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words, they are now twice as far apart as before, the spacing
of the secondary maxima remaining the same.

The analogy between the secondary maxima and the fringes
produced by a rectangular aperture of the same size as the
ruled surface, can be studied to advantage by means of coarse
gratings made by ruling four or five lines on a piece of smoked
plate glass, and making the lower third of the grating clear
hy wiping out the lines. Sun or arc light filtered through
red glass should be used with a small spectrometer, the
grating and aperture being covered in succession or used
simultaneously.

XLVI. On the Figure of the Earth. By J. Prescorr, M.A.,
Lecturer in Mathematics at the Manchester School of
Technology *.

SHALL assume that the figure of the earth is an oblate
spheroid of small ellipticity and I propose to find this
ellipticity. I shall also assume that the figure is the same as it
would be if the earth were wholly liquid. There can be little
doubt that the figure obtained on these assumptions is not
tar from the actual shape. For, the earth’s crust is probably
not rigid enough to resist the forces pulling it into this
shape.
I}E is necessary first to find the potential, at an external point
on the axis, of a thin shell bounded by similar oblate spheroids
whose generating curves are

£y :
e
N
;'22* + Ig' =1+o,
where V(14 0) = (b4 8b)*=1b* + 253D,
1
or ;u?%;

and 6 is the polar semi-axis.

Let P be the external point, O the centre of the shells,
OP =7, (a—b)=¢eb, K = the gravitation constant, p = density.
The mass of a thin ring of the shell between the planes y
and y+ 8y is

wp(xs* —ay") 8y
=7pca’dy.

* Communicated by the Author.
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Fig. 1.

P

Taking potential to be Ez{rﬁl , the potential of this ring at P

_ Kwmpoa?ly
T VAed+ =)'

v -
=Knpoa?dy { a2(1 - z§)+r2—2g/r +y2 }
2 -4
=Kmpaa®dy { b3 (14 2e) (1— %—2) + 2 —2yr+y2 } nearly
=Kmrpaa2dy {ri— 2yr 4 b2+ 2e(b2~—y?) } ¥

=Kmpoa8y(r*—2yr + %)~ * { 1—e -y }
r*—2yr+4b?

where only the first power of e has been retained. The
potential of the whole shell
+0
=Kapoar|  {(*—2yr+0%) " —e(b2~y*) (1 — 2yr+ 67) ~H}dy
-5

. 1 5 b2 L +b
=Krpo [—; (P—2yr + 8~ (= 2yr 457

+0
+ equpo'aQ‘s‘ . 7 =2yr+ b*) " idy.

Now S Y(r*—2yr+ b°)dy

72 < 3y 2
=% (F=2Zyr+67) "2 4 ;51 (P —2yr+ 00t + 5%“(’2‘-2.1/7‘-+ Byt
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Hence the potential of the shell

2 2
=Knrpoa? {?—-eé 1 1 )+ef—( ! ! )

r \r—b r+b Ar=0 " r+b

+ 27’;2 (r—b+7+b)+ g%{(r—b)s—(r +8)%)
=2Kmpah?[ 1+ 2¢] { f —_ i%l;—’ }
=2Kmpot? { “(1420~20" 1.

The potential, at an external point P on its axis, of a homo-
geneous spheroid whose polar radius is B and eccentricity e,

is obtained by putting 2 b for o in the expression for the

b
potential of a shell and integrating.
Thus the potential

B2,y (1, el
=V1=2K7rp(; S a0 201

iy ‘163 ¢ ._2 1@,35]
L‘4K7rp{37(1+ze) 550 |
4K (1 . 2e?

4 {;(l+2e ——f~3—}.

5 r
Since the potential of the spheroid at an external point is a
zonal harmonic, we find that the potential at any external
point is
4KmpB® (1 2eB% (3 cos? -1
Vo= S L (e - SR (=)

where 7 Is the length of the radius vector from the cenire
of the spheroid to the point, and 6 is the angle between this
radius vector and the axis of- symmetry.~ Now suppose the
earth is so composed that layers of equal density are the
surfaces of spheroids of varying ellipticity, the surface of the
earth itself being one of these spheroids. We may consider
the density of any layer and its ellipticity to be functions of
the polar semi-axis of the layer. Let 8V be the potential
at 7, 8 of one of these layers.  Then

1 I s1 1
8V = s Kmp E;B" { ; (12087~ == (3 cos? 9-1}} 58.
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The potential of the earth, regarded as a heterogeneous
spheroid such as T have supposed, its polar radius being R, is

_4 B dr1 NIRRT B

b fA Ly B
—31{7:-{;_-—(5005 6-1)50 |
where . ‘TR_. . d
A=\ poa(1+20)B%
. PdB( 2)B%dB
and

R ¢
B={"p 1588,

By putting =R and §=0 in the expression for V; we find
that the potential at the end of the polar radins
4., fA 2B
5K {5 5w -
And by putting r==R(1+e€) [e being the value of ¢ at the
earth’s surface] and 6= g, the value of ithe potential at the

earth’s surface on the equator is found to be
4 A B
EK”{R(HG) + 5R3(l+e)3}

4 A A B
=3KW{R —€R+—5E3},

Since B already contains the first power of ¢ we do not need
to retain eB &c.

