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Abstract

One way of predicting nuclear cross sections is to use the Eikonal method, a high en-
ergy (small scattering angle) approximation that depends on the nucleus-nucleus optical
potential. In the position-space representation, the optical potential is a 6-dimensional
integral over projectile and target densities and the nucleon-nucleon transition ampli-
tude. The integration is often performed numerically and is inefficient, especially when
the task is to compute large numbers of nuclear cross sections for various projectile-target
reactions. The aim of the current work is to present two efficient methods for the com-
putation of the Eikonal phase shift function. Analytic formulas of the optical potential
are presented in the position-space representation for nuclei that are well-represented
by harmonic-well nuclear matter densities (A < 20), which reduces the Eikonal phase
factor to an integration over a single dimension. Next, the Eikonal phase function is
presented in the momentum-space representation, which is particularly useful when the
Fourier transform of the position-space optical potential is known. These new methods
increase the computational efficiency by three orders of magnitude and allow for rapid
prediction of elastic differential, total, elastic, and reaction cross sections in the Eikonal
approximation.

Keywords: FEikonal approximation, Elastic differential cross sections

1 1. Introduction

P The Eikonal approximation is a high energy (small angle) scattering approximation of
3 the Lippmann-Schwinger (LS) equation that is used for the prediction of total, elastic, re-
+ action, and elastic differential cross sections [1]. It is well-suited for the prediction of cross
s sections for projectile nuclei with kinetic energies in the laboratory frame greater than
s approximately 150 MeV/n, as was shown in recent comparisons to the non-relativistic
7 partial wave (PW) decomposition and three-dimensional LS solution methods [2, 3]. All
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physical observables are computed from the scattering amplitude that is obtained by in-
tegrating the Eikonal phase function in the scattering plane. The Eikonal phase function
is related to the optical potential and depends on the model of the nuclear interaction.

Multiple scattering theory (MST) is the underlying theory upon which the optical
potential is derived [4]. In the non-relativistic MST, the unperturbed Hamiltonian can
be separated from the residual interaction that is modeled as individual nucleon-nucleon
(NN) interactions. Feshbach et al. [5, 6] showed that the transition amplitude, which
can be used to obtain the physical observables, may be expressed as an equivalent set of
equations known as the elastic scattering equation and the optical potential. With this
formalism, the projectile and target remain in the ground state after colliding, and the
excited states are included through the optical potential, which is then written such that
the leading term is the sum of Watson-7 operators (pseudo two-body operators). The
matrix element of the optical potential is found after making several approximations, such
as the impulse, single scattering, optimum factorization, and on-shell approximations
[2, 3, 7, 8]. The final result is an optical potential that depends on the projectile and
target nuclear charge densities and the free NN transition amplitude, which may be
parameterized to experimental data.

The NN transition amplitude used in the current work satisfies the optical theorem
and depends on parameterizations of the total NN cross section, slope parameter, and
real-to-imaginary ratio [2, 3]. Electron scattering experiments are used to estimate the
charge density of nuclei. Harmonic-well and Woods-Saxon nuclear charge density mod-
els are often utilized for the evaluation of the optical potential [9-14]. Harmonic-well
densities are used for lighter nuclei (A < 20) because of the Gaussian-like decay of the
nuclear charge density as a function of radial distance. Woods-Saxon densities are better
suited for heavier nuclei, where the nuclear charge density is relatively constant before
decreasing to zero at larger radial distances.

The fundamental particles participating in the interaction must be specified in any
MST. In this study, nuclei are composite particles whose fundamental constituents are
nucleons; the quark structure of the nucleons is not considered. It is expected that the
inner structure of the nucleons would be probed at higher energies, and these effects
are assumed to be included in the NN parameterizations. The nuclear charge density
is found by folding the nuclear matter density with the charge density of the proton
in the position-space representation [10]. The Fourier transform of the position-space
nuclear charge density can then be written as the product of the momentum-space proton
charge density and nuclear matter density. The nuclear charge densities were obtained
in the momentum-space representation, and the nuclear matter densities were found by
dividing the nuclear charge density by the Gaussian charge distribution of the proton.
The position-space nuclear matter densities for light nuclei modeled with the harmonic-
well density were obtained by computing the Fourier transform of the momentum-space
nuclear matter density.

