 can
be applied.

4.3.1 Differential properties of the objective functions

Since function f from (1.4) is locally Lipschitz continuous they are subdif-
ferentiable.

Proposition 21. The function f is semismooth.

Proof. The sum and the minimum of semismooth functions are semismooth
(see [146]). A norm as a convex function is semismooth. Then the function
f which is the sum of functions represented as the minimum of norms is
semismooth. g

The objective function is clearly piecewise partially separable, as the sum
of minima of smaller functions.

4.3.2 Calculation of the discrete gradients of the ob-
jective function of the clustering problem

The objective function f of the problem (1.4) depends on n X g variables
where ¢ is the number of clusters. This function is represented as a sum of
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min-type functions

where

with 8 = %, and
k(3
(@) = ) |ah — ailP.
u=1

It should be noted that the functions 7;; are separable. We can see that for
every 1 < i < m, each variable 27 appears in only one function 7;;.
For a given 1 < k < ng we set

P = {%EJ + 1L dp=k— (ry — 1)n.

We define by X the vector of all variables 27,1 < j < ¢:
X = (X]_,Xz, wleially -X'-m;)

where
— Tk
B T -

We use the vector of variables X to define a sequence
XP,...,X:_IIX:-I-I,...,X?QJIE I(g,a),gE]an

as in remark 17. It follows from (2.10) that the points X' and XF differ
by one coordinate only (0 < k < ng,k # t). For every 1 < ¢ < m this
coordinate appears in only one function 7;,,. It follows from the definition
of the operator H that X} = X}~ and thus this observation is also true for
X1, Then we get
M6 (XE) = g (XET)IVG # 7

which means that when we change the k-th coordinate of the point X only
one function (namely the function 7, ) changes its value.

Moreover the function 7;,, can be calculated at the point X} using the
value of this function at the point X! k> 1:

Tire(XY) = Mire (XE70) + |agy + 2(N)er(B) — ag, [P — oG — ag, [P (44)
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Because 7 is separable, only one term in the sum changes. Thus we need
to add the new term, and subtract the old one. For p = 2, (4.3) can be
simplified as follows

Tire(XE) = Min (XE™) + 2(N)ex(B) (223 + 2(N)ew(B) — 2a3,) -

In order to calculate the function f at the point X}, k > 1 first we have to
calculate the values of the functions 7, for all a* € A,1 < i < m using
(4.3). Then we update f using these values and the values of all other
functions 7,4, j # 71 at the point XF1 according to (1.4). Thus we have to
apply a full calculation of the function f using the formula(1.4) only at the
point X? = X + Ag. Hence for the calculation of each discrete gradient we
have to apply a full calculation of the objective function f only at the point
X? = X + Ag and this function can be updated at the points X{‘, k > 1 using
a simplified scheme.

We can conclude that for the calculation of the discrete gradient at a
point X with respect to the direction g° € S; we calculate the function f at
two points: X and X = X + Ag". For the calculation of another discrete
gradient at the same point X with respect to another direction g' € S; we
calculate the function f only at the point: X + Ag!.

Since the number of variables ng in the problem (1.4) can be large this
algorithm allows one to significantly reduce the number of objective functlon
evaluations during the calculation of a discrete gradient.



Part 111

Data analysis methods



-Chapter 5

Classification using Max-Min
separability

In this chapter we present an application of the max-min separation to solve
data supervised classification problems. Numerical experiments on real world
datasets are presented.

5.1 Supervised data classification via max-
min separability

We are given a dataset A containing a finite number of points in R™. This
dataset contains d disjoint subsets Ay, ..., Ay where A; represents a training
set for the class 2. The aim of supervised data classification is to establish
rules for the classification of new observations using these training subsets of
the classes. This problem is reduced to d set separation problems.

Each of these problems consists in separating one class from the rest of
the dataset. To separate the class ¢ from all others, we separate sets A;
and U#i A;, with a piecewise linear function by solving problem (1.25) on
page 34.

One of the important questions in supervised data classification is the
estimation of performance measure. Different performance measures are_ dis-
cussed in [185). When the dataset contains two classes the classification
problem can be reduced to only one separation problem, therefore the classi-
fication rules are straightforward. We consider that the separation function
obtained from the training set, separates the two classes.

When the dataset contains more than two classes we have more than
one separation function. In our case for each class ¢ of the dataset A we
have one piecewise linear function ¢; separating the training set A; from all
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other training points Uj +; Aj. We approximate the training set A; using the
following set

A; ={a e R": pi(a) < 0}.

Thus we get the sets A, . .., Ay which approximate the training sets Ay, ..., Aq,
respectively. Then for each 7 € {1,...,d} we can consider the following two
sets:
d
A? = Aiajg = U AJ'
j=Li#i

Figure 5.1: Classification using max-min separability

These two sets define the following four sets (see figure 5.1):
1. A9n (R™\AY)

2. (R"\A9) N A7

3. A A}
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4. (R™\A9) N (R™\A?)

If a new observation a belongs to the first set we classify it in class 1, if it
belongs to the second set we classify it not to be in class ¢. If this point
belongs to the third or fourth set in this case if p;(a) < minj<j<q i j(a)
then we classify it in class i, otherwise we classify it not to be in class i.

In order to evaluate the classification algorithm we use two performance
measures. First we present the average accuracy (ap. in tables 5.1 and 5.2)
for two classes classification (when one particular class is separated from all
others) and the multi-class classification accuracy (@m. in tables 5.1 and 5.2)
as described above. First accuracy is an indication of separation quality and
the second one is an indication of multi-class classification quality.

5.2 Results on large datasets

5.2.1 Datasets

The datasets used are the Shuttle control, the Letter recognition, the Landsat
satellite image, the Pen-based recognition of handwritten and the Page blocks
classification databases.

5.2.2 Results and discussion

Our algorithm has been implemented in C++ on a Pentium 4 1.7 GHz. We
took X = 0 € R™+1) a5 a starting point for solving each separation problem
(1.25). The parameters in the calculation of the discrete gradient for all
iterations k and all separation problems were chosen as follows: zp(A\) =
At =3+ 35, Mig1 = 050,00 = 09,6 = 1. At each iteration of the
discrete gradient method the line search is carried out by approximation of
the objective function using univariate piecewise linear function (see [14]).
In each separation problem (1.25) all J;,% € I have the same cardinality.

Results of numerical experiments are presented in tables 5.1 and 5.2. In
these tables fet eval and DG eval show respectively the average number of
objective function evaluations and of discrete gradient evaluations required
to solve an optimisation problem.

From the results presented in these tables we can see that the use of the
max-min separability algorithm allows us to achieve a very high classification
accuracy for both training and test phases. Results on training sets show
that this algorithm provides a very high quality of separation between two
sets. In our experiments we used only large-scale datasets. Results on these
datasets show that a few hyperplanes are sufficient to separate efficiently
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sets with large numbers of points. Since we use a derivative-free method
to solve problem (1.25) the number of objective function evaluations is a
significant characteristic for estimation of the complexity of the max-min
separability algorithm. Results presented in tables 5.1 and 5.2 confirm that
the proposed algorithm is effective for solving classification problems on large-

scale databases.

Training Test
[l | A9e " Qoe ame fct eval DG eval
Shuttle control dataset
1 1 9761 97.22 97.53 97.00 925 615
2 1 99.44 97.56 99.41 97.42 2148 1676
3 1 99.61 97.57 99.59 97.50 1474 968
2 2  99.68 99.06 99.68 99.07 2723 2196
3 2 99.75 99.67 99.73 99.53 2663 2079
3 3 100.00 99.87 99.97 99.84 2108 1493
Letter recognition dataset
1 1 88.44 84.09 88.61 85.42 628 336
2 1 94.09 90.29 93.86 92.52 1646 926
3 1 96.29 96.03 96.12 95.08 2902 1707
2 2 95.73 94.15 95.53 94.76 2950 1816
3 2 9747 97.25 97.18 9520 3778 2382
3 3 97.59 096.69 97.256 94.56 4017 2544
Landsat satellite image dataset
1 1 85.63 68.46 84.83 83.35 990 606
2 1 9452 94.22 92.89 90.30 3178 2075
3 1 94.83 91.52 93.10 89.05 4082 2618
2 2 95.02 93.78 93.49 89.50 3951 2556
3 2 9496 93.80 93.61 89.65 4125 2625
3 3 95.79 91.00 94.07 82.30 4687 2991

Table 5.1: Results of numerical experiments with Shuttle control, Letter

recognition and Landsat satellite image datasets
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Training Test
7| |J]  ag Qyne Age ame fct eval. DG. eval.

Pen-based recognition of handwritten dataset

1 1 9727 96.74 96.43 92.37 1597 1146
2 1 9931 9944 98.33 96.14 2607 1852
3 1 99.79 99.92 98.89 96.20 3040 2220
2 2 99.80 99.95 98.99 96.03 3083 2306
3 2 99.83 99.87 99.12 95.88 1806 1268
3 3 99.73 99.88 98.96 95.80 2693 1966
Page blocks dataset
1 1 96.57 92.30 92.29 B81.26 5234 3511
2 1 96.93 94.63 93.10 87.17 4359 2840
3 1 97.22 95.28 92.71 86.08 4865 3197
2 2 9745 9550 93.09 85.54 5737 3618
3 2 9745 9583 93.39 85.61 5289 3189
3 3 97.95 96.28 93.85 85.95 4918 3224

Table 5.2: Results of numerical experiments with Pen-based recognition of
handwritten and Page blocks datasets

5.3 Restrictions to the current model

The piecewise linear separation is a very powerful tool which has a number of
advantages over the other separation methods. More general than the linear
and the polyhedral separations (of which it can be seen as a generalisation),
it does not require any assumption made on the distribution of the points,
like the Support Vector Machines. If one had to make an analogy between
these two methods, one could see the piecewise linear separation as a linear
approximation of the separating function, which as rough as it may be, is
certainly preferable to an erroneous hand-made approximation proposed in
the SVM. It has been shown that the only condition for two sets to be
piecewise linearly separable is that they have to be disjoint.

Nevertheless, a number of improvements are needed for this method to
be even more powerful. The optimisation problem associated with the piece-
wise linear separation is a complicated one, with a nonconvex, nonsmooth
objective function, with a large number of local minima when the number of
hyperplanes is large enough. Global methods of optimisation are generally
not efficient to solve this problem for real world large scale datasets, and
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therefore only local methods like the discrete gradient method can be used.
It is crucial to be able to find a good initial point, in order to avoid this
method to get trapped in a shallow local minimum. Such initial points must
be guessed from the structure of the dataset, and one idea may be to use the
piecewise linear separation via clustering presented in section 1.3.7.

The other crucial point is the guess of the number of hyperplanes needed
for the separation. If not enough hyperplanes are used, then the separation
will be ineffective. If too many hyperplanes are computed, the problem be-
comes very large, and the number of local minima increases without use for
it. For the problem of clustering, we will present an approach (see section 6.3
on page 111) where incremental algorithms are developed to evaluate auto-
matically how many clusters are needed. An incremental solution seems to
carry much hope in the case of the piecewise linear separation, as this solu-
tion also solves the problem of the initial point. However the cluster function
(1.4) only contains mins of functions, and adding a new centre to an existing
solution can not increase the function value. Meanwhile, the Maxmin sep-
arability function (1.25) contains max, and adding a new hyperplane may
increase the value of the function, making it more difficult to obtain a con-
vergent algorithm.

5.4 Conclusion

In this chapter the max-min separability has been presented. It has been
proved that this method can successfully discriminate disjoint finite sets of
points, using a max-min of linear functions.

One main application of this algorithm is the data classification, and nu-
merical experiments were carried out on large size real world dataset, demon-
strating the effectiveness of this algorithm.

The max-min classification offers advantages over other nonlinear sepa-
rating methods such as the support vector machine, in that they are not
based on any assumption over the distribution of the points in the plane.

Nevertheless, this method necessitates a number of improvements. Firstly,
the number of hyperplanes is usually not known in advance. It is therefore
necessary to develop a method to find automatically the number of hyper-
planes. Problem (1.25) is a global optimisation problem. When the number
of hyperplanes is higher than 1, it is nonconvex. As most global methods are
computationally not effective for solving this problem in large scale datasets,
a local algorithm was developed, and therefore it is crucial to compute a
good starting point, in order to improve the computational efficiency and
the classification accuracy.



Chapter 6

Solving the clustering problem

6.1 Introduction

The clustering problem as formulated in (1.4) in section 1.2 on page 9 has
been widely studied. For small datasets (containing few clusters and few
features), it may be possible to apply global optimisation methods, but in
general it is not possible. The piecewise partial separability of the objective
function of this problems allows us to apply a scheme on the discrete gradient
method, in order to find very efficiently a local minimum of this function.

Unfortunately there can be no guarantee that a “false” solution, under
the form of a shallow local minimum, will be avoided. Therefore it is crucial
to design techniques which ascertain that at least a good solution will be
reached.

In this chapter we will describe two techniques. These techniques differ
in their approach of the problem, and we will discuss the advantages and
disadvantages of both.

6.2 A class of sum-min functions

6.2.1 Functions represented as the sum of minima of
convex functions

Consider finite dimensional vector spaces R* and R™. Let A C R"™ be a
finite set and let k£ be a positive integer. Consider a sum of minima of convex
functions (SMC) F' defined on (R™)* by

F(:E]! e 1Ik) = I%igk(tpk(mki a’))? (61)
a€A T T

109



Solving the clustering problem

110

where = — @;(z,a) is a convex function defined on R™ (1 < i < k,
a € A). We do not assume that this function is smootlh. Let us denote the
class of functions of the form (6.1) by F. -

This class of functions is a subclass of the cluster function (1.4) on page 15,
where the dissimilarity is convex. Notwithstanding noticeable exceptions (as
in the design of telecommunication networks), this is generally the case.

6.2.2 Some properties of SMC functions
Let F € F, that is F' has the form (6.1). Then F enjoys the following

properties:

e F is quasidifferentiable (see section 2.2.3 on page 52). Moreover, F'
is DC (the difference of convex functions). Indeed, we have (see for
example [60, p. 108]):

F(x) = fi(z) — fao(z), B=2 (B vyl

where .
Al®) =YY" wilzi,a)
a€A i=1
fo(z) =) max Y j(zj,0)
eA j#i

Both f; and f are convex functions. The pair DF(z) = (0f1(z), —0f2(z))
is a quasidifferential of F' at a point z. Here Of stands for the convex
subdifferential of a convex function f.

e Since F'is DC, it follows that this function is locally Lipschitz.
e Since F' is DC it follows that this function is semi-smooth.

e Since F' is locally Lipschitz, it is subdifferentiable in the sense of Clarke
(see section 2.2.2 on page 51).

e Since F' is semismooth, the discrete gradient method can be applied.

e The function F'is a piecewise partially separable function (see chapter 3
on page 70). As a sum of minimum functions, the scheme described in
section 3.4 on page 80 can be applied. Such a scheme has been detailed
for Minkowski metrics (see equation (1.1) on page 12) in section 4.3 on
page 99.
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6.3 Step by step approach to clustering

Basis of the approach

Although the optimisation problem (1.4) on page 15 is in general nonconvex,
it should be noticed that there is convexity when only one cluster is sought.
In this case, the solution reached by the discrete gradient method is the
optimal one.

