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. Introduction 

A regular non-null curve in Minkowski space-time, whose posi-

ion vector is composed by Frenet frame vectors on another regular

urve, is called a Smarandache curve [1] . Recently special Smaran-

ache curves have been studied by some authors [2–5] . 

In this work, we study special equiform Smarandache curves

ith reference to the equiform Frenet frame of a curve ζ on a

pacelike surface M in Minkowski 3-space E 3 1 . In Section 2 , we

larify the basic conceptions of Minkowski 3-space E 3 1 and give

f equiform Fremet frame that will be used during this work.

ection 3 is delicate to the study of the special four equiform

marandache curves, T η, T ξ , ηξ and T ηξ -equiform Smarandache

urves by being the connection with the first and second equiform

urvature k 1 ( θ ), and k 2 ( θ ) of the equiform spacelike curve ζ in E 3 1 .

urthermore, we present some properties on the curves when the

urve ζ has constant curvature or it is a circular helix. Finally, we

ive an example to clarify these curves. We hope these results will

e helpful to mathematicians who are specialized on mathematical

odeling. 
∗ Corresponding author at: Al Imam Mohammad Ibn Saud Islamic University, Col- 

ege of Science, Department of Mathematics and Statistics, KSA, P. O. Box 90950, 

iyadh 11623, Saudi Arabia. 
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. Preliminaries 

The Minkowski 3-space E 3 
1 

is the Euclidean 3-space E 3 provided

ith the metric 

 = −d z 2 1 + d z 2 2 + d z 2 3 , 

here ( z 1 , z 2 , z 3 ) is a rectangular coordinate system of E 3 
1 
. Any ar-

itrary vector ν ∈ E 3 
1 

can have one of three Lorentzian clause de-

icts; it can be timelike if G(ν, ν) < 0 , spacelike if G(ν, ν) > 0 or

= 0 , and lightlike if G(ν, ν) = 0 and ν � = 0. Similarly, any arbi-

rary curve ζ = ζ (s ) can be timelike, spacelike or lightlike if all of

ts velocity vectors ζ ′ ( s ) are timelike, spacelike or lightlike, respec-

ively. 

Let ζ = ζ (s ) be a regular non-null curve parametrized by arc-

ength in E 3 
1 

and { t, n, b, κ , τ } be its Frenet invariants where { t, n,

 }, κ and τ are the moving Frenet frame and the natural curvature

unctions respectively. If ζ is a spacelike curve with spacelike prin-

ipal normal vector, then the Frenet formulas of the curve ζ can be

iven as [6–8] : 

 

˙ t (s ) 
˙ n (s ) 
˙ b (s ) 

) 

= 

( 

0 κ(s ) 0 

−κ(s ) 0 τ (s ) 
0 τ (s ) 0 

) ( 

t(s ) 
n (s ) 
b(s ) 

) 

, (1) 

here 

(
· = 

d 

ds 

)
, G(t , t ) = G (n, n ) = −G (b, b) = 1 , and G(t, n ) =

(t, b) = G(n, b) = 0 . 
. This is an open access article under the CC BY-NC-ND license. 
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Definition 2.1. A surface M in the Minkowski 3-space E 3 
1 

is said to

be timelike, spacelike surface if, respectively the induced metric on

the surface is a Lorentz metrica, positive definite Riemannian met-

ric. In other words, the normal vector on the timelike(spacelike)

surface is a spacelike(timelike) vector [8] . 

Let ζ : I → E 3 
1 

be a spacelike curve in Minkowski space E 3 
1 
. We

define the equiform parameter of ζ by θ = ∫ κds . Then, we have

ρ = 

ds 

dθ
, where ρ = 

1 

κ
is the radius of curvature of the curve ζ . Let

F be a homothety with the center in the origin and the coefficient

μ. If we put ζ̄ = F(ζ ) , then it follows 

s̄ = μ s and ρ̄ = μρ, 

where s̄ is the arc-length parameter of ζ̄ and ρ̄ the radius of cur-

vature of this curve. Therefore, θ is an equiform invariant param-

eter of ζ [9] . From that point, we recall { T, η, ξ ,} be the mov-

ing equiform Frenet frame where T (θ ) = ρ t(s ) , η(θ ) = ρ n (s ) and

ξ (θ ) = ρ b(s ) are the equiform tangent vector, equiform princi-

pal normal vector and equiform binormal vector respectively. Ad-

ditionally, the first and second equiform curvature of the curve

ζ = ζ (θ ) are defined by k 1 (θ ) = ˙ ρ = 

dρ

ds 
and k 2 (θ ) = 

τ

κ
. So, the

moving equiform Frenet frame of ζ = ζ (θ ) is given as [10] : ( 

T ′ (θ ) 
η′ (θ ) 
ξ ′ (θ ) 

) 

= 

( 

k 1 (θ ) 1 0 

−1 k 1 (θ ) k 2 (θ ) 
0 k 2 (θ ) k 1 (θ ) 

) ( 

T (θ ) 
η(θ ) 
ξ (θ ) 

) 

, (2)

where 

(
′ = 

d 

dθ

)
, G(T , T ) = G(η, η) = −G(ξ , ξ ) = ρ2 , and

G(T , η) = G(T , ξ ) = G(η, ξ ) = 0 . 

