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ABSTRACT 

A simple unbonded-type shear strengthening technique for reinforced concrete beams using wire 

rope units is presented. Ten two-span reinforced concrete T-beams externally strengthened with wire 

rope units and an unstrengthened control beam were tested to failure to explore the significance and 

shortcomings of the developed unbonded-type shear strengthening technique. The main parameters 

investigated were the type, amount and prestressing force of wire rope units. All beams tested failed 

owing to significant diagonal cracks within the interior shear span. However, beams strengthened 

with closed type wire rope units exhibited more ductile failure than the unstrengthened, control beam 

or those strengthened with U-type wire rope units. The diagonal cracking load and ultimate shear 

capacity of beams with closed-type wire rope units were linearly increased with the increase of 

vertical confinement stresses in concrete owing to the prestressing force in wire rope units, while 

those of beams with U-type wire rope units were little influenced. It was also observed that average 

stresses in closed-type wire ropes crossing diagonal cracks at ultimate strength of beams tested were 

far much higher than those in U-type wire rope units, showing better utilization in case of closed-

type wire ropes. The shear capacity of beams with closed-type wire rope units is conservatively 

predicted using the equations of ACI 318-05 for shear modified to account for the external wire rope 

units. A numerical formula based on the upper bound analysis of the plasticity theory is also 

developed to assess the load capacity of continuous T-beams strengthened with wire rope units. 

Comparisons between measured and predicted shear capacities showed that the coefficient of 

variation obtained from the mechanism analysis is less than that from the modified ACI 318-05 

equations. In addition, the predictions by the mechanism analysis for beams with closed-type wire 

rope units are in good agreement with test results, regardless of the value of stresses used for the 

calculation of energy dissipated in wire ropes. 

Keywords: strengthening, continuous T-beams, wire rope, shear, mechanism analysis. 
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INTRODUCTION 

External shear strengthening for reinforced concrete beams would be commonly classified into two 

groups; bonded type and unbonded type. Many effective shear strengthening procedures
1-5

 by 

externally bonding steel plates or high strength non-metallic fiber laminates to concrete surfaces 

were developed. However, few drawbacks were also identified in the bonded type strengthening 

technique
6-7

, such as debonding of external laminates from concrete surface due to interface shear 

stress concentration at the laminate end, and the long term behavior of the system owing to different 

coefficients of thermal expansion of concrete, adhesive, and non-metallic fiber laminates. As a result, 

unbonded type strengthening procedures
6, 8

 have been recently developed. Teng et al.
8
 showed that 

shear capacity of deep beams predamaged in shear could be restored using external prestressed steel 

clamping units. Kim et al.
6
 carried out tests on beams strengthened with external wire rope units and 

proposed that shear capacity of predamaged beams strengthened with the proposed technique could 

be enhanced by 120 to 170% of that of original beams. In particular, those beams strengthened with 

unbonded type showed ductile behavior though they failed in shear. Based on their test results, Teng 

et al.
8
 and Kim et al.

6
 concluded that the externally unbonded-type shear strengthening technique for 

reinforced concrete beams is highly economical, and environmentally and structurally efficient. 

Although reinforced concrete beams are frequently supported on several supports and have T-shaped 

section, very few investigations, if any, on the shear behavior of continuous T-beams were published. 

Even tests on beams strengthened with externally bonded laminates have focused on simply 

supported beams of rectangular section. Among the few tests on the two-span continuous beams 

strengthened with different arrangements of carbon fiber-reinforced polymer (CFRP) laminates, El-

Refaie et al.
9
 pointed out that a higher load capacity could be developed in continuous beams than 

simple ones. In addition, the flange of externally strengthened T-beams has a significant influence on 

the shear behavior of those beams
5, 10

. Giaccior et al.
10

 showed that shear capacity of simple T-beams 
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increased with the increase of width of flange if the ratio of flange depth to effective depth of beams 

tested was above 0.25. On the other hand, T-beams strengthened with externally bonded type 

procedure suffer from debonding of laminates near interface between the beam flange and web as 

peeling off or tensile rupture of laminates would be greatly affected by the bond and anchorage 

conditions at the end of laminates owing to stress concentrations
5
. 

The present study reports the testing of reinforced concrete continuous T-beams externally 

strengthened with unbonded wire rope units. Ten strengthened beams and an unstrengthened control 

beam were tested to failure. The amount, prestressing force and type of wire rope units were selected 

as the main variables to explore the significance and shortcomings of the developed shear 

strengthening technique. In addition, a numerical analysis based on the upper bound analysis of the 

plasticity theory is developed to ascertain the shear capacity of continuous T-beams strengthened 

with wire rope units. The shear capacity of beams tested is also compared with an extended version 

of the ACI 318-05 provisions
11

 for shear and the proposed numerical formulas. 