On the other hand, in practical situations, it is often impossible to fix
the number of clusters in advance. This means that several options should
be tried until a satisfactory solution is reached.

The core idea of the step by step approach is to combine these two facts
by adding the clusters one by one, while updating the sets of existing clusters.

The method

Algorithm 6.1: An algorithm for solving the clustering problem

Step 1 Initialisation. Select a tolerance € > 0.
Select a starting point z° = (zJ,...,22) € R" and solve the minimisation
problem (1.4) for ¢ = 1.
Let z'* € R™ be a solution to this problem and f** be the corresponding
objective function value.
Set k= 0.
repeat
Step 2 setk—k+1
Step 3 Computation of the next cluster centre. Select a starting point y° € R™
and solve the following minimisation problem:

minimise f*(y)

subject to (6-2)
y R
where
m 5 .
FA) =Y min{[lz"* —a'|,..., |2 —a'3, ly - a'l3} . (63)
i=1
Step 4 Refinement of all cluster centres. Let y*+* be a solution to problem

(6.2). Take FH10 = (g . 2% %1% as a new starting point and
solve the problem (1.4) for ¢ = k+ 1. Let z"t1* be a solution to problem
(1.4) and f*T1* be the corresponding objective function value.

Step 5 until Stopping criterion:

fk* e fk-i-l ,*

<E
f].-
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Algorithm 6.1 on the preceding page presents an iterative method for
solving the clustering problem. In Step 1 the centre of the entire set A
is calculated with respect to a given norm. In this case the problem (1.4)
is a convex programming problem. In Step 3 we calculate the centre of
the next (k + 1)-th cluster, assuming the previous k cluster centres to be
known and fixed. It should be noted that the number of variables in problem
(6.2) is n which is substantially less than if we calculate all cluster centres
simultaneously. In Step 4 the refinement of all k+ 1 cluster centres is carried
out. One can expect that the starting point z**'° calculated in Step 3
is not far from the solution to problem (1.4). Therefore it takes only a
moderate number of iterations to calculate it. Such an approach allows one
to significantly reduce the computational time for solving problem (1.4).

It is clear that f** > 0 for all k¥ > 1 and the sequence {f**} is decreasing,
that is,

fk-}'l* S fk*,Vk 2 1.

The latter implies that after & > 0 iterations the stopping criterion in step 5
will be satisfied.

One of the important questions when one tries to apply algorithm 6.1
is the choice of the tolerance € > 0. Large values of € can result in the
appearance of large clusters whereas small values can produce small and
artificial clusters. Results presented in [24] show that appropriate values for
€aree € [1071,1077).

An algorithm for solving problems (1.4) is discussed in section 4.3 on
page 99. This algorithm is based on the partial piecewise separability of the
objective function. Since the function (6.3) has a very similar shape, it is
also possible to apply this method to solve problem (6.2). This algorithm is
a local one, hence the choice of a good initial guess for problem (6.2) is very
important. An algorithm for finding such an initial guess is described below.
It should be noted that starting points in problem (1.4) are predetermined
in algorithm 6.1.

6.3.1 An algorithm for finding the initial points in prob-
lem (6.2)

The main idea behind step 3 in algorithm 6.1 is that a new cluster is added
to preexisting ones.

In [87] an improvement for the k-means algorithm, j-means, is given,
to avoid so-called degenerated solutions, where one cluster is empty: the
furthest point from all cluster centres is taken as a new centre. This leads to
an interesting idea, however it needs to be further improved: often real-world
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datasets contain erroneous records which can be quite far from the rest of
the dataset. Taking such an erroneous point as an initial guess may lead to a
shallow local minimum. In figure 6.1, the point P; is the furthest point from
the cluster centres. However if this point is chosen as the centre of a cluster,
this cluster will consist of only P,. Moreover this initial set of centres, being
also a local solution, will not be improved. The point P, is closer to the
centres, however it would induce a much better cluster. '
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Figure 6.1: An example of a dataset containing an erroneous point

Algorithm 6.2 allows one to avoid this difficulty.

Algorithm 6.2: An algorithm for finding the initial point in prob-
lem (6.2).
Step 1 Initialisation. Let C1,...,Cy_1,q9 > 2 be the preexisting centres and p >0 a

tolerance. Let 4; = A, and 7 = 1.

repeat
Step 2 Let C be the furthest point in A; from the centres Cy,...,Cy_;.

Step 3 Find the set

G {a, € A:llC~all < min_[C, —a||} .

Step 4 Set Ag+1=A,;\{C},i=i+1
until card(C) > p

Remark 20: Since A contains a finite number of points the initial guess
will be found after a finite number of steps. If the tolerance p is too small
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then the initial guess may be an erroneous point, but if p is large then no
initial point can be found. Results of numerical experiments show that the

tolerance p should be chosen in [0‘1?, 0.4%].

6.3.2 Results of numerical experiments

To verify the effectiveness of the proposed approach a number of numerical
experiments with real-world data sets have been carried out on a Pentium-4,
1.7 GHz, PC. The datasets used in numerical experiments are Fisher’s iris
dataset, the image segmentation dataset, TSPLIB1060 and TSPLIB3038.

In order to implement the discrete gradient algorithm (algorithm 2.3 on
page 60) we have to select the sequences {0x}, 0x > 0, {2}, 2k € P, { A}, M >
0,{B}, Br € (0,1]. In the numerical experiments we chose these sequences
as follows: 80 = 107%, B = 1 for all k, 2z, (X)) = A*, @ € [1.5,4], \y = d*Xg,d =
0.5,A0 = 0.9. We take Apin € (0,X0). If M < Apin then algorithm 2.3
terminates. In order to get a solution with high accuracy one has to take
Amin very small, for example A\, < 107°. Larger values of \,;, may lead
to more inaccurate solutions, however algorithm 2.3 calculates such solutions
very quickly. In our numerical experiments, unless specified otherwise, we
set A\nin large.

In the numerical experiments we also take ¢; = 0.2 and ¢, = 0.001. The
starting point for solving problem (6.2) is generated by algorithm 6.2 and
the starting point for solving problem (1.4) is generated in algorithm 6.1. In
algorithm 6.2 we fix the parameter p = =% where r € [0,0.5].

For the image segmentation dataset we take A\, = 107°. For all other
datasets this parameter is Apin = 0.01.

In the numerical experiments we consider the squared Euclidean norm,
that is y =2 and p = 2.

In order to provide comparison with the best known solutions from the
literature we calculate 10 clusters for iris dataset and 50 clusters for all other
datasets.

Algorithm 6.1 is a deterministic one. However, it requires the selection
of the parameter p, which determines the starting points. To see how this
parameter influences the results, numerical experiments have been carried
out for r; = 0.052,0 < < 10. :

We present the results of the numerical experiments in tables 6.1-6.4. In
these tables k represents the number of clusters. We give the best known
function value f,,: from the literature corresponding to & clusters ([87, 89])
and the % error Epes; and Eieqn of respectively the best value and the average
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value obtained by the proposed algorithm. The error E' is calculated as

B=Y"Jw) 1409
Fopt

where f is the function value obtained by the algorithm. A negative error
means that the proposed algorithm improved the best known solution. We
also give the average number of calculations of norms for reaching the so-
lutions. N, and N, represent the average number of norm evaluations for
finding A clusters using the simplified and general schemes as described in
section 4.3 on page 99, respectively. In the tables we give the values of Nj
and the ratio N,;/N;. Finally, in these tables we present the average CPU
time (¢) and its standard deviation (o).

Results presented in tables 6.1-6.4 show that for Fisher’s iris, TSPLIB3038
and TSPLIB1060 datasets the proposed algorithm allows one to calculate ei-
ther the best known solution or a solution which is very close to the best one.
For image segmentation dataset the results for large numbers of clusters are
not so good. This can be explained by the existence of erroneous points.
These results demonstrate that if the algorithm gets stuck in a shallow mini-
mum then it may affect the next iterations. However, results for this dataset
show that the algorithm in most cases reaches a solution which is close to the
best one. It should be noted that the problem of finding 50 clusters in the
image segmentation dataset has 950 variables which is challenging for many
global optimisation techniques.

The results for the error of average values presented in these tables show
that for Fisher’s iris, TSPLIB3038 and TSPLIB1060 datasets the results
obtained by the proposed algorithm do not strongly depend on the initial
point (that is values of p) and they are always close to the best solutions.
The results for the image segmentation dataset are more dependent on the
initial point. This is an indicator of the existence of erroneous points in this
dataset, and shows that if a dataset does not have a good cluster structure
the proposed algorithm may lead to different solutions starting from different
initial points.

The results for the number Vg show that one can calculate a large number
of clusters using a reasonable number of norm evaluations. The ratios Ny/N;
demonstrate that the simplified scheme allows one to significantly reduce
the computational effort. This complexity reduction becomes larger as the
number of clusters or the number of features increase (see also figures 6.2,
6.4, 6.6 and 6.8).

The results presented in the tables show that the clustering problem can
be solved by the algorithm within a reasonable CPU time. CPU time depends
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k f opt Ebsst Emean. N, 8 N, g / N, s L gy
2 152.348 0.00 0.00 1.43-10° 3.63 0.10 0.02
3 78851 0.00 0.00 3.22-10° 5.00 0.20 0.03
4 57226 0.00 0.00 5.83-10° 5.95 0.34 0.05
5 46.446 0.00 0.68 8.73-10° 7.33 0.49 0.05
6 39.040 0.00 0.00 1.21-10° 823 0.65 0.04
7 34298 0.00 0.86 1.57-10° 9.31 0.82 0.05
8 29989 000 0.11 203-10° 10.62 1.04 0.07
9 2778 0.00 2.11 246-10° 11.86 1.23 0.09
10 25.834 052 1.78 3.00-10° 18.04 1.47 0.07

Table 6.1: Results for Fisher’s Iris dataset

on the parameter \,;,. Small values of A\,;, lead to a better solution, however
much more CPU time is required, as in the case of the image segmentation
dataset. The result for o; show that the CPU time does not strongly depend
on starting points (see also figures 6.3, 6.5, 6.7 and 6.9).

dx10!

310!

Number of
norm 2x 101
cvaluations

10

Number of Variables

Figure 6.2: Evolution of the computational effort for Fisher’s iris dataset
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k fopf. Ebest Emea-n. Ns Ng/Ns t Ot
2 3.5606-10" -0.01 2.08 8.14-10° 20.69 19.43 3.12
3 2.7416-107 -0.02 490 1.86-107 27.31 40.05 6.93
4 1.9456-107 -0.03 15.82 3.60-107 33.70  69.37 12.92
5 1.7143-107 -0.03 13.16 5.45.10"7 40.41 08.53  22.23
6 1.5209-107 -0.03 16.36 7.73-107 47.34 131.88 32.67
7 1.3404-107 0.33 10.50 1.04-10% 54.77 169.15 47.53
8 1.2030-107 2.28 14.29 1.30-10®° 6296 20552 49.40
9 1.0784-107 1.36 9.28 1.61-10®° 70.12 24853 70.28
10 9.7952-10° 151 872 1.90-10% 77.12 289.24 74.52
20 5.1283-106 -0.01 876 2.48-10% 111.15 897.46 198.27
30 3.5076-10° 5.62 10.21 3.33-10°% 184.89 1815.14 255.73
40 2.7398-10° 9.96 13.52 3.50-10% 207.80 2396.03 247.34
50 2.2248-10° 1526 19.30 3.65-10% 231.72 3011.10 241.75
Table 6.2: Results for Image Segmentation dataset
k fopt Ebest E‘mean Ns NQ/NS t gy
2 3.1688-10° 0.00 0.00 1.78.10° 1.69  0.74 0.17
3 2.1763-10° 0.00 1.51 4.31.10° 2.24 1.65 0.19
4 1.4790-10° 0.00 0.03 6.62-10° 2.82 248 0.14
5 1.1982-10° 0.00 0.21 9.56-10 3.35 3.50 0.16
6 9.6918-10° 0.00 0.05 1.26-10" 390 456 0.16
7 83966-10° 1.73 191 152-107 454 553 0.11
8 7.3475-10° 0.00 0.75 1.94-10" 520  6.99 0.32
9 6.4477-10% 0.00 0.44 2.34-107 594 841 0.40
10 5.6025-10%8 0.00 0.68 2.78-10"7 6.73  9.98 0.37
20 2.6681-10% 0.00 090 3.40-10"7 10.07 29.35 1.04
30 1.7557-10%8 027 155 4.32-10" 16.56 61.04 1.35
40 1.2548-108 -0.08 1.48 5.45-107 24.70 104.74 1.72
50 9.8400-107 0.62 1.63 6.82-107 33.88 158.03 3.83

Table 6.3: Results for TSPLIB3038 dataset



Solving the clustering problem

118

0.8

(.G

CPU tiwe 4
(seconds)

0.2

Number of Variables

Figure 6.3: Improvement in the computational effort for Fisher’s iris dataset

k f opt Ebest Emeaﬂ N, 5 N, g / N, s t Ot

10 1.75484-10° 0.00 0.18 1.39-107 6.00 4.61 042
20 7.91794-10° 0.32 3.0t 1.77-107 8.74 13.62 1.08
30 4.81251-10° 1.29 3.76 2.46-10" 14.03 29.02 1.48
50 2.55509-10° 1.36 2.46 4.48-107 28.12 81.90 3.72

Table 6.4: Results for TSPLIB1060 Dataset

6.4 Simultaneous clustering

Step by step clustering is a very interesting method, as it tackles the problem
of finding the number of clusters, and generates a good initial guess for each
of the problems to be solved. However, it may sometimes be necessary to
solve the clustering problem very quickly. In such a case, this method, which
requires the resolution of many mathematical programming problems, may
not be the best option.

In this section we will study the selection of initial points for the clustering
problem. When the time efficiency is an issue, it is often advantageous to use
the € cleaning (see section 1.4.3 on page 39), and to minimise the generalised
cluster function (1.27). Initial points for this function will therefore be the
subject of a particular attention.

We will present a selection of starting points for the discrete grad1ent
method. Very few results exist in the literature for e-cleaned datasets. In
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Figure 6.4: Evolution of the computational effort for Image segmentation
dataset

order to evaluate the results reached starting from these points, we will apply
the hybrid method between DG and the cutting angle method (DG+CAM)
(see section 2.7.2 on page 65), and the commercial software GAMS (LGO
solver), (see (79, 158]. LGO is based on the branch and bound method.

These methods were applied to the minimisation of the cluster function
for various types of dissimilarity measures: the Minkowsky metric (Norm 1),
and the skeleton function, which is a variation of the Bradley-Mangasarian
function ([37])

We report results of numerical experiments and analyse these results.