The pseudo-Riemannian sphere with center at the origin and of

radius r = 1 in the Minkowski 3-space E 3 
1 

is a quadric defined by 

S 2 1 = { � u ∈ E 

3 
1 : −u 

2 
1 + u 

2 
2 + u 

2 
3 = 1 . } 

Let ζ = ζ (θ ) be a regular non-null curve parametrized by arc-

length in Minkowski 3-space E 3 1 with its moving equiform Frenet

frame { T, η, ξ ,}. Then T η, T ξ , ηξ and T ηξ -equiform Smarandache

curves of ζ are defined, respectively as follows [11] : 

� = � (θ ∗) = 

1 √ 

2 

(T (θ ) + η(θ )) , 

� = � (θ ∗) = 

1 √ 

2 

(T (θ ) + ξ (θ )) , 

� = � (θ ∗) = 

1 √ 

2 

(η(θ ) + ξ (θ )) , 

� = � (θ ∗) = 

1 √ 

3 

(T (θ ) + η(θ ) + ξ (θ )) . 

3. Special equiform Smarandache curves in E 

3 
1 

In this section, we define the special equiform Smarandache

curves reference to the equiform Frenet frame of a curve ζ
in Minkowski 3-space E 3 1 . Furthermore, we obtain the natural

equiform curvature functions of the equiform Smarandache curves

lying completely on pesdo-sphere S 2 1 and give some properties on

the curves when the curve ζ has constant curvature or it is a cir-

cular helix 

Definition 3.1. A curve in Minkowski space-time, whose position

vector is composed by Frenet frame vectors on another curve, is

called a Smarandache curve. 

As consequence with the above definition, we introduce a spe-

cial form of the equiform Smarandache curves in E 3 1 in the follow-

ing subsection 
.1. T η-equiform Smarandache curves in E 3 
1 

efinition 3.2. Let ζ = ζ (θ ) be a regular equiform spacelike curve

ying completely on a spacelike surface M in E 3 1 with moving

quiform Frenet frame { T, η, ξ }. Then T η-equiform Smarandache

urves are defined by 

 = � (θ ∗) = 

1 √ 

2 

(T (θ ) + η(θ )) . (3)

heorem 3.1. Let ζ = ζ (s ) be a spacelike curve with spacelike prin-

ipal normal vector in E 3 1 . If ζ is a circular helix with κ > 0, then

 η-equiform Smarandache curve is also circular helix and its the nat-

ral curvature functions are satisfied the following equation, 

� (θ ∗) = 

√ 

2 

ρ(k 2 
2 

− 2) 
: k 2 � = ±

√ 

2 , 

τ� (θ ∗) = 

√ 

2 

ρ2 

k 2 (2 k 2 + 1) − (k 2 2 − 1) 
[
k 2 + k 2 2 (k 2 + 2) 

]
2(k 3 

2 
+ 2) 

: 

k 2 � = − 3 
√ 

2 . (4)

roof. Let � = � (θ ∗) be a T η-equiform Smarandache curves refer-

nce to the equiform spacelike curve ζ = ζ (θ ) . From Eq. (3) and

sing Eq. (2) , we get 

 

′ (θ ∗) = 

d� 

dθ ∗
dθ ∗

dθ
= 

1 √ 

2 

((k 1 − 1) T (θ ) + (k 1 + 1) η(θ ) + k 2 ξ (θ )) , 

(5)

ence 

 � (θ ∗) = 

1 

ρ
√ 

2 k 2 
1 

− k 2 
2 

− 2 

((k 1 − 1) T (θ ) + (k 1 + 1) η(θ ) + k 2 ξ (θ )) , 

(6)

here 

dθ ∗

dθ
= 

ρ
√ 

2 k 2 
1 

− k 2 
2 

− 2 √ 

2 

. (7)

ow 

dT � 
dθ ∗ = 

√ 

2 

ρ2 
[
2 k 2 

1 
− k 2 

2 
− 2 

]2 
(λ1 T (θ ) + λ2 η(θ ) + λ3 ξ (θ )) , 

here 

 

