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Abstract

A language of constructions for minimal logic is the A-calculus, where cut-elimination is encoded as
B-reduction. We examine corresponding languages for the minimal version of the modal logic S4, with
notions of reduction that encodes cut-elimination for the corresponding sequent system. It turns out that
a natural interpretation of the latter constructions is a A-calculus extended by an idealized version of
Lisp’s eval and quote constructs.

In this Part II, we repair the non-computational defect of the Ags-calculus of Part I by deriving an
entirely different interpretation. Quotation closures are not provided ez abrupto, but are built from more
primitive combinators. There is almost no freedom of choice here, and we are forced to use variants of the
Ao-calculus, i.e. descriptions of interpreters as formal languages. We end up defining an infinite tower of
interpreters, which provides an interesting analogy with Lisp’s reflexive tower. This is another argument
backing the thesis that the meaning of modal constructions in S4 corresponds to eval and quote.

1 Plan

The box _ with _ for _ notation of part I installs a barrier that blocks substitutions from going down past
¢« signs, and we still have to implement this in our calculus. The main feature of this notation is that it
represents some substitutions explicitly inside the terms. Explicit substitutions are the main feature of calculi
like the Ao-calculus, i.e. the A-calculus with explicit substitutions of Abadi et al. [ACCL90], and in fact our
calculus will be a variant of the Aoy-calculus [HL89], angmented with pairs (to build stacks), terminal object
(the empty stack), eval and quote.

We develop the Aev(@-calculus from these principles in Section 2, motivating each step. We then show
in Section 3 that cut elimination, or equivalently reduction in the A, -calculus, can be simulated in Aev(),
although the latter does not have any commutative conversion rule. We extend both Ags and Aev(@ to handle
so-called modal n-like rules in Section 4; these rules do not eliminate cuts, but also simplify proofs. In
Section b, we examine other possible ways of eliminating cuts in minimal S4 proofs, and argue that they are
unreasonable.

We don’t prove any confluence or termination property of the new calculi. We shall examine them in Part

III.

2 Eliminating Cuts by Explicit Substitutions

There are two ways of understanding how we shall build our new language, the Aev@-calculus. The first is
logical, and consists in decomposing, or precompiling the effect of the (OR) rule. The second is computational,
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and comes from the idea stated above that box closures actually implement explicit substitutions that would
be best represented in a form of A-calculus with explicit substitutions.

Logically, what we are going to do is push up instances of the (OR) rule in proofs, replacing it by simpler
rules that (C'ut) will be able to cross without problems. In the natural deduction system, this means pushing
up instances of (OZ). For example, consider the case where the last rule above (OZ) is (= F):

O Fu:®1=>P, O Fo:dy

(=E) O, Fuv: ®,
(01) O,,, F (uv) : Od

Then we create a new operator x and a new typing rule:

, Fu:0(@; = ®y) |, Fo:0P
(0= E) , Fuxv: 0O,

which is a valid deduction rule (take uxv as an abbreviation of box xy with u, v for z,y). Now we can rewrite
the former proof into:

Da'_UZq)qu)Z D,I—U:CI)l
(07) O,,,"Fu 0@ =) (OZ) O,,,"Fv 0%
(0= E) O,,,"Fu %o 00,

One (OZ) (or (OR)) rule has been eliminated. The rule that corresponds to (O = F) in sequent style would
be:
aal;:Dq)Zl_w:q) ,|‘U:D<I>1
(O=1) ,,y:0(@ =) Fulyxv/a]:

and this rule does not exhibit any pathological behaviour any longer with respect to (Cut).

There are some difficulties with this approach, however. Notably, it is not clear how to push instances
of (OZ) above instances of (=-7), because in the premises of (=1) there is an additional free variable in the
assumption list, and it may not have a boxed typed: this prevents us from pushing (0OZ) upwards. But one
thing is clear: x is a combinator, and we can only succeed in pushing all instances of (OZ) upwards if we
can translate all A-terms into a combinatory system. These combinators should then be able to represent all
reductions in the A-calculus; and they should be typed by rules such as (0 = L) above, i.e. rules that are not
pathological with respect to (C'ut).