The potential of centrifugal force at the equator, due to the
earth’s rotation, is

$R%(1+4€)?0? or JR%%,

(w being the earth’s angular velocity of rotation) provided
we assume, as in the case of attractions, that the space
variation of potential gives the force on unit mass, and not
the negative of this force as is usual. Since the earth’s sur-
face is a level surface the whole potential at the equator is
equal to the whole potential at the pole. Hence

4 A 3B 1

S‘K’R' {€R‘—5R—3} = '2‘RC!)2.
Now 4 B d (4 ..

3"A=50 b g (5m8°)a8

=1, the earth’s mass.
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Also
KE

Ry =9 the acceleration due to gravity at
the earth’s surface.
Thus we get
_1

eRg— 3 K'n- R2w2,

5R2
or 4,3 B _1
‘ot "3K75 BT 0 ¢ v @

If p is constant then ¢ may be considered constant and
B—peR5 Then our equation would give

g 3 g _1
"Raﬂ 5 Rt~ 2

But
1 = 289.
Hence %___ 931.

It is certain, however, that e is not constant. We cannot
find e therefore witheut knowing the value of the coefficient

B. Now this coefficient is given in terms ofj. pBdB, a

quantity which does not contain e, by the theory of the
precession of the earth’s axis. By assuming a reasonable
law for p we can then find B, and thence determine e.
Fig. 2.
LARTHE #1478

P
142_1/
T o6

The potential of the earth at an external point P (fig. 2) is
4 A B
V= gK"r{;‘.‘ — 5 (3 cos? 0-—1)}.

The force exerted by the earth perpendicular to OP on
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unit mass at P is
oV
rod’
. . oV
The moment of this force about O is 36 Now the re-
action of the unit mass on the earth is exactly the opposite

of the earth’s action on the unit mass. Consequently the
moment about O of the couple exerted by the unit mass on the

earth is g%f in the direction tending to increase the angle

0 up to a right angle. If the sun is at P, the couple exerted
by the sun, whose mass is 8, is

oV

Sa—0

If n is the angular velocity of the earth in its orbit

=88 KB cos fsin 6.
] 7

2

— = rn°,

r2

Thus the couple exerted by the sun on the earth becomes
$7Bn? sin 6 cos 6.

Fig. 3.
POLE OF ECLIPTIC

EaRTHS FoLE

Sum

Referring to figure 3, by spherical trigonometry,

cos f = sin & sin ¢.
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Therefore sin @ =,/{1—sin’® « sin? ¢}
= 1—4sin*asin® ¢+ 3 sin*asin’ ¢

nearly, since sin a = sin 23}°="4 about, so that the terms
ignored are small,
Hence the couple exerted by the sun

= 8 rBn’sin «sin ¢{1—1 sin® & sin® p + § sin* e sin’ ¢ }.

The axis of this couple is 0Q, perpendicular to the plane
containing the earth’s axis and the sun. ~The only effective
component in pxecesuon is that parallel to OP, the inter-
section of the plane of the equator and the ecliptic. - The
other component causes nutation. Hence the effective couple
for precession

== moment of couple X cos yr.

By spherical trigonometry

_ sin ¢
cos = /(1 + tan® a cos? ¢)

= sin p(L—} tan® zcos?p + 3 tan’ acos* ¢).
Thus the effective couple is
L= §'EB:rL? sin a sin? {1 —3 sin? #sin? p — L tan®zcos’ ¢
5 2 )
+ 3sin*asin® ¢+ 1 tan? « sin? 2 sin? ¢ cos? ¢

+ $tan‘acos'p}.

Now d—¢ =n. Therefore di= %? . Hence the moment of

momentu‘f:) generated by the sun’s couple action in one year
[ute
R n
:::E;ersina.'rr {1—}5in'~’ i % 2— itanﬁrx.ié. 2
+ gsin4 2 i % 24 it.m asin®a ‘% g %2
+%tan %gi2 },

which becomes, on putting 233° for «,

§ 2. 321
8 Ban? sin z{ U315,
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This is the sun’s effect. The moon’s effect must be added
to this. The mean place of the moon is in the ecliptic, and
if the action of the moon be taken to bhe the same as that of
a similar body always in the ecliptic at the moon’s distance
the error will be small.

Let S, E, M denote the sun’s, earth’s, and moon’s masses ;
dg, dyr the sun’s and moon’s distances from the earth: then

M
3
Moon's effect dy
Sun’s effect B
a3

1
1 (Moon’s Period)®
82 1
(Earth’s Period)?