 

 

λ1 = (k 1 − 1)(2 k 1 k 
′ 
1 − k 2 k 

′ 
2 ) + (2 k 2 1 − k 2 2 − 2)(k ′ 1 + k 2 1 − 3 k 1 ) , 

λ2 = (k 1 + 1)(2 k 1 k 
′ 
1 − k 2 k 

′ 
2 ) + (2 k 2 1 − k 2 2 − 2)(k ′ 1 + k 2 1 + k 2 2 + k 1 − 2) ,

λ3 = k 2 (2 k 1 k 
′ 
1 − k 2 k 

′ 
2 ) + (2 k 2 1 − k 2 2 − 2)(k ′ 2 + 2 k 1 k 2 ) . 

hen 

� (θ ∗) = 

∥∥∥∥ dT � 
dθ ∗

∥∥∥∥ = 

√ 

2 

(
λ2 

1 
+ λ2 

2 
− λ2 

3 

)
ρ
[
2 k 2 

1 
− k 2 

2 
− 2 

]2 
, (8)

nd 

 � (θ ∗) = 

λ1 T (θ ) + λ2 η(θ ) + λ3 ξ (θ ) 

ρ
√ 

λ2 
1 

+ λ2 
2 

− λ2 
3 

. 

lso 

 � (θ ∗) = 

1 

p 1 
{ m 1 T (θ ) + m 2 η(θ ) + m 3 ξ (θ ) } , 

here 
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 1 = λ2 k 2 − λ3 (k 1 + 1) , 

 2 = λ2 k 2 − λ3 (k 1 − 1) , 

 3 = λ2 (k 1 − 1) − λ1 (k 1 + 1) 

nd p 1 = ρ
√ 

2 k 2 
1 

− k 2 
2 

− 2 
√ 

λ2 
1 

+ λ2 
2 

− λ2 
3 
. 

Now, from Eq. (5) 

 

′′ (θ ∗) = 

1 √ 

2 

{ 

[ k ′ 1 + k 2 1 − 2 k 1 − 1] T (θ ) + [ k ′ 1 + k 2 1 

+ k 2 2 + 2 k 1 − 1] η(θ ) + [ k ′ 2 + 2 k 1 k 2 + k 2 ] ξ (θ ) 
} 

, 

nd thus 

 

′′′ (θ ∗) = 

1 √ 

2 

(β1 T (θ ) + β2 η(θ ) + β3 ξ (θ )) , 

here 
 

 

 

β1 = k ′′ 1 + 3 k ′ 1 (k 1 − 1) + k 2 1 (k 1 − 3) − k 2 (k 2 + 2) , 

β2 = k ′′ 1 + k ′ 1 + 3(k 1 k 
′ 
1 + k 2 k 

′ 
2 ) + 3 k 1 (k 1 − 1) + k 2 1 (3 k 1 + 1) − 1 ,

β3 = k ′′ 2 + k ′ 2 + 3(k 1 k 
′ 
1 + k 2 k 

′ 
2 ) + 3 k 1 k 2 (k 1 + 1) − k 2 . 

ence, we have 

� (θ ∗) = 

√ 

2 

ρ2 

{
w 1 + w 2 + w 3 

� 2 
1 

+ � 2 
2 

− � 2 
3 

}
, (9) 

here 

 1 = (k ′ 1 + k 2 1 + k 2 2 + 2 k 1 − 1)[ β3 (k 1 − 1) − β1 k 2 ] , 

 2 = (k ′ 2 + 2 k 1 k 2 + k 2 )[ β1 (k 1 + 1) − β2 (k 1 − 1)] , 

 3 = (k ′ 1 + k 2 1 − 2 k 1 − 1)[ β2 k 2 − β3 (k 1 + 1)] , 

� 1 = k ′ 1 k 2 − k ′ 2 (k 1 + 1) + k 2 (k 2 − k 2 1 − k 1 − 2) , 

� 2 = k ′ 1 k 2 − k ′ 2 (k 1 − 1) − k 1 k 2 (k 1 + 1) , 

� 3 = k 1 (2 k 1 + 1) − 2 k ′ 1 + k 2 2 (k 1 + 1) + 2 . 