We shall be guided into finding this miracle combinatory system by our second, computational intu-
ition: that we have to represent explicit substitutions in some way. The A-calculi with explicit substitutions
[ACCLI0] are just combinatory systems that have the required properties. There are many variants of them,
so we shall explain the basic constructions on some simple variant of Curien’s system of categorical combin-
ators first [Cur86]. Before we embark on building our language, we wish to make a few comments on the
relation with Lisp.

The traditional solution to implement eval in Lisp is to include an interpreter for the language itself,
wrapped inside the eval primitive. What can we understand by “interpreter” in a A-calculus setting? In a
broad sense, we need a general evaluation mechanism, whether it is a syntax-directed interpreter, or a bytecode
interpreter, or even a system that compiles a piece of text and executes it at run-time: in the recursion-theoretic
sense, what we mean by an interpreter is a machine. Abadi et al. [ACCL90] argue that the Ac-calculus is
precisely a way of understanding the A-calculus from an machine-oriented point of view. In fact, they show

how to derive, with minimal efforts, a machine — an interpreter — for implementing the A-calculus from
the rules of the Ao-calculus. Notice in particular that a term of the form box u with vy, ..., v, for x1,..., x,
represents a program u, in the context of a stack with n entries containing vy, ..., v, respectively, and

packaged as a syntactic object. (Abadi et al. separate the stack from the substitution in the machine, but we
can see them as two parts of a global substitution or stack.)

A natural question we can ask is whether we could use some other system of combinators, for example
Schonfinkel and Curry’s S and K (whose types are the Hilbert axioms (s) and (k)). The answer is, un-
fortunately, no: SK-reduction, or weak reduction, fails to reduce some translations of A-terms that would
be reduced by the g-rule. Proof-theoretically, SK-reductions do not eliminate all cuts. It may be possible



to correct this by finding a proof-theoretic equivalent of Curry’s equations [Bar84], but it does not seem
rewarding: Curry’s equations are inscrutable and will hardly give us any insight into what happens during
cut-elimination. We are therefore committed to using categorical combinators or, in general, Ac-calculi.

2.1 Categorical Combinators

We first provide a quick tour through categorical combinators, and explore the difficulties that await us, then
we vindicate and explain our solution.

Because Curien’s (CCLg) is simpler than other A-calculi with explicit substitutions, we shall explain the
intuitions behind our constructions by using a formalism of categorical combinators very much like (C'C'Lg).
We shall then develop our constructions for real in Section 2.4.

Our language of categorical combinators will be based on the following constants and operators, at least
so far as s (unbox ) and ¢ (box) are not concerned. Do remember, when considering the typing rules we give,
that we are trying to construct terms u’ of type O® in a systematic way from the structure of u of type ®.

Because the categorical combinators manipulate not only terms but also stacks of terms, we need additional
logical connectives for typing stacks: first, we need the type T of the empty stack (alternatively, the value
“true”, or the terminal object in a cartesian closed category); then, we need to express how to extend a stack
s:9 by pushing an element @ : A onto it: this will be a couple (a,s) of type A x S, where X introduces
product types (alternatively, conjunction; we did not denote it by A, as this conjunction may be totally
different from any conjunction we might wish to add to the original logic). Another adjustment we have to
make is the following: we introduce a new binary connective =, and consider D<I> as being an abbreviation for
T2 9. (O is no longer a primitive connective in the logic.) Conversely, ¥ 2 & will be logically equivalent
to O(¥ = &).