In the position-space representation, the optical potential is a 6-dimensional integral
over the projectile and target nuclear matter densities and the NN transition amplitude
[10, 13-17]. An additional integral is performed over the z-direction of the scattering
plane to obtain the Eikonal phase function. In the momentum-space representation,
the optical potential is the product of the nuclear matter densities and NN transition
amplitude as a function of momentum transfer [3]. The aim of this work is to present two
methods for computation of the Eikonal phase function so that the scattering amplitude
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and nuclear cross sections can be found efficiently.

Using the Gaussian forms of the nuclear matter densities and transition amplitude for
light nuclei (A < 20) in the position-space representation, exact analytic expressions for
the optical potential for nucleon-nucleus (NA) and nucleus-nucleus (AA) scattering are
presented. This approach effectively reduces the 7-dimensional integral for the Eikonal
phase factor in the position-space representation to an integral over 1-dimension. This
method is not used for heavier projectile and target nuclei since no closed form solution
was found for the optical potential.

Another approach is needed for heavier projectile or target nuclei. The Eikonal phase
factor is presented in the momentum-space representation, which also reduces the number
of integrations to 1-dimension. This method may be used when the optical potential
is expressed in momentum-space or when the Fourier transforms of the position-space
nuclear matter densities and transition amplitude are known in the momentum-space
representation.

This paper is organized as follows. In section 2, the optical potential and Eikonal scat-
tering theory are reviewed. The nuclear matter densities and NN transition amplitudes—
and their corresponding Fourier transforms—are explicitly defined, and the exact formulas
for NA and AA optical potentials are given for light nuclei (A < 20). Next, the opti-
cal potential is expressed as a function of momentum transfer, and the 7-dimensional
integral of the Eikonal phase factor is reduced to a 1l-dimensional integral when the
momentum-space optical potential is used.

In section 3, elastic differential cross sections for light nuclei reactions are predicted
with the analytic formulas and are compared to elastic differential cross sections produced
from the numerically integrated optical potential. It is demonstrated that the light
nuclei formulas for the optical potential produce elastic differential cross sections that
are in exact agreement with the numerically integrated optical potential. Next, the
momentum-space formulation of the Eikonal phase factor is used to compute the elastic
differential cross sections and compared to the differential cross sections as computed with
the optical potential in the position-space representation. The Eikonal phase function in
the momentum-space representation produces results that are in exact agreement with
the position-space results. The conclusions are given in section 4.

2. Theory

The Eikonal scattering amplitude, f(0), is needed to compute the elastic differential,
reaction, total, and elastic cross sections and is given by [1]

Sk

F(O) =" 7J0(2kbsin(9/2)) [eiW) - 1] b db, (1)

where b is the impact parameter, k is the relative momentum of the projectile-target
system in the center of mass (CM) frame, x(k,b) is the Eikonal phase shift function,
Jo(kd) is the cylindrical Bessel function, and 6 is the scattering angle in the CM frame.
The Eikonal phase function is found by integrating the optical potential, U (b, z), in the
z-direction of the scattering plane, which is defined to be in the same direction as that



94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

of the incident projectile [1]:
ki b) = o [ U2 2

The elastic differential cross section is given by

% 1o, 3)

and the total elastic cross section is found by integrating over the polar and azimuthal
angles [1],

Oel = / j—ng = 477/[ — e Tmx cos(Rex)]b db

—or e~ 2ImX]p db.

The scattering amplitude satisfies the optical theorem, therefore [1]

2
g
|
N
o
g
&H
o

47r/ e ™X cos(Re x)]b db. (4)
0

Finally, the reaction cross section, o,., can be found from using oy = 0ot — Tel-

All of the the cross sections described above are functions of the Eikonal phase func-
tion and depend on the optical potential, as shown in equation (2). For AA scattering,
the optical potential may be expressed as [10, 15]

