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CP and T violation tests in neutrino oscillation
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We examine how large violation effects 6fP and T are allowed in long baseline neutrino experiments.
When we attribute only the atmospheric neutrino anomaly to neutrino oscillation we may haveClarge
violation effects. When we attribute both the atmospheric neutrino anomaly and the solar neutrino deficit to
neutrino oscillation we may have sizableviolation effects proportional to the ratio of the two mass differ-
ences; it is difficult to se€ P violation since we cannot ignore the matter effect. We give a simple expression
for T violation in the presence of mattdS0556-282(97)00903-X

PACS numbdss): 14.60.Pq, 11.30.Er

[. INTRODUCTION whereU is a unitary(3x3) matrix similar to the Cabibbo-
Kobayashi-Maskaw&CKM) matrix for quarks. We will use
CP or T violation is a fundamental and important prob- the parametrization fod by Chau and Keun§18-20Q:
lem of particle physics and cosmology. T84 study of the

lepton sector, though it has been less examined than that of 1 O 0 1 0 O cy 0 sy

:;E)va::rtl; shzti/tgr,mlzslsrgssﬁgscaobr:]e, since _the neutrlnc_)s are ;_| o c, sy 01 0 0 1 0
plex mixing angles in the s

electroweak theory. 0 —-s, ¢,/ \0 0 e -S4 0 ¢y

The neutrino oscillation search is a powerful experiment

which can examine masses and mixing angles of the neutri- ¢, S, O

nos. In fact, several underground experiments have shown a _ 0

lack of the solar neutrinogl—4] and anomaly in the atmo- X So Co 2

spheric neutrino$5-9], implying that neutrino oscillations 0 0 1

may occur. The atmospheric neutrino anomaly suggests a

mass difference around 18-102 eV? [10-14, which en- =expli )T expli dhg)explioh,), 3)

courages us to perform long baseline neutrino experiments.
Recently such experiments have been planned and will be i
operation in the near futufd3,14. It seems necessary for us
to examine whether there is a chance to observe not onl
neutrino oscillations but als€P or T violation by long
baseline experiments. In this paper we study such possibili-
ties taking into accognt _the atmospheric n.eutrmo experiy — vu=—U diag py,p2,ps)U v,
ments and also considering the solar neutrino experimentsdx

and others.

Where then’s are the Gell-Mann matrices.
The evolution equation for the weak eigenstate is given

- 1 ; 2 2t
=|—p;t+ >E U diag 0,6m5;, dmz)U" | v,
Il. FORMULATION OF CP AND T VIOLATION
IN NEUTRINO OSCILLATION 1
A. Brief review ~5E U diag 0,6m3;,6m3)U"Tw,,, 4
We briefly reviewCP andT violation in vacuum oscilla-

tion [15-17 to clarify our notation. ~ where p;’s are the momentaE is the energy, and
Let us denote the mass eigenstates of three generations g2 =m2—m?. A term proportional to a unit matrix likp,

neutrinos by vy=(v1,1,55) Wwith mass eigenvalués in Eq. (4) is dropped because it is irrelevant to the transition
(my,m,,mz) and the weak eigenstates by,=(ve,v,,v,) probability.

corresponding to electrory and 7, respectively. They are The solution for the equation is

connected by a unitary transformation

_ X
vw=Urm, (1) vy(X)=U exp( —i 5 diag0,6mZ,, omZ;) | UT1,(0).
)
*Electronic address: arafune@icrhp3.icrr.u-tokyo.ac.jp
"Electronic address: joe@icrhp3.icrr.u-tokyo.ac.jp The transition probability ob,,— v (a,6=¢€,u,7) at a dis-

We assumen;<m,<ms in vacuum. tanceL is given by
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P(v,—vg;E,L)

:‘IEJ Ug

2

oL
ex;{ —i 52 diag 0,6m3,, 5m§1)) L U%;

(6)

=I§J) UgiU%U% U expl—i oma (L/2E)}. 7)

T violation gives the difference between the transition o.zsf

probability of »,— v,z and that ofv;—w, [21]:
P(v,—vg,E,L)=P(vg—v,;E,L)

=—4(ImU 3;U%,U3, U 00)

X (Sin Ayq+ SinA 35+ SinA 1 3) 8
=4Jf, 9
where
Ajy=om? L: (5mi2j/10_2 V) (L/100 km)
j ii oF (E/GeV) ’
(10)
=—ImUzU%U%U,,, (11
f=(sinA,;+ sinA 3o+ SinA ;3) (12
=—4 sinAT21 sin%&sin%. (13

The unitarity ofU gives
J=*sinw cosw siny cosy sing coS¢ sind  (14)

with the sign+ (—) for «,8 in cyclic (anticyclic order[+
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FIG. 1. Graph off (Ag;,€) for e=0.03. The solid line and dashed
line represent the exact expression, E), and the approximated
one, Eq.(20), respectively. The approximatetl has peaks at
A3,=3.67, 9.63, 15.8. . . irrespectively ofe.