The combinators are as follows:

e If u is a term of type @1 x @, =1 ®3, then A*u is a term of type @, 2 ®y = P3. (N is the currification,
or abstraction operator; this is the A operator of the Ao-calculus.)

o If u 1s a term of type @ =1 ®y, = &3, and v is a term of type &, =1 ®,, then ux v is a term of type
D, 2 ®3. (x is the application operator, also called the evaluation operator in categorical circles; don’t
confuse it with the s evaluation operator. This is also called application in Ac.)

e If uis a term of type @, 2 ®3 and v is a term of type @, 2 ®,, then v ov is a term of type &4 2 D;.
(The composition operator. In Ae, this would also be the explicit substitution application operator.)

o If U is a term of type @ 2 ®, and v 1s a term of type & 2 ®3, then ue*v is a term of type
D, =1 ®y x P3. (The pairing combinator, or cons in Ae, which pushes u on top of stack v.)

e 1% is a constant of type <I>1 X Py =1 ®, (the shift operation, which pops the top of stack in Ac), 1* is a
constant of type D x Py = ®; (the operation 1 that gets the top of stack, in Ac), and id* is a constant
of type & = (this plays the role of the “placeholder for stacks” id in Ao, and also of the empty stack).

We also adopt the following handy abbreviations. First, we assume that x associates to the right, i.e. g x
Dy x ... x Py x W==>y x (P x...x (P, x ¥)...). Then, we also write pop,, for (1* o (1*o...017)...)if

n times
n > 1, or for id* if n = 0. We write get,, for 1% o pop,, if n > 1, or for 1" if n = 0.
The reduction rules, adapted from Curien’s (or from Abadi et al.’s), are the following:

(o) (uov)ow— uo(vow)
(0id*) woid" — u
(id"0) id" ou — u

(1)

(17)

o (ue*v) — v

1% o (ue*v) = u



) (Nu) % v — wo (verid®)

) (u0) 0w = (w0 w)e (v o w)
) (ukxv)ow = (uwow)*(vow)
)

(V) (Mu)ow = N (uo (I%e%(w o 17)))

Operationally speaking, these rules can be seen as describing a stack machine for evaluating A-terms,
as already announced. Read w o v as “u in the context of stack v” or as “do v then u”, according
to context. We can derive the rule get; o (vge*(vie* ... e%(v;0*u)...)) —™ w;, so that we can read
get, as the instruction that reads stack location ¢ (the top of stack is at index 0). We can also de-
rive the rule pop; o (vge*...e"(v;_10*u)...) — wu, so pop; is the instruction that pops i stack loca-
tions. Finally ue*w pushes w on stack w and returns the resulting stack. The (5*) rule describes j-
reduction: to evaluate a A-expression applied to v, push v on the current stack and evaluate the body
u of the A-expression in this new stack. (In partlcular if we evaluate (A\*u) x v ;n the stack w, then
((A*u) *xv) o w(ﬁ—;(u o (ve*id")) o wQ)u o (ve*id") o w)(—;u o ((vow)e*(id" o w))(d—>)u o (vowe w), le.
we evaluate u in the stack formed by pushing the value of v in stack w onto stack w.) The last three rules
express the fact that to evaluate an expression in a stack, we have to evaluate its constituents in the same
stack, or (last rule) in some extended stack.

Now, given a pure A-term u, we build «° by translating u into a categorical combinator form using the
constructions above. The translation is defined as follows. We use an environment p, which is a map from
variable names to integer indices; we define u‘ as u'[], where [] is the empty environment, and in general
define u‘p by:

¢ Jget,_;_q ifplx) =1 . . )
e rp= { Ox if p(x) is undefined where n 1s the cardinality of p;

o (w)'p=(u'p) x (v'p);

o (Az- u)‘p = M (u'p[z + n]), where p[z — n] is p with the binding = — n added, and 7 is the cardinality
of p.