U(r) = ApAr /tNN(IrNNI)pP(IrpI)pT(\rTl) drrdry, (5)

where A is the number of nucleons, P represents the projectile, T' represents the target,
tnn is the NN transition amplitude, and p is the nuclear matter density. As illustrated in
Fig. 1, rnn is the vector between a nucleon in the projectile and a nucleon in the target;
rp is the vector that extends from the center of the projectile nucleus to a nucleon in the
projectile; rp is the vector between the center of the target nucleus to a nucleon in the
target; r is the relative distance between the centers of the projectile and target nuclei;
R = r + rp is the distance from the center of the projectile to a nucleon in the target.
The distance from the center of the projectile nucleus to a nucleon in the projectile may
be expressed as rp = r + R =r + ry + ryy, which, when substituted into equation (5),
leads to

U(r) = ApAr / tnn (e |)pp (e + 7 + ran ) pr (7| ) drrdes. (6)
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(Note that |r| = v/b? + 22 in the cylindrical coordinate system and that the dr notation
refers to the differential volume element, which is also written as d®r.) In the next
section, the nuclear matter densities are described.

2.1. Nucleon-nucleon transition amplitude and nuclear matter density

In the current work, elastic differential cross sections are predicted with the Eikonal
approximation utilizing the position-space representation and the momentum-space rep-
resentation of the optical potential, which is a function of the nucleon-nucleon (NN)
transition amplitude and nuclear matter densities. In this section, the position-space
representation and Fourier transforms of the NN transition amplitude and nuclear mat-
ter densities are given.

Usually, harmonic-well nuclear matter densities are used for A < 20, and Woods-
Saxon matter densities are used for A > 20 [10, 15]. The harmonic-well nuclear matter
density in position-space is [10]

HW 3 2 2 2
HW po @ 37 3va e o -
) = B+ - B+ e | (7)
where 1
oY = S (8)

R TR

v and a are parameters given in references [11, 12], s = a?/4 — rgmt /6, and o 1S

the proton radius [10, 15]. The Fourier transform of the harmonic-well nuclear matter
density is given by [10]
HW HW_3/2 3 3 a*y , —q?s?
prt@) =po @I+ 57) = Tl 9)

The Woods-Saxon nuclear charge density is given as [10]

WS POWS

pR(r) = —— (10)
1+eca
where the normalization is
3 1
WS

SR . — 11
Po 47 [R3 + 7r20124R} (1)

R is the half density radius, and c4 is a parameter that is related to the surface diffuseness,
¢, by [10]

N
" B = exp [\/g} | (13)

where 7pyo¢ is the proton radius. The parameters R and c are given in references [11, 12].
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The Fourier transform of the Woods-Saxon charge density is [7]
WS AT s
pmola) = < mpo " ela), (14)

where

—cos(qR)  mca sin(qR) coth(geam)

9(q) = meaRk Linh(qcmr) * "R sinh(gcan)
(—1

(15)
JZease Ch e ]
TR £ [(qea)® +n?? |

n=1

The NN transition amplitude is given by [10].

o) = = [ (i)]@ s o()lx(e) 4+ il 250, (16)

where e is the kinetic energy of the NN system in the CM frame, mpo; is the proton
mass, B(e) is the slope parameter, o(e) is the NN cross section, and k(e) is the real to
imaginary ratio of the NN cross section.

The Fourier transform of the NN transition amplitude is given as [10]

-1 7l2 ko(e)

(2m)? p 4Ar [k(e) + i]eB(@)e°/2 -

tnn(q) =

where £ is Planck’s constant, p is the reduced mass of the NN system, and k is the
relative momentum in the NN CM frame.

2.2. Analytical Ezpressions of the Optical Potential

In this section, the analytic expressions for the optical potential are presented for
nuclei with A < 20, where harmonic-well nuclear matter densities have been used. To
simplify the notation, the harmonic-well nuclear matter densities are written

_r2
plr) = (et ) exn | Tz | (18)
where
_poa [ 3y 3ya?
~8s3 2 8s? (19)
and HW 3 . 2
p="t0 = 2 (20)
~ 853 16st]
and the NN transition amplitude is written as
2
t(r) = —_— 21
0 =rexn 5505 (21)
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S— \/mTp [ZW;EZ;P 5 In(e) +1]. (22)

Two cases are considered. First, the optical potential is calculated for a single nucleon
projectile and a target nucleus. Next, the calculation is repeated for a projectile nucleus
and a target nucleus.

