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Abstract Electron distribution functions in the electron diffusion region during symmetric magnetic
reconnection are investigated by means of theory and fully kinetic simulations. Crescent-like striations are
formed in distribution functions in the velocity plane perpendicular to the magnetic field. Using an analytical
current sheet, we solve the equation of motion for electrons, and derive the shape of a crescent distribution,
as a function of the distance from the neutral line, field gradients, and the reconnection electric field. Each
crescent is tilted in the velocity plane because of the acceleration by the reconnection electric field, and
multiple stripes appear due to multiple meandering bounces. Applying the theory to distribution functions
observed in Earth’s magnetotail, we deduce the amplitude of the reconnection electric field.

Plain Language Summary Magnetic reconnection is a mechanism to rapidly release magnetic
energy, causing, for example, magnetic substorms in Earth’s magnetosphere. Understanding particle
motion and energy release during reconnection is highly important in space plasma physics. Reconnection
can occur where electrons are moving back and forth across a current sheet. When reconnection occurs,
electrons are accelerated by the electric field generated by reconnection. Evidence of such electron motion
and acceleration should be seen in particle data in spacecraft orbiting Earth. In this study, using computer
simulations and space observations by National Aeronautics and Space Administration’s Magnetospheric
Multiscale Mission, we demonstrate characteristic shapes in the electron data from reconnection in Earth'’s
nightside magnetosphere. We derive a formula to explain multiple stripes seen in the electron data. The
theory successfully explains the simulation data. This formula is applied to space observation data to extract
the electric field amplitude during magnetic reconnection. Direct measurement of this electric field is
challenging because of its small amplitude and the presence of other simultaneous fluctuations. Our method
can be used to estimate the electric field from electron data.

1. Introduction

In space observations such as in Earth’s magnetosphere, velocity distribution functions (VDFs) for ions and
electrons provide us useful information about the physics working on local plasmas. For example, in
National Aeronautics and Space Administration’s Magnetospheric Multiscale (MMS) mission (Burch et al.,
2015), electron VDFs with a crescent shape have been detected as evidence of fast reconnection (Argall
et al, 2018; Burch et al., 2016; Burch & Phan, 2016; Chen, Hesse, Wang, Gershman, et al., 2016; Chen et al.,
2017; Genestreti et al.,, 2017, 2018; Norgren et al,, 2016; Phan et al.,, 2016; Rager et al., 2018).

Crescent electron VDFs are a signature of reconnection in Earth’s magnetopause (Bessho et al., 2016, 2017;
Cassak et al, 2017; Chen, Hesse, Wang, Bessho, et al,, 2016; Egedal et al.,, 2016; Hesse et al., 2014, 2016;
Lapenta et al., 2017; Shay et al., 2016; Zenitani et al., 2017). From crescent VDFs, we can extract information
of the electron diffusion region (EDR). For example, the curvature of a crescent is related with the distance
from the magnetic neutral line (Bessho et al., 2016); therefore, we can estimate the EDR thickness from cres-
cent VDFs. Also, the reconnection electric field can be estimated from the crescent width (Bessho et al.,, 2017).

In contrast, in Earth’s magnetotail reconnection, where field strength is symmetric across a current sheet,
crescent VDFs are still expected in the EDR because of electron meandering motion. Test particle analysis
(Divin et al., 2010) and kinetic simulations (Hesse et al., 2018; Shuster et al., 2015) show crescent-like electron
VDFs with multiple stripes in symmetric reconnection. Also, in a recent observation by MMS of an
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Figure 1. Contours of £, and Ey: (a) and (b) at Qjt = 21.1 and (c) and (d) at Q;t = 25.3. (Right panels in a—d) Cuts of E,, B,, and Ey across the white dashed line. Dashed

red and blue lines: the linear regression |

ines using data in |z| < 0.5d; to estimate the slopes. (e-h) and (i-I) Reduced electron velocity distribution functions

(accumulated during 10 time steps ~8x 10*39,»") in the red boxes in the contours, at the X-line (z= 0) and away from the X-line (at z= 0.3d;for Q;t = 21.1,and z=0.2d;
for Qjt = 25.3). (m) and (n) Diagram showing an almost symmetric crescent (m) and an asymmetric crescent (n). (0): particle orbit in y-z.

