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482 Mr. J. Prescott on the 

words, they are now twice as far apart as before, the spacing 
of the secondary maxima remaining the same. 

The analogy between the secondary maxima and the fringes 
produced by a rectangular aperture of the same size as the 
ruled surface, can be studied to advantage by means of coarse 
gratings made by ruling four or five lines on a piece of smoked 
plate glass, and making the lower third of the grating clear 
by wiping out the lines. Sun or arc ligh~ filtered through 
red glass should be used with a small spectrometer~ the 
grating and aperture being covered in succession or used 
simultaneously. 

XLVI .  On the Figure of the_IL'~arth. By J.  P~ESCOTT, M.A., 
Lecturer in Matltematics at the Manchester School of 
Technology*. 

I SHALL assume that the figure of the earth is an oblate 
spheroid of small ellipticity and I propose to find this 

ellipticity, I shall also assume that the figure is the same as. it 
would be if the earth were wholly liquid. There can be httle 
doubt that the figure obtained on these assumptions is not 
far from the actual shape. :For, the earth's crust is probably 
not rigid enough to resist the forces pulling it into this 
shape. 

It is necessary first to find the potential, at an external point 
on the axis, of a thin shell bounded by similar oblate spheroids 
whose generating curves are 

xl '2 + .Y 1~ 

-~: + ~ = l + a ,  

where 5:(1 + er) = (b + Sb)~= b e + 2b~b, 

. _  9 ~ b  

and b is the polar semi-axis. 
Let P be the external point, O the centre of the shells, 

OP = r, ( a - b )  --eb, K ~= the gravitation constant, p = density. 
The mass of a thin ring of the shell between the planes y 
and y + 3y is 

* C,)mmun~cated by the Author, 
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Figure of the L~o'th. 483 

Fig. 1. 

P 

Taking potential to be Z Km the potential of this ring at P 

K~rpaa~y 
= + ff- l) 

= K~rpaa~$y{~ a -  2yr + b: + 2e(b:--y~) } - �89 

r 2 -  2yr -I- 

where only the first power ot ~ e has been retained. Tho 
potential of the whole shell 

K~rpaa: y_~b { (r ~ -  2y,  -4- b2)-�89 : -  2yr A- b ~) -':-}d~/ 

= Krrp~a ~ _ ~1 (~e_2l/e+b~), e , (r ,_2:qr+b2)_ - _  ~ 

+ eK~rpca ~ o 2 ., _a y ( r  - 2yv + b-) "-'@. 
- - b  

Now ~ y2(v~-- 2y~" + b'Ody 

~( , r  ~'- 2tjr +" ~" = b ) -~ + ~2v ( ~ _ 2 y r + b g b +  2 ( r 2  2yr+b~)t" 
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484 Mr. J. Prescott on the 
Hence the potential of the shell 

2be 2e 
+ ~,~-(~,--b+.,'+l,)+ {0"--b)'~--(,'+b) :'} 

3r ~ } 
= 2K~-pa/,2[1 + 2e] { f, 2e/,:' I 

= 2K~'pab 3 ,.1-(1 + 2e)-- g;:~- . 

The potential, at an external point P on its axis, of a homo- 
geneous spheroid whose polar radius is /3 and eccentricity e, 

db 
is obtained by putting 2 ~ for o" in the expression for the 

potential of a shell and integrating. 
Thus the potential 

1/~a ( i +  2e)_  2 le/~ 5 

_ 4K~r0B 3 ~ i(I + 2 e/3 ~ 
, 5 7 ~ -  �9 

Since the potential of the spheroid at an external point is a 
zonal harmonic, we find that the potential at any external 
point is 

V , =  4K~rpB'[3 "Jr1 (1 + 2e) -- 5-~- ,2eld'[3c~ , 

where r is the Ieng~h of the ~adius vector from the centre 
of the spheroid to the point, and 0 is the angle between this 
radius vector and the axis of- symmetry:' Now suppose the 
earth is so composed that layers of equaI density are the 
surfaces of spheroids of ~ arying ellipticity, the surface of the 
earth itself being one of these spheroids. We may consider 
the density of any layer and its ellipticity to be functions of 
the polar senti-axis of the layer. Let 8V be the potential 
at r, 0 of one of these layers. Then 