ow, if κ and τ are non-zero constants, then the natural curva-

ure functions κ� , τ � are also non-zero constants and satisfying

q. (4) which means that the T η-equiform Smarandache curve is

ircular heilx. �

.2. T ξ -equiform Smarandache curves in E 3 
1 

efinition 3.3. Let ζ = ζ (θ ) be a regular equiform spacelike curve

ying completely on a spacelike surface M in E 3 1 with moving

quiform Frenet frame { T, η, ξ }. Then T ξ -equiform Smarandache

urves are defined by 

 = � (θ ∗) = 

1 √ 

2 

(T (θ ) + ξ (θ )) . (10)

heorem 3.2. Let ζ = ζ (s ) be a spacelike curve with spacelike prin-

ipal normal vector in E 3 1 . If ζ is a circular helix with κ > 0, then

 ξ -equiform Smarandache curve is contained in a palne and its cur-

ature is satisfied the following equation, 

� (θ ∗) = 

√ 

2 

√ 

(1 − k 2 
2 
)(k 2 + 1) 2 − k 2 

2 
(3 k 2 

2 
− 2) 

ρ( k 2 + 1) 2 
: k 2 � = −1 . (11)

roof. Let � = � (θ ∗) be a T ξ -equiform Smarandache curves of ζ =
(θ ) . Then from Eq. (10) , we have 

 

′ (θ ∗) = 

1 √ 

2 

(k 1 T (θ ) + (k 2 + 1) η(θ ) + k 1 ξ (θ )) . (12)

 � (θ ∗) = 

1 

ρ(k 2 + 1) 
(k 1 T (θ ) + (k 2 + 1) η(θ ) + k 1 ξ (θ )) , (13)

here 

dθ ∗

dθ
= 

ρ(k 2 + 1) √ 

2 

. (14) 
ow 

dT � 
dθ ∗ = 

√ 

2 

ρ2 (k 2 + 1) 3 
(ε 1 T (θ ) + ε 2 η(θ ) + ε 3 ξ (θ )) , 

here 
 

 

 

ε 1 = (k 2 + 1)(k ′ 1 − k 2 − 1) − k 1 k 2 , 

ε 2 = k 1 (k 2 + 1) 2 , 

ε 3 = (k 2 + 1)[ k ′ 1 + k 2 (k 2 + 1) + k 2 2 − k 2 1 ] − k 1 k 
′ 
2 . 

hen 

� (θ ∗) = 

√ 

2 

√ 

ε 2 
1 

+ ε 2 
2 

− ε 2 
3 

ρ(k 2 + 1) 3 
, (15) 

nd 

 � (θ ∗) = 

ε 1 T (θ ) + ε 2 η(θ ) + ε 3 ξ (θ ) 

ρ
√ 

ε 2 
1 

+ ε 2 
2 

− ε 2 
3 

. 

lso 

 � (θ ∗) = 

1 

p 2 

{ 

[ ε 2 k 1 − ε 3 (k 2 + 1)] T (θ ) + k 1 (ε 1 − ε 3 ) η(θ ) 

+ [ ε 2 k 1 − ε 1 (k 2 + 1)] ξ (θ ) 
} 

, 

here p 2 = ρ(k 2 + 1) 
√ 

ε 2 
1 

+ ε 2 
2 

− ε 2 
3 

. 

Now, from Eq. (12) we have 

 

′′ (θ ∗) = 

1 √ 

2 

{ 

[ k ′ 1 + k 2 1 − k 2 + 1] T (θ ) + [ k ′ 2 + 2 k 1 (k 2 + 2)] η(θ ) 

+ [ k ′ 1 + k 2 (2 k 2 + 1)] ξ (θ ) 
} 

, 

nd 

 

′′′ (θ ∗) = 

1 √ 

2 

(δ1 T (θ ) + δ2 η(θ ) + δ3 ξ (θ )) , 

here 
 

 

 

 

 

 

 

δ1 = k ′′ 1 − k ′ 2 + 3 k 1 (k ′ 1 − k 2 ) + k 1 (k 2 1 − 1) , 

δ2 = k ′′ 2 + k ′ 1 + 3(k ′ 1 k 2 + k 1 k 
′ 
2 ) + k 2 1 (2 k 2 + 3) 

+ k 2 (2 k 2 2 + k 2 − 1) + 1 , 

δ3 = k ′′ 1 + k ′ 2 + k 1 (k ′ 1 + 3 k 2 ) + k 2 (5 k ′ 2 + 4 k 1 k 2 ) . 

ence, we have 

� (θ ∗)= 

√ 

2 

ρ2 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

(k ′ 1 + 2 k 2 2 + k 2 ) 
[
δ1 (k 2 + 1) − δ2 k 1 

]
+ k 1 (δ3 − δ1 ) 

(k ′ 2 + 2 k 1 k 2 + 2 k 1 ) + (k ′ 1 + k 2 1 − k 2 + 1) 
[
δ2 k 1 − δ3 (k 2 + 1) 