The environment p is used to keep track of the positions allotted to each local variable in the run-time stack.
The additional operator () is such that:

e if z has type @, 2 Py, then Qz has type @3 2 P, 2 D,

Defining the Q operator of thls type 1s legal, intuitively, because if we understand _ 2 _as meaning O(_= _),
the type (®1 2 Dy) = (D3 2 D, 2 ®,) is inhabited. Indeed, using the functional interpretation for the
Hilbert-style system, we may understand @z as the analogue of <K x kwote . This @) operator is mostly the
analogue of kwote in the categorical combinator algebra.

It then happens that the following reduction rule:

Quov — Qu

is legal from the type perspective, and we add it.

2.2 Adding Eval

This translation is fine for forming quotations of pure A-terms, but what about A-terms that already contain
some quotations or evaluations? And what about quoting or evaluating categorical combinator terms (i.e.,
quoted terms)?

We first deal with s. This incurs two separate problems: we have to define how s applies to quoted terms,
and we have to provide a translation of terms of the form su to quote them.

First, define the reduction rules of » applied to quoted objects. Reducing s(A*u) poses a problem, in that
we would like it to reduce to Az - e(u, z), where e is some evaluation function for u in the context z. We



are therefore forced to trade the unary operator s for a binary operator ev* that takes a quoted expression
to evaluate and a context in which to evaluate it. (This is also a classical way of defining an interpreter in
Lisp.) Therefore, from now on, we shall consider su as an abbreviation for ev*u(), where () : T denotes the
empty stack (and T, the type of the empty stack, is the logical constant true).

We also have the choice of defining ev* as a binary function, taking a term to evaluate and a stack; or as
a unary function, taking a term and returning a function from stacks to terms; or as a constant, or ... We
shall consider ev* as a binary function: we shall see in Section 2.4 that otherwise confluence would not hold.
(See the discussion on rule (ev f).)

So, the typing rule for ev* is:

oifu:\I!‘:]><I>andv:\I!,thenev*uv:q),

And the reduction rules come along:

(evA®) ev* (N u)w — Ax - ev¥u(z, w)
evx) ev*(uxv)w — (ev uw)(evvw)
(evo) ev*(uov)w — eviu(evivw)

(eve™) evr(ue*v)w — eviuw e evuw

eV w —1 w
ev' 1w = 1w
evid*w — w

(ev@) ev*(Qu)w — u

where we have had to add new couple e and projection operators 1, 1 to account for evaluations of e* and
1%, 1% respectively. Their types are: u o v has type ®; x ®, whenever u has type ®; and v has type ®-;
whenever u has type &1 x ®2, 1 u has type ®; and lu has type ®;. (That is, we add a conjunction x to the
original A-calculus.)

It is clear that we should have (1 u)* p= ou'p, (lu)'p = l*ou p, and (u e v)*p = (u’p)e*(v'p). Quoting
() is a bit trickier. Looking at types, ()‘p should be of type ® 2 T, that is, it should throw away the whole
stack, of type ®, and produce the empty stack, of type T. But a stack of helght n will have a type @ of the
form @1 x ... x ®, x T, so pop,, has the desired type. We therefore define:

e ()'p = pop,, where n is the cardinality of p;

Because the stack is of height n, ()*p produces the empty stack by just popping n elements off the stack. This
way, we avoid introducing new constants, and simplify later calculi. (This works not so much because we are
in a typed universe, but because scoping is lexical: new constants would have to be introduced in non-lexical
languages.)

Then, we have to define how we quote terms of the form ev*uv. We could use the following trick: ev*
alone is a perfectly valid function, of type (®; 2 D)= P = Py, It 1s valid because its type 1s indeed
provable in S4, provided we understand ®; = &y as O(Py = Py). Now, ¥ 2 ((<I>1 2 Dy) = &) = Ps) is also
provable, which means that we can posit the existence of a special constant ev*™, with the following typing
rule:

. ev**:\I!‘:]>(<I>1‘:]><I>2):><I>1:><I>2

If ev* was just a constant, we might then quote ev*uv by reading this term as the application of ev* to u
and v, introducing a new constant ev** and using the translation:

[
o eV p=ev™

We shall see in Section 2.3 that using this kind of trick is not really enough, and we shall do otherwise.