B. CP and T violation with disparate mass differences

Let us consider how large thE(CP) violation can be in
the “disparate” mass difference ca$esay e=ém3,/
sm32,<1. In this case the following two situations are inter-
esting [21], since in the casé\;;<1 we have too small
f[~O(eA$;) due to Eq(13)] to observe th& (CP) violation
effect.

Situation 1.A;,~1. BecausdeAy <1 in this case, the
oscillatory partf becomesO(e):

f(Azq,€)=SiNA 5+ SiNA 3+ SinA 15
=sin(€Azy)+sin{(1—e€)Agz}—sinAg; (19
=eAgy(1—Ccoshg) +O(€?A3). (20)

Figure 1 shows the graph 6fA3;,e=0.03. The approxi-

mation Eq.(20) works very well up toleAs,|~1. In the fol-
lowing we will use Eq.(20) instead of Eq.(19). We see

for (e, B)=(e,u), (1, 7), or (1,e)]. In the following we assume many peaks of (As;,€) in Fig. 1. In practice, however, we

the cyclic order for(a,B8) for simplicity.
There are bounds far and f,

1
J=—-, 15
Sy (15
where the equality holds fdsinw|=1A2, |siny{=1/2, |sing|
=1#3, and|sind|=1, and[22]

<

> (16)

where the equality holds fak,;=Az,=27/3 (mod 2m).

In the vacuum the CPT theorem gives the relation be-

do not see such sharp peaks but observe the value averaged
around there, foA;; has a spread due to the energy spread of
neutrino beant|5A;,/Az|=| SE/E|). In the following we will
assumesdAgy/As,|=|SE/E|=20%[23] as a typical value.

Table | gives values of(A3;,€)/ e at the first several peaks
and the averaged values around there.

We see theTl-violation effect,

(P(vo—=vp) —P(vg—7,4))20%

25.9, 3.67,
56.0, 9.63,
:4J<f>20%:J€X for A31: (21)

62.4, 15.8,

tween the transition probability of an antineutrino and that of

a neutrino,
P(v,—vgiE,L)=P(rg—v,;EL), 17)
which relatesCP violation to T violation:
P(va—vgiE,L)—P(v,—vg;E,L)

=P(v,—vg,E,L)—P(vg—v,EL). (18

at peaks for neutrino beams with a 20% energy spread. Note
that the averaged peak values decrease with the spread of
neutrino energy.

2Hereafter we denote the larger mass differenceSing, and the
smaller one bysm3; in the case that the mass differences have a
large ratio.
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TABLE I. The peak values of(A3;,e)/e and the corresponding
averaged values. Heréf/e)go100 IS @ value of f(Agg,e)e
=A3(1—cos)\;;) [see Eqg. (20)]] averaged over the range
0.8A31—1.2A31 (0.9A31—1.1A31>.

Az fle (fl€)10% (f1€)200
3.67 6.84 6.75 6.48
9.63 19.1 17.6 14.0

15.8 315 25.7 15.6

Which peak we can reach depends &m3;, L, andE.

The first peak A;;=3.67 is reached, for example, by

om$;=10% eV?, L=250 km (for the KEK-Kamiokande
long baseline experimerdnd neutrino energg=1.73 GeV.
In this case we see th&(CP)-violation effect best at
|25.9) €| <2.5C¢ since we have a bound ahas Eq.(15).
Situation 2.A3;>1. Because sili;, and sim\,5 oscillate

rapidly and vanish after being averaged over the energy

spread in this case, the oscillatory péris dominated by
sinA,,;. Sincef now has a bounfff|<1 instead of Eq(16),
the T-violation effect 41f is bounded ag4Jf|<|4J|. (For an
energy spread of 10-20% of the neutrino bed#s],
A3,>30 is enough for sifiz, and sim\;; to oscillate rapidly
and vanish after being averaged.

lll. CP VIOLATION

There are a variety of possible combinations of the pa-
rameters, three mixing angles, two mass differences, and
CP-violating phase. When we consider only the atmospheri
neutrino anomaly to be attributed to the neutrino oscillation,

we can take the mass differencéss; and m3; (and hence

5m3,), to be comparable, while when we consider both th
solar and the atmospheric neutrino anomalies to be attribut

to the neutrino oscillation, we expeém3; and 5m3; to be
“disparate,” ém3,/6m3,;<1.