SIGNIFICANCE OF RESEARCH 

Very few experimental investigations on shear behaviour of strengthened continuous T-beams are 

available, though the ratio of flange depth to effective depth, and high stress concentration at the 

interface between flange and web would have significant influence on the shear capacity and 

debonding of laminates. In addition, interest in unbonded type shear strengthening procedures using 

steel bars or wire ropes has increased in recent years. In the present study, the practicality, 

significance and shortcomings of using unbonded wire rope units as shear strengthening technique 

for two-span T-beams are explored. Test results and mechanism analysis based on upper-bound 

theorem confirm that the shear capacity of beams strengthened with closed-type wire rope units 

would be greatly improved with the increase of the amount and prestressing force of wire ropes. 
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SHEAR STRENGTHENING TECHNIQUE USING WIRE ROPE UNITS 

Wire ropes have many advantages such as lightweight, high-strength, and high flexibility. The shear 

strengthening procedure developed for T-beams in the current investigation is distinguished into two 

groups: closed-type and U-type, according to the configured shape of wire rope units. For the closed-

type wire rope units, a wire rope unit is comprised of an I-shaped steel plate, four legs wire rope, 

four sets of eye-bolts and nuts, and two corner beads of the same width as the flange of the I-shaped 

steel plate as shown in Fig. 1 (a). The I-shaped steel plate having four holes for eye-bolt connections 

is installed at the top surface of flange of beams. The longitudinal distance of holes in the I-shaped 

steel plate is dependent on the width of web of T-beams. U-shaped wire ropes at spacing of 60 mm 

are coupled to the eye-bolts passing through the holes of both sides of the beam flange. On the other 

hand, for the U-type wire rope units, two angles are used instead of the steel plate as shown in Fig. 1 

(b). These angles having two holes for stud anchors are fixed at both sides of the beam web just 

below the beam flange. Eye-bolts coupled to wire ropes of 60 mm spacing are connected with nuts at 

the top surface of angles. As a result, there is no need to create holes in the beam flange with U-type 

wire rope units. In both types, corner beads having 3 mm thickness are positioned at beam corners to 

prevent bearing failure of concrete due to high pressure exerted by the force in wire ropes. 

Wire ropes are prestressed by tightening of nuts, similar to the torque control method
12

 of high-

strength bolts. As the prestressing tensile effect can be controlled by the externally applied torque, 

the relation between the externally applied torque T  and tensile force N  acting on a bolt can be 

written as below
12

: 

NkdT b             (1) 

where bd = bolt diameter and k = a torque coefficient. Many tests to evaluate the torque and tensile 

force relationship
6
 show that the torque coefficient k  of the eye-bolts employed in the wire rope 

units can be reasonably assumed to be 0.3. 



 

6 

Wire rope units would provide the beam web with a confinement effect owing to the wire rope 

prestressing force obtained from tightening of nuts. In addition, wire rope units would act as external 

stirrups to control diagonal tensile cracks and transfer shear force. 

EXPERIMENTAL PROGRAMME 

Test specimen details 

Ten continuous beams strengthened with wire rope units and an unstrengthened control beam were 

tested to failure. Strengthened beams are classified into two groups: C-series and U-series for beams 

with closed-type and U-type wire rope units, respectively. Details of wire rope units used in test 

specimens are given in Table 1 and Fig. 2. In each series, the amount and prestressing force of wire 

rope units were varied. The ratio w  of wire rope units ranged from 2.0 to 4.5 times min , where w  

= 
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cf  = cylinder compressive strength. As a result, the spacing of wire rope units varied between 

100 mm and 223 mm for C-series and between 100 mm and 178 mm for U-series. Total initial 

prestressing forces iN  applied in wire rope units, initial torque iT  applied in eye-bolts, the ratios 

between the initial prestress if  and tensile strength wuf  of wire ropes for different beams tested are 

listed in Table 1. 
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 , where a = shear span, d = effective section depth, tA  and bA = areas of longitudinal 

top and bottom reinforcement, respectively, and vA  and 
v

s = area and spacing of internal shear 

reinforcement, respectively. The widths of web, wb , and flange, effb , of beams tested were 200 mm 

and 450 mm, respectively, and overall depths of flange, fh , and beam section, h , were 120 mm and 

400 mm, respectively. The effective depth d was 360 mm and dh f /  ratio was 0.33, for all beams 

tested. The shear span-to-effective depth ratio was selected to be 2.5. As a result, shear span a  and 

length L  of each span were 900 mm and 1800 mm, respectively, as shown in Fig. 2. 

Both longitudinal top and bottom steel reinforcement ratios in hogging and sagging zones, 

respectively, were kept constant in all beams at 1.6% to ensure no flexural yielding of longitudinal 

reinforcement prior to shear failure. A half of longitudinal top and bottom reinforcement was 

anchored in the outside of the exterior supports by 90° hook and the rest of them was cut off at a 

distance d  from points of inflection. The internal shear reinforcement of 6 mm diameter was 

arranged over the full length of the beams tested at 180mm spacing to satisfy the maximum spacing 

specified in ACI 318-05 of 2/d . All beam flanges were transversely reinforced near the top surface 

across the full width of the flange with lateral steel reinforcement of 6 mm diameter at every 200mm 

centers, as shown in Fig. 2. 

The beam notation given in Table 1 includes three parts except for the unstrengthened control beam, 

N. The first part is used to identify the type of wire rope units: C and U for closed and U-type wire 

rope units, respectively. The second part refers to w / min  as a representative of the amount of wire 

rope units. The third part gives the ratio of the initial prestress in wire ropes to their tensile strength. 

For example, C2.5-0.6 identifies a continuous T-beam strengthened with closed-typed wire rope 

units having an amount of 2.5 min  and an initial prestress of 0.6 wuf . 
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Material properties 

The concrete compressive strength of test specimens was designed to be as low as 24 MPa to 

simulate existing deteriorated concrete buildings. The ingredients of ready-mixed concrete were 

ordinary Portland cement, irregular gravel of maximum size of 25 mm and sand. Quality control 

cylinders of 150 mm diameter × 300 mm high were cast and cured simultaneously with beams to 

determine the compressive strength of concrete. The results of concrete compressive strength 

obtained from testing three cylinders for each beam are given in Table 1. 