2.3 Adding Quote

Adding quote 1s again the hardest task at hand. To see what we have to do, notice that the typing rules for
A*, %, o 17, 1%, 4d™ are some kind of an internal natural deduction system. By “internal” we mean that this
systemn handles sequents by representing them inside the very language of formulas: consider the symbol 2
as the analogue of the F sequent formation arrow, and read T x @, x ...x g 2 & as the internalized version
of the sequent @,,..., &y ®. We then have the following correspondence:

A* typing rule ~ Internal (=7)

* typing rule ~ Internal (= F)

o typing rule ~  Internal cut

o* typing rule ~ Internal (xI)

1* typing rule ~  Internal weakening and (x E)
1* typing rule ~ Internal (Az) and (x E)

id ~ Internal (Az) and (T1)

ev*™ typing rule ~ Internal (OF)

The last one 1s less clear than the others: notice that if u : &g x ... x &, x T ‘:]> 0O®, where O® is an
abbreviation for T = ®, then eV xuxQ() : Pox ... x D, x T 2 @, which is indeed the internal version of
(OF). Also, most other rules need to be weakened to find back the full version of the original rules.

A main difference between (e)éternal) sequents and formulas are that the left-hand sides of sequents are
sets, whereas left-hand sides of =-formulas are lists of formulas. The gap between sets and lists is filled
in by the conjunction rules, which handle all chores of permuting, contracting or dropping assumptions (the
so-called structural rules of logic).

Given this view of D-formulas as internal sequents, it is now easy to see what kind of rule we have to
find, namely an internal version of (OT):

e if u is a term of type D<I>0><...><D<I>n><—|—‘:j><1>,then Fy is a term of type O®g x ... x Od, x T =0
(~ (OI) without weakening, internally; and <* is then the internal quote operator).

The & operator poses several problems. First, its computational content is not trivial, since < does not
operate on a mere part of the formula, but has to check that the left-hand side of 2 really is a conjunction
of T and of boxed formulas. But there is another problem: compositions o are the internalized version of the
cut rule, and to eliminate such internalized cuts in the presence of an internal quote operator ¢ is the same
task as eliminating ordinary cuts in the presence of the quote operator <. (Apart from the fact that cuts with
an axiom, namely weakenings, or from the computational viewpoint, the get,, variable-fetching instructions,
cannot be eliminated).

Since the problems posed by the ¢* operator are exactly the same as those posed by the ¢ operator, we
shall adopt the same solution: consider the operators \*, %, o, * ¥ 1* id*, @ and ev* as being operators
at level 1, and write them A, x*, o', o' 41 1! id', Q' and ev'; then add similar operators A%, %, o2, o2, 12,
12, id?, Q% and ev? at level 2 with similar reduction rules. We shall again have the same problem encoding
quote in the new embedded calculus, so we create new operators with a 3 superscript, then a 4, a 5, and so
on. This creates infinitely many operators, corresponding to infinitely many levels of computation (operators
at level £ compute under ¢ boxes).

This infinite regression of embeddings of combinatory systems — of interpreters — is also visible in Lisp:
this is the so-called reflexive property of Lisp systems. In Lisp, we can produce a syntactic representation —
a piece of data — of the code for an interpreter; if we evaluate this code (say, by compiling it and executing
it), we get the Lisp interpreter. If we submit this same code to the thus obtained Lisp interpreter, we get a
level 2 interpreter. Then we can interpret this code again by the level 2 interpreter to get a level 3 interpreter,
and so on. (This leads to drastic losses in performance, but this is not the point of this paper.) There are
still differences between Lisp and our language. One of them is that, in Lisp, we only need one interpreter to
implement the infinite tower of interpreters. On the other hand, in Lisp, we never evaluate under a quote,
although we are allowed to do this in our language. If we only used weak notions of reductions, where we
don’t reduce under A or under ¢, we would only need one evaluator, namely rules (evA*) through (evev*). At
least, we could dispense with having infinitely many operators, as Lisp does, by encoding operators at level



2 and up with finitely many constants, but this brings little benefit for the study of both the calculus and the
deduction system.