6.4.1 Minimisation of SMC functions
Consider function F' defined by (6.1):

i .
F(z1,...,Tk) = N Zmlﬂ(ﬁol(ﬁha):&oz(ﬁz:ﬂ)a .- pr(Tk, @),
acA
# € RMt=1,. ... K

where A C R™ is a finite set. This function depends on n x k variables. In
real-world applications n X k is a large enough number and the set A contains
some hundreds or thousands of points. In such a case function F' has a huge
amount of shallow local minimisers that are very close to each other. The
minimisation of such functions is a challenging problem.
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Figure 6.5: Improvement in the computational effort for Image segmentation
dataset

This version of the CIAO-GO software (Centre for Informatics and Ap-
plied Optimisation-Global Optimisation) allows one to use four different
solvers

1. DG,
2. DG multi start,
3. DG+CAM,
4. DG+CAM multi start.
Working with this software users have to input
e an objective function (for minimisation),
e an initial point for optimisation,
e upper and low bounds for variables,

e constraints and a penalty constant (in the case of constrained optimi-
sation), constraints can be represented as equalities and inequalities,

e maximal running time,

e maximal number of iterations.
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Figure 6.6: Evolution of the computational effort for TSPLIB 3038 dataset

"Multi start” option in CIAO-GO means that the program starts from the
initial point chosen by a user and also generates 3 additional initial points.
The final result is the best obtained result. The additional initial points are
generated by CIAO-GO from the corresponding feasible region.

As a global optimisation technique we use the General Algebraic Mod-
elling System (GAMS), see [79] for more information. We use the Lipschitz
global optimiser (LGO) solver [158] from Pinter Consulting Services [159].

6.4.2 Minimisation of the generalised cluster function

In this section we discuss applications of DG, DG+CAM and the LGO solver
for minimisation of generalised cluster functions. We propose several ap-
proaches for selecting initial points.

Remark 21: Unfortunately, for the e-cleaning procedure, it is very difficult
to know a priori the value for € which allows one to remove a certain pro-
portion of observations. In our experiments we had to try several values for
€ before we found suitable ones. -

Initial points

Consider a set A C R™ that contains N points. Assume that we want to
find k clusters in A. In this case an initial point is a vector z € R™**. The
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Figure 6.7: Improvement in the computational effort for TSPLIB 3038
dataset

structure of the problem under consideration leads to different approaches to
the choice of initial points. We suggest the following four approaches.

k-meansL, initial point The k-meansZ, method is a variation of the k-
methods (see section 1.2.3 on page 15), which makes use of the speed of
the k-means version. In order to obtain a solution quickly, for norm L,
the barycentre of the points is found instead of step 4 of algorithm 1.1.
This method is faster than the classical k-methods (although not so
effective), and can be seen as a quick way to improve a random initial
solution. The k-meansL, method is represented in algorithm 6.3.

We apply this algorithm on the original dataset A and then the result
point z € R™* is considered as an initial point for minimisation of the
generalised cluster function generated by the dataset B.

Uniform initial point In our experiments we apply a scaling procedure
before solving the problems. The selected method is the mean scaling
described in subsection 1.4.1 on page 36. This means that for each
feature, the average value over the whole dataset is 1. In such a case
we can choose the point z = (1,1,...,1) € R™*, as initial guess. We
shall call it the wuniform initial point.

Ordered initial point Recall that w; indicates the cardinality of the set
of points A, € A, which are represented by a point b € B (see sec-
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Figure 6.8: Evolution of the computational effort for TSPLIB 1060 dataset

tion 1.4.3 on page 39. It is natural to consider the collection of the
heaviest k£ points as an initial vector for the minimisation of gener-
alised cluster function f. To formalise this, we rearrange the points
so that the numbers w;,j = 1,...,mp decrease and take the first k
points from this rearranged dataset. Thus, in order to construct an
initial point we choose the k observations with the largest values for
weights w; from the dataset B.

Uniform-ordered initial point This initial point is a combination of the

Algorithm 6.3: KmeansL,: a quick variation of the K-methods
Step 1 Initialisation:

Select an initial solution zJ,.. ., 9:2, set i=0
repeat

Step 2 t—1+1

Step 3 Cluster assignment:

Find the clusters Aj,... ,A; such that for any 1 <[ < g,
Aj={a€A:d(z],a) < d(::;‘]‘,a),‘ﬂ’l <p<g}

Step 4 Cluster update:
For each cluster find the barycentre. _ _
until 3j¢€ {1,...,i—1}:{A4},..., 4;} = {4A],..-, A]}




Solving the clustering problem

124

200

150

CPU time

(seconds) 16is

50

0 10 20 30 40 50
Number of Variables

Figure 6.9: Improvement in the computational effort for TSPLIB 1060
dataset

Uniform and the Ordered initial points. It contains the heaviest k — 1
observations and the barycentre of the set (each coordinate is 1).

6.4.3 Numerical experiments with the generalised clus-
ter function

For the numerical experiments we use two types of datasets, namely the
original dataset A and a small dataset B obtained by the procedure described
in section 1.4.3. We compare results obtained for B with the results obtained
for the entire original dataset A.

Datasets

The numerical experiments were carried out on the Letters dataset and the
Pendigits dataset.

Both Letters and Pendigits datasets have been used for testing different
methods of supervised classification (see [145] for details). Since we use these
datasets only for construction of generalised cluster function, we consider
them as datasets with unknown classes.



Solving the clustering problem

125

Numerical experiments: description

We are looking for three and four clusters in both Letters and Pendigits
datasets. For both datasets, the dimension of the optimisation problems
is equal to 48 in the case of 3 clusters and 64 in the case of 4 clusters. We
consider two small sub-databases of the Letters dataset (Let1, 353 points, ap-
proximately 2% of the original dataset; and Let2, 810 points, approximately
4% of the original dataset) and two small sub-sets of the Pendigits dataset
(Penl, 216 points, approximately 2% of the original dataset; and Pen2, 426
points, approximately 4% of the original dataset).

We apply local techniques (the discrete gradient method and a hybrid
(described in section 2.7.2 on page 65) between the discrete gradient and
cutting angle methods) and a global technique (LGO solver) to the min-
imisation of the generalised cluster function. Then we need to estimate the
results obtained. We can use different approaches for this estimation. One
of them is based on the comparison of the values of the cluster function con-
structed with respect to the centres obtained in the original dataset A and
with respect to the centres obtained in its small sub-dataset B. We compare
the cluster function values starting from different initial points in original
datasets and their approximations, using the following procedure.

Let A be an original dataset and B be its small sub-dataset. First, the
centres of clusters in B should be found by an optimisation technique. Then
we evaluate the cluster function values in A using the obtained points as the
centres of clusters in A. Using this approach we can find out how the results
of the minimisation depend on initial points and how far we can go in the
process of dataset reduction.

Results for the local optimisation methods

First of all we have to point out that we have two groups of initial points
e Group 1: Uniform initial point and k-meansL, initial point,
e Group 2: Ordered initial point and Uniform-ordered initial point.

Initial points from Group 1 are the same for an original dataset and for all
its reduced versions. Initial points from Group 2 are constructed according
to their weights. Points in original datasets have the same weights which are
equal to 1.

Remark 22: Because the weights can vary for different reductions of the
dataset, the Ordered initial points for Letl and Let2 do not necessarily co-
incide. The same is true for the Uniform-ordered initial points. The sane
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observation applies to the Pendigits dataset and its reduced versions Penl
and Pen2.

Our next step is to compare results obtained starting from different initial
points in the original datasets and in their approximations. In our experi-
ments we minimise the generalised cluster function. This function coincides
with the cluster function for original datasets since each point has the same
weight which is equal to 1. In the case of reduced datasets we produce our
numerical experiments with the corresponding approximations of the original
datasets and calculate two different values: the cluster function value and
the generalised function value. The cluster function value is the value of
the cluster function calculated in the correspouding original dataset accord-
ing to the centres found in the reduced dataset. The generalised cluster
function value is the value of the generalised cluster function calculated
in the reduced dataset according to the centres found in the same reduced
dataset. Normally a cluster function value (calculated according to the cen-
tres found for reduced datasets) is larger than a generalised cluster function
value calculated at the same centres and the corresponding weights, because
optimisation techniques have been actually applied to minimise the gener-
alised cluster in the corresponding reduced dataset. In Table 6.5-Table 6.8
we present the results of our numerical experiments obtained for DG and
DG+CAM starting from the Uniform initial point.

It is also very important to remember that a better result in a reduced
dataset is not necessarily better for the original one. For example, in the case
of the Penl dataset, 3 clusters, the Uniform initial point the generalised func-
tion value is lower for DG+CAM than {for DG, however the cluster function
value is lower for DG than for DG+CAM. We observe the same situation in
some other examples.

Cluster Generalised cluster

Dataset Size  function value function value
Penl 216 6.4225 5.5547
Pen?2 426 6.3844 5.8132
Pendigits 10992 6.3426 6.3426
Letl 353 4.3059 3.3859
Let2 810 4.2826 3.7065
Letters 20000 4.2494 4.2494

Table 6.5: Results for DG, uniform initial point, 3 clusters
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Cluster Generalised cluster

Dataset Size function value function value
Penl 216 5.7962 4.8362
Pen?2 426 5.7725 5.0931
Pendigits 10992 5.7218 5.7218
Letl 353 4.1200 3.1611
Let2 810 4.0906 3.5040
Letters 20000 4.0695 4.0695

Table 6.6: Results for DG, uniform initial point, 4 clusters

Cluster Generalised cluster

Dataset Size  function value function value
Penl 216 6.4254 5.5546
Pen?2 426 6.3843 5.8131
Pendigits 10992 6.3426 6.3426
Letl 353 4.3059 3.3859
Let2 810 4.2828 3.7061
Letters 20000 4.2494 4.2494

Table 6.7: Results for DG+CAM, uniform initial point, 3 clusters

Our actual goal is to find clusters in the original datasets, therefore it is
important to compare cluster function values calculated in original datasets
according to obtained centres. Centres can be obtained from our numeri-
cal experiments with both types of datasets: original datasets and reduced
datasets. It is one of the possible ways to test the efficiency of the proposed
approach: substitution of original datasets by their smaller approximations.

Tables 6.9-6.14 represent cluster function values obtained in our numeri-
cal experiments starting from the k-meansL,, Ordered and Uniform-ordered
initial point. We do not present the obtained generalised function values be-
cause this function can not be used as a measure of the quality of clustering.

Recall that reduced datasets are approximations of corresponding original
datasets. Decreasing the number of observations we reduce the complexity
of our optimisation problems but obtain less precise approximations. There-
fore, our goal is to find a balance between the reduction of the complexity
of optimisation problems and the quality of obtained results. In some cases



Solving the clustering problem

128

Cluster Generalised cluster
Dataset Size  function value function value

Penl 216 5.7943 4.8353
Pen2 426 5.7718 5.0931
Pendigits 10992 5.7218 5.7218
Letl 353 4.1208 3.1600
Let2 810 4.0909 3.5020
Letters 20000 4.0695 4.0695

Table 6.8: Results for DG4+CAM, uniform initial point, 4 clusters

Cluster function value Cluster function value

Dataset, Size 3 clusters 4 clusters
Penl 216 6.4272 5.8063
Pen2 426 6.3840 5.7704

Pendigits 10992 | 6.3409 89217
Letl 353 4.3087 4.1241
Let2 810 4.2816 4.1013

Letters 20000 4.2495 4.0726

Table 6.9: Cluster function: DG, k-means[; initial point

(mostly initial point from Group 2, see Remark 22 for more information) the
results obtained on larger approximations of original datasets (more precise
approximations) are worse than the results obtained on smaller approxima-
tions of original datasets (less precise approximations). For example, Penl
and Pen2 for initial point from Group 2 (3 and 4 clusters).

Summarising the results of the numerical experiments (cluster functlon
local and improved local techniques, 4 special kinds of initial points) we can
draw out the following conclusions

1. DG and DG+CAM applied to the same datasets produce almost iden-
tical results if initial points are the same,

2. DG and DG+CAM applied to the same datasets starting from different
initial points (4 proposed initial points) produce very similar results in
most of the examples, -

3. in some cases the results obtained on smaller approximations of original



Solving the clustering problem

129

Cluster function value Cluster function value

Dataset Size 3 clusters 4 clusters
Penl 216 6.4278 5.8063
Pen2 426 6.3841 5.7723

Pendigits 10992 6.3409 5.7217
Letl 353 4.3087 4.1262
Let2 810 4.2824 4.1014

Letters 20000 4.2495 4.0726

Table 6.10: Cluster function: DG+CAM, k-meansl; initial point

Cluster function value Cluster function value

Dataset Size 3 clusters 4 clusters
Penl 216 6.4188 5.8226
Pen2 426 6.6534 5.9047
Letl 353 4.3228 4.2049
Let2 810 4.3843 4.1112

Table 6.11: Cluster function: DG, ordered initial point

Cluster function value Cluster function value

Dataset Size 3 clusters 4 clusters
Penl 216 6.4171 5.8201
Pen2 426 6.6536 5.9047
Let1 353 4.3228 4.2045
Let2 810 4.3843 4.1107

Table 6.12: Cluster function: DG+CAM, ordered initial point
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Cluster function value Cluster function value

Dataset Size 3 clusters 4 clusters
Penl 216 6.4188 5.7921
Pen2 426 6.6514 5.8718
Letl 353 4.2910 4.1225
Let2 810 4.2828 4.1129

Table 6.13: Cluster function: DG, uniform-ordered initial point

Cluster function value Cluster function value

Dataset Size 3 clusters 4 clusters
Penl 216 6.4171 5.7945
Pen2 426 6.6492 5.8715
Letl 353 4.2905 4,1233
Let2 810 4.2828 4.1130

Table 6.14: Cluster function: DG+CAM, uniform-ordered initial point

datasets are better than the results obtained on larger approximations
of original datasets.

Results for the global optimisation LGO solver

Now we present the results obtained by the LGO solver (global optimisation).
We use the Uniform initial point. The results are in Table 6.15.

In almost all the cases (except Pendigits 3 clusters) the results for reduced
datasets are better than for original datasets. It means that the cluster
function is too complicated for the solver as an objective function and it
is more efficient to use generalised cluster functions generated on reduced
datasets. It is beneficial to use reduced datasets in the case of the LGO
solver from two points of view:

1. computations with reduced datasets allow one to reach a better min-
imiser;

2. computational time is significantly less for reduced datasets than for
original datasets.
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Dataset Size  Cluster function value Cluster function value

3 clusters 4 clusters
Penl 216 6.4370 5.8029
Pen2 426 6.4122 5.7800
Pendigits 10992 6.3426 7.1859
Letl 353 4.3076 4.1426
Let2 810 4.2829 41191
Letters 20000 5.8638 4.2064

Table 6.15: Cluster function: LGO solver

It is also obvious that the software failed to reach a global minimum.
We suggest that the LGO solver has been developed for a broad class of
optimisation problems. However, the solvers included in CIAO-GO are more
efficient for minimisation of the sum of minima of convex functions, especially
if the number of components in sums is large. In all the experiments, a limit
of two hours of computational time has been given. This software may have
given a better solution if given more time. Nevertheless, the local algorithms
starting from well chosen initial points are much more efficient.