Fig. 3 and Table 2 present the stress-strain relationships and mechanical properties of internal 

reinforcement, wire rope, steel plate, and eye-bolt used in the present study. The wire rope used 

consists of six strands laid helically over a smaller independent wire rope central core. The yield 

strengths of 6 mm diameter reinforcement and eye-bolt were obtained from the 0.2% offset method 

as they did not exhibit a clear yield plateau. The elastic modulus of wire ropes used was lower than 

that of other metallic materials as shown in Fig. 3. Raoof and Kraincanic
13

 also showed that the 

measured elastic modulus of wire ropes was about 60% of that of steel. 

Test procedure 

Loading and instrumentation arrangements are shown in Fig. 4. All beams having two spans were 

tested to failure under a symmetrical two-point top loading system with a displacement rate of 0.3 

mm/min using a 3000 kN capacity universal testing machine (U.T.M.). Each span was identified as 

N-span or S-span as shown in Fig. 4. In order to evaluate the shear force at different locations and 

support reactions, two load cells of a 1000 kN capacity and a load cell of 2000 kN capacity were 

installed in both exterior end supports and intermediate support, respectively. At the location of 

loading or support point, steel plates of 50 mm, 75 mm, or 100 mm wide were provided to prevent 

premature crushing or bearing failure as shown in Fig. 4. Top loading plates were 50 mm thick and 

450 mm long to cover the full flange width of test specimens. 
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Vertical deflections at a distance of L45.0  from the exterior support, which is the location of the 

maximum deflection predicted by a linear finite element (FE) analysis, and at the mid-span of each 

span were measured using linear variable differential transformers (LVDTs). Both surfaces of the 

beams tested were whitewashed to aid on the observation of crack development during testing. 

Extensor meters of 50 mm gage length were also attached to wire ropes as shown in Fig. 4 to 

evaluate shear transfer capacity of wire ropes, and removed after beams reached their ultimate load 

capacity. The tests were terminated when either a wire rope was fractured or the load dropped below 

70% of the ultimate load. The test data were captured by a data logger and automatically stored. 

TEST RESULTS AND DISCUSSIONS 

Crack propagation, load capacity and modes of failure 

The crack propagation of beams tested was strongly influenced by the type of wire rope units but 

nearly independent on their amount. Typical crack propagation for beams tested at different load 

levels is shown in Fig. 5: Fig. 5 (a) for unstrengthened control beam (N), Fig. 5 (b) for beam C2.5-

0.6 as a representative specimen for beams strengthened with closed-type wire rope units, and Fig. 5 

(c) for U2.5-0.6 beam as a representative specimen for beams strengthened with U-type wire rope 

units. Initial cracking load and the corresponding shear force are also given in Table 3. The first 

flexural crack generally occurred at the top surface of flange over the intermediate support, and then 

a flexural crack in the sagging zone immediately followed. The initial flexural cracking loads flP  

were little influenced by the amount and the prestressing force of wire rope units as given in Table 3. 

As the load increased, more flexural cracks formed and a couple of diagonal cracks developed at 

mid-depth of the beam web within the interior shear spans. The diagonal cracks within the interior 

shear spans of beams in U-series crossed the holes for stud anchors attached to the beam web. 

Load capacity and the corresponding shear force at failed span of beams tested are presented in 

Table 3. Beams strengthened with closed type wire ropes exhibited higher load and shear capacities 
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than those having the same amount of U-type wire ropes. The ultimate moments recorded in both 

hogging and sagging regions of all beams tested were lower than the nominal moment capacity 

calculated from ACI 318-05 as given in Table 3. This confirms that all beams failed in shear and 

redistribution of internal stresses owing to yielding of longitudinal reinforcement could be ignored. 

The failure planes in all beams tested developed along the main diagonal crack propagated from the 

edge of loading plate to the bottom of beams within the interior shear span as shown in Fig. (5). In 

the unstrengthened beam, bond splitting crack along the longitudinal bottom reinforcement also 

developed together with the main diagonal crack at failure as shown in Fig. 5 (a). Other severe 

damage was also observed in U-series beams at the intersection of the diagonal failure plane and 

stud anchor holes, as shown in Fig. 5 (c). All beams exhibited the same mode of failure where two 

blocks formed due to the significant diagonal crack within the interior shear span. An end block 

rotated about the exterior support leaving the other block fixed over the other two supports as shown 

in Fig. 5. However, all beams were unsymmetrically failed; both S and N spans of beams tested 

showed nearly the same crack patterns throughout the test. 

Load versus mid-span deflection  

The measured beam deflection at mid-span was slightly less than that measured at L45.0  from the 

exterior support until the occurrence of the first diagonal crack within the interior shear span as 

predicted by the linear two-dimensional finite element (2-D FE) analysis
14

. However, the mid-span 

deflection was higher after the occurrence of the first diagonal crack. Therefore, the mid-span 

deflection of the failed span for different beams tested is only presented in Fig. 6 against the total 

applied load: Fig. 6 (a) for beams in C-series and Fig. 6 (b) for beams in U-series. On the same 

figures, mid-span deflection of the unstrengthened control beam is also given. The initial stiffness of 

beams tested seemed to be independent of the type, amount and prestressing force of wire rope units. 