EDR-crossing in Earth’s magnetotail (Torbert et al., 2018), crescent electron VDFs with multiple stripes have
been detected.

In this letter, we discuss the mechanism of multiple crescents in symmetric reconnection, by means of theory
and 2.5-dimensional particle-in-cell (PIC) simulations. In our previous study (Bessho et al., 2014), we discussed
the electron VDF on the X-line, which shows multiple stripes. We will extend the above study to a VDF slightly
away from the X-line in the inflow direction.

Quantifying the reconnection electric field based on MMS observations has important impact. We will
demonstrate that the comparison of the crescent separation in electron VDFs with theory is useful to derive
the reconnection electric field from VDF data.

2. PIC Simulation of Magnetotail Reconnection and Multiple Crescents in
Electron VDFs

We study magnetotail reconnection without guide field by means of 2.5-D PIC simulations (same initial setup
in Bessho et al.,, 2014) using a Harris sheet: magnetic field B, = B, tanh (z/w) and density n = nosechz(z/w) + Ny,
where w = 0.5d; (d;: ion skin depth with ng). The system size is L, X L, =51.2d; X 25.6d; (1d; = 20 grids). The mass
ratio m/m, = 50, the temperature ratio T;/T, = 1, the ratio of the plasma frequency (for ng) to the electron
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cyclotron frequency (for By) wpe/Qe = 6.0 (Alfvén speed: va/c = 1/42.4, c: the light speed), and n, = 0.0375n,
(where nqg corresponds to 3,840 particles per cell). All the boundaries are open (Daughton et al., 2006). We also
performed a run with m;/m, = 200, and the result is qualitatively similar. Thus, we will only show the result
with m;/m, = 50.

Figures 1a-1b show the electric fields £, and E, at Q;t = 21.1 (€;: ion cyclotron frequency with Bg). The recon-
nection electric field £, at the X-line x= — 0.3d;and z=0is 0.76B,v/c (Where v is based on ng), significantly
higher than 0.2Byv4/c in the GEM challenge (Birn et al., 2001), because of a small background density
n, = 0.0375ny. On the other hand, using the values in the EDR edge (B, = 0.43B, at|z| ~0.8d; and
Vye = 5.8V, at the electron outflow maximum), the normalized rate in unit of B,v,./c is 0.31.

E, shows a layered structure in |z | < d; near the X-line. The outermost layers show negative (positive) values
inz>0.22d; (z < — 0.22d)), and the inner layers show the reversed signs: positive (negative) in 0 < z < 0.22d;
(—0.22d; < z < 0). This innermost inversion layer (Chen et al., 2011) is due to the meandering electrons. The
cuts of E, E,, and B, are shown in the right panels of contours, across the white dashed line.

The time Q;t = 21.1 is near the peak reconnection rate, and at later time the inversion layer disappears.
Figures 1c-1d are E, and E, at Qjt = 25.3, where E, at the X-line drops to 0.43B,v,/c. As a result of the EDR
expansion (EDR size increase), the E,-layer becomes broader, and only a bipolar Hall field remains.

The two red boxes in Figures 1a-1d are where we measure electron VDFs in Figures 1e-1l. The lower red box
is at the X-line, and the upper oneis at x= — 0.3d;and z=0.3d;for Q;t =21.1,and x= — 1.65d;and z= 0.2d; for
Q;t = 25.3. The box size is 0.5d; and 0.1d; in the x and z directions, respectively.

Figures 1e-11 show reduced VDFs. The X-line VDF (Figures 1e and 1f for Q;t = 21.1, also Figures 1i and 1j for
Qit = 25.3) shows two layers in v,-v,, and a triangular structure in v,-v,, similar to previous studies (Bessho
etal, 2014; Ng et al., 2012, 2011; Shuster et al., 2015). The striations in v, < 0 in Figure 1f are due to electron
meandering across the current sheet and acceleration by E,.

Slightly away from the X-line, the VDFs show multiple crescents in v,-v, (Figures 1g and 1k). These crescents
are not symmetric across v, = 0, but v, in v, < 0 is more negative than v, in v, > 0. In other words, crescents
are tilted.