]
{

k 1 k 
′ 
2 + (k 2 + 1)(2 k 2 1 − k ′ 1 ) − k 2 (2 k 2 2 + 3 k 2 + 1) 

}2 

+ 

{
k 1 [ k 

2 
1 − 2 k 2 (k 2 + 1) + 1] 

}2 

−
{

k 1 k 
′ 
2 + k 2 2 − k 2 1 − k ′ 1 (k 2 + 1) + k 2 2 (k 2 + 1) − 1 

}2 

⎫ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎬ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎭ 

, 

(16) 

o, if κ and τ are non-zero constants, then κ� is non-zero constant and sat-

sfying Eq. (11) , also τ� = 0 which means that the T ξ -equiform Smarandache

urve is contained in a plane. �

.3. ηξ -equiform Smarandache curves in E 3 
1 

efinition 3.4. Let ζ = ζ (θ ) be a regular equiform spacelike curve

ying completely on a spacelike surface M in E 3 1 with moving

quiform Frenet frame { T, η, ξ }. Then ηξ -equiform Smarandache

urves are defined by 

 = � (θ ∗) = 

1 √ 

2 

(
η(θ ) + ξ (θ ) 

)
. (17)

heorem 3.3. Let ζ = ζ (s ) be a spacelike curve with spacelike prin-

ipal normal vector in E 3 1 . If ζ is a circular helix with κ > 0, then
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ηξ -equiform Smarandache curve is also circular helix and its the nat-

ural curvature functions are satisfied the following equation, 

κ� (θ ∗) = 

√ 

2 (k 2 2 − 1) 

ρ
, 

τ� (θ ∗) = 

√ 

2 

ρ2 k 2 
: k 2 � = 0 . 

(18)

Proof. Let � = � (θ ∗) be a ηξ -equiform Smarandache curves of the

curve ζ = ζ (θ ) . From Eq. (17) , we get 

� 

′ (θ ∗) = 

1 √ 

2 

(−T (θ ) + (k 1 + k 2 ) η(θ ) + (k 1 + k 2 ) ξ (θ )) , (19)

hence 

T � (θ ∗) = 

1 

ρ
(−T (θ ) + (k 1 + k 2 ) η(θ ) + (k 1 + k 2 ) ξ (θ )) , (20)

where 

dθ ∗

dθ
= 

ρ√ 

2 

. (21)

Now 

dT � 
dθ ∗ = 

√ 

2 

ρ2 
(γ1 T (θ ) + γ2 η(θ ) + γ3 ξ (θ )) , 

where 

γ1 = −(k 1 + k 2 ) , 

γ2 = k ′ 1 + k ′ 2 + k 2 (k 1 + k 2 ) − 1 , 

γ3 = k ′ 1 + k ′ 2 + k 2 (k 1 + k 2 ) . 

Then 

κ� (θ ∗) = 

√ 

2 

(
γ 2 

1 
+ γ 2 

2 
− γ 2 

3 

)
ρ

, (22)

and 

N � (θ ∗) = 

γ1 T (θ ) + γ2 η(θ ) + γ3 ξ (θ ) 

ρ
√ 

γ 2 
1 

+ γ 2 
2 

− γ 2 
3 

. 

Also 

B � (θ ∗) = 

1 

ρ
√ 

γ 2 
1 

+ γ 2 
2 

− γ 2 
3 

{ [(γ2 − γ3 )(k 1 + k 2 )] T (θ ) 

+ [ γ3 + γ1 (k 1 + k 2 )] η(θ ) − [ γ2 + γ1 (k 1 + k 2 )] ξ (θ ) } . 
From Eq. (19) , we have 

� 

′′ (θ ∗) = 

1 √ 

2 

{−[2 k 1 + k 2 ] T (θ ) + [ k ′ 1 + k ′ 2 + (k 1 + k 2 ) 
2 − 1] η(θ ) 

+[ k ′ 1 + k ′ 2 + (k 1 + k 2 ) 
2 ] ξ (θ ) } , 

and 

� 

′′′ (θ ∗) = 

1 √ 

2 

(ω 1 T (θ ) + ω 2 η(θ ) + ω 3 ξ (θ )) , 

where ⎧ ⎨ 

⎩ 

ω 1 = −
[
3 k ′ 1 + 2 k ′ 2 + k 1 (2 k 1 + k 2 ) + (k 1 + k 2 ) 

2 − 1 

]
, 

ω 2 = k ′′ 1 + k ′′ 2 − 3 k 1 − k 2 + 3(k 1 + k 2 )(k ′ 1 + k ′ 2 ) + (k 1 + k 2 ) 
3 , 

ω 3 = k ′′ 1 + k ′′ 2 + 3(k 1 + k 2 )(k ′ 1 + k ′ 2 ) + (k 1 + k 2 ) 
3 . 