The development of flexural cracks in sagging and hogging zones has little influence on the stiffness 

of beams tested. However, the occurrence of diagonal cracks in the interior shear span caused a 
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sharp decrease to the beam stiffness and increase of the beam deflection. This stiffness reduction in 

C-series beams was significantly influenced by the amount and prestressing force of wire rope units, 

indicating that the more the amount of wire rope units and the higher the prestress in wire ropes, the 

lower the stiffness reduction. On the other hand, the variation of stiffness after the development of 

the first diagonal crack in U-series beams was nearly independent on the amount of wire rope units 

and the prestress applied to wire ropes as the anchorage capacity of stud anchors sharply dropped 

after the diagonal crack passed through the stud anchor connection. 

The diagonal cracking shear capacity of strengthened beams increased with the increase of the 

amount and initial prestressing force of wire rope units, regardless of the type of wire rope units, as 

given in Table 3. The ultimate shear capacity of beams strengthened with closed-type wire rope units 

also increased with the increase of the amount and prestressing force of wire rope units. On the other 

hand, the ratio of the ultimate shear capacity of beams strengthened with U-type wire rope units to 

that of the control unstrengthened beam ranged only between 1.05 and 1.14, revealing that the shear 

capacity of those beams was little influenced by the amount and prestressing force of wire rope units. 

After the occurrence of the main diagonal crack, anchorage failure of stud anchor in beams with U-

type wire rope units would fail to provide concrete with an effective confinement and the amount of 

shear force transferred by truss action of wire ropes would be very small. 

The influence of the amount and prestressing force of wire ropes on the load-deflection relationship 

after the ultimate load capacity was greatly dependent on the type of wire rope units. All beams in C-

series except C2-0.6 and C2.5-0.75 specimens showed a ductile failure in spite of failing in shear, 

and fracture of wire ropes of these beams occurred at large defection. For C2.5-0.75 specimen, 

sooner after it reached its ultimate load capacity, wire ropes started to rupture. On the other hand, the 

mode of failure of beams in U-series was more brittle than that of unstrengthened beam due to 

anchorage failure of stud anchors connected to the beam web. It can be concluded that closed-type 
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wire rope units having a larger amount than 2.5 min  and an initial prestress below 0.6 wuf  would be 

an optimum arrangement to improve the shear capacity and ductility of reinforced concrete T-beams. 

Stresses in wire ropes 

Fig. 7 shows the amount of stresses developed in wire ropes against the total applied load. The upper 

stress limits for design of shear reinforcement specified in ACI 318-05 is also presented in the same 

figure. Stresses developed in wire ropes presented in Fig. 7 were calculated as below. Strains in wire 

ropes were first estimated as the ratio of average displacement measured using the extensor meter 

attached to wire ropes crossing the diagonal crack within the interior shear span to the gage length of 

50 mm. Initial strains due to initial prestress were offset from the measured strains at different stages 

of loading. These strains were finally converted into corresponding stresses using the stress-strain 

curve of wire ropes shown in Fig. 3. The stresses in wire ropes sharply increased with the occurrence 

of the first diagonal crack, regardless of the type, amount and initial prestressing force of wire rope 

units. The stresses developed in wire ropes at ultimate strength of C-series beams ranged between 

390 MPa and 510 MPa. On the other hand, for U-series beams, stresses developed in wire ropes at 

beam ultimate strength were below 260 MPa, indicating that wire rope units could not effectively 

contribute to load transfer due to the anchorage failure of stud anchors used to fix wire rope units. 

PREDICTION OF SHEAR CAPACITY USING ACI 318-05 

The empirical equations specified in ACI 318-05 for estimating shear capacity nV  for reinforced 

concrete elements can be extended to accommodate the effect of external wire rope units considered 

for the beams tested as follows: 

wscn VVVV            (2) 
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where 


















 dbfdb
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dV
fV wcw

u

u

tcc

'' 29.01716.0  = shear capacity of concrete, sV = shear 

transfer capacity of internal shear reinforcement, and wV = shear transfer capacity of wire ropes, uV = 

factored shear force, uM = factored moment occurring simultaneously with uV  at section considered, 

and t = longitudinal tensile reinforcement ratio. As shear transfer mechanism of lateral 

reinforcement is identified by 45° truss analogy, the shear transfer capacities of internal shear 

reinforcement and external wire ropes can be assumed as below: 

wwswvyhvws sdfAsdfAVV //           (3) 

where vA , yhf  and vs = area, yield strength, and spacing of internal shear reinforcement, 

respectively, wsf = stress developed in wire ropes at beam ultimate strength. In shear provisions of 

ACI 318-05, the shear transfer capacity and yield strength of lateral reinforcement are limited to be 

below dbf wc

'66.0  and 420 MPa, respectively, to control diagonal crack width and induce ductile 

failure by yielding of shear reinforcement. If stresses 
ws

f  in wire ropes are not measured, a notional 

stress 
ws

f  of wire ropes would be assumed as follows: 

420 iwuws fff MPa          (4) 

Comparisons of shear capacities obtained from experiments and Eqs. (2) and (3) developed from 

ACI 318-05 are presented later in this paper. 

MECHANISM ANALYSIS OF BEAMS TESTED 

All beams tested in the current study failed due to diagonal shear cracks as shown in Fig. 5; 

however, this failure was ductile, especially for beams with external closed wire ropes. Fig. 8 

presents an idealization of the unsymmetrical failure mode of two-span T beams strengthened with 

wire rope units. As proposed by Zhang
18

, a yield line can generally be represented as a parabolic line 

connecting the edges of the loading plate and a point at a finite distance from the intermediate 
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support. As a result, continuous beams, at collapse, usually can be idealized as an assemblage of two 

rigid blocks separated by a yield line. The rigid block II is fixed over the intermediate and exterior 

supports and the other rigid block I rotates about an instantaneous centre (I.C.) as experimentally 

observed at the beam failure. 