1 <365;} 2
~82\273 )

= 2:18 about.

Hence the effective moment of momentum created by the
combined action of the sun and moon

= 3'18 x § 7*Bn sin «(-931).

I£ I is the moment of inertia of the earth and , as before,
its angular velocity of rotation, this effect turns the earth’s
axis through

318 x § #*nB sin a("931)
lw
But the earth’s axis describes a cone of semi-vertical angle

« in 26,000 years. Hence the angle turned through by the
earth’s axis 1n one year is

radians.

2mrsina
26000 °
Therefore ‘931 x 318X 8 w’Busina _ 2wsina
lo 26000 °
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‘Whence
B = 2x5 [
26000 x 931 x 318 x 87 ' n
_ 10 36542 (R .
= 26000 x 931 x 518 x8n 1 3., P8 B
5 R

— 4
=316, PP

Tf p were constant, in which case we could consider e
constant also, this would give

e L
~ 316°

which does not agree with the result found by assuming p
to be constant in the equation obtained by considering the
equilibrium shape of a liquid earth.

‘We shall now have to assume an expression for p in terms
of the radius which shall agree with all known facts, and
give a density decreasing from the centre outwards. We
know that, the density of water being taken as the unit, the
mean density of the earth is about 55 and the surface density
is 3 or 2°5.

Also it is quite certain that p decreases from the centre
outwards. These facts tell us that

[ psrag>25x ) re
JO
and <55x 1 Rs,

The first of these conclusions is easily seen ; for at every
point in the earth

pB > 2058’
R
f pR'dB > 25 x L R,
0

The second statement can be proved thus:—

‘We know that

R
j pBPdB=355x L R%
0

Therefore

2R2 ("B .
3R f pBdB= "R,
P o

D

and therefore
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Hence

55 R 3RZ(R R

" ogas=" " oas— " ppras
0 2 Jo 0

=; [prem—pp]" - "L (o) s

1 ® e 2y 4P
- —LB(R—B)QBdB-

5
dp . . .
Now a8 always negative and the remaining factors

under the integral sign are positive. Thus

5 R
%ZR5 =f pR'dB +a positive quantity,
0

which proves the second statement.
A law of density which gives roughly the type of variation
to be expected is

oo )
To make p=3 at the surface we get
3=C-D.

C is the density at- the centre and can be given any
arbitrary value. By making the mean density 55, n is
determined thus :—

YR pB B = ))r BdB.
Jo 0

This gives - 3 N =
(,,r — ;—Fﬁ =Jd'o
But also C—D=3.
Therefore 15
n=

Let m denote the value of
R

j pB'dB
0

o
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Then 5
m= C—n+5
3

on substituting for » and D.

Now the densest materials we know in the earth’s crust
nave specific gravities only about 22 or 23. It is highly
probable then that the density at the earth’s centre is not
more than 30. The fact that we find in the earth’s crust matter
so dense as platinum and osmium mingled with much lighter
substances, rather ‘indicates that the density at the centre is
not nearly so great as 30. For, if substances of such dif-
ferent densities are to be found within a few feet of the
earth’s surface, it is very likely that lighter matter will be
mingled with the denser in the interior. But at the same
time there must be a gradual increase of density from the
snrface towards the centre.

When we have determined m the value of B can be
calenlated from the eghation

5 1.,
B—mi?th

= T Rs

316

Substituting for B in equation («), obtained from ‘the
rotation of the earth, we find

m R? 1

9 _ A m W]
“Re? =5 57316 Wa? T 3
_31 m KB 1 1
=3316'55 R "Ra? 1 2
31 m 1
531655 Rm2+
Now g _
rlg= 289,
Hence €= 3m 11
= 5x316%55 T 2239
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The following table gives the calculated values of e, using
the value of m obtained by assuming

--a(f)

Density at the | Deusity at the Mean 1
surface. centre. density. P
3 30 5D 303
3 25 55 303
3 20 HbH 302
3 15 5D 300
3 13 b 300
3 12 59 299
3 10 55 207
25 30 HH 310
2 25 ) 309
25 20 &b 307
2:5 15 oh 306
25 10 55 299

It appears from the above table that the value assumed
for the density at the centre does not greatly affect the result.
I believe that any assumption concerning the density, which
makes it decrease as the radius increases and which gives
approximately the known mean and surface densities, canuot
give a value of e differing much from those in the table.
I tried another completely differeut formula for the deusity
to see what result it led to. The formula is

I :
P=BTK)y
To make the surface-density 3 and the mean density 55,
I found that H and K must be 16-351R° and *76R respectively.

These values make the density at the centre very large,
namely 37-2. The value found for m is 4:68. This gives

The value I consider most probable from my caleulations
is
L~ 303,
€

Phil. Mag. 8. 6. Vol. 14. No. 82. Oct. 1907. 2L



