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EXISTENCE OF NON-TRIVIAL LIMIT CYCLES IN ABEL
EQUATIONS WITH SYMMETRIES

M.J. ALVAREZ, J.L. BRAVO, AND M. FERNANDEZ

ABSTRACT. We study the periodic solutions of the generalized Abel
equation ' = a1 A1 (t)z" +a2A2(t)x"2 + a3 As(t)x", where n1,n2,ns >
1 are distinct integers, ai,az2,a3 € R, and A1, Az, A3 are 2m-periodic
analytic functions such that A (¢)sint, A2(t) cost, As(t) sintcost are m-
periodic positive even functions.

When (n3 —ni)(ns —n2) < 0 we prove that the equation has no non-
trivial (different from zero) limit cycle for any value of the parameters
ai,az2,as.

When (ng — n1)(ns — n2) > 0 we obtain under additional conditions
the existence of non-trivial limit cycles. In particular, we obtain limit
cycles not detected by Abelian integrals.

1. INTRODUCTION AND MAIN RESULT

The number of limit cycles (periodic solutions isolated in the set of peri-
odic solutions) of generalized Abel equations

(1.1) o =ci()x +co(t)a® + .. 4 cp(t)a™,

where c1,ca,...,c, are 2m-periodic functions has been intensively studied
due to its relation to Hilbert’s 16th problem. This famous unsolved problem
deals with the number and location of limit cycles of the planar system

x/:P(xay)7 y/:Q(x7y)7

where P(z,y), Q(x,y) are n''-degree polynomials of 2 and .

When P, @ are quadratic, this problem is equivalent to the determination
of limit cycles of

' =1z + eo(t)z? + e3(t)a?,

where ¢; € R and c¢a(t),c3(t) are trigonometric polynomials [17]. Some
higher degree planar systems, in particular rigid systems, can also be reduced
to generalized Abel equations [9] [12, 13].

Even in the case n = 3, the number of limit cycles of (1.1) is not bounded
[17]. Thus, to obtain upper bounds for the number of limit cycles one must
ask for some conditions to be set on the coefficients ¢ (t),ca(t),. .., cn(t).
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These additional conditions are that some of ¢ (t) have definite sign [1, 10,
11, 18], that ¢,(t) = 1 and the rest of the coefficients are bounded by a
certain constant [7, 15], or that there exists a linear combination of some of
the coefficients with definite sign [4, 5, 14].

When (1.1) comes from a planar system, via Cherkas’s transformation [8],
the coefficients ¢ (), ..., c,(t) are trigonometric polynomials. Our aim is to
explore the relation between limit cycles and the trigonometric monomials
present in the coefficients.

To this end, let us consider the family of generalized Abel equations

(1.2) 2 = a1 Aq (t)l‘nl + (12142(75).7}”2 + (I3A3(t).%’n3, ai,a9,a3 € R,

where nq,n90,n3 > 1 are different fixed integers, and Aj, Ao, A3 are 27-
periodic analytic functions. Note that x(t) = 0 is always a periodic solution,
which we shall call the trivial solution.

Throughout this communication, we shall assume the following conditions
on the symmetries and the order of the functions Ayg,:

(A1) Assumptions on the symmetries of the functions: A (t)sint, Ay(t) cost,
As(t)sint cost are m-periodic positive even functions.
(A2) Assumptions on the order of the functions Ay at the origin:

Ap(t) =t 4 o(t™).

(A3) Assumptions on the order of the functions Ay at 7/2:

(30 = G +o((G-9").

There is no restriction in assuming that the coefficients of t* and (5 —t)/* are
1, because we shall obtain conditions that do not depend on the coefficients
ai, az,as.

The previous assumptions are satisfied for instance, when Aj, are trigono-
metric monomials, A () = sin’ ¢ cos’* ¢, such that iy, js, i3, j3 are odd and
J1,i2 are even. The study of (1.2) in the case of Ay being trigonometric
monomials was begun in [2] and continued in [3]. In both papers, the ex-
istence of non-trivial limit cycles is characterized under certain hypotheses,
in terms only of the symmetries of A;(t), A2(t), A3(t) and the number of
different elements in the set {ni,n9,n3}, except for the case studied in this
present paper. The remaining case, i.e., the one with the symmetries of
assumption (A1), presents a more complicated behaviour and can not be
characterized just in terms of the symmetries and of the number of different

Let u(t, z,a1,as,as) denote the solution of (1.2) determined by the initial
condition u(0,z, a1, as,as) = x. To obtain periodic solutions, one only has
to look for zeros of the displacement function defined as

A(z,a1,a2,a3) = u(m,x,a1,a2,a3) — u(—7,x,a1,az,as).