4 ~  d , f l  - .9~'~ 1 
8v  = 3 - ~ o  d~ ] ~ (1 § ' 0 ~  " ~  e#'(3 cos ~ o -  13 } ~.  
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f'iyure of the .Earth. 485 

The potential of the earth, regarded as a heterogeneous 
spheroid such as I have supposed, its polar radius being R, is 

4 KvrfRp d "~ V3=~ J o  dt3 {l(l+2e)t3~--5~efY'(3e~ d~ 

where . .~ . d "A 1" P~( '~ l  + 9p. ~3tt 

By putting r = R  and 0 = 0  in the expression for V~ we find 
that ghe potential at the end of the polar radius 

4 A = :~K~-{ ~ 2B 
5R 3 }" 

And by putting r - - - :R( l+e)[e  being the value of e at the 

earth's surface] and 8-- ~ the value oflthe potential at the 

earth's surface on the equator is ibund to be 

4 A B 
~K~'~R(~_~_~) + 5R~(~+e)T~ 

B 4 A A + ~3~-_j 

Since B already contains the first power of e we do not need 
to retain eB &c. 

The potential of centrifugal force at the equator, due to the 
earth's romtion~ is 

(to being the earth's angular velocity of rotation) provided 
we assume, as in the ease of attractions, that the space 
variation of potential gives the force on unit mass, and not 
the negative of this force as is usual. Since the earth's sur- 
time is a level surface the whole potential at the equator is 
equal to the whole potential at the pole. Hence 

Now 

~K~ {eA__3B 1 3 ~ }  = ~R~o 2. 

4 R d (~Trt33)d ~ ~A=Yo P d5 

= E ,  the earth's mass. 
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4~6 

Also 

Thus we get 

Mr. J. Prescotr o,~ the 

KE 
~2j =g,  the acceleration due to gravity at 

the earth's surface. 

4~ 3B 1-2 2 

4 3 B 1 or g ~ K~  ~. (~) 
g~,~ ~ = ~. �9 . 

If  p is constant then e may be considered constant and 
B--peR 5. Then our equation would give 

e g  3 ,q _i 
R~ ~- 5e~- ~. 

But g = 289. 
:Rca ~ 

Hence 1 
- = 231. 

It  is certain, however, that e is not constant. We cannot 
find e therefore without knowing the value of the coefficient 

f B. Now this coefficient is given in terms of p~d~,  a 

quantity which does not contain e, by the theory of the 
precession of the earth's axis. By assuming a reasonable 
law for p we can then find B, and thence determine e. 

Fig. 2. 
Z',,CRr//'J" A,r/3 

I P / 2l /  

The potential of the earth aS an external point ]? (fig. 2) is 

4 K v . f A  B (3cos2 0 - - 1 ) }  V = ~ ( 7  5r:' 

The force exerted by the earth perpendicular to OP on 
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Fiyttve of ~he )'s 487 

unit mass at P is 
37 
~,~0 " 

3 V  
The moment of this force about 0 is b~-. Now the re- 

action of the unit mass on the earth is exactly the opposite 
of the earth's action on the unit mass. Consequently the 
moment about 0 of the couple exerted by the unit mass on the 

earth is ~)V in the direction tending to increase the angle 

0 up to a right angle. If  the sun is at P, the couple exerted 
by the sun, whose mass is S, is 

s ~ V = s ~  B ~ -  KTr~ cos 0 sin 0. 

If  n is the angular velocity of the earth in its orbit 

KS 

Thus the couple exerted by the sun on the earth becomes 
~TrBn 2 sin 0 cos 0. 

Fig. 8. 
POLE OF ECZ/PT/C 

EAii'rH~ POLE 

Q 

SUN 

Referring to figure 37 by spherical trigonometry> 

cos 0 - sin ot sin ~. 
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488 Mr. J .  Prescot t  on the 

Therefore  sin 0 = v / { 1 - - s i n :  6 sin 2 95} 

= 1 - -  �89 sin s ~ sin ~ 95 + :~ sin 4 6 sin ~ 95 

near ly ,  since sin a = sin 2 3 � 8 9 1 7 6  about ,  so tha t  the t e rms  
ignored  are small. 