The tilted crescents are due to acceleration by E,. A crescent-VDF is due to meandering motion (Figure 1o, the
red curve shows a trajectory in y-z), and if there were no E,, only one symmetric crescent across v, = 0 would
exist. In asymmetric reconnection, where E, effects are secondary, an almost symmetric crescent forms
(Figure 1m; Bessho et al,, 2016; Chen, Hesse, Wang, Bessho, et al., 2016; Hesse et al,, 2014; Shay et al., 2016).
In contrast, in symmetric reconnection, E, effects are pronounced. Let us discuss a VDF at a general position
z =2z, > 0, using Figure 10. At z = z,, electrons in phase-A have v, > 0, coming from z < z,, while electrons
in phase-B have v, < 0, returning to z = z, after passing the z-maximum, z = z,,. Therefore, the electrons with
v, < 0 in phase-B spent more time being accelerated by E,, resulting in more negative v, (Figure 1n).

3. Theory of Multiple Crescents in a VDF

We discuss electron meandering and derive an equation for stripes (crescents) in a VDF. We assume that
fields depend only on z, given as B = (bz,0,0), and E = (0, £, —kz), where b and —k are the slopes of B, and
E, (neglecting the innermost inversion layer near z = 0), respectively, and E, is a uniform reconnection
electric field.

Let us discuss the electron meandering (with its rest mass m) from z = z, = 0 (the subscript 0 represents the
value at t = 0) in the same way as Speiser (1965), Divin et al. (2010), Ng et al. (2012), and Bessho et al. (2014).
The equations of motion for y and z are

dyv. e

m% = —ef, — Evzbz, )]
dyv, e

m-g = ekz + Evybz7 (2)

where y is the Lorentz factor. We assume that v§<<v§<<c2 and y~1 + (1/2)(vy/c)2.
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From equation (1) using v, = dz/dt, we obtain

ek, eb ,
Vy =V — —t— ——7 3
D 3)

where we assume that yo~1. Substituting equation (3) into equation (2), we obtain

d’z e%E,b mvyy  mck b’
— = — z(t— - — zZ+0(y—1 4
de? m2c < ek, eE,b) amza” " =1, @
where the last term represents terms of the order of y — 1. Discussing the leading order z-motion near z =0,
we neglect the last two terms (<z* and O(y — 1)). The solution of equation (4) is expressed using two Airy func-
tions (and constants ¢; and ¢»):

7= Ai(—ams) + czBi<—a1/3s), (5)
where a and s are
2E.b
a=2"", ©)
m2c
smt= (g & 7
T e\ )

and Ai(x) and Bi(x) represent Airy functions with x= — a'’

1/3
tgm~a'".

s. A quarter of the meandering period is roughly

From equation (5) we can obtain the relationship between v, and v, (details are in Appendix A). Substituting
equation (A8) into (A7), we have v, as a function of v,

eb\'? eb , ck 172
vy Z(m—c) (—yvy—z—mcz —3> (8)

« cot 2/eb\"? m y eb 2 ck >/ y ck\*?
3 \mc ek, ™y ame b T ’

wherey=1+ (1/2)(vy/c)2. This is based on an approximation of Airy functions for s > 0 (see Appendix A), valid
for vyq < — ck/b. For the other case (v, > — ck/b), we must use equation (A11) combined with equation (A8).

Physically, equation (8) represents a particle’s meandering motion and acceleration by E,. Let us consider a
particle arriving at z = z, at t = t,,. Equation (8) is in a form v, = z,T~' x cot f(vy), where T is the oscillation time
scale. If acceleration by E, is dominant in equation (3), v,~ — (eE,/m)t,. Then, using the quarter meandering

3, we obtain T~'~(eb/mc)"/?(eE,to/m)"/? = tom (ta/tqm)m. When the particle arrives at

z=2z,for the first time from z = 0, the arrival time t, is close to 4, resulting in T~t,,,. Therefore, the amplitude
zar1~za/tqm, which simply represents the travel speed from z= 0 to z =z, during the meandering motion. As
the bounce motion continues, v, increases; therefore, the amplitude z,T ’1~z¢,(eb/mc)”2(—vy)1/2 increases. In
addition, the cotangent function appears, because both zand v, oscillate as time t increases, and we measure
v, at the fixed position z = z. Since the particle’s v, = t, the v, oscillation is expressed as a function of v,.