EXISTENCE OF NON-TRIVIAL LIMIT CYCLES 3

Note that the sign of the displacement function is invariant under the elec-
tion of the initial time, i.e., the sign of u(t+27, x, a1, as, ag)—u(t, x, a1, as, as)
is invariant with respect to t.

Sometimes we shall simply write A(z) to denote A(z, a1, as, as), assuming
a1, a9, as are fixed. For briefness, we shall denote the partial derivatives by
a subindex and u(t,x, a1, as,as3) as u(t) when no confusion will arise.

Our focus will be on finding conditions on the exponents n; and on the or-
der of the zero of Ay at the origin or at 7/2 to determine whether there exist
non-trivial limit cycles of Equation (1.2). Our main result is the following:

Theorem A. Consider Equation (1.2) where Ay, As, Az are 2m-periodic
analytic functions such that Aj(t)sint, Aa(t)cost, As(t)sintcost are -
periodic positive even functions. Assume that Ap(t) = t'* + o(t'*) and
Ap(m/2 —t) = (/2 — t)7% + o((n/2 — t)7%). Then the following statements
hold:

(1) If ng, =1 for any k € {1,2,3}, or (ng—mn1)(ng —na) <0, then (1.2)
has no non-trivial limit cycle for any a1, as,as € R.

(2) If 1 < ng <mng <ni, and (iy + 1)(ng — 1) > (i3 + 1)(ny — 1), then
there exist ai,as,as such that (1.2) has at least one non-trivial limit
cycle.

(3) If 1 <ng < ny <ng, and (jo + 1)(ng — 1) > (j3s + 1)(ng — 1), then
there exist ay,as,ag such that (1.2) has at least one non-trivial limit
cycle.

The proof of the above theorem will be divided into two parts. In Section 2
we prove the first statement by analysing the sign of wug, (7, z,a1,az,as3).
Statements (2) and (3) are proved in Subsection 3.1 where we find positive
zeros of ugq, (7, z,a1,0,as), analysing their behaviour near z = 0 and = = co.

In Subsection 3.2, we study the bifurcation of the limit cycles by using
Abelian integrals. The linear perturbations of the integrable centre 2’ =
apAg(t)z™, i.e.,

2 = apAp(t)a™ + e(alAl(t):U”l + amAm(t)x"m),

where 1 < k,I,m < 3 are distinct integers, do not give rise to any bifur-
cation of limit cycles, since u.(27,z,a1,a2,a3)|—o is either identically null
(when & = 3) or does not change sign (when k& = 1,2). Consequently, we
study the second-order perturbations, and then look for positive zeros of
Uayay (T, 2,0,0,a3), analysing their behaviour near x = 0 and z = oo.

The present study is finally summarized in Theorem 3.3 in whose proof
we obtain some results that complement the main one, showing that there
exist limit cycles detected by Theorem A but not by Abelian integrals, and
limit cycles detected by Abelian integrals but not by Theorem A.
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2. FAMILIES WITH NO NON-TRIVIAL LiMIT CYCLES

In this section, we shall assume that Ay, Ao, A3 are only 27-periodic con-
tinuous functions.
Firstly, we solve the case when ng = 1 for any k& € {1,2,3}. If ng = 1,

then the change of variable © — xexp (ag fg As(s) ds) preserves periodic

solutions and transforms (1.2) with the assumed symmetries (A1) into
= filt)z™ + fo(t)a"?,

where f1(t) is odd and does not change sign in (0, 7), and fa(t — 7/2) is odd
and does not change sign in (7/2,37/2). From [6, Theorem 24], one obtains
that (1.2) has no non-trivial limit cycle. When ny = 1, k = 1,2, the change

of variable x — xexp (ak fg’ Ag(s) ds) transforms (1.2) with the assumed
symmetries into

o' = fi(t)a" + f3(t)2",  je{l,2}, j#K,

where f;(t) and f3(t) are odd. Then every bounded solution is periodic.
Since A(x) is analytic, there is no non-trivial limit cycle. Henceforth, there-
fore, we shall assume that ng > 1, k = 1,2, 3.

The first comment is that the change x — —x does not change the family
(just the signs of some of the coefficients a1, as,as). Henceforth, therefore,
we shall only study the existence or non-existence of positive limit cycles.

To prove the existence of positive limit cycles when (n3—nq)(ns—ns) < 0,
we shall first prove that if a1,as are fixed then as — A(x,a1,a9,a3) is
monotonic (its derivative has constant sign), and using that for as = 0
every bounded solution is periodic (one has a centre), we conclude.