Modeling of materials 

Concrete is modelled as a rigid perfectly plastic material obeying the modified Coulomb failure 

criteria with zero tension cutoff
19

. The effective compressive strength, *

cf , to be used in calculation 

is obtained from the cylinder compressive strength , '

cf , as follows: 

'*

cec ff             (5) 

where e = effectiveness factor for cracked concrete, and  = strength enhancement factor of 

concrete under biaxial compressive stresses. 

Tensile and compressive reinforcement are generally assumed as a rigid perfectly plastic material 

with yield stress yf . However, Yang et al.
20

 pointed out that the value of yf  of longitudinal 

reinforcement would need to be limited to 420 MPa, as high-strength longitudinal reinforcement 

may not reach its yield strength, if the amount of reinforcement is heavy and failure in concrete is 

preceded. On the other hand, the potential stress development in wire ropes at the ultimate strength 

of strengthened beams can be idealized to be the difference between the tensile strength of wire 

ropes and initial prestress in wire ropes, iwu ff  . Considering test results of stress development in 

wire ropes and the upper limit specified in ACI 318-05, a nominal stress in wire ropes can be 

assumed similar to that given in Eq. (4). In this study, therefore, nominal values for stresses in 

internal shear reinforcement and external wire ropes are limited to 420 MPa when no actual stresses 

measured from tests are provided. 
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Effectiveness factor of cracked concrete  

Although concrete is a typical brittle material, it is regarded as a perfectly plastic material in the 

plasticity theory. To absorb this gap and other shortcomings of applying the theory of plasticity to 

concrete, an effectiveness factor e  for cracked concrete would be commonly introduced. From the 

crack sliding solution for short beams, Zhang
18

 proposed the following formula for e : 

soe              (6) 

where s = the sliding resistance reduction factor, which is suggested to be 0.5 by Zhang
18

 when the 

yield line follows the crack path, and o = effectiveness factor for uncracked concrete. Based on the 

test results on short beams, o  was proposed as below
18

: 

 1259.0
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1
548.0
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 t

c

o
hf

          (7) 

where h = overall section depth in m. 

Strength enhancement factor of concrete  

The compressive strength enhancement of concrete under biaxial stresses is mainly dependent on the 

biaxial stress ratio. Kupfer et al.
15

 showed that the strength of concrete under biaxial compressive 

stresses was up to 27% higher than the uniaxial compressive strength of concrete. However, the 

strength of concrete subjected to biaxial tensile stresses was approximately equal to uniaxial tensile 

strength
15

. Liu et al.
16

 proposed an empirical formula and a failure envelope to evaluate biaxial 

strength of concrete, and pointed out that the maximum increasing ratio of concrete strength was 

close to 20% when the biaxial stress ratio was 0.2. A strength increase of about 31% for normal 

strength concrete under biaxial compressive stresses was also observed in Hussein and Marzouk’s 

experiments
17

. 

The compressive strength of concrete confined by wire rope units would be higher than that obtained 

from uniaxial cylinder tests, as the prestress in wire ropes allows confined concrete to be in a state of 
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biaxial stresses. However, it is very difficult to ascertain the biaxial stress ratio in the confined 

concrete of the strengthened beams at this stage. Based on tests of reinforced concrete beams 

confined with unbonded closed type wire rope units, Kim et al.
6
 studied the concrete confinement 

owing to unbonded closed type wire ropes and concluded that strength enhancement factor   is 

linearly increased with the vertical stress vif 
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N
9.0  in wire ropes. Therefore, the strength 

enhancement factor   for concrete confined by closed-type wire rope units is simply assumed as 

vif0334.00.1  . As U-type wire rope units would seldom provide the concrete webs with an 

effective confinement due to anchorage failure of stud anchors, the strength of concrete confined 

with U-type wire rope units can be regarded as that of unconfined concrete under uniaxial stress (  

= 1.0). 

Work Equation  

The upper-bound theorem is based on the energy principle, by equating the total internal energy, IW , 

to the external work, EW . The total internal energy mainly depends on the position of the 

instantaneous center and the amount of internal stresses in both concrete along the yield line and 

reinforcement crossing the yield line. As the relative displacement rate   equals r  as shown in 

Fig. 8(a), the energy, cW , dissipated in concrete in the hyperbolic yield line proposed by Nielsen
19

 

can be modified as follows:  
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where r = distance between the midpoint of the chord of the yield line and the instantaneous center; 

 = rotational displacement of rigid block I;  = angle between the relative displacement at the 

midpoint of the chord and yield line chord; and  = angle between the yield line chord and beam 

longitudinal axis as shown in Fig. 8(a). Subscripts f  and w  refer to the overhanging flange section 
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and the remaining rectangular beam section, respectively. From the extended crack sliding solution 

for beams with shear reinforcement, Hoang
21

 derived a formula for the starting point x  of the yield 

line from the edge of the support plate as a function of the amount of vertical shear reinforcement 

used in beams failed in shear. This proposed formula for x  was subsequently verified by Cho
12

 from 

the comparisons with test results of beams having shear span to depth ratio da /  of 2.5. It can be 

modified to accommodate the effect of the external wire units as below: 

 hvxx wve )/(118.0 0           (9) 

where ex = clear shear span, v (= '/ cyv ff )= mechanical degree of internal shear reinforcement, 

and  w (= '/ cwsw ff )= mechanical degree of wire ropes used as external shear reinforcement. 