2.4 The lev()-Calculus

To sum up, we have arrived at our final language of constructions, in its (yet) untyped form. This is an
extension of the Aoy-calculus: a special operator 1¢ is used to wrap stacks that have been pushed under a A,
and there are two sorts of terms, the elementary terms and the stacks. This forces us to split o, ev and @ in
two versions, one when their first argument is an elementary term, and one where it 1s a stack.

Definition 2.1 (AevQ) The set of AevQ-terms is defined by the following syntax, where ¢, y, z, ... denote
(elementary) term variables taken from an infinite set V. Terms s, t, u, v, w, ... are elements of the
language T'U S, where T s the language of elementary terms and S is that of explicit substitutions or stacks:

T VIAV - T|TT | 1S | XT | T+ T | T ok S|1° | evsTS | Q5T
S = ()|TeS[tS|SokS|id |Te SN S |eviSS | QLS

modulo a-renaming, and where £ varies among all integers > 1.
By extension, we also write u o° v for u e v, and u*" v for wv. Moreover, we shall write o* for either of
or oZT, ev! for either evZS or evZT, and Q¢ for either QZS or QZT ambiguously: the sorts will tell which one is

intended.

Although this language contains sorts, we shall also sometimes refer to it as the untyped Aev@-calculus. This
18 in contrast with the typed calculus, which we introduce in Definition 2.2.

Notice that if we forget about the ¢ subscript, u ok v is u[v] of the Ao-calculus, and u 0% v is w0 v. Notice
also that, if ev’ is similar to Lisp’s eval, then ev( is Lisp’s evlis. In the sequel, we shall happily leave the
sorts implicit whenever possible, writing of, ev’, Q°.

There is no apparent reason why we split terms into elementary terms and stacks, and we might have
reunited them for good. However, we shall be interested in an extension of the calculus with so-called 7-like
rules (see Section 4). This will be an extension of the Ao-calculus instead of the Aoy-calculus. The latter
calculus 1s only confluent when only elementary term variables, and no stack varibles, are allowed. Since we
need elementary term variables (as bound variables in A)-abstractions, we need to separate elementary terms
from stacks.

In fact, just having two sorts, 7" and S, will not be enough to get a well-behaved calculus. Indeed, the part
that propagates substitutions down in this calculus does not terminate (see Part III). In fact, the calculus
with the 7-like rules won’t be confluent either. Our efforts to refine the sorts 7" and .S have led to a calculus
that is almost the following typed system, so we consider the typed system directly:

Definition 2.2 (Types) The set T of term types, the set S of stack types and the set M of metastack
types are defined as follows:

T w= B|T=>T|83T
S = T|TxS8
M = S|SSM

We call types or formulas any term, stack or metastack types.

We denote types by @, ¥, ..., (possibly primed or subscripted), term types by v, T, ..., stack types by s,
¢, ..., and metastack types by p, p’, ... Observe that every type is either a term type or a metastack type,
and not both at the same time. o

DWe use the following convention. For every (-tuple ¢* of stack types (si,...,<), we write CTg\P for

T SOE S (or simply ¥ if £ =0).

The typing rules are then given in Figure 1, where contexts , are finite sets of assumptions of the form
z : 7, where x is a term variable and T is a term type; furthermore, in rules (D*0F), (0°01) and (O°Cut),
the operators ev®, Q° and o denote evh, Q% and o% respectively if and only if ® is a term type T, and
denote evl, Q% and oY respectively if and only if ® is a metastack type p.



%lternatively, we consider this as a natural deduction system for S4 (with nested sequents), extended by using
= in place of O (and of I in nested sequents). The idea is that the type of elementary terms will be a term
type, and the type of stacks will be a metastack type.