Proposition 2.1. Assume that A1, As, As are 2w-periodic continuous func-
tions such that Aq(t)sint, As(t) cost, As(t)sintcost are w-periodic positive
even functions. Given x,aq,as, a3 such that u(t,z,aq,as2,a3) is defined in
[—7, 7], one has

™

/2 -
(23) gy (m) = u"2(r) / As(t) (eI P28 — el B2 gy,
0

where
Ly(s) = (n1 — ng)a1 Ay (s)u™ 1 (s) + (n3 — no)agAs(s)u" 1 (s).

Moreover, if u(t,x,ay,az,as) is defined in [—m, 7] for every |as| < |az|, then
there exists al € [—ag, ag] such that

(2.4) u(m,x, a1, as,a3) — u(—m,x,a1,az,a3) = 2uq, (T, x,a1,as, as)as.
Proof. By symmetries,
U(—t, x,ai,az, a3) = U(t, Z,ay, —a, CL3)-

Now (2.4) follows from the Mean Value Theorem.
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Firstly, differentiating (1.2) with respect to as,
(25)  up, = Asu™ + (arni Ayu™ ! + agnoAou™ ! + agnz Azu T ug,
Since v/ = a1 Aju™ + as Asu™ + azAsu™, then
/
u
aQAgu"2_1 = — — alAlum_l — a3A3un3_1.

u
Substituting the above equality into (2.5), and integrating from 0 to m, one
has

thay () = /0 Ap(t)um (t)el? m2 5 Har(m—n) At~ bea(ng—na) Agu"a ! ds g

= e [ Aol A st A b g
0

Now, taking into account that As(w/2 —t) is odd, we conclude (2.3). O

Proposition 2.2. Assume that Ay, As, As are 2m-periodic continuous func-
tions such that Aq(t)sint, As(t) cost, As(t)sintcost are w-periodic positive
even functions, and let u(t) > 0 be a solution of (1.2) defined for every
t €[0,7]. Then

sign(u(t) —u(m —t)) = sign(—aq), for everyt € (0,7/2).

Proof. Assume there exists to such that u(tg) = u(m — tg). Then, by sym-
metries,

(u(t) — u(m —t)) = 2a1 A1 (t)u™ (t).
Since for t = 7/2, u(t) = u(w — t), the claim holds. O

We recall that a function «(t) is an upper solution (respectively lower
solution) of the equation 2/ = f(¢,x) provided that o/(t) > f (¢, a(t)) (resp.
o/(t) < f(t,a(t)))-

We can now restate the first part of Theorem A, and prove it.

Theorem 2.3. Assume that Ay, As, As are 2w-periodic continuous functions
such that Aq(t)sint, As(t) cost, As(t)sintcost are m-periodic positive even
functions, and (n1 — n3)(na —n3) < 0. Then there is no non-trivial limit
cycle of (1.2) for any value of a1, as,as € R.

Proof. Assume the following:

Cram. Fix z,a1,a9,a3 such that u(m,x,a1,a9,a3) is defined. Then
u(m, x, a1, as,as) is defined for each |as| < |az].

As a consequence one has that ug, (7, x, a1, as, as) is also defined for every
|as| < as, and Proposition 2.1 holds.

Given aj,a3 we shall prove that sign(n; — ng) = sign(ag(nz — ns)) im-
plies that wug, (7, x,a1,a92,as) has definite sign for every z,as whenever it
is defined. As a consequence of (2.4), we shall obtain that Equation (1.2)
has no non-trivial limit cycles. Applying the above arguments to (1.2) after
the change of variable t — 7/2 — ¢, we shall prove that sign(n; — ng) =
sign(ag(ny —n3)) implies that Equation (1.2) has no non-trivial limit cycles.
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Finally we shall show that if (n; —ns)(n2 —ns3) < 0 then Equation (1.2) has
no non-trivial limit cycles for any a1, as, as.
By (2.3), if

eff La(s)ds _ ef:_t La(s) ds’ te (O, 77/2)7

has definite sign, where
Ly(s) = (m1 — na)ar Ai(s)u™ "' (s) + (n3 — ng)azAz(s)u™ ' (s),

then wug, () has the same sign. Therefore it suffices to show that

/tw_t Lo(s)ds, te(0,7/2),

has definite sign. This last expression can be rewritten, taking into account
the symmetries of A; and As, as

w/2
/t (1 — n9)ay Ay (s)(@™ () + ™~ (x — 5))

+ (n3 — no)azAs(s)(u™ H(s) —u™ Hx —s))ds, te(0,7/2).
The above expression has definite sign when its integrand has definite sign.
By Proposition 2.2,

sign(u™1(s) — u™ (7w — 5)) = sign(—ay).