2.2.1. Nucleon-Nucleus Optical Potential

For nucleon-nucleus (NA) collisions, the single projectile nucleon matter density is
taken as a Dirac delta function, and the harmonic-well nuclear matter density from
equation (18) is used for the target. The optical potential from equation (6) may be
expressed in the following form with Ap = 1:

U(r) = (Co + Chr?) exp[—02r2] (23)
with
3/2 38
s T
Co=1A ar+ —L || 24
’ g u1+u2> [ 20 + o) @)
A 273/2
0y = AT (25)
(1 + po)?/
and
Co=pyg — ——,
S (AT
where
L and ! (27)
= — 1 = —5 .
M=5p "¢ 27 4a

It should be noted that Cy and Cy are complex, because both are functions of 7 from
equation (22).

2.2.2. Nucleus-Nucleus Optical Potential

The calculation of the optical potential is repeated for nucleus-nucleus (AA) collisions
with harmonic-well nuclear matter densities for both the projectile and the target, which
results in the following formula for the optical potential:

U(r) = (Ao + A + A2r4) eXp[—Ag’PQ], (28)
where
27TNAPAT m
Ay = ——,/— 2

: Jede 2 (20)

arA 3

{ T2 -+ E(ﬂﬂh + Azar)
15A2 87
862 |’
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582 \o B
203 ’

QWNAPAT 7T
A - - 27 [
2 0 \/;

|:A2ﬁT62 _ BrAgs? A25T54]

262 03 204
w0 and
52
2

N:%\/?,
K K
1

1
4s%,

Ay =0—

1o where

R +27

1
0=—+96
45%+7

1 1
 4s3 16shk’
ap  3fp

A =42 5Pp
! 2 * 4k’

_bre Br Br

2 32k2s%, B 4ks%’

i and

Ay

(30)

(31)

(38)

w2 Ultimately, Ag, A1, and Ay are complex since each depends on N from equation (33).

173 The authors would like to acknowledge that Bidasaria and Townsend [18, 19] have
s studied this problem independently, but the results were not published. In the next sec-
s tion, the optical potential is written as a function of momentum transfer, which leads to
s more efficient evaluation of cross sections when exact expressions for the optical potential

177 are not known.
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2.8. Optical Potential in Momentum-Space

In section 2, it was shown that the Eikonal phase function can be obtained by in-
tegrating the optical potential in the position-space representation. In this section, the
optical potential is expressed as a function of momentum transfer, q. By doing so, the
number of integration dimensions will be significantly reduced.

To begin, the NN transition amplitude and nuclear matter densities in equation (6)
are replaced with their Fourier transforms

/ drr drnn da dgz dgs [tn(a:])pr(laz))pp(as) (39)

x e 'd1'TNN—iq2 TT eflqs'(I‘JrrT%*I‘NN)],

where the Fourier transforms are given by

b (r) = / tan(@)e 97 dq (40)

and
1

p(r) = @) / p(q)e "™ dq. (41)

Note that because of the traditional normalization of nuclear matter densities, the nor-
malizations for the Fourier transforms of p(r) and ¢txn(r) differ. Next, integration over
rr and ryyn is performed by using the the delta distribution,

5(A) = (2;)3 / e AB B, (42)

which results in
U(r) = APAT/t(lqlI)pT(quI)pP(\q3I)5(q1 +a3)d(q1 + qz)e "7 dqy dqz dgs. (43)

After evaluating the delta functions, the optical potential from equation (39) is reduced
to integration over the momentum transfer,

U(r) = / Uq)ei@™dq, (44)

where U(q) = ApAr tan(lal)pr(lal) pr(lal).
Next, the Fourier transform of the optical potential (44) is substituted into the ex-
pression for the Eikonal phase shift function from equation (2),

17
wb) = 5 [ ds [U@eaig (45)

1 0o ‘ -
— _ iq-b igz cos 0
% / /dquU(Q)e e ,

9
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where r = b + z in cylindrical coordinates has been used. The integration of z is
performed, which results in