period tym = a'

Equation (8) describes the position of a particle in the v,~v, plane, but we can discuss a VDF by collecting mul-
tiple electron positions in the velocity plane. Equation (8) represents multiple curves in a VDF at z = z,, and
these are mapped from the line v, = const. in the VDF at z = 0. The velocity v, becomes 0 at multiple points
where the argument of cotangent equals to (2n — 1)z/2, where n is an integer, while vﬁ becomes infinity when
the argument becomes (n — 1)x.

The separation of stripes (Av,) for a nonrelativistic case (y~1) is obtained from v, = 0 points in equation (8).
Considering (n + 1)th stripe and nth stripe, the separation Av, for those two curves on v, =0 is
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The separation becomes larger as E, increases. Av, should be greater than the thermal spread of the initial
stripe at v, = v,, when a VDF has multiple stripes.

Figure 2a shows the reduced VDF in v,-v, at z= 0.3d; and x of the X-line at Q;t = 21.1, and the curves based on
equation (8). We used b = 0.83Bo/d}, k = 1.1(Bova/c)/d;, E, = 0.76Bgva/c, and v, = — 3va (b and k are measured
from the dashed red and blue lines in Figure 1a). The curves (blue, red, and green, corresponding ton =1, 2,
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and 3, respectively) well match each crescent stripe, and the cotangent curves well explain the stripe separa-
tion as well as higher energy in v, < 0 due to acceleration by E,.

Let us discuss a mapping from v, = v, = const. at z = 0 to a curve (equation (8)) at general z. Figure 2b is the
X-line VDF (at z = 0) at Q;t = 21.1. There are two layers (v, > 0 and v, < 0), and we regard the rightmost popu-
lation (an oval) as electrons just arriving at z = 0 from z < 0 without meandering. They start meandering
toward z > 0 with v, > 0. The counterpart (v, < 0) in the lower layer is due to electrons starting meandering

toward z < 0 with v, < 0. The purple line, v,o = — 3v,, passes through the v, center of the oval, and we use this
line to represent this VDF population, in 3.5v4 < v, < 10v, (within the oval). Figure 2c shows the mapping of
Vy=Vyo= — 3vaatz=0to each stripe at z= z, = 0.3d;. The v-range (3.5v4 < v, < 10v4, where v, = 3.5v4 is the

least v, required to reach z=0.3d)) is drawn as the light-blue segment on the purple line. We consider the
mapping of this light-blue segment from z = 0 to the curves at z = z, = 0.3d;. The blue curve (n = 1, without
dash), obtained using v,o = — 3v, in equation (8), corresponds to the cotangent curve closest to v, = — 3vj,
and the light-blue segment in the blue curve is the mapping from the light-blue segment in the purple line. In
this curve, v, becomes 0 when the argument of cotangent becomes (2n — 1)z/2 with n = 1. This integer,n =1,
represents the first meandering motion from z =0, as defined in Figure 2d: n = 1 motion from the initial z= 0
toward z > 0 until it returns to z = 0. After then, n = 2 motion starts toward z < 0 until it returns to z= 0. In this
way, if electrons start with v, > 0 at t = 0, an odd (even) n number represents the motion in z > 0 (z < 0).

During n = 1 motion, there are two phases (Figure 2d): In phase-A, the electron approaches z =z, = 0.3d; from
z < z4. In phase-B, after passing z = z,, it reaches the z-maximum and returns to z = z,. In phase-A, the map-
ping of the light-blue segment in Figure 2cis in v, > 0 (the light-blue curve in n = 1, phase-A). After these par-
ticles in phase-A pass through z = z, = 0.3d;, they return to z = z, in phase-B. They are mapped to the other
light-blue segment in the blue curve (in v, < 0, phase-B), and the energy in phase-B is greater than that in
phase-A, because of acceleration by E,.