Thus, if
sign(ni — ny) = sign(ag(ny — ng)),
then wg,(m) has definite sign and Equation (1.2) has no non-trivial limit

cycles.
By the change of variable t — 7/2 — ¢, (1.2) becomes

(2.6) 2’ =—a1A1(7/2 — )™ — agAa(m/2 — t)a"? — azAs(m/2 — t)z"3,

where now the symmetries of the functions A; and As have been inter-
changed, i.e., Aj(w/2—1t)cost, Ay(m/2—1t)sint, are w-periodic positive even
functions. Repeating the above arguments, one obtains that if

sign(ng — ny) = sign(—ag(ny — n3))
then Equation (2.6) has no non-trivial limit cycles. Therefore, neither does
(1.2).

By hypothesis, sign(n; —ng) = —sign(ny —ng). Then, for each ag, either
sign(ny — ng) = sign(ag(ny — ng)) or sign(n; — ny) = sign(az(n; —ng)). In
both cases we conclude that Equation (1.2) has no non-trivial limit cycles.

Proor oF THE CLAIM. Under our hypotheses

sign g, (m) = sign La(s) = sign((ny — n2)ay).

Thus, by the change of variable t — m+t, one may choose the sign of a; such
that g, (7, x,a1,a2,a3) > 0. Note that there is no restriction of assuming
as > 0.
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Define u(t, z, \) = u(t, x,a1, Aag, az). Since as > 0, one has that u(t,z, 1)
is an upper solution of

(2.7) ' = a1 Ay ()™ + Nag Az (t)2"? + azAs(t)z"™

forevery A < 1, t € [0,7/2], and a lower solution for every A < 1, ¢ € [7/2, 7.
Writing

I={Xe(—1,1): ut,z,\) <u(t,z,1), t € (0,7], Ao <\ <1},

we shall prove that I is a non-empty, open and closed subset of (—1,1), i.e.,
I = (—1,1). Note that uy(m, z,\) = asug, (7, x,a1, Aag,as) > 0. Then, for
any A\g < 1 close enough to 1, u(m,z, \g) < u(m,x,1). Since u(0,z,\g) =
u(0,2,1) = = and wu(t,z,1) is an upper-solution for ¢ € [0,7/2], then
u(t,z, Ao) < u(t,z,1) for every t € (0,7/2], and since u(m,z, \g) < u(m, z,1)
and u(t,z, 1) is a lower-solution for ¢ € [r/2, 7], then u(t,z, \g) < u(t,z,1)
for every t € [r/2,7). Therefore I is not empty. Let \g € I. By defini-
tion of I, u(m,z,\) < u(m,z,1) for Ag < A < 1, and the same inequality
holds for close enough A < \g since uy(m, z,\) > 0. Thus, the above argu-
ments show that [ is open. To prove that I is a closed subset of (—1, 1), let
An — Ao € (—1,1) and A, € I. Then, for each t € [0, 7] belonging to the
interval of the definition of u(t,x, \g), one has

u(t,x, \p) = u(t,z, A\o), u(t,x, N\o) < u(t,z,1).

As a consequence, one has that u(m,x, Ag) is defined. Necessarily A\, > Ag,
since otherwise A\g € I. Since uy(m,z, Ag) > 0, if u(m, z, A\g) = u(m, x, 1) then

U(T{',ZC, )\n) > U(T{',ZL‘, )\0) = U(T{',ZL‘, 1)

for A, sufficiently close to Ao, in contradiction with \,, € I. Therefore,
u(m,z,Ag) < u(m, z,1), and repeating the arguments above, we get \g €
1. O

3. FAMILIES WITH AT LEAST ONE NON-TRIVIAL LIMIT CYCLE

In this section we shall present two criteria for the existence of non-trivial
limit cycles. These criteria will be obtained by two different methods. In
Subsection 3.1, we study the order of the solution at infinity. We will thereby
be able to prove the remaining statements of the main theorem. In Sub-
section 3.2, as was mentioned in the Introduction, we study the bifurcation
of limit cycles by the linear perturbation of an integrable centre. As the
first-order perturbations do not give rise to any limit cycle, we study the
second-order ones. Applying this method, we obtain some additional results
that give conditions different from those in the main theorem.

3.1. Proof of Theorem A. In the following we prove a preliminary result
studying the order of the solution at infinity and its behaviour.