Hence, we have 

τ� (θ ∗) = 

√ 

2 

⎧ ⎨ 

⎩ 

[ k ′ 1 + k ′ 2 + (k 1 + k 2 ) 
2 − 1][ ω 3 + ω 1 (k 1 + k 2 )] 

−[ k ′ 1 + k ′ 2 + (k 1 + k 2 ) 
2 ][ ω 2 + ω 1 (k 1 + k 2 )] 

−(ω 3 − ω 2 )(k 1 + k 2 )(2 k 1 + k 2 ) 

⎫ ⎬ 

⎭ 

ρ2 
{

k 2 
1 

− k 2 
2 

+ 2(k ′ 
1 

+ k ′ 
2 
) 
} . 

(23)

Then, if κ and τ are non-zero constants, then the natural curva-

ture functions κ� , τ � are also non-zero constants and satisfying

Eq. (18) which means that the ηξ -equiform Smarandache curve is
circular heilx. �
.4. T ηξ -equiform Smarandache curves in E 3 
1 

efinition 3.5. Let ζ = ζ (θ ) be a regular equiform spacelike curve

ying completely on a spacelike surface M in E 3 1 with moving

quiform Frenet frame { T, η, ξ }. Then T ηξ -equiform Smarandache

urves are defined by 

 = � (θ ∗) = 

1 √ 

3 

(T (θ ) + η(θ ) + ξ (θ )) . (24)

heorem 3.4. Let ζ = ζ (s ) be a spacelike curve with spacelike prin-

ipal normal vector in E 3 1 . If ζ is a circular helix with κ > 0, then

 ηξ -equiform Smarandache curve is also circular helix and its the

atural curvature functions are satisfied the following equation, 

κ� (θ ∗) = 

√ 

3 

√ 

2(1 − k 2 ) 

2 ρ
: | k 1 | < 1 , 

τ� (θ ∗) = 

√ 

3 

3 ρ2 

k 2 (k 2 2 + 1) 

(k 2 − 3)(k 2 + 1) 2 
: k 2 � = −1 , 3 . 

(25)

roof. Let � = � (θ ∗) be a T ηξ -equiform Smarandache curves of
he curve ζ = ζ (θ ) . Then from Eq. (24) , we get 

 

′ (θ ∗) = 

1 √ 

3 
((k 1 − 1) T (θ ) + (k 1 + k 2 + 1) η(θ ) + (k 1 + k 2 ) ξ (θ )) . 

(26)

 � (θ ∗) = 

1 

ρ
√ 

k 2 
1 

+ 2 k 2 + 2 

((k 1 − 1) T (θ ) + (k 1 + k 2 + 1) η(θ ) 

+ (k 1 + k 2 ) ξ (θ )) , (27)

here 

dθ ∗

dθ
= 

ρ
√ 

k 2 
1 

+ 2 k 2 + 2 √ 

3 

. (28)

ow 

dT � 
dθ ∗ = 

√ 

3 

ρ2 
[
k 2 

1 
+ 2 k 2 + 2 

]2 
(χ1 T (θ ) + χ2 η(θ ) + χ3 ξ (θ )) , 

here 
 

 

 

 

 

 

 

 

 

 

 

χ1 = (k 1 − 1)(k 1 k 
′ 
1 + k ′ 2 ) − (k 2 + 1)(k 2 1 + 2 k 2 + 2) , 

χ2 = (k 2 1 + 2 k 2 + 2)[ k ′ 1 + k ′ 2 + k 1 + k 2 (k 1 + k 2 ) − 1] 

+ (k 1 k 
′ 
1 + k ′ 2 )(k 1 + k 2 + 1) , 

χ3 = (k 2 1 + 2 k 2 + 2)[ k ′ 1 + k ′ 2 + k 2 (k 1 + k 2 + 1)] 

+ (k 1 + k 2 )(k 1 k 
′ 
1 + k ′ 2 ) . 

hen 

� (θ ∗) = 

√ 

3 

(
χ2 

1 
+ χ2 

2 
− χ2 

3 

)
ρ
[
k 2 

1 
+ 2 k 2 + 2 

]2 
, (29)

nd 

 � (θ ∗) = 

χ1 T (θ ) + χ2 η(θ ) + χ3 ξ (θ ) 

ρ
√ 

χ2 
1 

+ χ2 
2 

− χ2 
3 

. 

lso 

 � (θ ∗) = 

1 

ρ
√ 

k 2 
1 

+ 2 k 2 + 2 

√ 

χ2 
1 

+ χ2 
2 

− χ2 
3 

×
{ 

[ −χ3 + (χ2 − χ3 )(k 1 + k 2 )] T (θ ) 

+ [ χ1 (k 1 + k 2 ) − χ1 (k 1 − 1)] η(θ ) + [ χ2 (k 2 − 1) 

−χ1 (k 1 + k 2 + 1)] ξ (θ ) 
} 

, 
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Fig. 1. Spacelike curve ζ = ζ (s ) on S 2 1 . 
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Fig. 2. Equiform spacelike curve ζ = ζ (θ ) on S 2 1 . 