Hence  the couple exer ted  by  the sun 

= 5 s rrBn 2 sin a sin ~b{ 1--,~ sin 2 ~ sin 2 ~b + i~ s in '  a sin ~ 95}. 

The axis of this couple is OQ, perpendicu la r  to the plane 
containing the ear th ' s  axis and the sun. The only effective 
componen t  in precession is tha t  paral lel  to OP,  the in ter ,  
section of the phme of the equator  and the ecliptic. The 
other  componen t  causes nutat ion.  H e n c e  the effective couple 
for  precession 

= momen t  of  couple x cos qF- 

B y  spherical  t r i g o n o m e t r y  

= sin r 
cos ~ X/(1 + tan ~ a cos y 95) 

= si~ 95 ( 1 -  ~ tau~ ,~ co~' 95 + ~ tan' ~, cos' 95). 

Thus the effective coup le  is 

8 7 / ' ~  2 " 
L ~ -~-lSn sm a sin 2 95{ 1 - - �89  sin: a sin: 95 - � 8 9  t a n : a  cos ~ 95 

+ s a- sin" a sin ~ 95 q- �88 tan -~ , sin 2 ~ sin 2 95 cos -~ 95 

q- ~ tan ~ a cos ~ 95}. 

dr 
Now ~ = n .  Therefore  dr=  d~n " H e n c e  the momen t  of 

m o m e n t m n  genera ted  by  the sun 's  couple action in one yea r  

= f t 7  ~" gd4~n 
8 { 1 . 3 ! . 2 _ _ 1  , 1 1 

t an '  = .  21" 2 = ~ B n ~  sin a .  ~r 1 - -  ~ sin" a .  2s 2 2" 

3 . ~  5 3 1 2 + 1  1 3 1  2 
+ 8 sm a 6" i "  2" ~t tan'~ a sin~ a ~.  ~. 2" 

3 ~ 1 3 1  +~tan ,~.~.i.).2 j., 
which becomes, on pu t t ing  23~ ~ for  6, 

Bn~ "~ sin ~{ '931}.  
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Figure of the ]Z~arth. 489 

This is tile sun's effect. Tile moon's effect must be added 
to this. The mean place of the moon is in the ecliptic, and 
if the action of the moon be taken to be the same as that of 
a similar body always in the ecliptic at the moon's distance 
the error will be small. 

Let  S, E,  M denote the sun's, earth's, and moon's masses ; 
ds, d~ the sun's and moon's distances from the earth: then 

Moon's effect 
~UII~s effect 

E + M 
M d~ 

= - M + E  

1 
- 1 (Moon's Period) ~ 
- 8 2  1 

(Earth 's  Period) 2 

1 (365)'~ ~ 
= 

= 2"18 about,. 

M 

= "N-"  

Hence the effective moment of momentum created by the 
combined action of the sun and moon 

3"18 X ~ 7r2Bn sin a( '931). 

I f  I is the moment of inertia of the earth and co, as before, 
its angular velocity of rotation, this effect turns the earth's 
axis through 

3"18 x s 7r2nB sin a('931) radians. 

But the earth's axis describes a cone of semi-vertical angle 
a in 26,000 years. Hence the angle turned through by the 
earth's axis in one year is 

27r sin~ 
26000 " 

Therefore "931 x 3"18 x 8 w~Bn sin a 2~r sin ,, 
Ico -- 26000" 
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490 Mr. J .  Prescott on the 
Whence 

2 x 5  ~I 

B ---- 26000~ "931 x 3"18 x 8~r" n 

_ 1 o 365�88 2 (R  4,~pZ'a~ 
- -  26000 x "931 x 3"18 x 8~r 1 ,3,}o 

---- : ~  fo B oB4dB �9 

If  p were constant, in which case we could consider e 
constant also, this would give 

1 
e =  316' 

which does not agree with the result found by assuming p 
to be constant in the equation obtained by considering the 
equilibrium shape of a liquid earth. 

We shall now have to assume an expression for p in terms 
of the radius which shall agree with all known facts, and 
give a density decreasing from the centre outwards. We 
know that, the density of' water being taken as the unit, the 
mean density of tile earth is about 5"5 and the surface density 
is 3 or 2"5. 