Proposition 3.1. Assume that Ay, As, A3 are 2mw-periodic analytic func-
tions such that Ai(t)sint, Ay(t) cost, As(t)sintcost are m-periodic positive
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even functions, ng < no < ni, as = 0, and a1,a3 < 0 are fired. Denote by
iy the order of Ay at the origin, and

u(t,00) = sup{u(t, z,ay,as,a3): x > 0}.
Then

(1) BEwvery bounded solution of (1.2) is periodic. Moreover, u(t,x) is
defined on [0, 2] for every x > 0, and u(t,z) > u(w —t,x) for every
te (0,7/2).

(2) The function u(t,00) is a solution of (1.2) defined for t € (0,27),
u(t,00) = +o0 ast — 0, and

(1= o) ™7 705 ori®n), i AL < St
(38) u(h OO) = 1 i1+1 i1 +1 ) i +11 is +f
(1 =ni)ar) = ti=m 4ot =), if ll——m 2 Tong

(3) If (i1 + 1)(ng — 1) > (i3 + 1)(ny — 1), then for az < 0 small enough
Ugy (T, 2,a1,0,a3) > 0 for x sufficiently large.

Proof. (1) Since az = 0, one has that the equation is invariant under the
change of variable ¢t — —t. Therefore, the solutions are even and hence 27w
periodic (u(—m,x) = u(m,z) whenever it is defined).

Let us show that wu(t,z) is defined in [0,27] (and hence periodic). It
suffices to prove that u(¢,x) is defined in [0, 7], because u(27 — ¢, z) is also
a solution. Since a;,ag < 0, then u(¢,z) is decreasing for ¢ € [0,7/2], and
consequently is defined. Finally, u(m — ¢, x) is an upper-solution in [r/2, 7],
so that u(t, x) is defined in [7/2, 7]. Moreover, u(m —t,x) < u(t, x) for every
te (0,7/2).

(2) Since the solutions are even, decreasing in [0,7/2] and u(m — ¢, x) is
an upper solution, it suffices to prove that u(t,co) is defined in (0, 7).

By the change of variables y = x!~™!, one obtains that any positive
solution of (1.2) corresponds to a positive solution of

(39) y/ = (1 — nl)agAgya + (1 — nl)alAl.

where 0 < a = %=1 < 1. Let v(t) be the solution of (3.9) such that
v(0) = 0 (the uniqueness follows from [16]). Since (3.9) has no positive
solution with initial condition at (m,0), then v(7) > 0. Hence

1 1
u(t,x) = v(t,:vlfnl)ﬁ, u(t,00) = v(t,0)1-m1,
]

for every t € (0,7
But

U(t,O) 1—n1 CL3/A3 SO d8+(1—n1 al/Al
Hence,
v(t,0) = (1 — ny)agt®H/A=D01) or v(t,0) = (1 — ny)art™ 1 O().
Therefore, (3.8) holds.
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(3) As in Proposition 2.1, one has

Uaqy (77) =u™" (7T) / A2(t)€ft7r La(s,x)ds dt,
0

where
Lg(t, I‘) = (7’L1 — ng)alAl (t)’u,nl_l(t, x) + (ng - ng)agAg(t)un3_1(t, $)
By hypothesis, (i1 +1)/(1 —n1) < (i3 + 1)/(1 — n3), so that

1 1+ig 1+ig
u(t,00) = ((1 —ny)ag)="1 t1-"3 4o <t1n3> _
In consequence, the first summand of Lo(t, x) is

N1 — nola ;.o Atiz)(ng—1) iy (4i3)(ng—1)
nl_l(S, ):( 1 2) 1Sz1+ { +o0 811+ (i=ng) :

_ [4 1—ng)
(n1—ng)ai A1(s)u 0 ny)as 3

where

(I+i3)(ng — 1)
(1 - ng)

and the second summand of Lo(t, x) is

i1+

> -1,

1

(n3 — ng)azAsz(s)u™ (s, 00) = (n3 — ng)az((1 — nl)ag)?*;l s1+o (5_1) .

Then

ng—1

exp </t7r Lo(s, ) ds> ~exp <(n3 ~ n)as (1= ny)ag) /tﬂ(s—l Lo(s) ds>

ng—1 ng—1
_ gylna-ns)as(@-nas) T <t(n2n3)a3((1m)a3)13n—1> ,

where

ng—1

K — 71-(77/37712)(13((1*77,1)(13)1_%71 > O

Since 0 < 1+ (n3 —1)/(1 —n1) < 1, one can choose ag < 0 such that

ngz—1

14149 + (?7,2 - ng)ag ((1 — ’111)613)ﬁ < 0.