Xk b) = 7 / écS(cosG)U(q)eiq'bdq, (46)

where the following delta distribution has been used:
2m r iqz cos 0
?(5(COS 0)= [ e dz. (47)

Using dq = ¢?dgsin 0dfd¢ and evaluating the delta distribution leads to the final form
for the Eikonal phase function,

') 27
Xk b) = 7 / dq [ qU(la)ei® = dg (48)
0 0
— o2 i
= =2 [ aw@dnlabyda (49)
0

The advantage of equation (49) is that the 6-dimensional integral for the optical po-
tential in position-space, and the z integration need not be performed. Instead, the
7-dimensional integral for y has been reduced to 1-dimension over the magnitude of the
momentum transfer, ¢. This result significantly increases the efficiency for the numerical
evaluation of y.

3. Results

The optical potential depends on parameterizations of the nuclear matter density
and NN transition amplitude. The harmonic-well nuclear matter density parameters for
160 used in equations (18) - (20) are v = 1.544 and « = 1.83 fm [11, 12]. The NN
transition amplitude depends on parameterizations of the NN total cross section, the
real to imaginary ratio of the transition amplitude, and the slope parameter. Parame-
terizations of the proton-proton and neutron-proton cross sections are from reference [3].
The proton-proton and neutron-proton real to imaginary ratio of the transition ampli-
tude was obtained by fitting to data in reference [20], and the NN slope parameter is
from reference [10]. In the current work, the isospin average of the proton-proton and
neutron-proton parameterizations were used for both the total NN cross section and the
real to imaginary ratio of the transition amplitude. The transition amplitude parameters
for total projectile kinetic energies in the laboratory frame of 497 MeV and 1120 MeV
are given in Table 1.

The formulas for the optical potential from section 2.2 are used to predict the differen-
tial cross sections for p + 0 and 60 + 150 reactions at total projectile kinetic energies
in the laboratory frame of 497.5 MeV and 1120 MeV, respectively. The results of the
new formulas are compared to the numerically integrated results and experimental data

10
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[21, 22] in Figs. 2 and 3. The solid black circles with error bars indicate experimental
data [21, 22]. The solid red lines show the result of using the analytically integrated
optical potential, and the blue stars result from using the numerically integrated optical
potential. The analytical results are verified numerically.

Fig. 2 shows the elastic differential cross section of a p + 0 reaction with a total
projectile kinetic energy in the laboratory frame of 497 MeV. The figure shows that the
differential cross section predicted with the new formula for proton-nucleus collisions
agrees with the cross section that was generated by numerically integrating the optical
potential. Furthermore, both results are in good agreement with experimental data given
in reference [21]. The elastic differential cross section of a 190 + 60 reaction at a total
projectile kinetic energy in the laboratory frame of 1120 MeV is shown in Fig. 3. Note
that the cross section predicted with the AA formula for the optical potential agrees
exactly with numerical calculation, and each are in good agreement with experimental
data from reference [22].

As examples of the momentum-space formulation of the Eikonal phase function, the
elastic differential cross section of p + 90 and « + 2°Ne reactions are computed with
equation (2) in the position-space representation (the usual way of performing the calcu-
lation) and equation (49), which is a function of momentum transfer in the new formula-
tion. These results are shown in Figs. 4 and 5. The position-space Eikonal calculations
are shown with a solid red line, and the momentum-space results are given with blue
stars. Experimental data [23, 24] are presented as black circles with error bars.

The harmonic-well nuclear matter density parameters needed for equations (18) and
(9) are v = 0 and a = 1.33 fm for a-particles, and v = 1.88 and a = 1.54 fm for 1°O
[11, 12]. The Woods-Saxon nuclear matter density parameters used in equations (10),
(13), and (14) for °Ne are R = 1.88 fm and ¢ = 0.57 fm. The values of the NN transition
amplitude are given in Table 1 for total projectile kinetic energies in the laboratory frame
of 104 MeV and 317 MeV.