Also it is quite certain that p decreases from the centre 
outwards. These facts tell us that 

e plaudit>2"5 X ~- R ~ 
and < 5"5 X ~ R 5. 

The first of these conclusions is easily seen ; for at every 
point in the earth 

p#" > 2.5ff  ; ; 
and therefore ~B 1 5 

p~'d[.9 > 2"5 x ~ R .  

The second statement can be proved thus : ~  
We know that 

f : p ~ d f l = 5 " 5 x � 8 9  "~. 

Theretbre 

-t = 
3 J o  ' O 
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Fi,qure of the Earth. 491 

Hence 

o R 

-5- - J o  pZ'd~=-5-20 jo 

Now dp is always negative and the remaining factors 

under the integral sign are positive. Thus 

~RSo = f ~  pfl'dfl + a positive quantity, 

which proves the second statement. 
A law of density which gives roughly the type of variation 

to be expected is 

To make p = 3 at the surface we get 

3 = C - - D .  

C is the density a t  the c-entre and can be given any 
arbitrary value. By making the mean density 5"5, n is 
determined thus : - -  

j 

This gives C-- 3 D " "  
- -  ~ D ' D ,  n + 3 

But also C - D = 3. 

Therefore 15 
n = 2 C _ l l "  

Let m denote the value of 

j -R 5"dB 
0 
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492 Mr. J .  Prescott  on t/~e 

Then 5 
m=C-~-5 D 

3 
=4 : ' 5+  2C--~5 

on substituting for u and D. 

Now the densest materials we know in the earth's crust 
nave specific gravities only about 22 or 23. I t  is highly 
probable then that the density at the earth's centre is not 
more than 30. The fact that we find in the earth's crust matter 
so dense as platinum and osmium mingled with much lighter 
substances, rather indicates that the density at the centre is 
not nearly so great as 30. For, if substances of such dif- 
ferent densities are to be found within a few feet of the 
earth's surface, it is very likely that l ighter matter will be 
mingled with the denser in the interior. But  at the sams 
time there must be a gradual increase of density from the 
surface towards the centre. 

When we have determined m the value of B can be 
calculated from the eqhation 

5 I R . ~  B - ~ m ~  

Substituting for B in equation (a), obtained from the  
rotation of the ear~h, we find 

g 4 _  m R 5 1 
= ~ ~ r  ~ 6  R ~  2 + 2 

3 1 m K E  1 1 
5 3 1 6 " 5 ' 5  R ' 2 .R~  2 + 2  

Now 

3 1 m q 1 
- -  5 316" 5"5" 2 + ~. 

g - - -  289. 
R f ~ 2  - -  

Hence 3m 1 1 
e = 5 • 316 • 5"5 + 2 2 ~ "  
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Fi2ure of" tl~e Earth. 493 

The following table gives the calculated values of e, using 
the value of m obtained by assuming 

Density at  the Density at: the Mean 
surface, cent, re. density. 

3 
3 
3 
,3 
3 
3 
3 
2 5  
2-5 
2 5  
2"5 
2"5 

30 
25 
20 
15 
13 
]2 
10 
30 
25 
20 
15 
10 

5"5 
5"5 
5"5 
5"5 
5"5 
5"5 
5"5 
5"5 
5"5 
5"5 
5'5 
5"5 

1 

303 
303 
302 
300 
300 
29~ ;? 
310 
3O9 
307 
3O6 
299 

It  appears from the above table that the value assumed 
for the density at the centre does not greatly affect the result. 
I believe that any assumption concerning the density, which 
makes it decrease as the radius increases and which gives 
approximately the known mean and +surface densities, cannot 
give a value of e differing nmch from those in the table. 
I tried anoiher completely different formula for the density 
to see what result it led to. The formula is 

t t  
P - ( f l  + l i ) - '"  

To make the surface-density 3 and the mean density 5"5, 
I tbund that H and K must be 16"35117 and "76R respectively. 
These wdues make the density at the centre very large, 
namely 37"2. The value found for m is 4"68. This gives 

1 
= 299. 

e 

The wdue I consider most probab!e from my calculations 
is 1 

- = 303. 
E 

Phil. Mat. S. 6. Vol. 14. No. 82. Oct. 1907. 2 L 
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