Fig. 3. The T η-equiform Smarandache curve � ( θ ∗) on S 2 1 . 

4

 

s  

p⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
rom Eq. (26) , we have 

 

′′ (θ ∗) = 

1 √ 

3 

{ [ k 2 1 − k 1 − k 2 − 1] T (θ ) 

+ [ k ′ 1 + k ′ 2 + 2 k 1 + (k 1 + k 2 ) 
2 − 1] η(θ ) 

+ [ k ′ 1 + k ′ 2 + k 2 + (k 1 + k 2 ) 
2 ] ξ (θ ) } , 

nd thus 

 

′′′ (θ ∗) = 

1 √ 

3 

(φ1 T (θ ) + φ2 η(θ ) + φ3 ξ (θ )) , 

here 

 

 

 

 

 

 

 

 

 

φ1 = 2 k ′ 1 (k 1 + 1) − 2 k ′ 2 + k 1 (k 2 1 − k 1 − k 2 − 2) + 1 , 

φ2 = k ′′ 1 + k ′′ 2 + 2 k ′ 1 + k 2 (k 2 − 1) + 3(k 1 + k 2 )(k ′ 1 + k ′ 2 ) 
+ k 1 (2 k 2 1 + k 1 − 1) + (k 1 + k 2 ) 

3 − 1 , 

φ3 = k ′′ 1 + k ′′ 2 + + k ′ 2 + k 2 (3 k 1 − 1) + 3(k 1 + k 2 )(k ′ 1 + k ′ 2 ) 
+ (k 1 + k 2 ) 

3 . 

ence, we have 

� (θ ∗) = 

√ 

3 

ρ2 

{
v 1 + v 2 + v 3 
q 2 + q 2 

2 
− q 2 

3 

}
, (30) 

here 

 1 = (k 2 1 − k 1 − k 2 − 1)[ φ2 (k 1 + k 2 ) − φ3 (k 1 + k 2 − 1)] , 

 2 = [ k ′ 1 + k ′ 2 + 2 k 1 + (k 1 + k 2 ) 
2 − 1][ φ3 (k 1 − 1) − φ1 (k 1 + k 2 )] , 

 3 = [ k ′ 1 + k ′ 2 + k 2 + (k 1 + k 2 ) 
2 ][ φ1 (k 1 + k 2 − 1) − φ2 (k 1 − 1)] , 

 1 = (k 1 + k 2 )(2 k 1 − k 2 − 1) − [ k ′ 1 + k ′ 2 + 2 k 1 + (k 1 + k 2 ) 
2 ] , 

 2 = −(k 1 + k 2 )(k 1 k 2 + 1) − (k 1 − 1)(k ′ 1 + k ′ 2 + k 2 ) , 

 3 = (k 1 − 1)[ k ′ 1 + k ′ 2 + 2 k 1 + (k 1 + k 2 ) 
2 ] + k 1 (2 k 1 − 3) 

+ (k + 1 + k 2 + 1)[2(k 2 + 1) − k 1 (k 1 + 1)] + 1 . 

ow, if κ and τ are non-zero constants, then the natural curva-

ure functions κ� , τ � are also non-zero constants and satisfying

q. (25) which means that the T η-equiform Smarandache curve is 
ircular heilx. �
. Example 

Let ζ (s ) = 

(√ 

3 s, s sin ( 
√ 

3 ln s ) , s cos ( 
√ 

3 ln s ) 
)

be a unit speed

pacelike curve parametrized by arc-length s with spacelike princi-

al normal vector in E 3 1 (see Fig. 1 ). Then it is easy to show that 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