The elastic differential cross section for a p 4+ 190 reaction at a total projectile kinetic
energy in the laboratory frame of 317 MeV is given in Fig. 4. Experimental data for
this reaction are from reference [23]. Note that the position-space and momentum-space
calculations are in good agreement with experimental data. Also note that the position-
space and momentum-space results are in agreement. Fig. 5 shows the elastic differential
cross section for a + 2°Ne at a total projectile kinetic energy in the laboratory frame
of 104 MeV. The experimental data are from reference [24]. Again, note that both the
position and momentum-space results are in agreement, and each are in good agreement
with experimental data. The predictions of the differential cross sections are less accurate
at larger angles. This is expected behavior, since the Eikonal method is a high energy
and small angle approximation.

Although comparisons to experimental data have been shown, it should be stressed
that agreement with experimental data is not the objective of this work. The objective
was to present the two approaches of computing the Eikonal phase function to allow
for efficient computation of nuclear cross sections. The computational time required for
convergence of the position-space optical potential is approximately 10% seconds. The
new methods described herein require only a few seconds of computational time thus
providing a three orders of magnitude increase in computational efficiency.
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4. Conclusions

The AA optical potential may be used with Eikonal scattering theory to predict elastic
differential, total, total elastic, and total reaction cross sections. The optical potential
is obtained by computing a 6-dimensional integral over the nuclear matter densities of
the projectile and target and the NN transition amplitude. Consequently, numerical
evaluation of the optical potential is inefficient.

In the current work, NA and AA optical potential formulas were obtained with
harmonic-well nuclear matter densities, which are suitable for light nuclei (A < 20).
The formulas were used to predict the elastic differential cross sections for two light nu-
clei reactions. The results generated from the exact optical potentials were verified with
numerical integration, and it was found that the elastic differential cross sections are in
good agreement with experimental data. The new methods presented herein are approx-
imately 1000 times more efficient than the position-space representation calculations.

The authors have also shown that the Eikonal phase function can be written as a
1-dimensional integral by expressing the optical potential as a function of momentum
transfer, thereby greatly increasing the efficiency of the numerical evaluation of cross
sections using the Eikonal approximation. The momentum-space formulation of the
Eikonal phase function is used to evaluate the differential cross section of two reactions
which utilize different nuclear matter density parameterizations. It is found that the
momentum-space phase function agrees exactly with the Eikonal approximation com-
puted in position-space, and the results of both calculations are in good agreement with
experimental data.

It has been demonstrated that the optical potential can be evaluated analytically for
light ions (A < 20) that are modeled with harmonic-well nuclear matter densities. The
momentum-space formulation is better suited for nuclear collisions where the projectile
or target has mass A > 20. The Eikonal phase function can be evaluated numerically for
any transition amplitude and nuclear matter density, provided their Fourier transforms
can be computed. Still, analytical expressions of the optical potential should be used
when available. Based on the work presented herein, it is recommended that the exact
expressions should be used for light ions, and the momentum-space optical potential
should be used for all other reactions.
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Figure 1: Illustration of the vectors used for the AA optical potential. The distance from the center of
the projectile nucleus to a nucleon in the projectile nucleus is rp. Likewise, rp is the distance from the
center of the target nucleus to a nucleon in the target. The center to center distance between nuclei is
r, and ryy is the distance between a nucleon in the projectile to a nucleon in the target. R =r +rr is
the distance from the center of the projectile to a nucleon in the target.
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Figure 2: The elastic differential cross section for a p 4 %0 reaction with a total projectile kinetic energy
in the laboratory frame of 497 MeV. Experimental data are from reference [21].

Table 1: Energy dependent parameters for the NN transition amplitude.

Lab Energy | o (fm?) | B (fm?) | &
104 MeV 21.80 0.22 0.88
317 MeV 3.02 0.32 0.41
497 MeV 3.52 0.34 0.18
1120 MeV 7.16 0.26 0.96
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Figure 3: The elastic differential cross section of the 160 4 160 reaction with a total projectile kinetic
energy in the laboratory frame of 1120 MeV. Experimental data are from reference [22].
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Figure 4: The elastic differential cross section for a p + 60 reaction at a total projectile kinetic energy
in the laboratory frame of 317 MeV. Experimental data are from reference [23].
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Figure 5: The elastic differential cross section for a a + 2°Ne reaction at a total projectile kinetic energy
in the laboratory frame of 104 MeV. Experimental data are from reference [24].
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