After n = 1 motion in z > 0, those particles on the blue curve move toward z < 0 (n = 2 motion). Let us con-
sider z < 0, and obtain the VDF mapping curve at z= — z, = — 0.3d. Since v, = z in equation (8), the cotan-
gent curve atz= — z, = — 0.3d; for n = 2 appears as the dashed red curve (again, the light-blue segment in
the dashed red curve represents the mapping range). After n = 2 motion, they return to z > 0, and the light-
blue segment on the green curve (n = 3, no dash) shows the mapping for n = 3 at z =z, = 0.3d;.

The above argument can also be applied to the population with v, < 0 at z= 0 (the yellow segment on the pur-
plelineinFigure 2c). Then=1and n=3 motions appear as the dashed blue and green curvesforz= — z,= — 0.3d;,
and n = 2 motion appears as the red curve (no dash) for z = 0.3d;. In Figure 2c, the blue, red, and green stripes
with nodash are atz=0.3d; and n =1 and n = 3 stripes are due to particles starting with v, > 0 at z= 0 (light-blue
segment), and only n = 2 stripe is due to particles starting with v, < 0 at z = 0 (yellow segment).

Figures 2e and 2f show reduced VDFs at various z (and the same x as the X-line) at Q;t = 21.1 and 25.3. The
blue, red, and green theoretical curves correspond to n = 1, n = 2, and n = 3 motion. For Qit = 25.3,
b=0.67By/dj, k= 6.1(Bova/c)/d; E, = 0.43Bova/c, and vyo = — 12v,4. The theory predicts that the closer the mea-
surement point is to z = 0, the more significant bent appears. Also, the striation separations become larger as
E, increases (see equation (9)). If we compare (e) (Q;t = 21.1) and (f) (Q;t = 25.3), the separations at Q;t = 21.1
(E, = 0.76Byva/c) are overall larger than those at Q;t = 25.3 (E, = 0.43Byv4/c). These tendencies are consistent
with the VDFs in the simulation. Note that in the theory, we assume that the second last term in equation (4)
(=2%) is negligible; therefore, the theory and the simulation agree in small z. At the farthest position (z = 0.5d;
at Qit = 21.1, and z = 0.4d; at Q;t = 25.3), the theory shows slightly larger |v, | values (more negative v,) than
stripes in the VDFs. We also note that at Q;t = 21.1, the innermost E_-inversion layer exists near z = 0. We per-
formed a test particle analysis using the 1-D field profiles in Figures 1a and 1b and confirmed that the effect of
the E-inversion structure on the electron VDFs is negligible for the analyzed locations (test particle results
not shown).

4, Comparison Between Theory and MMS Observation

In Earth’s magnetotail, MMS recently detected electron VDFs with multiple crescents in an EDR observed on
11 July 2017 (Torbert et al., 2018). In MMS, magnetic fields are from Flux Gate Magnetometer (Russell et al.,
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Figure 3. MMS observation of electron diffusion region electron crescents on 11 July 2017. (a) Magnetic and electric fields in LMN by MMS2 (thick) and MMS3 (thin),
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observed stripes. £yy = 4 mV/m (middle) shows agreement between the theory and the observed stripes. MMS = Magnetospheric Multiscale; VDF = velocity

distribution function.

2014), electric fields from double probes in the FIELDS suites (Ergun et al.,, 2014; Lindqvist et al., 2014; Torbert
et al,, 2014), and electron VDFs from Fast Plasma Investigation (Pollock et al.,, 2016). Figure 3a shows an
overview of the EDR crossing: time series of magnetic and electric fields measured by MMS2 (thick) and
MMS3 (thin), where LMN coordinates are N (inflow), L (outflow), and M (out-of-plane), obtained by a hybrid
method (Denton et al, 2016) of minimum directional derivative (Shi et al, 2005; for
22:34:01.9-22:34:03.9 UT) and minimum variance analysis (Sonnerup & Scheible, 1998; for 22:34:00-
22:34:04), and N distances from B, = 0. Magnetic fields (burst mode, 128 samples per second) were
smoothed (over 0.03 s, four data points) and interpolated to each electron VDF sampling time with
resolution 30 ms. Electric fields (32 samples per second) were also interpolated to the VDF sampling
time. N distance of MMS3 (Ns) was estimated using a method similar to that employed by Denton et al.
(2016), from the integral [Vydt, where Vy is the MMS barycenter velocity relative to the current sheet,
estimated by Vy = (dB,/dt)/(dB;/dN) using minimum directional derivative, and N distance of MMS2 (N5)
was calculated by N, = N3 — 13.91 km, according to the spacecraft positions.