Therefore,   can be calculated from   xxh e 
 /tan 1  as shown in Fig. 8(a). 

The relative displacement of internal reinforcement s  can be expressed as sr  as shown in Fig. 

8(b). Therefore, the energy sW  dissipated in steel reinforcement crossing the yield line is: 





n

i

isisiyiss rfAW
1

)cos()()()(         (10) 

where n = the number of reinforcing bars crossing the yield line, isA )( , and iyf )( = area and yield 

strength of the reinforcing bar i  crossing the yield line, respectively, isr )( = distance between the 

reinforcing bar i  and the instantaneous centre, and is )( = angle between the relative displacement 

s  about I.C. and the reinforcing bar i  crossing the yield line (see Fig. 8(b)). The relative 

displacement of wire ropes r  can be also expressed as rr ; hence, the energy wW  dissipated in 

wire rope crossing the yield line can be similarly calculated from: 
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where m = the number of wire ropes crossing the yield line, jwA )( , and jwsf )( = area and stress of 

the wire rope j  crossing the yield line, respectively, jrr )( = distance between the wire rope j  and 

the instantaneous center, and jr )( = angle between the relative displacement r  about I.C. and the 

wire rope j  crossing the yield line as shown in Fig. 8(b).  

The external work EW  done by the vertical load 2/nP  on rigid block I shown in Fig. 8(a) can be 

expressed as follows: 

a
P

W n
E 

2
            (12) 

Equating the total internal energy dissipated in concrete, internal reinforcement and wire ropes to the 

external work done, the load capacity nP  can be written in the following form: 
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  (13) 

where is )(  hbA wis /)( = the ratio of reinforcement i  crossing the yield line to the section area, 

and jw )(  hbA wjw /)( = the ratio of wire rope j  crossing the yield line to the section area. 

Elastic analysis of two-span continuous beams shows that the shear force nV  within the interior 

shear span can be expressed as nP344.0 . However, current test results clearly showed that an 

average value of the measured nn PV /  ratio was around 0.306 as given in Table 3 as the occurrence 

of diagonal cracks within interior shear spans decreased the load transferred to the intermediate 

support, regardless of the type of wire rope units. Therefore, the ultimate shear capacity of 

continuous T-beams can be obtained from the load capacity predicted by the proposed mechanism 

analysis using the relation of nn PV 306.0 . 
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Solution procedure 

The beam load capacity is implicitly expressed as a function of the position of the instantaneous 

center ( icic YX , ) as given in Eq. (13). The horizontal coordinate icX  of the instantaneous center 

coincide with that of the global coordinates at the exterior support as the vertical displacement of 

rigid block I is prevented at the exterior support as shown in Fig. 8. According to the upper-bound 

theorem, the collapse occurs at the minimum resistance. The minimum value of capacity is 

determined by varying the vertical coordinate icY  of the instantaneous center along the vertical axis 

of the global coordinate. The process of tuning the vertical coordinate icY  to get the minimum value 

of the load capacity is achieved by reliable numerical optimization procedures provided in Matlab 

software
23

. 

COMPARISONS OF TEST RESULTS AND PREDICTIONS 

Comparisons between the predictions obtained from the modified equations based on ACI 318-05 or 

the proposed numerical formulas and experimental results of the ultimate shear capacity nV  of 

beams strengthened with wire rope units are given in Table 4. The shear transfer capacity of wire 

rope units is calculated using either the actual stresses in wire ropes crossing the failure plane 

measured from experiments or the notional stresses of wire ropes given by Eq. (4). When the 

notional stresses of wire ropes are employed, the predictions obtained from the modified equations 

of ACI 318-05 are unconservative for beams U3.5-0.6 and U4.5-0.6. On the other hand, all beams 

tested are conservatively predicted by the modified equations of ACI 318-05 using the actual stresses 

of wire ropes measured from experiments, with an average and standard deviation of the ratios 

between the experimental and theoretical shear capacities of beams tested of 1.37 and 0.15, 

respectively. For the mechanism analysis of the U-series beams, the ratios between measured and 

predicted shear capacities are much lower when notional stresses of wire ropes are employed than 

measured stresses. A smaller coefficient of variation is achieved in case of the mechanism analysis 
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than ACI 318-05 as shown in Table 4. When the stresses measured in wire ropes are used, load and 

shear capacities obtained from the mechanism analysis are in better agreement with experimental 

results. In particular, for beams strengthened with closed-type wire rope units, the predictions by the 

mechanism analysis show good agreement with test results, regardless of the actual or notional stress 

of wire ropes, employed for the calculation of energy dissipated in wire ropes. 

CONCLUSIONS 

Ten reinforced concrete continuous T-beams externally strengthened with wire rope units and an 

unstrengthened control beam were tested to failure. Closed type wire ropes were more effective than 

U-type wire ropes in enhancing beam capacity and ductility. Mechanism analysis based on the upper 

bound analysis of the plasticity theory are developed to evaluate the ultimate shear capacity of beams 

tested. The following conclusions may be drawn: 

1. The failure plane of two-span continuous T-beams was formed unsymmetrically within one 

interior shear span only, along a diagonal crack connecting the edge of the loading plate and 

a point at a finite distance from the intermediate support. 