6.4.4 Skeletons

Introduction

The problem of grouping (clustering) points by means of skeletons is not so
widely studied as it is in the case of cluster function based models. There-
fore, we would like to start with some examples produced in not very large
datasets (no more than 1000 observations). In this subsection we formulate
the problems of finding skeletons mathematically, discuss applications of the
discrete gradient method and the hybrid method described in section 2.7.1
between the discrete gradient method and the simulated annealing method to
finding skeletons with respect to ||-||; and and give graphical implementations
of the obtained results (for examples with no more than 3 features).

Skeleton of a finite set of points

We now consider a version of Bradley-Mangasarian function (see remark 5 on
page 15), where the distances to hyperplanes are used instead of the squares
of these distances. Assume that R™ is equipped with a norm ||-||. Let A be a
finite set of points. Consider vectors [y, ..., I with [|i]|. = max)z = (l,z) = 1
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and numbers ¢; (¢ = 1,...,k). Let H; = {z : (;,;z) = ¢} and H = U;H;.
Then the distance between the set H; and a point a is d(a, H;) = |(l;; a) — ¢
and the distance between the set H and a is

d(a, H) = min (4, a) — ci]. (6.4)

The deviation of X from A is

D> _d(a, H)=} min|;a) -l

acA acA

The function

Li((li,e1), oy (e, ) = Zmﬂin (L, @) — ¢ (6.5)

acA

. is of the form (6.1). Consider the following constrained min-sum-min prob-
lem

mian_inKli,a) — c;|subject to ||l;|| =1, ;eR (j=1,...,k) (6.6)
acA

A solution of this problem will be called a k-skeleton of the set A. The
function in (6.6) is called the skeleton function.

More precisely, k-skeleton is the union of & hyperplanes {z : (;, z) = ¢},
where ((l1,¢1), ..., (lx, cx)) is a solution of (6.6). If the skeletons are known,
each point is assigned to the cluster with the nearest skeleton. It is difficult
to find a global minimiser of (6.6), so sometimes we can consider the union
of hyperplanes that is formed by a local solution of (6.6) as a skeleton.

Clusters constructed according to skeletons, obtained as a result of the
skeleton function minimisation are called skeleton-based clusters.

The concept of shape of a finite set of points will be introduced and stud-
ied in chapter 9 on page 165. By definition, the shape is a minimal (in a
certain sense) ellipsoid, which contains the given set. A technique to find
an ellipsoidal shape is proposed in this chapter. In many instances the geo-
metric characterisation of a set A can be viewed as the intersection between
its shape, describing its external boundary, and its skeleton, describing its
internal aspect.

Preliminary experiments

The search for skeletons can be done by solving the constrained minimisation
problem (6.6).
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Both algorithms are designed for solving unconstrained problems so we
use a penalty function in order to convert problem (6.6) to an unconstrained
minimisation one. The corresponding unconstrained problem has the form:

k
minimiseZm_in [(L;, %) — b| + sz sl — 1],
€Q i=1 (6.7)
subject to

(L, br) € R™™, .., (I, bi) € R™

where R, is a penalty parameter.

Finally, the algorithms were applied starting from 3 different initial points,
and the best solution found was selected. The 3 different points used in the
example are:

Il

; 1
e P = { i" _ :1/7?'(1“"! 1)

. Pg={ zi=(11,0,..,0)

_J b=7=(0,1...,1)
s P3—#{ b= 1

The problem has been solved for different sets of points, selected from
3 different well known datasets: the Heart disease database , the Diabetes
database and the Australian credit cards database , see also [145] and ref-
erences therein. Each of these datasets was submitted first to the feature
selection method described in [25].

The value of the objective function was considerably decreased by both
methods (see tables 6.16 and 6.17). However, the discrete gradient method
often gives a local solution which is very close to the initial point, while the
hybrid gives a solution which is further and better. In the tables the distance
considered is the Euclidean distance between the solution obtained and the
initial solution, and the value considered is the value of the objective function
at this solution.

The different examples show that although sometimes the hybrid method
does not improve the result obtained with the discrete gradient method, in
some other cases the result obtained is much better than when the discrete
gradient method is used. However the computations times it induces are
much greater than the simple use of the discrete gradient method. The
diabetes dataset has 3 features, after feature selection (see [25]). This allows
us to plot graphically some of the results obtained during the computations.
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DG method hybrid method
Initial point value  distance  value  distance

1 22.9804 10.668 6.11298 7.98738
Class 1 ) 25.5102 2.81543 13.2263 5.91397
3 6.10334 4.40741 6.10334 4.40741
1 0.473317 5.00549 0.473317 5.00549
Class 2 2 3.029 2.14784 0.222154 2.13944
3 6.87897 6.06736 4.73828 6.74424

computation time 54 sec 664 sec

Table 6.16: Australian credit card database with 2 hyperplanes skeletons

DG method hybrid method

Initial point  value distance value distance

1 28.5856 6.78624 28.1024 6.79326

Class 1 2 39.3925 11.4668 28.2417 11.7711
3 33.2006 3.09434 31.4624 2.31922

1 22.2806 2.3755 22.2806 2.3755

Class 2 2 30.346  56.7222 19.5574 8.76914
3 23.0529 1.61649 22.9495 1.76052

computation time 212 sec 1521 sec

Table 6.17: Diabetes database with 3 hyperplanes skeletons
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Figure 6.10: 2™ class for the diabetes database, with 2 hyperplanes

We can observe that the hybrid method does not necessarily give an
optimal solution. Even with the hybrid method the initial point is very
important. The figures 6.10 and 6.11, however, confirm that the solutions
obtained are usually very good, and seem to represent correctly the set of
points. The set of points studied here is constituted by a big mass of points,
and some other points spread around. It is interesting to remark that the
hyperplanes intersect around the same place - where the big mass is situated
- and take different directions, to be the closest possible to the spread points.
This is particularly clear in the case of three hyperplanes, on figure 6.11.

Numerical experiments with large datasets: description

We are looking for three and four clusters in both Letters and Pendigits
datasets. The dimension of the optimisation problems is equal to 51 in the
case of 3 skeletons and 68 in the case of 4 skeletons. We use the same sub-
datasets as in section 6.4.3 (Penl, Pen2, Letl, Let2).

Remark 23: It is possible to construct the generalised skeleton function by
using the same idea as for the generalised cluster function.

We apply local techniques (DG and DG+CAM) for minimisation of the
generalised skeleton function. Then we use a procedure which is similar
to the one we used for the cluster function to estimate the obtained results.
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Figure 6.11: 2™ class of the diabetes database, with 3 hyperplanes
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Skeleton function values

DG DG DG+CAM DG+CAM

N, Dataset Size multi multi
Penl 216  2137.00 1287.58  1832.97 1320.00

3 Pen2 426  735.00 735.47 735.47 735.47
Pendigits 10992 567.20 567.20 567.20 566.55

Penl 216  1223.16 1315.68  1194.65 1180.79
4 Pen?2 426 1360.16 946.74 1322.46 946.74
Pendigits 10992 905.56  905.56 905.56 661.84

Table 6.18: Skeleton function: pendigits

First, we find skeletons in original datasets (or in reduced datasets). Then we
evaluate the skeleton function values in original datasets using the obtained
skeletons.

For the skeleton function the problem of constructing a good initial point
has not been studied yet. Therefore, in our numerical experiments as an
initial point we choose a feasible point. We also use the ”multi start” option
to compare results obtained starting from different initial points.

Numerical experiments with large datasets: results

In this subsection we present the results obtained for the skeleton function.
Our goal is to find the centres in original datasets, therefore we do not present
the generalised skeleton function values. Table 6.18 and Table 6.19 present
the values of the skeleton function evaluated in the corresponding original
datasets (Pendigits and Letters respectively) according to the skeletons ob-
tained as optimisation results reached in datasets from the first column of
the tables. We use two different optimisation methods: DG and DG+CAM
and two different types of initial points: ”single start” (DG or DG+CAM)
and "multi start” (DGMULT or DG+CAMMULT).

The most important conclusion to the results is that in the case of the
skeleton function the best optimisation results (the lowest value of the skele-
ton function) have been reached in the experiments with the original datasets.
It means that the proposed cleaning procedure is not as efficient in the case
of skeleton function as it is in the case of the clustering function. However,
in the case of the clustering function the initial points for the optimisation
methods have been chosen after some preliminary study. It can happen that
an efficient choice of initial points leads to better optimisation results for
both kinds of datasets: original and reduced.
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Skeleton function values
DG DG DG+CAM DG+CAM
N; Dataset Size multi multi

Letl 363  1548.30 1548.30  1545.58 1545.58
3 Let2 810  2201.75 1475.77  2171.01 1608.14
Letters 20000 1904.71 1904.71 1904.71 964.37

Letl 353  1566.69 1566.69  1531.99 1531.99
4 Let2 810 2030.20 2030.20 1892.31 1892.31
Letters 20000 964.37 850.14 850.14 850.14

Table 6.19: Skeleton function: letters

Recall that (6.6) is a constrained optimisation problem with equality con-
straints. This problem is equivalent to the following constrained optimisation
problem with inequality constraints

minimise Z min |(l;, a) — ¢
1
acA
subject to (6.8)
151 >1
Cj eR (J': 1,,k)

In our numerical experiments we use both formulations (6.6) and (6.8).
In most of the experiments the results obtained for (6.6) are better than
for (6.8) but computational time is much higher for (6.6) than for (6.8).
It is recommended, however, to use the formulation (6.8) if, for example,
experiments with (6.6) produce empty clusters.

Other experiments

The hybrid method described in section 2.7.1 on page 64 was applied on both
the generalised cluster function and the skeleton function. This method is
based on improvements of the local minima reached by the discrete gradient
method by the simulated annealing. Therefore it acts a a (non exhaustive)
listing of local minima.

In both cases, the same behaviour was observed: the results show that
the hybrid method only reaches results comparable with the local method,
yet the algorithm had to leave up to 50 local minima. This can only be
explained by a large amount of local minima in the objective function, each
close to one another.
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6.5 Conclusion

6.5.1 Optimisation

In this chapter, two different methods have been developed to solve the clus-
tering problem. This problem can depend on a very large number of variables,
hence only a few methods can be applied. One of them is an adapted ver-
sion of the discrete gradient method presented in section 4.3. Because this
nmethod is a local one, it is necessary to design techniques to generate good
starting points.

The first method proposed is an incremental one: clusters are added one
by one until a stopping criterion verifying that the result is satisfactory is
met. This method has been tested on real world datasets, and results show
that it can reach a good solution within a reasonable CPU time. The results
also show that the simplified scheme allows one to improve significantly the
efficiency of the solver.

The other method proposed is more focused on the speed. When speed is
a strong issue, it is often necessary to work on a dataset processed through
e-cleaning. four initial points for the discrete gradient method have been
proposed. For comparison, numerical experiments have been carried out
using commercial softwares LGO and CIAO-GO.

The LGO software failed most of the time to reach even a good solution.
This is due to the fact that the objective function has a very complex struc-
ture. This method was limited in time, and may have reached the global
solution, had it been given a limitless amount of time. Nevertheless, it shows
that global solvers cannot reach a satisfactory solution within an acceptable
time.

Contrariwise, the local method reached a good solution for at least one of
the initial points. The hybrid method was able to reach a good solution for
all the initial points. For comparison, both these methods were run starting
from randomly chosen initial points, giving unsatisfactory results.

This shows that for such types of functions, presenting a complex struc-
ture and many local minima, most global methods will fail. However, well
chosen initial points will lead to a deep local minimum. Because the local
methods are much faster than global ones, it is more advantageous to start
the local method from a set of carefully chosen initial points to reach a global
minimum.

The application of the combination between the discrete gradient and
the cutting angle methods appears to be a good alternative, as it is not very
dependant on the initial point, while reaching a good solution in a limited
time.
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The second experiment was carried out over the skeleton function. This
function having been less studied in the literature, it is harder to draw defi-
nite conclusions. However, the experiments show very clearly that the local
methods once again strongly depend on the initial point. Unfortunately it is
harder to devise a good initial point for this objective function.

6.5.2 Clustering

From the clustering point of view, two different similarity functions have
been minimised. The first one is a variation of the widely studied cluster
function, where the points are weighted. The second one is a variation of
the Bradley-Mangasarian function, where distances from the hyperplanes
are taken instead of their square.

The e-cleaning procedure has been tested on various datasets. Numerical
experiments have been carried out for different values of epsilon, leading to
very small (2% and 4% of the original size) datasets.

For the generalised cluster function, this method proves to be very suc-
cessful: even for very small datasets, the function value obtained is very
satisfactory. When the method was solved using the global method LGO,
the results obtained for the reduced dataset were almost always better than
those obtained for the original dataset. The reason is that the larger the
dataset, the larger amount of local minima for the objective function. When
the dataset is reduced, what is lost in measurement quality is gained by
the strong simplification of the function. Because each point in the reduced
dataset acts already as a centre for its neighbourhood, minimising the gener-
alised cluster function is equivalent to group these “mini” clusters into larger
clusters.

It has to be noted that there is not a monotone correspondence between
the value of the generalised cluster function for the reduced and the original
dataset. It may happen that a given solution is better than another one for
the reduced dataset, and worse for the original. Thus we cannot conclude
that the solution can be reached for the reduced dataset. However, the
experiments show that the solution found for the reduced dataset is always
good.

For the skeletons function, however, this method is not so successful.
Although this has to be taken with precautions, as the initial points for this
function could not be devised so carefully as for the cluster function, one can
expect such behaviour: the reduced dataset is actually a set of tiny cluster
centres. The skeleton approach is based on the assumption that the clusters
in the dataset can be represented by hyperplanes, while the cluster approach
assumes that the clusters are represented by centres.
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The experiments show the significance of the choice of the initial point
to reach good clusters. While random poiuts did not allow any method to
reach a good solution, all initial points selected upon the structure of the
dataset lead the combination DG-CAM to the solution, while incrementally
constructed ones were enabling the local method to reach a good solution.

Since for the cluster function we are able to provide some good initial
points, but not for the skeleton function, unless the structure of the dataset
is known to correspond to some skeletons, we would recommend to use the
centre approach.

Finally the comparison between the results obtained by the two different
methods has to be relativised: experiments having shown the importance of
initial points, it is difficult to draw definitive conclusions from the results
obtained for the skeleton approach.