/07r As(t) exp </tﬂ Lo (s, 00) ds) g o

To end the proof, we need to show that

/07r Ay (t) exp (/: Lo(s,7) ds> dt — /Oﬂ As(t) exp </t7r La(s, ) ds) g — s

as ¢ — 0o. Indeed, by the Dominated Convergence Theorem

[ e ([ i) i [ oo ([ a0 ) an

Therefore,
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as © — 00. Since

Lo(t,z) — Lo(t,0), as x — 00,

exp </ Lo(t, 00) dt) < 0,
w/2

the Dominated Convergence Theorem guarantees that

exp (/ Lo(t,x) dt) — exp (/ Lo(t,00) dt) as T — 00.
w/2 w/2

Let Lo(t,x) = Loy (t,x) + Loao(t, z), where
L21 (t, .7,‘) = (?7,1 — n2)a1A1 (t)u”l_l(t, ZL‘),
LQQ (t, .7,') = (?7,3 — n2)a3A3 (t)ung_l(t, ZL‘)

For t € (0,7/2], Lok(t,z) — Lok(t,00) as x — oo, the convergence being
monotonic decreasing for £ = 1 and monotonic increasing for k = 2. So,

/2 w/2
exp / Lok (s,x)ds | — exp / Lo (s,00) ds
t ¢

as x — 00, the convergence being monotonic decreasing for £ = 1 and
monotonic increasing for k = 2. Then

w/2 w/2
/ As(t) exp (/ (Lo1(s,x) + Loa(s, x)) ds) >
0 t

/2 /2 /2
/ As(t) exp / Loi(s,00)ds | exp / Los(s,x)ds | dt
0 t t
w/2 w/2
— / As(t) exp / Lo(s,00)ds | dt = occ.
0 t

Now we can restate and prove the last parts of Theorem A.

Theorem 3.2. Assume that Ay, Ao, As are 2mw-periodic analytic functions
such that Ay(t)sint, As(t) cost, As(t)sintcost are m-periodic positive even
functions, and denote by iy, ji the orders of Ay at the origin and at 7/2,
respectively.

If ng < ng < ny, and (iy + 1)(n3 — 1) > (is + 1)(n1 — 1), then there exist
ay,az,as such that (1.2) has one non-trivial limit cycle.

The same holds if n3 < ny <ng and (jo + 1)(n3 — 1) > (j3 + 1)(ng — 1).

Proof. Let a1, a3 < 0. By Proposition 3.1, the stability for x sufficiently large
and ag small is determined by the sign of as. The stability at the origin is
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determined by the sign of as(ns — ny) because
(3.10)
Sign A(‘T7 ay,a, CL3) = Sign(u(2ﬂ-7 Z, a1, a, (13) - .’E)

= sign ((110,2(77,2 —ny)la,a,(2m) + o(a%, aias, a%)) ,

Laya, (27) = /0 " a0 < /0 " Ay(s) ds> dt < 0.

See [2, Appendix A, (A34)—(A39)].

Since the above two stability-determining signs are opposite, there is one
non-trivial limit cycle for a1,a3 < 0 < a9 and as small enough.

To prove the second part of the result it is enough to perform the change
of variable t — 7 /2 — t and apply the statement already proved. (]

where

3.2. Second-order perturbation of an integrable centre. In this sub-
section we shall obtain some criteria for the existence of non-trivial limit
cycles by Abelian integrals. As we noted in the Introduction, the linear per-
turbations of the integrable centre given by 2’ = apAg(t)x™ do not give rise
to the detection of limit cycles. We therefore study the second-order pertur-
bations, obtained by perturbing by aj,as the centre given by a; = as = 0.

Theorem 3.3. Assume that Ay, As, A3 are 2w-periodic analytic functions
such that Aq(t)sint, Ag(t) cost, As(t)sintcost are m-periodic positive even
functions. and denote by iy, ji the orders of Ay at the origin and at 7/2,
respectively. Moreover, assume that one of the following conditions holds:

(C1) (a) ni,np <mng,
2:2—1—1 < ?7,2—1’
i3+1 " ng—1

i1+1 np—ng ia+1 _  ng—mng
i3+ 1 n3—1’ i3+ 1 n3—17
i1+1+i2+1<n1+n2—n3—1

(CQ) (CL) ng < ni,n2,

(b)

13+ 1 o ng — 1 ’
ni no ns

c) (n1—n ———+-— <0,
(@ (m—na) (=724 )

where
i3+ 1
nsg — 1’
Then there exist ay,a2,a3 € R such that (1.2) has one non-trivial limit
cycle.
With the change of variables t — w/2 — t, one obtains similar results
replacing © by j, and interchanging the subindices 1 and 2.

ki =144 — (ng — n3) =12
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Remark 3.4. The proof of the theorem consists of studying the stability near
the origin and near infinity. The conditions (n; — ng) (2—; —n9) < 0 and
k2~ k1 kiks

and therefore there exists an odd number of non-trivial limit cycles. If one
of the inequalities is reversed then there are an even number of non-trivial
limit cycles or a semi-hyperbolic one, so that one can not conclude that
there exists a limit cycle different from = = 0.