2. After the occurrence of the first diagonal crack, the increasing rate of deflection of beams 

with closed-type wire rope units decreased with the increase of the amount and prestressing 

force of wire rope units, whereas the stiffness reduction of beams with U-type wire rope units 

was nearly independent on the amount and prestress in wire rope units. 

3. The ultimate shear capacity of beams strengthened with closed-type wire rope units increased 

with the increase of the amount and prestressing force of wire rope units, while that of beams 

with U-type wire rope units was little influenced by the amount and prestressing force of wire 

rope units. 

4. When the amount of wire ropes was above 2.5 times the minimum amount of shear 

reinforcement specified in ACI 318-05 and the prestress applied in wire ropes was less than 
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60% of its tensile strength, beams with closed-type wire rope units failed in a ductile mode. 

However, the mode of failure of beams with U-type wire rope units was more brittle than that 

of the unstrengthened control beam due to anchorage failure of stud anchors. 

5. The measured intermediate support reaction at the ultimate strength of beams tested was 

lower than predictions obtained from a two-dimensional linear finite element analysis by an 

average of 11%. The redistribution of applied load after the first diagonal crack was hardly 

influenced by the type, amount, and prestressing force of wire rope units. 

6. The average stresses developed in wire ropes at ultimate strength of beams tested with 

closed-type wire rope units ranged between 390 MPa and 510 MPa, whereas, those of beams 

with U-type wire rope units were below 260 MPa. 

7. The modified equations based on the ACI 318-05 provisions for shear are unconservative for 

beams with U-type wire rope units when notional stresses of wire ropes are employed, but 

conservative for all beams tested when the average actual stresses of wire ropes measured 

from experiments are used. 

8. The load and shear capacities obtained from the mechanism analysis are in better agreement 

with experimental results when the average actual stresses of wire ropes are employed. 
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Table 1–Details of test specimens 

Specimen 

'

cf  

MPa 

Details of wire rope unit 

Type w  
min

w  
ws  

mm 
wui ff /  

iN  

kN 

iT  

N·m 

N 26.8 N/A 

C2.0-0.6 25.9 

Closed 

Type 

0.0017 2.0 223 

0.6 78.8 37.5 

C2.5-0.6 25.9 0.0021 2.5 178 

C3.5-0.6 26.4 0.0029 3.0 127 

C4.5-0.6 26.4 0.0038 4.5 100 

C2.5-0.45 25.0 0.0021 2.5 178 0.45 59.1 28.1 

C2.5-0.75 26.4 0.0021 2.5 178 0.75 98.5 47.5 

U2.5-0.6 26.7 

U type 

0.0021 2.5 178 

0.6 78.8 37.5 U3.5-0.6 26.7 0.0029 3.5 127 

U4.5-0.6 26.7 0.0038 4.5 100 

U2.5-0.75 26.7 0.0021 2.5 178 0.75 98.5 47.5 

Note : '

cf  = cylinder compressive strength, w  = ratio of wire rope unit 











ww

w

sb

A 14
, 1wA  = net area 

of single leg of wire rope, wb  = web width of beam, ws  = spacing of wire rope units, 

min





























yt

ww

yt

ww
c

f

sb

f

sb
f

35.0
,062.0max ' = minimum shear reinforcement ratio specified in ACI 

318-05, ytf = yield strength of lateral reinforcement, which is limited to 420 MPa, if = prestress 

applied in wire rope, wuf  = tensile strength of wire rope, iN  = total prestressing force of a wire 

rope unit, and iT  = initial torque applied to eye-bolt. 
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Table 2–Mechanical properties of metallic materials 

Type 
Dia., 

mm 

netA , 

mm
2
 

yf ,  

MPa 
y  

uf , 

MPa 

sE , 

GPa 

Reinforcement 

19 287 486 0.003 665 202.9 

6 28.3 388
*
 0.0037 433 205.8 

Steel plate - 600 269.9 0.00138 353 195.5 

Eye-bolt 13 119.3 492
*
 0.0044 706 205.3 

Wire rope  6.3 18.6 - - 1765 123.5 

Note : netA = net area, yf = yield strength, y = yield strain, uf = tensile strength, and sE = elastic 

modulus. 

* The yield strengths of 6 mm diameter reinforcement and 13 mm eye-bolt were obtained from 

the 0.2% offset method. 

 

 



 

26 

Table 3–Summary of test results 

Specimen 

Initial flexural 

cracking load 

flP , (kN) 

Diagonal cracking load  crP  and 

shear force  crV , (kN) 

Load capacity  nP  and 

corresponding shear force 

 nV  at failed span, (kN) 

Ultimate moment 

 nM , (kN· m)  
 

Nfl

Nn

M

M
 

 
 