Chapter 7

A feature selection algorithm

7.1 Introduction

Among various preprocessing tasks, the selection of relevant features is a
particularly important problem, because it is goal dependent: a feature may
be significant when the goal is to find clusters, but be noisy when one wants
to classify the data into known classes. As a rule, when the data is collected,
the choice is to be as exhaustive as possible, thereby creating datasets with
a large number of features, many of which will probably be irrelevant for a
given task. Not only a useless feature complicates the problem by adding
more parameters and variables, and slowing down the programs, but the
quality of the solution obtained may also suffer from the noise introduced
by these features in the data. The feature selection problem may also be
cost-orientated: often some measurement are very expensive, and it may
be interesting to get, from a first small set of data, an evaluation of which
features are not needed.

The clustering (unsupervised learning) problem requests finding a small
(comparatively with the number of records) number of groups of similar
data in a dataset. This problem is a very flexible one, and usually several
solutions may be acceptable. This means that applying a feature selection for
clustering is particularly challenging: how to carry out a problem-dependent
task when the given problem is so imprecise?

In this chapter we present a feature selection algorithm which can be
applied for both supervised and unsupervised classification. This approach
is based on nonsmooth optimisation and clustering (and its applications to
supervised learning, as described in subsection 1.3.7 on page 29). The re-
sults of numerical experiments show that the proposed algorithm for feature
selection works efficiently on the datasets used in the numerical experiments.

142
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7.2 A feature selection approach

7.2.1 Unsupervised learning

Consider the dataset pictured on figure 7.1. This dataset is constituted of
two almost distinct sets of points. If one projects this dataset on each of
the features, the results obtained are pictured on figure 7.2. It is quite clear
that feature 1 discriminates very well between the groups, while feature 2
is almost inefficient. Therefore it can be deduced that the second feature of
this dataset is redundant.
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Figure 7.1: A sample dataset containing two almost distinct groups

Comparing the centres of these two sets of points, and their projections,
the same deduction can be made: while the two centres have almost the
same value for feature 2, their value differs much for feature 1. Therefore we
can conclude that the more a coordinate varies between centres, the more
significance it has in the dataset.

The basis of this approach is to divide the dataset into small groups by
finding their centres, and comparing these centres coordinate-wise. If the
variation is small for a given feature, then it is considered that this feature
is uninformative. '

The feature selection approach presented in this section is based on the
idea that the set of centres found during the clustering phase represent the
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(b) Projection along the second feature

Figure 7.2: Projections of the dataset along its features

sets under consideration. Algorithm 7.1 presents this method.

Algorithm 7.1: Feature selection for unsupervised learning

Step 1 Divide the dataset in g clusters, by minimising function (1.4) The centres
obtained are {z?,...,z%}.
repeat

Step 2 Order the features using the following rule:

& max . — min z% > max 7 — min z°
fu<r fo & 1oox T, — 28,71 > 20X 5~ (28,7
Step 3 Remove the “lowest” features according to <, under a given threshold
and divide the dataset in n clusters using the remaining features
until the structure of the clusters has changed beyond a certain tolerance
Step 4 the latest feature removed, as well as all the remaining ones, are informative.

The main step in this algorithm is Step 2. The features are ordered by
informativeness. It is considered that if for a given coordinate the centres vary
much, the feature is informative. Conversely, if there is little variation for a
given coordinate, the feature is uninformative. By evaluating the variation
in the coordinates it is possible to order the features by informativeness.

In Step 3 it is then verified that by removing the less informative features
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the structures of the clusters is not modified. In case of modification, the
features are considered as informative.

The number n does not need to be very large. In our experiments we
took 2 or 3 clusters, in order to keep the calculations fast enough. Although
most datasets contain a larger number of clusters, experiments show that it
is sufficient to keep this number low for the feature selection.

7.2.2 Supervised learning

In the case of supervised classification, the algorithm is very similar (see al-
gorithm 7.2). Instead of comparing all the centres, the comparison is carried
out only between clusters of different classes, and the stopping criterion is
based on the classification accuracy. It can be seen that while the clusters
of a same class may have a similar value for a given coordinate, the coor-
dinate may be very different in another class. In that case, the feature is
very informative for the classification problem, but useless for the clustering
problem.

Algorithm 7.2: Feature selection for supervised learning
Step 1 Divide each class 7 of the dataset in n clusters, by minimising function (1.4)

The centres obtained are {z1,...,2™}.
repeat
Step 2 Order the features using the following rule:
fu<F fo© max z — min 2% > max ¥ — min 2}
1<j<n  Jv  1<i<n fr T 1<ién Th a<i<n T
1<k<ne, Tk 1<kZn, #k
Step 3 Remove the “lowest” features according to <, under a given threshold
and divide the dataset in n clusters using the remaining features

until The classification accuracy got worse
Step 4 the latest feature removed, as well as all the remaining ones, are informative.

7.3 Numerical experiments

7.3.1 Unsupervised learning

In our study we use two test datasets: the Pendigits dataset and the Letters
dataset. We use two methods: the discrete gradient method (DG), and a
hybrid method between the discrete gradient and the simulated annealing
methods (HM) (see subsection 2.7.2 on page 65).
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In our numerical experiments DG and HM. For the Pendigits dataset we
apply the following techniques to obtain a rough division of the dataset:

1. 2 clusters, reduced dataset (Pen02, 216 points), HM;

2. 3 clusters, original dataset, DG.

There are 2 non-informative features (the same features for both cases): 2,
13.
For the Letters dataset we use the following constructions:

1. 2 clusters, reduced dataset (Let02, 353 points), HM;

2. 3 clusters, original dataset, DG.

In the first case we eliminate 5 features (6, 9, 12, 14, 16), in the second
case we eliminate 7 features (6, 9, 10, 11, 12, 14, 16). For this dataset we
choose 5 features to eliminate (6, 9, 12, 14, 16).

We apply DG (the initial point is the point obtained by the HM) to the
whole dataset after feature elimination and compare the obtained clusters
with the results without feature elimination (in this case we remove the
coordinates corresponding to the set of the eliminated features).

Features Changes of centres
Dataset n, eliminated (norm || - ||; distance)
Pendigits 3 2,13 .03, .05, .06
10992 4 213 .09, .08, .04, .14
Letters 3 6,9,12,14,16 .62, .34, .07

20000 4 6,9,10,11,12,14,16 .34, .76, .07, .67

Table 7.1: Feature elimination

In Table 7.1 we compare the centres obtained in the datasets after feature
elimination and the centres obtained in the original datasets (when the cen-
tres in the original datasets have been obtained we remove the coordinates
which correspond to the eliminated features).

In the table, the changes of centres are represented in terms of distance
(according to 1-norm) between the final centres and the projection of the
initial centres over the set of selected features.

We obtain almost the same clusters for the datasets before and after
feature elimination. Therefore, we can conclude that the eliminated features
are not significant in the sense of clustering and such a procedure of feature
elimination for unsupervised classification is quite efficient.
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Norm 1 11 726 6 16 22 17 20 14 24 32 1 23 10 19 12 2 29 28 25 27 18 3 2154 9 8 31 13 30 15

Norm 2 26 6 1 17 16 11 14 22 24 10 20 2 7 23 19 28 25 27 290 3 32 18 1221 84 13 9 40 5 31 15

Table 7.2: classification after the first step of the algorithm.

7.3.2 Supervised learning

The main interest of the application of this method to supervised learning
is for very small datasets, when classical statistical methods are ineffective.
In some areas, measuring information is extremely costly, and an algorithm
permitting to eliminate from a small sample the measurements that are in-
effective is very useful.

The algorithm has been applied on a biomarkers dataset, measuring the
presence level of various types of chemical elements inside different environ-
mental bodies (such as grass, soil, etc...). The observations are the bodies,
while the features are the levels of chemical elements. For reasons of confi-
dentiality, this dataset cannot be published.

The dataset under consideration in this subsection contains 32 features
and 29 observations. The dataset is divided into 3 classes (Cow Dung, Grass
and Soil), and algorithm 7.2 is applied, for two norms (Euclidean and 1
norms), in order to compare. Because one cluster was found per class, the
clustering problem is convex, and therefore the discrete gradient method can
reach the global minimum.

By comparing the results for different norms, it is possible to establish
levels of information: we can consider a group of features F} to be more
informative that a group of features F; if for all the norms:

fi <f fj:vfi € Flavfj S F2

By dividing the set of features into smaller groups following that rule, it
is possible to create levels of information.

It is shown in these results that not only this method is a good feature
elimination method, but also it generates a very robust ordering of the fea-
tures by degree of information.

The tables present the result, exposing the features from the least infor-
mative to the most informative. Three different results are presented. Table
7.2 is the first ordering of the features, when no feature has yet been elim-
inated. Table 7.3 presents the same ordering, after a few iterations of the
algorithm. Finally table 7.4 presents the order in which the features have
been eliminated.

In table 7.4, for each norm, two features were selected, and the level 1 of
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Norm 1 22 20 17 2 322325 1 29 4 2827 3 2118 5 913 8 30 31 15
Norm 2 11 2 2523 1 19 28 20 32 1218 3 2721 9 308 4 13 5 31 15

Table 7.3: intermediate classification

Norm 1 11 6 7 19 26 12 16 24 10 14 20 17 22 23 32 25 20 1 2821 27 2 183 5 4 31 9 13 8
Norm 2 26 17 22 6 11 20 7 16 14 24 10 23 19 1 25 29 27 28 3 123218212513 8 9 31 4

Table 7.4: order of elimination.

information is thus not present in this table. The informative features found

by the algorithm are {15,30} for each norm. These features are thus consid-

ered as the set of informative features, and be the first level of information.
It is possible to find 5 levels of features:

e Level 1 composed from the selected features {15,30}
e Level 2 composed from the features {4,5,8,9,13,31}
e Level 3 composed from the feature {21}

o Level 4 composed from the features {3,18}

e Level 5 composed from the remaining features.

These results were compared in [50] with another feature selection tech-
nique based on a totally different idea, the F'DM. This methods also divides
the features in levels. The features of the first level of the FDM are dis-
tributed among the levels 1-3 of the presented method. Of these three levels,
only one feature (feature 30) is not present in the first level of the FDM. This
shows that the algorithms obtain very similar results on this dataset.

Remark 24: In the case of the level 4, the rule is not strictly applied, but
the two features 3 and 18 seem important enough for each parameter to be
considered as forming a 4-th level. A strict application of the rule would
lead to only 4 levels, the last one being the union of the levels 4 and 5.
Table 1 shows that this definition gives a good idea of the degree of interest
each feature can have. One may want to work with only the first 3 levels (9
features instead of 32). The feature selection algorithm can then be applied.

7.4 Conclusion

Several feature selection approaches for supervised classification have been
developed recently. These approaches are mostly based on a fact that the
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researchers have some information about the class distribution. In the case
of unsupervised learning this kind of information is not available and there-
fore these approaches are not applicable. The area of feature selection for
unsupervised learning is not broadly studied.

In this chapter we developed some feature elimination methods for clus-
tering (unsupervised learning). The proposed procedure has been tested on
two real-world datasets. The experiments show that the procedure to elim-
inate noisy features is efficient. This procedure involves application of HM,
therefore it require an appropriate cleaning procedure in the case of large-
scale datasets.

The approach presented in this chapter works very well in the case of
clustering models based on the minimisation of the cluster function. It is
possible that for some other clustering models this approach is not very
efficient. Therefore the development of new feature selection approaches for
unsupervised learning is very important and needs to be continued.

It is also shown in this chapter that this method works well also in the case
of classification, even in extreme cases (very small datasets). It is noticeable
that this method is very robust, and does not depend strongly on the norm.



Chapter 8

Study of the relations between
clusters and classes

8.1 Introduction

An important characteristic of methods for supervised and unsupervised clas-
sification is their accuracy. There are different approaches to classification
accuracy that can be used for comparison different classifiers (see for exam-
ple, [145]). We mention here only n-fold cross-validation. This approach is
very popular, however it cannot always give a good comparison of classifiers
(see [25] for discussion). For example, the classification accuracy obtained
for the same dataset in the case of n;-fold cross-validation and ns-fold cross-
validation are not necessarily the same if n; # ny. The estimation of accuracy
of clustering methods is much more difficult than classification methods.

Due to the more fuzzy character of clustering, devising a measure for the
quality is difficult. In section 1.2.6 on page 19, two techniques were proposed.
One is based on the structure of the clusters, measuring how “deep” points
are inside the clusters, while the other one is evaluating the clusters according
to the “purity”, that is the proportion of the most represented class in the
cluster. In this chapter we show that comparison of classes and clusters is
not always appropriate, hence this comparison cannot be used for assessment
of a clustering technique. Indeed, it is possible that the points have been
grouped by this technique according to some other characteristic rather than
the classes. A simple and interesting example of such a case can be found in
[104].

In this chapter we show that a similar situation can appear in a real-world
datasets. We consider two real-world datasets with classes (“Pendigits” and
“Letters”) and compare classes and clusters for these datasets.
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1 2 3 4 5 6 7 8 9 10 size % class
1 470 0 0 0 0 107 2 1 1 0 581 80.89
2 1 1122 334 5 1 1 0 0 6 1 1471 76.27
3 0 15 634 26 0 13 0 123 146 31 988 64.17
4 0 0 2 10561 5 28 0 79 0 1 1166 90.13
5 11 0 1 29 1049 3 1 0 1 0 1095 95.79
6 247 0 0 0 0 989 0 12 0 0 1248 79.24
7 183 0 0 0 1 0 625 0 3 0 812 76.97
8 8 0 82 32 0 2 191 715 0 2 1032 69.28
9 69 2 1 0 0 0 0 0 962 0 1034 93.03

66 5 89 1 0 0 236 125 23 1020 1565 65.17

size 105656 1144 1143 1144 1056 1143 10556 1055 1142 1055
44.54 98.07 55.46 91.87 99.33 86.52 59.24 67.77 84.23 96.68

Pt
o

Table 8.1: Pendigits: Repartition of the classes in the clusters obtained by
step by step clustering

We examine clusters in the framework of the point-based clustering model.
In this model we can use different optimisation techniques for the search for
clusters. We also apply the notions of cluster function and the structure of
clusters (see [24]) in order to check the quality of clusters obtained by this
technique. The goal of this investigation is two-fold. First we show that the
clusters and classes are very different in these datasets. We also compare
different optimisation techniques for real world datasets.

8.2 Pendigits

8.2.1 Classes and centres

The experiments are first carried out on the Pendigits dataset. Although
this dataset is quite large, it is usually well handled by most classification
methods. The first experiment is to carry out a step by step clustering (see
section 6.3 without any knowledge of the classes and compare these clusters
with the classes. Table 8.1 shows the number of points from each class in
each cluster.

As a result it is noticeable that a great majority of points in each cluster
belongs to the same class. This means that the clusters seem to coincide
with classes. The purity is 78.58%.