The remaining conditions will imply that the stability near infinity is
determined by what happens around ¢ = 0.

(n1 — n9) (ﬂ -2+ "—3) < 0 will imply that the stabilities are opposite,

Proof. The proof will follow by computing the power series of A(z, a1, as,as)
in terms of ay,as around a; = ag = 0.

u(m,x, a1, az,a3) = u(m,z,0,0,a3) + uq, (7,2,0,0,a3)a; + uq, (7, x,0,0,a3)as
2

a
+ g2 (m,x,0,0, (13)?1 + Ugyay (T, 2,0,0, a3)aias
2

a
+ Uy (m,2,0,0, a3)72 + o(a%, aias, a%),

u(m,x, a1, —az,a3) = u(m,x,0,0,a3) + uq, (7,2,0,0,a3)a; — uq, (7, ,0,0,as3)as
2

aj
+ g2 (m,x,0,0, (13)? — Ugyay (T, 2,0,0,a3)aas
2

+ g2 (m,x,0,0, CL3)CL2—2 + o(a?, araz, a3).
By Proposition 2.1,
A(z,a1,a2,a3) = u(m, x,a1,a2,as) — u(w,z, a1, —az, as)
= 2, (7,2,0,0,a3) + 2y 4y (T, 2,0,0,a3)aras + o(a?, ajas, a3)
Choosing aq,as small enough, and a3 < 0, one knows from (3.10) that
sign A(z, a1, a2,a3) = ajagsign(ny —ng),  for x small enough.
We shall prove that

sign A(z, a1, a2,a3) = aiag sign Uq, q, (7, 2,0,0, as)
= ajagsign(ny —nq), for x large enough.
Therefore, there exists a limit cycle for a1, as small enough, and a3 < 0.

We shall denote u(t, z, 0,0, as) as u(t) or simply as u. Differentiating with
respect to ap in (1.2),

ul, (1) = Ay (H)u™ (t) + nzag Az (£)u™ " (#)ug, (t).

al
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Since ug, (0) = 0, integrating over [0, 7],
t t
Ug, (1) :/ Ai1(s)u"(s)exp </ nsaszAs(t)u1(r) d7‘> ds
0 s
t
(1) / Ay (s)um™ =" (s) ds.
0

Arguing analogously with as,

o, (£) = u™ (£) /0 Ag(s)u™ "3 (s) ds.

Thus ug, (1) = 0.
Differentiating with respect to a; and ag in (1.2) and evaluating at a; =
az = 0, one has
Uy gy =11 AT Mg, + noAsu™ Mg,

n3—2 nz—1
+ ns(ng — DazAzu"™ ™ “uq, g, + n3azAsu™ ™ ug, g,-

Since u(0) = 0, integrating over [0, 7],
™
Ugyay () :/ (nlAlunl_lan + ng Agu™ Luy,,
0
+n3(nz — 1)azAzu"™ " 2ug,, uaz>eft7r naazAzu3~lds 1y

Since ' = azAs3(t)x"3, one has

/s ngas As(T)um L (7) dr = / ngz'((:; dr = log(u™ () /u™ (s)).

Therefore,

™
Uqyasy (7T> =3 (7‘(‘)/ (nlAlunl_l_nguaz + n2A2un2—1—n3ua1
(3.11) 0

+ ng(ns — 1)a3A3u*2ua1ua2> dt.

Renaming the factors of the previous expression we get

(3.12) Uayas () = u™ () (S1(2) + S2(x) + S3(x)),

where

Si(z) = /0 " Ay (s)um = (5) By (s) ds,
Sa(x) = /07r noAs(s)u™ " (s)Fy(s) ds,
Sa(x) = /07r n3(nz — 1)azAz(s)u"372(s) F1(s) Fy(s) ds,

t
Fy(t) :/ Ap(s)u™ " (s)ds, k=1,2.
0
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Now we shall use symmetries to simplify (3.12). Firstly, note that

u(t,z) = v 0= / As(s) ds.
(14 as(1 —ng)z™ =14, (t))"s 1 0

Thus, the function t — u(t — k7 /2) is even for every k € Z. If one chooses
ag < 0 then u(t, x) is defined for every t for any =, it is decreasing in (0, 7/2),
and its maxima are at k.