We investigate how large th€ P-violation effect can be
in the neutrino oscillation for the above two cases.

A. Comparable mass difference case
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FIG. 2. Graph off(x) of Eq. (23). There are high peakgosi-
tive or negativg at x=0.42, 1.4, 3.6, 4.6.. .. Values of f(x) at
peaks averaged over an energy spread of 10—20%f&bed2)
=1.3-1.3,(f(1.49)=-1.9 to —1.8, (f(3.6))=2.2—-1.4,(f(4.6))=
-15t0-04Q....

)

. _(L/100 km

(E/IGeV) (24
Figure 2 shows the oscillatory pdifx). There are many
peaksf(x) showing the possibility to observe the larGd-
violation effect. For example, we may see a very
large difference between the transition probabilities,
(P(vo—vg)—P(v,—vp))200~0.4sind for L=250 km
(for the KEK-Kamiokande experimenandE~4.5 GeV cor-
responding tak~1.4, if we have a large sih
Incidentally we may remark that the survival probability
solar neutrino is calculated to be 0.45 for those mixing
angles. This value is consistent with both Gallium experi-
ments[1,2] and the Kamiokande experimef@], but it is

einconsistent with the Homestake resi# if all of the solar

utrino anomaly should be attributed to the neutrino oscil-
ation [26].

In conclusion we may see a largeP-violation effect
when we have comparable mass differences. In this respect
we note that the long baseline experiments are urgently de-
sirable.

B. Disparate mass difference case

Let us examine the case of mass differences to be the

same order of magnitude.

We use a parameter set thawnfs,,ém3,)=(3.8,
1.4x1072 eV?, (w,¢,0)=(19°, 43°, 413, and § is arbitrary,
derived by Yasudd12] through the analysis of the atmo-
spheric neutrino anomaly. Here the matter effe#,25 is
negligibly small and Eq(18) is available.

With the use of Eqs(9), (14), and(18) this parameter set
gives theC P-violation effect

P(v,—vg) — P(V_a—>v_ﬁ)=0.22 sinvf(x), (22
where
f(Xx)=(sin3.8&+sin2.4&—sinl1.4) (23

and

Next we consider the “disparate” mass difference case
om3,/6m3,<1.

The casedm3,~1 e\? and sm3,~10 2 eV? is favored by
the hot dark matter scenarj@7] and the atmospheric neu-
trino anomaly. This case is already analyzed by Tanimoto
[28] and we will not discuss it here.

The casesm3;~10 2 eV? and ém3,~10* eV? could
typically explain the anomalies of the atmospheric and the
solar neutrino$l11]. In this case we cannot neglect the matter
effect[24,25

2V2GEn E~2X10"* eV?

GeV (29

(3 g/c.c

wheren, is the electron number density of the earth anid
the matter density of the surface of the earth, since it is
greater thansm3,. It requires one to subtract such an effect
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in order to deduce the puf@P-violation effect[29]. In prin- U =exp(igh,)TU. (27)
ciple, it is possible because the matter effect is proportional
to E while ém2, is constant.
With arguments analogous to Sec. Il A we have the
IV. T VIOLATION T-violation effect

In the matter with constant densitywe have a pure
T-violation effect P(v,—vg)—P(vz—v,), though we do P(va—vg) —P(v5— 1) =43nfm, (29)
not observe a pur€ P-violation effect because of an appar-
ent CP violation due to matter.
where
A. T violation in matter

When a neutrino is in matter, its matrix of the effective

—_ * *
mass squaret 2, of weak eigenstates [49,20 Im= = IMUmgUnnpoUmarUmaz

0 a :Sinl,[/ COSJIU 11U 12U 135in5, (29)
MZ=U|  om5 ut+[ 0 |, @8
Sm2 0 M2 m2 M2 m2 22
81 f,=sin 22E LL+sin 32E 2 L+sin% L.
where a=2v2Ggn,E and U is given by Eg.(2). This is (30)
diagonalized by a mixing matrix U, as M2
=U,, diagf3m3m3U/ . It is written with a real unitary
(orthogonal matrix U as We get
0 a
D ,=diag ?,M2,m2)=UfM2U,=U" Uu,|  om3 uTul+ 0 3]
om3, 0
a+ém3sirfg 0  Smicosp sing 0
=ut 0 0 0 +6m3,U 4U,, 1 ulul U, (31)
om3cosp sing 0 m3,co8 ¢ 0

whereU s=expli $A5) andU ,=expli o)\ ,).