We estimate slopes of B, and Ey in the N direction. Using MMS3 data between 22:34:01.9 and 22:34:03.1 (40
data points), the B;-slope b = 9.0 x 10™2 nT/km. Also, using MMS2 data between 22:34:02.68 and 22:34:03.1
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(14 data points), during which Ey decreases, the Ex-slope —k = 1.2 x 10°> mV/km?. During this event, MMS2
shows the best match between E x B drift and the electron perpendicular speed near the EDR edge (not
shown); therefore, the estimate of k is most reliable using MMS2 data.

Figure 3b shows an electron VDF (reduced in vj-vy) by MMS3 near B, = 0 (t = t,= 22:34:02.86, the right vertical
line in Figure 3a). There are multiple stripes, and we regard the population near the white vertical line as the
Vo electrons (zero bounce), vyo = — 0.7 x 10% km/s. Compared with vy, the Ey x B, drift (—k/b) is
—1.3x 10% km/s; therefore, vy;o > — k/b (the theory in section 3 is in cgs unit, and taking away c in the formula
gives the theory in Sl unit). We note that even considering uncertainty in vy (~30%, not shown), the relation
Vmo > — k/b holds. Hence, we will use equation (A11) combined with equation (A8).

Figure 3c shows a reduced VDF with multiple crescents by MMS3 at 22:34:02.38 (t = t, the left vertical line in
Figure 3a). At this time, the N distance was N3 = — 12.5 km. Three stripes can be seen at vy~ — 0.9 x 10%,
—1.8x 10% and —2.8 x 10% km/s. The first stripe (vy~ — 0.9 X 10* km/s) can be interpreted as the inflow popu-
lation, and the second and third stripes are meandering electrons.

Let us compare the theory (equations (A8) and (A11)) with this multiple-crescent VDF. Electrons are nonrela-
tivistic, and we use y = 1 in the theory. The theory needs N, vy, b, and k, as estimated above. The last para-
meter is the reconnection electric field Ey, which is hard to determine by direct E field measurements due to
fluctuations around t = t; and because an averaged Ey is small (3 mV/m, comparable to uncertainty
1-2 mV/m for Ey). In Figure 3d, varying Ey, from 2 to 6 mV/m, we compare the theory and the VDF to estimate
Epr. The blue, red, and green curves represent n = 1, n =2, and n = 3 curves, respectively. Note that we plotted
n = 3 curve, but MMS3 did not observe a clear n = 3 population; therefore, let us compare n=1and n=2
curves with the observed second and third stripes in the VDF (vy~ — 1.8 x 10% and —2.8 x 10* km/s, respec-
tively). When Eyy =2 mV/m (left), n = 1 curve (blue) is at the observed second stripe, but n = 2 curve (red) does
not match the observed third stripe (the red curve passes through the second stripe instead). When
Ery = 4 mV/m (middle), both n = 1 and n = 2 curves match the observed second and third stripes. When
Epy = 6 mV/m (right), n = 1 (blue) curve in vy < 0 matches the observed second stripe, but the blue curve
in vy > 0 passes through the third stripe, too. Also, n = 2 curve (red) does not match the observed third stripe
very well. We also compared with Ey = 5 mV/m (not shown), and it is also consistent with the VDF. We
conclude that the reconnection electric field is 4-5 mV/m, close to 3 mV/m observed by MMS3 around
t = t;, considering uncertainty 1-2 mV/m in the measurement.

5. Conclusion

We have discussed electron motion in the EDR in symmetric reconnection and examined the overall shape of
electron distributions, including an equation for stripes (crescents) in a VDF. Electrons meander across the
current sheet, and their speed in the current direction |v, | increases due to the reconnection electric field
E,. When combined with an oscillation in the direction normal to the current layer (), the resulting motion
leads to the formation of a tilted multiple-crescent VDF in the v-v, plane. The shape of crescents is obtained
as a function of fields (slopes of B, and E,, and the strength of E), the distance from z =0, and the initial v, at
z=0. As E, increases, the separation between stripes becomes larger. We have compared the theory with a
crescent VDF observed by MMS in Earth’s magnetotail and estimated the reconnection electric field
as 4-5 mV/m.