t(s ) = ( 
√ 

3 , sin ( 
√ 

3 ln s ) + 

√ 

3 cos ( 
√ 

3 ln s ) , 

cos ( 
√ 

3 ln s ) − √ 

3 sin ( 
√ 

3 ln s ) ) , 

n (s ) = 

1 √ 

2 
(0 , cos ( 

√ 

3 ln s ) − √ 

3 sin ( 
√ 

3 ln s ) , 

− sin ( 
√ 

3 ln s ) − √ 

3 cos ( 
√ 

3 ln s ) ) , 

κ = 

2 
√ 

3 
s 

, ρ = 

s 

2 
√ 

3 
, k 1 = 

1 

2 
√ 

3 
, 

b(s ) = (2 , 
√ 

3 
2 

sin ( 
√ 

3 ln s ) + 

3 
2 

cos ( 
√ 

3 ln s ) , 
√ 

3 
2 

cos ( 
√ 

3 ln s ) − 3 
2 

sin ( 
√ 

3 ln s ) ) , 

τ = 

3 , k 2 = 

√ 

3 . 

s 2 
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Fig. 4. The T ξ -equiform Smarandache curve � ( θ ∗) on S 2 1 . 
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Fig. 5. The ηξ -equiform Smarandache curve � ( θ ∗) on S 2 1 . 

 

g

�

T  

g

Hence, the equiform parameter is θ = ∫ κ ds = 2 
√ 

3 s + c. Here

we take c = 0 , then we have s = e θ/ 2 
√ 

3 and ρ = 

e θ/ 2 
√ 

3 

2 
√ 

3 
. So the

equiform spacelike curve ζ is define as (see Fig. 2 ) 

ζ (θ ) = 

(√ 

3 e θ/ 2 
√ 

3 , e θ/ 2 
√ 

3 sin 

(
θ

2 

)
, e θ/ 2 

√ 

3 cos 

(
θ

2 

))
. 

It easy to show that 

T (θ ) = 

e θ/ 2 
√ 

3 

2 

(
1 , 

1 √ 

3 
sin 

(
θ

2 

)
+ cos 

(
θ

2 

)
, 

1 √ 

3 
cos 

(
θ

2 

)
− sin 

(
θ

2 

))

It is clear that T is an equiform spacelike vector. Also 

η(θ ) = 

e θ/ 2 
√ 

3 

4 

(
0 , 

1 √ 

3 
cos 

(
θ

2 

)
− sin 

(
θ

2 

)
, 

−1 √ 

3 
sin 

(
θ

2 

)
− cos 

(
θ

2 

))

and 

ξ (θ ) = 

e θ/ 2 
√ 

3 

4 

(
4 √ 

3 
, sin 

(
θ

2 

)
+ 

√ 

3 cos 

(
θ

2 

)
, cos 

(
θ

2 

)
−

√ 

3 sin 

(
θ

2 

))

Then η is an equiform spacelike vector and ξ is an equiform time-

like vector. 
The T η-equiform Smarandache curve � ( θ ∗) of the curve ζ ( θ ) is

given by (see Fig. 3 ) 

� (θ ∗) = 

√ 

6 e θ/ 2 
√ 

3 

24 

(
2 
√ 

3 , (2 
√ 

3 + 1) cos 

(
θ

2 

)

+ (2 −
√ 

3 ) sin 

(
θ

2 

)
, (2 −

√ 

3 ) cos 

(
θ

2 

)
− (2 

√ 

3 + 1) sin 

(
θ

2 

))

The T ξ -equiform Smarandache curve � ( θ ∗) of the curve ζ ( θ ) is
given by (see Fig. 4 ) 

� (θ ∗) = 

√ 

6 e θ/ 2 
√ 

3 

24 

(
2(2 + 

√ 

3 ) , (2 + 

√ 

3 ) sin 

(
θ

2 

)

+ (2 
√ 

3 + 3) cos 

(
θ

2 

)
, (2 + 

√ 

3 ) cos 

(
θ

2 

)
− (2 

√ 

3 + 3) sin 

(
θ

2 

)

The ηξ -equiform Smarandache curve � ( θ ∗) of the curve ζ ( θ ) is

iven by (see Fig. 5 ) 

 (θ ∗) = 

√ 

6 e θ/ 2 
√ 

3 

6 

(
1 , cos 

(
θ

2 

)
, − sin 

(
θ

2 

))
. 

he T ηξ -equiform Smarandache curve � ( θ ∗) of the curve ζ ( θ ) is

iven by (see Fig. 6 ) 
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Fig. 6. The T ηξ -equiform Smarandache curve � ( θ ∗) on S 2 1 . 
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� (θ ∗) = 

√ 

9 e θ/ 2 
√ 

3 

18 

(
2 + 

√ 

3 , sin 

(
θ
2 

)
+ (2 + 

√ 

3 ) cos 
(

θ
2 

)
, cos 

(
θ
2 

)
−(2 + 

√ 

3 ) sin 

(
θ
2 

))
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