An exact result fotJ,,, andD, is given in[30], though their result is rather complicated. Here we show a simple expression
for U, andD,, in the casedm3,<a,sm3;. We deriveU,, andD,, in this case using perturbation with respect to smaib; .

First we decomposé&) =U,V and diagonalize by, the first term of the parenthesig of Eq. (31), the eigenvalues of
which we denote by; s. We find

U TRY ith tan2p’ oms;sin2g 32
o=explig'As) with tanZp’= Smcosp—a’ (32
and
(a+ 6m3) — \(a+ 6m3,)%—4asm3,cos ¢
1~ 2 '
A2:0,
(a+ 6m32) + (a+ 6m32,)%—4asm32,co ¢
We have

3Note that the time reversal of,—vg requires the exchange of the production point and the detection point and the time reversal of
P(v,—vp) in matter is in general different froR(vg—v,) [19].
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Ay 0
Dp=V' Ay +om5 U, 4 U, 1
As

Next we diagonalize the wholk! 2, by V with perturba-
tion with respect to smalbm3, .

At the zeroth order ofm3; we havem?=A;, V;;=4,;,
and U=U, which givesU,=(Uy)1,=0 and hencel,,=0
[see Eq(29)].

At the first order of perturbation, we have

ff=A;+ omzH;i, (35
1 .
Vo= H. for i=j, (36)
17 sm?2 Y for i#j,
LA = A
and with Eq.(29)
] om3, om3,
™ a {(é6m3+a)’—46msa cosgp)t?
X Sinw COSw SiNg Cosy Sing sind. (37

B. Most likely case: 6m3,<a<ém$,

It seems most likely to be realized théin3,<a<sém3,;

as is discussed in Sec. Il B. Here we study this case in

detail. SinceJ,, is O(dm3,) we neglectO(dm3,) in esti-
mating f,,. We also neglec©(a?) sincea/sm3,<1.
Then we have the effective masses

mi=A,=a coge,

ma=A,=0, (38)
ma= A 3= 6m3,+a sir¢
and “mass difference ratio”
me—m?  acofe
EmT =2 =2~ 7. (39
mz—m; omz,
Note that|e,|<1.
We find
5m§1 . . . .
Jm~— a sinw cosw siny cosy sing sind  (40)
and
Jmem=Je. (41)

Using the argument similar to that used to derive 4),
we obtain theT-violation effect

1657
ULUY 0 V=Vi{diag Ay, Ay, Ay +SmaHIV.  (34)
[
25.9
56.0

<P( Vo— Vﬁ)_P(Vﬁ_) Va)>20%:‘]m6mx 62.4

25.9,
56.0,
62.4,

=JeX

(42

at peaks, where we choose the mean neutrino enertyy
satisfy (see Table)l

L
=3.67, 9.63, 158, ... .

Agy=om3; 5= (43
According to the analysis by Foglietal. [11],
JIsin6~0.06 ande~10 2 are allowed' for example. Then
J/siné € ]
(P(va—vp) = P(vg—va))aow=| 505 || 7072/ SN0
0.015,
0.033, 44
0.037, (44)
V. SUMMARY

We have examined th@P andT violation in the neutrino
oscillation and analyzed how large the violation can be by
taking account of the constraints of the neutrino experiments.

In the case of the comparable mass differenceéno$;,
om3;, and sm3, in the range 10°-10 2 eV?, which is con-
sistent with the analysis of the atmospheric neutrino anoma-
lies, it is found that there is a possibility that theP-
violation effect is large enough to be observed by 100-1000
km baseline experiments if tHeéP-violating parameter si#
is sufficiently large.

In case tha®m3, is much smaller than the matter param-
eter “a” and ém3;, which is favored both by the solar and
atmospheric neutrino anomalies, we have derived a simple
formula for theT-violation effect. We note that the probabil-
ity of a CP- or T-violation effect should vanish fasm3,—0,
and therefore be proportional ®m3,/6m3%;, ém3,/(E/L)
or ém3,/a by the dimensional analysis. Our calculation con-
firms this expectation. If the solar and atmospheric neutrino
anomalies are both attributed to the neutrino oscillation, the
C P-violation test is found difficult since the matter effect is

“Here sinu~1/2 siny~1/2, and sirp=+/0.1.
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larger than the pur€ P-violation effect. How to extract the lepton sector and there is some possibility to find such an
matter effect in such a case will be discussed in a separagffect explicitly.
paper[29].

In conclusion the long baseline neutrino oscillation ex- ACKNOWLEDGMENTS
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