Appendix A: Derivation of v,-v, Relation

In equation (5), we use the following approximations: Ai(—a'’3s)~ cos [(2/3)a"*s*? — 7/41/(z"'*a"'?s""*) and

Bi(—a'3s)~ — sin [(2/3)a"*s*? — 7/41/(x""?a"'*s"%). These are valid only for s > 0. Note that when t = 0,
s=59= — (m/eE)(vyo + ck/b). Let us assume that s > 0, that is, v, < — ck/b.

Using the approximations, z in equation (5) becomes
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(c2+ c2)1/2 T2 T i G
Z"'n]/‘IT/]ZZS]/“ sSin §a1/253/2 — Z + tan ! m s (A1)

where we assumed ¢; >0 and ¢, <0,and 0<tan™' (c1/| ca]) < =/2. Taking the time derivative (d/dt = d/ds), we
have

2, 2\1/2
(+3) 2 1p3p T 1 G 1242 12
e aqag 0539 — g e gy ) j S g (h2)

Considering z=0and v, = v, at t = 0, let us determine ¢; and ¢,. In equation (A1), substitutingz=0and t=0
(s = so), we have

2 123/2 T 1 G
—a'*sy ——+tan"' | — | =1 A3
397%0 T4t o)~ (A3)
where [ is an integer. Taking / = 0 in equation (A3), we obtain

2 13
¢ = el tan (Z - ga%sé). (A4)

Substituting equation (A4) into equations (A1) and (A2), zand v, are

|ca | T 2 1/2.3/2| _. 2 13 3/2
Z"W sec Z — ga / 50 Sin §G / (S 2 _ 50 > 5 (AS)
[ | T2 1530 2 (a2 32\ 20 12
1’2 W sec Z — §a So Cos §G (S — S ) a’ss — Z; . (A6)

¢, is determined by v,(t = 0) = v,,, using equation (A6). However, in the following discussion aiming to obtain
the relation between v, and v,, we do not need to obtain c,. Instead, from equations (A5) and (A6), we obtain

2
v,~za'?s'/? cot [§ a'l? <s3/2 — sg/zﬂ , (A7)

where we neglected a small term (1/4)z/s in equation (A6). The right-hand side <z, but this does not mean
v, = 0 when z = 0 at t = 0. Since the argument of sine in z becomes zero when t = 0, the cotangent in
equation (A7) becomes infinity at t = 0. Therefore, v, remains nonzero at t = 0.

The v,-v, relation is obtained from equation (A7) by expressing s with v,. Using equations (7) and (3), we have

m eb , «ck
S__e_ﬁ(yvy+2_rmz +?>7 (A8)

where y =1+ (1/2)(vy/c)2. Substituting equation (A8) into (A7), we obtain the v,-v, relation, equation (8) in
section 3.

In the above, s > 0 (i.e., v,o < — ck/b) is assumed; however, in general, 5o <0 (v, > — ck/b) can occur, and in
that case, we cannot apply the above theory. We can discuss such cases using Airy functions without approx-
imations. Using equation (5), we obtain

V20 /1 ps o
z= 01/2 (BigAi — AigBi), (A9)
and
v, = —nvzo(BioAi’ - AioBi’), (A10)
where Ai and Bi are Ai(—a'®s) and Bi(—a'’s), and Ai and Bi are derivatives dAi(x)/dx|,_ ,s, and
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dBi(x)/dx|,__ i3, respectively. The subscript 0 represents the values at s = so. From equations (A9) and (A10),
eliminating v,o, we obtain

B. A.’ _ A. B./
— zg"/3 201 — AloBl

. A11
AioBi — BioAi (A1)

Vz

In equation (A11), Airy functions are functions of —a'’>s; therefore, we use equation (A8) to convert s to vy.
Combining with equation (A8), equation (A11) gives the v,v, relationship for general s,. Equation (A11)
approaches to equation (8) if so > 0.
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