Pfl

Pn

M

M
 

 
NflP   

PflP  
Interior Exterior 

nP   
InV   

EnV   
NnM   

PnM  
 

IcrP   
IcrV   

EcrP   
EcrV  

N 166.6 215.0 390.3 126.1 547.9 97.9 580.1 182.0 108.0 66.6 97.2 0.37 0.52 

C2.0-0.6 178.2 197.2 411.5 131.6 555.9 103.3 707.2 214.9 138.5 68.9 124.7 0.39 0.67 

C2.5-0.6 170.6 210.3 417.4 133.1 564.7 104.1 799.9 239.7 159.6 72.7 143.6 0.41 0.77 

C3.5-0.6 176.9 218.9 431.6 137.8 565.8 103.7 966.5 308.2 174.9 120.1 157.4 0.67 0.84 

C4.5-0.6 187.7 222.5 437.6 141.3 608.2 111.2 1063.7 341.6 190.5 135.8 171.5 0.76 0.92 

C2.5-0.45 160.2 212.8 424.5 130.9 564.7 104.7 756.8 218.8 160.2 52.2 144.2 0.29 0.78 

C2.5-0.75 181.6 220.2 418.6 135.7 575.9 103.4 868.5 269.3 165.8 92.4 149.2 0.52 0.80 

U2.5-0.6 176.8 221.9 398.2 125.8 530.0 98.8 622.8 191.0 120.9 62.6 108.8 0.35 0.58 

U3.5-0.6 172.5 215.5 394.8 124.5 546.6 101.1 617.6 191.0 118.1 65.3 106.3 0.37 0.57 

U4.5-0.6 185.3 226.0 411.3 130.9 532.6 100.5 647.9 193.0 130.2 57.2 117.2 0.32 0.63 

U2.5-0.75 184.0 217.5 410.2 131.4 589.3 109.4 689.5 208.0 136.4 64.8 122.8 0.36 0.66 

Note : flM  indicates the nominal moment capacity of beam section obtained from ACI 318-05. 

Subscripts N  and P  indicate the hogging and sagging zones, respectively. 

Interior and exterior shear spans are identified by subscripts I  and E , respectively. 

 



 

27 

Table 4–Comparisons of test results and predictions 

Specimen 

Experiments ACI 318-05 Numerical analysis Exp./Pre. 

wsf  

MPa 

nV  

kN 

RnV )(  

kN 

NnV )(  

kN 

RnP )(  

kN 

NnP )(  

kN 

RnV )(  

kN 

NnV )(  

kN 

ACI 318-05 Numerical analysis 

 

 
.Pr_

.

eRn

Expn

V

V
 

 

 
.Pr_

.

eNn

Expn

V

V
 

 

 
.Pr_

.

eRn

Expn

P

P
 

 

 
.Pr_

.

eNn

Expn

P

P
 

 

 
.Pr_

.

eRn

Expn

V

V
 

 

 
.Pr_

.

eNn

Expn

V

V
 

N - 182.0 112.5 112.5 605.0 605.0 185.0 185.0 1.62 1.62 0.96 0.96 0.98 0.98 

C2.0-0.6 388 214.9 158.1 162.0 769.0 780.0 235.0 238.8 1.36 1.33 0.92 0.91 0.91 0.90 

C2.5-0.6 478 239.7 183.5 174.8 906.0 874.0 277.0 267.6 1.31 1.37 0.88 0.92 0.87 0.90 

C3.5-0.6 513 308.2 220.3 200.7 1007.1 944.9 308.8 289.1 1.40 1.54 0.96 1.02 1.00 1.07 

C4.5-0.6 468 341.6 237.5 224.6 1033.7 998.0 316.3 305.4 1.44 1.52 1.03 1.07 1.08 1.12 

C2.5-0.45 415 218.8 173.0 173.8 867.0 870.5 265.5 266.4 1.26 1.26 0.87 0.87 0.82 0.82 

C2.5-0.75 350 269.3 164.8 175.3 839.2 878.5 256.8 268.8 1.63 1.54 1.03 0.99 1.05 1.00 

U2.5-0.6 227 191.0 146.6 175.7 709.4 783.6 217.1 239.8 1.30 1.09 0.88 0.79 0.88 0.80 

U3.5-0.6 167 191.0 147.7 201.1 695.6 800.1 212.8 244.8 1.29 0.95 0.89 0.77 0.90 0.78 

U4.5-0.6 234 193.0 175.2 225.0 763.7 846.2 233.7 258.9 1.10 0.86 0.85 0.77 0.83 0.75 

U2.5-0.75 260 208.0 151.6 175.7 722.8 783.6 221.2 239.8 1.37 1.18 0.95 0.88 0.94 0.87 

Mean  1.37 1.30 0.93 0.90 0.93 0.91 

Standard deviation  0.15 0.25 0.06 0.10 0.08 0.12 

Coefficient of variation  0.11 0.19 0.06 0.11 0.09 0.13 

Note: Subscripts R  and N  indicate values calculated using actual stress of wire ropes measured in the current study and the notional stress in wire ropes given by 

Eq. (4), respectively. 
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(b) U-type wire rope unit 

Fig. 1-Details of developed wire rope units and strengthening procedure. 

(all dimensions are in mm) 
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(b) Beams strengthened with U-type wire rope units 

Fig. 2-Specimen details and arrangement of reinforcement and wire rope units. (all dimensions are in mm) 
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Fig. 3-Stress-strain relationships of metallic materials. 
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Fig. 4-Test setup (All dimensions are in mm). 
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(b) C2.5-0.6 
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(c) U2.5-0.6 

Fig. 5-Typical crack patterns and failure of beams according to type of wire rope units.  

(Numbers indicate the total load in kN at which crack occurred.) 
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(a) C-series 
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(b) U-series 

Fig. 6–Mid-span deflection against total load. 
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(b) U-series 

Fig. 7–Stress development in wire ropes against total load. 
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 (a) Concrete blocks and hyperbolic yield line 
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(b) Reinforcing bar and wire rope crossing yield line 

Fig. 8–Idealized failure mechanism for two-span continuous T-beams. 