Since the function s — As(7/2—s)u"?7"3 (7 /2—s) is odd, then Fy(mw/2—t)
is even and

w/2
Si(x) = 2 / n Ay (E)um = (#) Py (1) d.
0
Since ﬂ
/ np Agu™ =L () Fy (7 /2) dt = 0,
0
then _
Sy(x) = / naAgu™ (1) (Fy () — Fy(7/2)) dt.
0
Now observe that
t— n2A2un2_1(7T/2 — t)(Fl(W/Q — t) — F1(7T/2))
is an even function. Thus,
w/2
SQ(LU) = 2/ ngAgu”Q_l(t)(Fl(t) - F1(7T/2)) dt.
0
Analogously, as
/ na(ns — L)ag Agu®™ (1) Fy (x/2) Fy (t) dt = 0,
0
then

Sg(:v) = / ng(n3 — 1)a3A3(t)u2”3*2(t)(F1 (t) — F1 (7T/2))F2 (t) dt.
0
Moreover the function
t— Az(m/2 — )u* 2 (1/2 — t)(FL(n)2 — t) — Fy(7)2))Fa (7 /2 — t)
is even, and consequently
/2
Sg(ib) = 2/ ng(ng — 1)a3A3(t)u2n3_2(t)(F1 (t) — F1 (W/Q))FQ (t) dt.
0
Note that for each t € (0,7/2], u(t,x) tends to u(t,00) as x — oo, where
=1 ) =1 Cia—1
u(t,00) = ((1 —ng)asla, (t)) I ((1 - ng)a3t13+1> "4 <t Ra 1 ) :

We shall write Si(c0) to denote Si(x) when we replace u(t, z) by u(t, c0).
Since the convergence is monotonic, Si(x) — Sk(00) as © — oo, k =1,2,3.
Consider the following two cases:
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(C1) Condition (a) guarantees that k; > 0 and kp > 0. Thus, Fj(t) is
defined for every ¢ close to zero, j = 1,2. From nqy < ng, one obtains
(np —1)(is + 1)

14141 —
+’Ll n3_1

+ ko > 0,

which implies S;(c0) < co. Condition (b) is equivalent to

_ . i3+ 1
Moreover
/2 n3 k— k—
SQ(OO) + Sg(oo) = / <K1 </£— — n2> t + O(t )) dt,
0 2
with

ng—1

K = 2((1 — ng)ag)mFl(ﬂ'/2) > 0.
Then S(z) + S3(x) — Sa2(00) + S3(00) and

lim g, q, (7, ) = sign <@ - n2> 00.

Tr—r0o0 ]{}2

(Cq) Condition (a) guarantees that k1 < 0 and ky > 0. Condition (b) is
equivalent to

e ) 1
ket d:f1+i1+i2—(n1+n2—n3—1)(23+ )<,
ng — 1
Moreover
/2
S1(00) + Sa(00) + S5(00) = / <K2 <E Iz ﬂ) L o(t’“*)) dt,
0 ko k1 kiko
with

nij+ng—ng—1

Ky = 2((1 — ng)CLg) 1—ng > 0.
Then S;(z) + Sa(x) + S3(x) — S1(00) + S2(00) + S3(00) and

azh—>ngo Uayagy (ﬂ-yx) = sign <k._2 o k_l * %) -

In both cases, ug,q, (7, z) tends to 00 when x — oo, and sign(ug, q, (7, ))
is opposite to the sign of (n; —ng) by Condition (¢). Therefore we obtain a
limit cycle by a Hopf bifurcation.

To prove the second part of the result, it is enough to perform the change
of variable ¢ — /2 — t and apply the statement already proved. O

FEzample 3.5. If ny < ny < ng, then Theorem 3.2 does not apply while
Theorem 3.3 does (with the convenient choice of i1,4s,43). In other words,
Abelian integrals obtain limit cycles that Theorem 3.2 does not.

Indeed, since (i3 + 1)(ng —n1) < (i3 + 1)(n3 — 1), then Theorem 3.3 and
Theorem 3.2 do not apply simultaneously. Taking for instance, ny = 4,
ny =3, n3 =2,1 =9, 19 =2, i3 = 1, one obtains an example for which
Theorem 3.2 applies but Theorem 3.3 does not.
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