The second experiment carried out is to find for each class one centre.
The points obtained are then considered as cluster centres and the same
analysis as previously is applied. Table 8.2 presents the results.
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1 2 3 4 5 6 T 8 9 10 size % class
1 561 0 0 0 0 142 14 1 0 0 718 78.13
2 0 1101 325 9 2 1 0 0 7 1 1446 76.14
3 0 37 651 18 0 12 1 126 148 31 1024 63.57
4 0 0 3 1060 9 79 0 34 0 1 1186 89.37
5 42 0 0 11 1043 25 3 0 0 0 1124 92.79
6 1587 0 0 0 0 876 0 8 0 0 1041 84.14
7 67 0 0 0 1 0 613 0 0 0 681 90.01
8 6 0 75 45 0 8 180 770 0 2 1086 70.9
9 154 1 0 0 0 0 0 0 968 0 1123 86.19
10 68 5 89 1 1 0 244 116 19 1020 1563 65.25

size 1055 1144 1143 1144 1056 1143 1055 1055 1142 1055
53.17 96.24 56.95 92.65 98.76 76.64 58.1 72.98 84.76 96.68

Table 8.2: Pendigits: Repartition of the classes in the clusters defined by
class centres

A similar - but more expectable - observation is made about this table:
the correspondence between clusters and classes is very strong. The purity
is 78.81%.

The class centres are used as an initial point to the local optimisation
method to find a local minimum to the cluster function. In the case of
Pendigits the solution obtained is the same as the one reached by the step
by step method.

Because the same result was reached by two different methods, it can be
expected that it is a very good local minimum. For comparison, the objective
function value for a solution reached by the k-means method was more than
2% larger. _

The conclusion of this is that even by applying a clustering method with-
out any knowledge of classes, the solution obtained is the one which corre-
sponds at best to the classes. The classification accuracy is relatively high. In
the Pendigits dataset the classes and cluster seem to be perfectly equivalent.

Indeed when the number of clusters is increased to 20 (twice the number
of classes) for the step by step clustering, the purity becomes 87%. This
result, obtained by a method which does not use any knowledge of classes,
is comparable to most specifically designed methods presented in [145].

8.2.2 Classes and cluster structures

Figure 8.1 represents the structure of the clusters. The darker the square the
larger amount of points are present in the layer. All the clusters present a
similar structure: the points are deep, showing a good clustering.
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0 .1 2 3 4.5 6 7 .8 .9 1mean

cluster 1 0.58
cluster 2 ! 0.52
cluster 3 R 0.52
cluster 4 i s 0.43
cluster 5 el 0.56
cluster 6 - 0.51
cluster 7 _;‘?{" B 0.49
cluster 8 : 0.65
cluster 9 0.59
cluster 10 0.56

Figure 8.1: Structures of the clusters of pendigits

Cluster structures have been presented in [24] (see section 1.2.6 on page 19).

They constitute a tool to evaluate the quality of the clustering. The Pendig-
its dataset has been shown to present a strong correlation between clusters
and classes. It may be interesting to consider a deeper relation, by finding
the layers of the clusters.

Figure 8.2 shows the depth of the classes in each cluster. Each disk
represents one cluster, and each slice of this disk represents one class. The
darker one circle is, the larger the proportion of points from this class is
inside the corresponding layer.

Table 8.3 shows the repartition of the main class and the other points
in each cluster. All the clusters present the same characteristic: although
the points of each clusters are quite deep for all the clusters the main class
is deeper than the others. This means that not only the cluster centres
represent the classes well, but also the “misclassified points” do not belong
so strongly to the cluster.

Table 8.4 shows the average depth of each class inside each cluster. The
results presented in this table confirm that in each cluster the predominant
class is the deepest.

8.2.3 Summary

e The relationships between classes and clusters are very explicit

e The points are “deep” inside the clusters, and therefore the clustering
is considered of high quality

e The correctly classified points are deeper.
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Figure 8.2: Structures of the clusters in pendigits
Cluster [0,0.1) [0.1,0.2] [0.2,0.3] [0.3,0.4] [0.4,0.5] [0.5,0.6] [0.6,0.7] [0.7,0.8] [0.8,0.9] [0.9,1]
1 Main class 0 0 6.8 2212 18.72 16.17 11.06 11.27 6.17 . 0

Other classes 0 0 0 0 0 3.6 37.83 18.01 24.32 0
2 Main class 0 0.08 5.97 22.01 26.73 18.36 13.72 8.5 3.83 0
Other classes 0 0 1.43 1461 27.79 16.61 1547 974 7.73 0
3 Main class 0.31 11.35 18.61 23.34 17.5 12.77 6.46 5.36 2.52 0.31
Other classes 0 0 2.25 6.49 1694 1242 6.49 1553 19.2 0
4 Main class 0 1.23 10.56 17.6 21.4 13.32 14.93 8.65 7.61 0
Other classes 0 0 0 0 0 0 0.86 12.17 38.26 O
5 Main class 0 5.71 22.11 25.64 20.59 13.34 7.14 3.62 1.42 0
Other classes 0 0 0 0 0 0 0 10.86 19.56 0
6 Main class 0 4.24 23.55 19.61 18.7 12.84 8.08 5.66 3.74 0
Other classes 0 0 0 0 0.77 3.47 10.42 22.39 3359 0
7 Main class 0 7.68 26.08 26.24 1936 13.44 4.32 1.76 096 0
Other classes 0 0 0.53 0 0 1.6 6.95 16.57 28.34 0
8 Main class 0 0 0.97 11.74 20.27 17.34 13.28 10.48 14.82 0
Other classes 0 0 0.31 3.47 10.72 13.56 14.51 26.81 16.71 0O
9 Main class 0 0.1 4.67 I 17.15 23.38 22.03 1455 9.04 5.5 0
Other classes 0 0 0 0 0 0 1.38 15.27 36.11 0
10 Main class 0 049 13.23 26.17 23.62 18.82 843 4.7 3.13 O
Other classes 0 0 0 0.18 1.28 6.42 14.67 22.2 2642 0

Table 8.3: Pendigits:Repartition of the classes by cluster layers
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1 2 3 4 5 (6 7 8 9 10
0.76 0.77 0.87 0.91 -

1 055 - - - -

2 0.99 0.51 0.56 0.91 0.98 0.88 - - 0.96 0.56
3 - 081041 084 - 08 - 0.83 05 0.78
4 - - 085 053 093 093 - 087 - 0.85
5 092 - 091 091 041 0.99 097 - 0.99 -
6 082 - - - - 046 - 089 - -
7 0.8 - - - 026 - 038 - 0388 -
8 093 - 0.81 08 - 097 062 063 - 0.76
9 0.87 0.96 099 - B - - - 054 -
10 0.86 0.9 0.77 0.98 - - 0.76 0.86 0.94 047

Table 8.4: average depth for each class in each cluster

8.3 Letters

The experiments described and applied on the Pendigits dataset in the previ-
ous section are here applied on the Letters dataset. The results are presented
and discussed.

8.3.1 Classes and centres

The Letters dataset contains 26 classes. Therefore 26 clusters are found using
the step by step algorithm. The size of the intersection of each cluster with
each class is then evaluated. Table 8.5 presents the results.

Unlike for the Pendigits dataset, where each cluster is strongly associ-
ated with a class (and where all classes are represented by one cluster), the
repartition of the classes in the clusters of the Letters dataset is much more
scattered. The purity is very low: 28.25%.

Table 8.6 presents the repartition of the classes when the cluster centres
considered are one centre per class. It is noticeable that here again the
repartition of the points is very disseminate. The purity is 23.94%.

Finally these class centres are used as an initial point for the local algo-
rithm to minimise the cluster function. While in the case of the Pendigits
dataset the result of this experiment was similar to the solution found by
step by step clustering, this time the centres are quite far apart and another
solution is reached. Once again, the repartition, shown in table 8.7 is very
diffuse.

A possible interpretation of these results could be that the clustering
algorithm does not reach meaningful clusters. The number of clusters is
fairly large, and the cluster function possess a very large number of local
minima. Its minimisation is a very difficult task, even for a powerful method



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
1 242 0 140 0 0 0 0 O O O O O 18 0 0 O 1 O O O O O 10434 0 0 708 34
2 123 0 % 0 0O 0 7 O O O O 31070 O O 8 0 O O O O 97 41 9 0 676 18
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0 0 0 0 0 OO O O 0210 0 0 0 0 0 0220 0 21990 0 0 0 703 41
1 3 0 15 3 0 1 0 8 3 05671 0 0O 4 5 0 0 1 0 0 O O 3 0 2 616 92
12 0 56 0 43 0 36 8 0 93 0 0 32 0 153134 0 45 0 O O 66 0 21 99 14 0 880 17
13 0 28 0 40 0 27 8 0 169 1 0 35 23 266138 13 8 7 0 0 45 14 70 150 3 15 1137 23
14 23 66 52 69 52 27 80 13 65 45 44 76 66 11 120 34 55 76 16 18 20 50 34 66 111 26 1315 9
5 0 0 0 0 0 0 0O 0 OO O OO O O340 00 O0OOC O O O O 0 324 100
16 104 55 98 72 33 1 89 0 114 0 1 93116 0 1 5 122 0 30 0 O 2 0 1 98 12 1047 11
7 0 7 0 0 4 0 1 0 4 0 59 0 1 0 O 60 O 035 0 0 O 0 O 4 19 680 51
8 0 5§ 0 0 5 0 0 0 0 0 0O O0O OO0 01581 02290 0 0 0 0 0 190 588 38
19 0 0 0 2 8 127 0 23918 26 13 1 0 6 0 1 0O 1 O 32726 0 8 1 0 1 805 40
20 0 10 0 34 1025111 203 9 27 21 20 1 7 2 1 O 1 1 30441 3 17 8 0 2 984 30
21 0 0 0O 500 0 0 0 0 0 0 0 0 0 0 0 00 01690 0 0 0 0 174 97
22 15 26 41 40 79 7 0 2 0 8 1 92 4 0 0 2 69 119 2 0 126127 8 3. 0 12 978 12
23 0 68 0 3 163 5 0 2 0 137 0 9 3 0 O 0O 4 146 O 2 28 174 40 0 O 0 784 22
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size 734 803 748 734 775 783 758 792 805 764 789 739 768 753 783 T61 T87 786 755 752 813 796 736 773 766 747
32 34 18 21 35 32 19 30 20 38 71 16 24 35 23 42 16 26 46 43 20 24 16 32 33 25

Table 8.5: Letters: Repartition of the classes in the clusters obtained by step by step clustering
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26

1 113 1 50 0 9 0 0 0O 1 O O O 36 0 16 15 0 0 12 0 O 1 6 3 4 16 283 39
2*0 0 0 0O 0O 0O OO OO O OOOOOTOTOOTUODOU®OOOOOTG OO O O

3 0 22 0 0 0 0 0 0 0 O OO O OCOOTOOOOTOUO O O O 0 242100
4 220 2 273 7 8 0 84 0 5 0O 0 59 77 0 19 17165 1 11 0 0 8 8 14 179 22 1179 23
5 1711213 0 320 1 0 0 0 77 0 O 18 0 0O 0 16 127 14 0 0 194 0 0 O 16 925 34
6 5 0 7 1. 0 0 8 0 0 00 00 O O T 1 O0OUOUO0OUO0OO0OO0OO0O 1 30 26
7 33 5 54 27 0 0O 78 0 38 0 0 5 36 0 4 2 34 0 5 0 0 0 0 0 54 0 375 20
8 3 39 5 11 10 17 28 0 123 1 16 2 1 9 11 57 30 5 23 0 11 O 0 7 13 19 441 27
9 0 o0 0 0O 00 OO O 3 0 0 O OOTOTOOOOO0OOOTOTOTO 3 100
%0 0 0 00 00 00 1 0601 OO0 O OO0COOOTUOUGOOTGOTGOTUO 2 50
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12 0 3 1 6 19 0 0 0 0 346 0 4 5 0 O O 51177 6 0 22 8 2 0 O O 768 45
13 15 0 5 4 0 0 0 0O O 4 0 3 37 0 0 O 2 28 3 O O O O O 65 0 178 24
14 15 0 31 6 0 1 18 0 42 1 455 0 0 2 3 92131 0 37 0 2 0 O 7 1 64 908 50
3 0 0 0 0 0 4 0 0 0 0 0 52 0 0 0 0 0O O O O OO O O O O 56 92
i 0 0 0o 0o 0 0 06 00 5 010 0 0OO0OO0OCO0OO0OO0OOOO0OOOO0O 22 7
17 0 21 0 26 0 28 40 156 2 1 0 1 0 44 43 0 0 O O O 23 0 1 30 2 4 281 15
18 42 76 78 299 20 216 219 188 312 28 28 128 134 457 473 53 27 83 3 32 399 82 215 372 247 54 4265 11
19 13 72 10 39 56 25 46 0 111 0 136 3 1 96 41 262 43 0 138 3 0 0 O 8 25 77 1205 21
201 0 0 4 0 1 0 0O O O O 5 10 0 0 16 54 0 15 0 0 O O O 1 31 183 29
21 140 165 194 157116 7 96 1 139 40 39 142 205 76 115 74 207 118 54 0 13 54 63 110 198 89 2612 7

22 0 44 0 120 41 471135586 32 110115181 0 48 11 18 9 6 3 717126 7 42 41 37 9 2909 24
23 0 0 2 24 5 6 0 2 0 4 0 19 8 2 0 0 5 1 0 0 19 0 46 0 0 44 358 53
24 9 15 10 0 1727 0 0 O 0 15 0 0 5 0 O 147 6 201347 0 2 358 66 0 O 2251577 22
25108 1 12 0 O O 5 O O O O O 19 0 0 1 O O 4 0O O O 28283 0 76 767 36
26 0 0 0 3 0 O 1 0O 0 60 0 32 0 19 47 0 5 37 48 0 25 5 5 98 0 0 38 25

size 734 803 748 734 775 783 758 792 805 764 789 739 768 753 783 T61 T8T 786 755 752 813 796 736 773 766 747
29 30 36 40 41 60 28 73 38 45 57 24 26 60 60 .34

26 256 45 95 49 44 38 48 32 30

Table 8.6: Letters: Repartition of the classes in the clusters defined by class centres
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like the step by step method.

However neither the improved class centres nor the class centres them-
selves seem to represent the classes well. Moreover the value of the function
at the point reached by the step by step method is sensibly lower than the
one at the other points. _

The distribution of the points of the dataset in clusters independent from
their class may be due to the fact that some more information is contained
in the dataset (for example the font of the letters), and this information may
bring some noise for an eventual classification.

The latter interpretation is confirmed by the fact that when the number
of clusters is decreased to 4, thus making the problem easier to solve, the
repartition of the classes remains scattered.

8.3.2 Classes and cluster structures

Figure 8.3 shows the structure of the clusters. These clusters present gen-
erally a similar structure: the majority of points is deep inside the cluster.
This shows that the clustering created clusters of high quality.

Experiments show that the distribution of the classes inside the clusters
is very diffuse for the Letters dataset. This means of course that the classes
do not represent the most obvious point-based clustering of this dataset. Let
us consider the structures of the clusters and examine the distributions of
the classes among the layers. ,

Figure 8.4 and table 8.8 show the distribution of the classes in each cluster.
Clearly there are several types of clusters. Some of them contain only points
from a few classes. The majority of the clusters, however, contains points
belonging to many classes. In a general manner, it can be noticed that the
repartition in layers for all the classes present in the cluster is quite similar.
This result emphasises the conclusion that a cluster cannot be associated
with a particular class in the Letters dataset.

Cluster [0,0.1] [0.1,0.2] [0.2,0.3] [0.3,0.4] [0.4,0.5] [0.5,0.6] [0.6,0.7)] [0.7,0.8] [0.8,0.9] [0.9,1]
1 Main class 0 0 0 2.06 25.61 29.33 13.63 991 5.78 0
Other classes 0 0 0 0.21 15.02 16.95 16.3 16.52 21.67 O
2 Main class 0 0 0.81 16.26 24.39 6.5 28.45 10.56 4.06 0
Other classes 0 0 0 0.36 2.71 103 19.16 20.79 19.71 O
3 Main class 0 0 0 0 1.19 15.47 32.14 20.23 17.85 O
Other classes 0 0 0 0.11 1.15 8.67 14.68 18.26 2647 O
4 Main class 0 0 0 6.15 19.56 18.11 11.95 10.5 17.02 0O
Other classes 0 0 0 0 0 0 0 4 24 0
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5 Main class 0 0 0 0 64 216 136 16.8 184 0
Other classes 0 0 0 0.17 2.89 7.33 12.36 17.81 25.31 O
6 Main class 0 0 0 0 266 6.2 14.23 27 2591 0
Other classes 0 0 0 0.16 1.63 8.49 11.27 20.09 25.81 O
7 Main class 0 0 11.69 45.61 26.9 12.28 2.33 0.58 0 0
Other classes 0 0 0 0 6.36 22.61 37.26 16.87 11.78 0
8 Main class 0 0 0 0.86 b5.17 19.82 25.86 18.1 16.37 0
Other classes 0 0 0 1.13 12.3 16.85 16.17 16.62 17.53 0
9 Main class 0 0 25 409 13.63 4.54 9.09 6.81 1] 0
Other classes 0 0 21.08 10.88 7.48 8.84 16.32 544 16.32 0
10 Main class 0 0 0 1.37 7.9 23.02 2749 13.74 1443 0
Other classes 0 0 0 485 12.13 11.4 17.71 23.05 18.68 0
11 Main class 0 0 1.76 16.22 19.57 20.28 14.99 8.81 1058 0
Other classes 0 0 0 0 0 0 6.12 14.28 2244 0
12 Main class 0 0 0 2156 26.79 26.14 9.8 326 457 0
Other classes 0 0 0 2.33 4.67 12.37 20.08 20.22 20.63 0
13 Main class 0 0 0.37 1.5 9.02 2255 24.06 14.28 124 O
Other classes 0 0 0 0.11 1.95 849 13.31 19.51 25.02 O
14 Main class 0 0 0 0 0 0.83 16.66 24.16 26.66 0
Other classes 0 0 0 0 1.08 7.78 17.65 22.25 25.77 O
15 Main class 0 0.3 2345 11.72 13.88 13.27 12.65 12.34 833 0O
Other classes 0 0 0 0 0 0 0 0 0
16 Main class 0 0 0 0 4,91 18.85 17.21 15.57 2049 0
Other classes 0 0 0.32 075 6.81 14.91 14.27 19.02 214 0
17 Main class 0 0 0 0 0 18.85 38.28 25.42 10.28 0
Other classes 0 0 0 5.75 10 14.24 14.24 1424 18.18 0
18 Main class 0 0 0 12.66 19.65 16.15 25.32 11.35 6.98 0O
Other classes 0 0 0.27 0.27 7.52 14.76 17.27 19.49 2284 0
19 Main class 0 0 0 0 4.58 22.32 26.6 20.48 1559 0O
Other classes 0 0 0 0.2 3.34 6.69 15.06 20.08 23.84 0
20 Main class 0 0 0 0.32 2.96 20.39 22.03 20.72 16.77 0
Other classes 0 0 0 0.14 4.41 17.05 18.67 17.79 17.94 0
21 Main class 0 7.1 20.71 32.54 17.76 14.2 5.91 1.77 0 0
Other classes 0 0 0 0 0 0 0 0 0 0
22 Main class 0 0 0 0 0 236 17.32 22.04 3149 0
Other classes 0 0 0 0 1.52 9.87 16.68 20.79 26.43 0O
23 Main class 0 0 0 1.72 12.06 13.21 22.41 25.28 12.64 0
Other classes 0 0 0 0.49 2.45 1049 22.62 30.49 1295 0O
24 Main class 0 0 0 0 3.61 10.04 21.28 21.68 23.69 O
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Other classes 0 0 0.24 1556 6.31 11.88 23.52 27.95

0 0
25 Main class 0 0 0 0 039 3.92 745 15.68 43.92 0
Other classes 0 0 0 0.19 316 727 134 203 28.06 O
0 0
0 0

26 Main class 5.35 14.88 20.83 17.85 9.52 10.71 9.52 4.16
Other classes 0 0 0 0 0 0 0 0

Table 8.8: Pendigits:Repartition of the classes by cluster layers

Table 8.9 presents the average depth of each class in each cluster. All
the classes are at the same depth inside the clusters. Moreover this depth -
generally between 0.3 and 0.8 - shows that the points are quite far from the
boundary of each cluster. An interesting case is the 8-th cluster: most classes
of the dataset are very deep inside the cluster. This can be seen as a strong
belonging to the clusters, and it can be concluded that although the cluster
is strongly constituted, it does not permit discrimination between classes.

8.4 Conclusion

The main conclusion to this research is that clusters do not necessarily coin-
cide with classes. Several factors can cause such results.

e The chosen clustering model does not match the classification structure.
(For example, it is possible that some classes in Letters dataset are not
point based, while it is the point based model we use for clustering.)

e The dataset contains a high proportion of noisy records and/or possible
mistakes, which may have appeared, for example, at the stage of data
collection;

e Some characteristics link points more strongly than their belonging to
classes.

The notion of purity cannot always be used for evaluation of accuracy
of clustering methods. If the purity is high enough, we can conclude that
the chosen clustering method is efficient for the dataset under consideration.
However, we can not make any conclusion regarding the efficiency of cluster-
ing methods, if purity is low. In such a case the classes and clusters do not
coincide. There can be different reasons for this: either the applied clustering
technique does not work very well, or there might be some other “hidden”
characteristics, which link the records together and which are independent
from the classes.

The purity can then be seen as a measure of the quality of the dataset
rather than of the cluster method.



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
1 114 0. 97 0 0 0 15 0 0 O 0 48107 0 O 3 92 0 2 O 0 2 108 63 109 0O 760 15
2 242 0 1838 0 0 0O O O O O O O 192 0 3 0 7 0O 0 0 0 0 8 42 94 0 848 28
3 o o o o oo oo 0o o o o o 0o 060 00 0 0 0 00 0 0 0 0 o0
4 0 0 00O O OOOOOOOTDOOOOOO OOTUOOOOTUO O o0
5 0 0 00 0O OO OCOOTOOTODOOTGOO OUOOOTGOGOOOTO O O
6 19 90 37 54 36 36 61 1 72 41 25 68 15 59 45 36 44 46 26 0 63 23 31 43 45 16 1032 8
7 32 41 24 110 35 10 71 1 8 O 21 89 57 11 20 8 51 9 12 0 9 25 1 &5 78 13 817 13
8 022321 1344 0 0 0 0 26 0 2 1 0 0 0 2 8 2 0 5813171 0 0 2 953 36
9 1 51 26 39 21 41 65 101 23 42 11 60 26 32 49 23 13 51 1 79 49 12 18 67 74 2 977 10
10 0 0 0 160 0 178 0 18 0 0 O 0 O O O O O O O O 169 0 O O O 0 688 26
11 79 29 76 65 18 3 73 0 100 0 1 72100 0 0O 1 8 0 9 0 4 1 1 2 8 6 804 12
2 0 0 0 0 0 1 0 O O3B 0 0 0 0 0 0 0370 O 6 300 0 0 0 999 38
13 3 0 25 3 0 13 0 12 7 0364 2 0 2 4 13 0 0 7 0 0 0O O 5 0 15 475 76
4 0 0 0 O 0 0O 1 0 0O 0290 0 0 0 1 0 0 0 0 0 0 0 0 0 0 301 9
15 0 583 0 70 22 72 69 20 79 O O 37 O 133125 0 40 0O 45 15 107 0 22 56 10 0O 975 13
16 0 9 0 30 0 25 99 0 175 0 O 45 19 283130 15 13 6 O O 38 16 77 151 23 14 1249 22
17 94 57 111 55 66 11 73 9 55 25 38 60 108 7 176 55 101 79 38 0 5 53 58 72 134 67 1607 10
8 0 0 0 00 060 060 OO 0O O 0 032660 0 0 0 0 0 0 0 0 0 326100
19 146 54 135 32 49 0 75 0 70 0 O 64 103 11 36 101154 3 8 0 0 19 4 3 62 63 1272 12
20 0 3 0 0 5 0-0 0 0 O O O O O O 168 0 03740 0 0 O 0 0 28 83 44
21 0 & 0O 31 10238 12 19 9 22 20 18 1 6 2 O O 1 1 31340 2 17 8 0O 1 956 32
22 0 1 0 5 6 137 0 27015 32 9 2 0 6 1 1 0 1 0 34326 0 11 2 0 2 870 39
23 3 49 27 2316210 0 1 0O 19 O 61 22 0O O O 61 192 6 2 171205103 0 0O 41 1329 15
24 1 54 6 56 1 8 144 0 116 1 1 111 17 203192 10 129 2 3 0 68 7 129254 53 4 1570 16
2 0 0 0 0 00 OO OCOOO0OOOTOOOTO0OOOTODO0OTO0OO0OO O 0O 2 2 100
26 0 0 0O 00 00O O O OO O OO O OO OT140 0 0 0 0 0 21435 60

size 734 803 748 734 775 783 758 792 805 764 789 739 768 753 783 761 787 786 755 752 813 796 736 773 766 747
32 27 24 21 44 30 18 34 21 50 46 15 25 37 24 42 19 39 49 45 21 37 17 32 17 38

Table 8.7: Letters: Repartition of the classes in the clusters defined by improving the class centres
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cluster 1
cluster 2
cluster 3
cluster 4
cluster 5
cluster 6
cluster 7
cluster 8
cluster 9
cluster 10
cluster 11
cluster 12
cluster 13
cluster 14
cluster 15
cluster 16
cluster 17
cluster 18
cluster 19
cluster 20
cluster 21
cluster 22
cluster 23
cluster 24
cluster 25
cluster 26

Figure 8.3: Structures of the clusters for the letters dataset
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Figure 8.4: The structures of the clusters



1 2 3 4 5 6 7 & 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
1063 - 068 - - - - - - - - - 06 - - - 099 - - - - - 08084 - -
2058 - 074 - - - 092 - - - - 08065 - - - 073 - - - - - 087082083 -
3 0.870.73 0.8 0.77 0.82 0.9 0.72 0.91 0.75 0.89 0.84 0.78 0.85 0.71 0.87 0.81 0.83 0.85 0.9 - 0.85 0.9 0.88 0.76 0.73 0.92
4 - 067 - - 092 - - - - 08 - - - - - - - -09 - - - - - - 09
5 0.83 0.82 0.74 0.79 0.86 0.95 0.74 - 0.77 - 0.88 0.8 0.72 0.89 0.88 0.88 0.8 0.98 0.86 - - 0.89 - 0.890.71 0.9
6 - 0.88086089079093 - - - 087 - 091092 - - - 0907209 - 0850.7708 - - 0.94
7 - - - 074 - 041 - 061 - - - - - - - - - - - - - - - - - -
8 - 0.830.930.76 0.88 0.67 0.7 0.71 0.79 0.68 0.94 0.72 0.79 0.62 0.75 092 - 079 - 0.68 0.6 0.73 0.83 0.71 0.77 -
B s s - 045 - 029 - 043 - - - 0917 - - - - - - - 08070 - - - - -
0 - - - - = - - - - 068 - - - - - - - 061 - - 09108 - - - -
11092 - 085092 - 093 - 088084 - 05909 - - 08309 - - 094 - - - - 08 - 0097
12 - 084 - 06 - 081071 - 07 - - 089 - 055062 - 074 - - - 09 - 0860.75089 -
3 - 09 - 077 - 07 08 - 077099 - 0.880.920.690.780.83094092 - - 0.79 0.850.83 0.79 0.91 0.74
14 0.88 0.81 0.83 0.83 0.74 0.81 0.77 0.76 0.82 0.8 0.84 0.81 0.69 0.8 0.83 0.75 0.78 0.81 0.83 0.91 0.86 0.76 0.8 0.78 0.77 0.78
%5 - - - - - - - - - - - - - - <082 - - - - - - - - - -
16 0.83 0.87 0.72 0.68 0.86 0.95 0.77 - 0.74 - 0.950.78 065 - 097093075 - 088 - - 0.96 - 0.930.650.91
17 - 09 - - 09 - 092 - 09 - 09 - 09 - - 07 - - 07 - - - - - 075065
8 - 08 - - 09 - - - - - - - - - - 07809% - 06 - - - - - - 069
9 - - - 098086079 - 078 08 09 08 099 - 093 - 078 - 091 - 0.7 077 - 089097 - 0.89
20 - 093 - 0.820.83 0.73 0.84 0.69 0.83 0.88 0.77 0.89 0.95 0.81 0.95 0.97 - 0.97 0.98 0.73 0.82 0.85 0.74 0.78 - 0.91
20 - - - 098 - - - - - - - - - - - - - - - -038 - - - - -
22 09 05 08407708209 - 091 - 085099074076 - - 097069 08 0.99 - 0.730.82 0.8 096 - O0.87
23 - 084 - 09207408 - 097 - 071 - 08208 - - - 083069 - 097 09 07 08 - - -
24 - 093 - 073 - 078083 - 08 - 1 0840910.730.770.73 0.810.950.92 - 0.890.71 0.86 0.76 0.91 0.8

25 0.81 0.77 0.78 0.82 0.72 0.91 0.86 0.92 0.83 0.93 0.79 0.84 0.8 0.9 0.88 0.68 0.82 0.84 0.66 - - 0.83 0.77 0.77 0.83 0.74

Table 8.9: average depth for each class in each cluster -
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Our task is to find a shape containing the set. We would like to construct a
geometrical object from a certain class which contains this finite set.

We propose an approach to find ellipsoidal approximations for given sets.
In order to describe this algorithm we need some definitions.

Definition 30. An ellipsoid which includes the finite set of points A is called
a shape of the set A.

Definition 31. A shape is sustable if at least one of the points from the set
A is on the boundary of this geometrical body (shape).

We present several approaches to find suitable shapes for the finite set.

9.2.2 Positive definite symmetric matrix approach(PDSMA)

Any ellipsoid can be described by a centre and a positive definite matrix. Let
M be the set of positive definite matrices. In order to find a suitable shape
we intend to determine a positive definite symmetric matrix M, such that:

“C—ai”MSl V%E{I,N},

where there exists an a; € A such that ||c — a;||pm = 1, c is the centre of the
finite set obtained by an appropriate method, and

lzll3; = (2, Mz).
As an approximation of the set A we then consider the object

{LB e R": ”C—* .‘IJ”M' < ].} : (gl)

9.2.3 Positive diagonal matrix approach(PDMA)

It is reasonable to only consider the subset D, € M™ of positive diagonal
matrices. In order to find a suitable shape we intend to determine a positive
definite diagonal matrix D = diag(d,,...,d,), such that:

le—aillp <1 Vie{l,...N}

where there exists an a; € A : ||c — a;]|p = 1, ¢ is the centre of the finite set
obtained by an appropriate method, and

T 1/3
Izl = (Zdilwiif’) ,  J=1.2
f=1
As an approximation of the set A we then consider the set

{zeR":|c—z|p < 1}. (9.2)
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Figure 9.1: The structure for L = 5 for a shape of a finite set

Remark 25: The PDSMA is a generalisation of the PDMA for the Eu-
clidean norm, but the dimension of the problem appearing in the PDMA is
significantly less. -

9.2.4 Structures

Once a shape has been found for A, we would like to study the distribution
of the points within this shape. Let L € IN. We want to divide the shape into
L layers from the centre to the boundary, and analyse the distribution of the
points within these layers. Figure 9.1 shows an illustration of the division of
an ellipse into 5 layers. The points represent the finite set approximated by
the ellipse. :

bl < oeelly_ < kL for 1 <k<L-1

mjaleaj —ellm

#d = el
TS ol =1

Remark 26: In this structure card (S(L)) > 1.

Definition 32. The point a;, is isolated if:
ai, € S,(L) and  Sp(L-—1)=0.

Very often the set we would like to study consists of two parts. The first
part contains a lot of points which are close to each other (the so called solid
part). The other part contains few points spaced out around the solid part.
The points from the spaced out part could be interpreted as noise. We can
use these structures in order to create an algorithm to separate the solid part
from the points considered to be noisy.
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9.3 Algorithm

We propose a new algorithm to find an ellipsoidal shape for the finite set of
points. This algorithm has three phases.

Algorithm 9.1: Finding the shape of a set of points

Step 1 Find the centre of the set
Step 2 Eliminate some isolated points that are considered as noise
Step 3 Find the ellipsoidal shape

In the following subsections we will explain each step more precisely.

9.3.1 Find the centre

To find the centre of the set A we solve the clustering problem (1.4) on
page 15.

9.3.2 Elimination of the isolated points

A point which is too far from the rest of the points, and will thus induce
some noise in the process of finding the shape has to be eliminated from the
set A. For that, we need to find a shape in which such a point is isolated.
This means that for such a shape, most of the points will be near the centre,
while the ones to be eliminated will be on the boundary of this ellipsoid.
To find such an ellipsoid, we need the points to be globally the furthest
possible from the boundary of the shape, i.e. closer to the centre c. This
leads naturally to the optimisation problem of determining M such that:

minimise Z lla — ||
acA
such that

max|la —cllyy =1; M € M*.
acA

(9:3)

To eliminate the noise, we have to solve the problem (9.3) repeatedly
until the noisy data has been removed. Let L € IN, and apply the following
algorithm.

In our examples, the points were eliminated with both L = 10 and L =5
before the next step.
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Algorithm 9.2: An algorithm for eliminating noise

Step 1 Set Ay — A and i + 0
repeat
Step 2 solve (9.3)
if S(L—1) =0 then
L Aip1 = A\SL(L)
Step 3 Seti=i+1
until A.;' = Ai-——l

9.3.3 Finding the shape

Once no more noise exists, we can determine the shape. Now we want the
boundary of the ellipsoid to be as close to the group of points as possible.
We obtain the following optimisation problem for M:

maximise Z lla — cl|lam

acA
such that (9.4)
max|la —clly =1, M € M.
acA

The restriction on the set of positive definite symmetric matrices could be
implemented using the Cholesky factorisation (for details see [184]). It means
that there exists a unique lower triangular n X ndimensional matrix G with
a positive prime diagonal g;; > 0, 7 = 1,...,n, such that M = GGT. Thus
there exists a bijection between the set of positive definite symmetric matrices
and the set of lower triangular matrices with positive leading diagonals.

9.4 Numerical experiments: comments and
descriptions

9.4.1 Subsets

The algorithm was applied on the Diabetes dataset. This dataset contains
2 classes (500 observations in the first class and 268 observations from the
second class). All features (1-8) are continuous. After application of a feature
selection algorithm, we obtain the subset (1,2,8) of the most informative
features.

We present some results for different sets of points. We find 3 clusters
in the first class and 3 clusters in the second one (Sets 1-6). We also study
each class more precisely (Sets 7 and 8).
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9.4.2 Point elimination

We present, some results obtained by the algorithm for noise elimination. We
use the structures of the order L = 10 and L = 5.

Set Initial size

Number of iterations

Points eliminated

137
226
66
85
137
117
500
268

CO 1 O U1 = QDN =~

3

o= NN N

119;127;51
156;13;46:80;181;77;85;104;43
19

44

42

none

none

none

Table 9.1: Point elimination for symmetric definite positive matrices

Set Initial size

Number of iterations

Points eliminated

137
226
66
85
137
117
500
268

00 =1 G UL W= W0 1D =

3

o = DN N O

119,127
156;13;46;80;181;77;85;104
19

44

none

none

none

none

Table 9.2: Point elimination for diagonal matrices

Remark 27: No actual elimination occurs during the last iteration.

Remark 28: The results for elimination obtained by diagonal and positive
definite symmetric positive matrices are slightly different, but in the case of
diagonal matrices we have much fewer variables in the optimisation problem.
It is therefore reasonable to use diagonal matrices in the elimination process.

Remark 29: If no point is eliminated in a set, the elimination may need to
be refined by running the algorithm with another value of L.
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9.4.3 Shape of the sets

For each set after point elimination we found a suitable shape and the repar-
tition of the points within this new shape. We present results for the three
biggest sets in our example (Sets 2,7 and 8).

Set S10(1) S10(2) S10(3) S10(4) S10(5) S10(6) S10(7) S10(8) S10(9) S10(10)

2 5 16 24 23 10 4 3 21 80 31
7 30 112 139 74 42 26 32 19 12 14
8 4 11 35 70 52 31 30 19 8 8

Table 9.3: The repartition of the points using Sjo(k) structures, k = 1,.. ., 10.

In the case of the Set 2, we observe that many points are close to the
boundary of the suitable shape, and therefore the repartition of the points
is quite regular. For the Sets 7 and 8 we could not obtain such results. It is
possible that we still have some noisy points.

9.5 Conclusion

In this chapter, an algorithm to find the shape of a finite set of points has
been developed. This algorithm is based on the solution of several nonsmooth
optimisation methods.

Using the shape, it is possible to eliminate a number of noisy points from
the dataset. This may be very useful to obtain more accurate results.

This research should be applied to other types of shapes, and it could
be interesting to study the intersections of various shapes. The intersection
between the shapes and the skeletons as a characterisation of the sets should
also be studied.
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Conclusion

In this thesis, tools for addressing data analysis goals have been developed.
The research has taken two different, complementary directions.

It has been observed that the optimisation based approach to data anal-
ysis is one of the most promising. The modularity of the methods gives
the experts more freedom compared to other approaches. However, these
methods are based on large-scale mathematical programming problems with
nonsmooth, nonconvex objective functions, and the vast majority of general
purpose softwares were unable to solve these problems.

Based on one of the most adapted algorithms, the discrete gradient method,
an approach particularly adapted to data analysis optimisation problems has
been designed. First, theoretical considerations on piecewise partially sepa-
rable functions have been presented, and an algorithm has been developed to
minimise these function. Numerical results have shown that this algorithm
is very efficient, and notably that for this class of functions it improves the
speed of original discrete gradient method. This algorithm has then been
successfully applied to several problems of data analysis.

Although the algorithm proposed addresses a number of issues, it is a de-
scent method, which can only guarantee termination on a stationary point.
Unfortunately global methods are not applicable to problems on large scale
datasets. In order to obtain a satisfactory solution it is necessary to de-
sign techniques that provide a good initial guess, thereby ensuring that the
solution reached is good.

The first problem to which this optimisation method has been applied
is the one of supervised learning of data. There exists an extremely large
number of solutions to this problem, some of which are based on optimisation.
The most popular among these is the so-called Support Vector Machine,
which maps the data via a nonlinear projection over a larger dimensional set
before attempting to separate it using a linear function. Notwithstanding the
popularity or the efficiency of this technique, we suggest one limitation: the
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nonlinear mapping has to be specified by the user and therefore it may happen
that the Support Vector Machine does not reach a good solution. On the
other hand, another approach, based on piecewise linear separation of sets,
seemed rather promising, although based on a more complex optimisation
probleni.

We used the algorithm developed previously on this problem, and adapted
this set-separating approach to a multi-class classification method. Numeri-
cal experiments on large scale datasets show that this method is very efficient
and deserves to be further improved. In particular, a method to obtain the
number of planes necessary in the linear function should be provided. .

Another problem on which we applied our method is the one of unsuper-
vised learning. The most common —and arguably the best— approach is
the one which consists of minimising the average dissimilarity among clus-
ters. This is a very complex nonsmooth, nonconvex optimisation problem.
Two approaches for solving this problem are proposed.

The first approach is based on an incremental algorithm: the clusters are
added one by one, and at each iteration, all the clusters are fixed while the
added cluster is placed. Then the clusters are refined. This method is very
efficient, as it constructs the points step by step, and always ensures that the
optimisation method is given a good initial guess.

The second approach is better suited for larger datasets and for situa-
tions where a quick (but good) solution is privileged over a better one. In
particular, this approach does not minimise over the whole dataset but on a
summary of it, specifically the “e-cleaned” version. Several initial points are
proposed, and 3 different minimisation methods are applied. The numerical
experiments show that the initial points ensure that all three methods reach
a good solution. An interesting observation is that when a general-purpose
optimisation software is applied, it reaches better solutions over the cleaned
dataset than over the original one, because the latter generates a too heavy
problem for these softwares.

The algorithm is also applied on the minimisation of “skeletons”, but the
results show that it is not so efficient. In particular, the combination with the
e-cleaning does not provide as good results as for the point-based clustering.

Very few methods for preprocessing the data for unsupervised learning
have been designed so far. In this thesis, a new method, based on the clus-
tering algorithm designed previously, is proposed. This method is applied on
test datasets, and it is shown that it works well. Moreover it can easily be
adapted to supervised learning, which is very useful in the case of datasets
of small size. '

The penultimate chapter examines the common belief that clustering a
labelled dataset should necessarily comply with the distribution into classes.
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This belief has given rise to a measure of the quality of clusters called purity.
However, it is shown here that it is not necessarily true. While for some
datasets, the results obtained strongly correspond to the classes — which
certainly show that the clustering method is very good — in some other
cases, there is absolutely no relationship between these two. Although in
these cases, other measures for the quality of the clustering give satisfactory
results, the purity is very low. Hence the purity may be a measure of the
quality of the dataset rather than one of the clustering method.

Finally, a new type of data analysis problem has been examined: discov-
ering the geometrical properties of a set of points. An algorithm for finding
an ellipsoidal shape has been proposed and applied on a test dataset. The re-
sults are promising, and in particular, this algorithm can be used to eliminate
successfully noisy points from the dataset.

Further research

The version of the discrete gradient method presented in this thesis is an
important step in the application of this method to solve data analysis prob-
lems. The computational cost can be drastically reduced when the scheme
is applied.

It is necessary to continue the research in this direction, and to enhance
even more the efficiency of the method. In the future, the size of datasets
will increase, and we have seen that it may be advantageous to solve several
optimisation problems (for example in the step by step clustering method).
Two directions can (and should) be followed for this purpose.

e The main bottleneck of the method is now on step 4 of the algorithm 2.2
on page 59. It consists of solving a smooth quadratic problem: the
minimal distance between the origin and a polyhedron. This task is
carried out by applying Wolfe’s method. While this method is quite
efficient, it does not use the previous knowledge about the polyhedron
which is available in the algorithm. A new method using this knowledge
would probably improve the efficiency of the overall method.

e The other improvement can be carried out on the line search (step
5). While this step is not itself very time consuming, the quality of
its results is directly related to the number of iterations, that is the
number of times the discrete gradients are computed and the Wolfe
algorithm applied. Improving the line search could lead to a substantial
improvement.
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The discrete gradient method based on quasidifferentials has not been
applied throughout this thesis. Using the quasidifferentials has advantages,
inasmuch as it provides a more accurate approximation to the function than
the subdifferential. However there is no formal proof of termination for this
algorithm. Applying the simplified scheme to this version of the discrete gra-
dient method may nevertheless prove worthwhile, since it may require fewer
iterations, and therefore less computationally expensive than the subdiffer-
ential version.

From the point of view of data analysis the algorithms presented in this
thesis all gave promising results on test datasets. The supervised learning
method based on piecewise linear separation provides a theoretical security:
if the number of hyperplanes is large enough, then the separating functions
should separate the classes correctly. Moreover any separating surface can be
approximated by a piecewise linear function. Following the results presented
in this thesis, a method should be devised to find the number of hyperplanes
necessary. Moreover, a good initial point should be provided to the local
minimisation algorithm.

An idea which may lead to a solution to this problem is by constructing
the separating function step by step, adding hyperplanes one by one, possibly
using the classification through clustering in conjunction with the step by
step clustering.

The clustering methods should be further tested, using other dissimilarity
functions. In particular, it may be interesting to modify the problem in
order to take into account the dissimilarity between clusters. (That is take
a combination of two criteria: the average similarity with the cluster centre,
and the average dissimilarity from the other cluster centres).

Finally, the shapes of clusters open the door to a new research direc-
tion, which should be studied. Many improvements can be studied for this
research:

¢ Studying the shapes as ellipsoids may be too restrictive, and other types
of shapes should be studied. In particular, the intersections between
various shapes should give more accurate approximation of the envelope
of the sets.

e The point elimination procedure should be further studied. In par-
ticular, experiments should be carried out to see how this elimination
influences the results of clustering and classification methods

e One interesting application of the ellipsoidal shapes is to the recom-
bination of features: using the ellipsoid, it is possible to see how the
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features interact with each other, and to process the dataset by mul-
tiplying each observation by the resulting matrix. Experiments should
be made to see whether this improves the results of classification and

clustering algorithms.
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