Notice that all the rules at levels 1 and up are actually almost Hilbert-style rules. From the deductive
point of view, the (O° f}) rule is superfluous. On the other hand, useful rules from the deductive point of
view and which are derivable from the rules of Figure 1 are:

—= o
s Fuigt-1=2¢=> @
, I—quTZ:qZ—1:|_‘>T><§:u><I>

J2

(a weakening rule) where ot is oZT if @ is a term type, and oZS if @ is a metastack type; and:

—
,Fusgt = xg

(DZXE) ,I—IZOZTU:CZ:L'M'
(resp. , F1f obu: CZ_:E;C)

which are boxed conjonction elimination rules. Notice that the typing rules use explicit boxed cut rules;
The idea of adding an explicit cut-rule to a natural deduction system to represent a calculus with explicit
substitutions is originally due to Hugo Herbelin and Bruno Pagano.

The translation rules from terms of the Ags-calculus to the new language are given in Figure 2. The
G-translation uses an auxiliary quotation function u — u’p, where p is an environment mapping variables
to integer indices. The cardinality of p is the number of variables that it binds. Because of our conventions
that +° = x and e°=e, we could have dispensed with the statement of the translations of application wv and
pairing u e v. We have left them for clarity.

The G-translation is well-defined:

Lemma 2.1 For every Ags-term u, G(u) is a term of sort T. Moreover, for every environment p, the
quotation function u — u’p maps terms of sort T' to terms of sort T', and terms of sort S to terms of sort S.

Proof: We first show that u — u‘p maps terms of sort 7' to terms of sort 7', and terms of sort S to terms
of sort S. This is a routine check.

We now prove that G(u) is a term of sort T for every wu, by structural induction on u. The only non-
trivial case is when u is of the form box w with v1,..., v, for 21, ..., z,. By induction hypothesis, G(w) is of
sort T', hence (G(w))‘[] is of sort T'. By induction hypothesis again, G(v1), ..., G(v,) are of sort T', hence

3

((G(w)) DG (w1)/ 1, ..., G(vy)/xy] is well-sorted again, and of sort 7. O

The reduction rules that we need are given in Figure 3, and Figure 4. Intuitively, the rules of Figure 4
are sorting rules; and allow terms of lower levels £ to go down through terms of higher levels £ until they
come to their proper place, in a context of level £. These rules are needed to simulate cut elimination in S4
(see Section 3.2).

The reduction rules are to be read by replacing every ev’, of and Q¢ by their respective versions with
an S or T index, so that the rules are well-sorted, i.e. so that both sides are valid untyped Aev@-terms of

the same sort (S or T'). For example, rule (of) actually denotes two rules: (u ok v) 0% w — u ok (v o5 w)

and (u 0% v) of w — uof (v ol w). We have done this so as to be able to state the rules in as little space as
possible: doing otherwise would not contribute any significant information anyway. This won’t be too much
of a nuisance, as the S and T subscripts have little influence on how rewriting proceeds.

Some rules could have been stated as one schema instead of two: if we overlook the constraints of the
form 1 < ¢ < L, then (ev«’) and (ev o%) are (ev'+*) and (ev’ ) respectively, with £ = . As announced,
group (B) is more complicated than what we presented in Section 2.1, because it is now a variant of the
Aog-calculus.

Moreover, notice how we have stated rule (ev {*). For simplicity, consider the case when ¢ = 1. Had we
stated it as ev! (! u)w — (1w) o (ev'u(t w)), we would lose confluence. Consider indeed ev!(ft' id!)w: by
rules (ff id') and (evid'), this reduces to w, while it reduces to (1w) (1 w) by using the latter formulation
of (ev ') and rule (evid'). This would then suggest the rule (1w) e (t w) — w, i.e. surjective pairing, which
destroys confluence [K1o80]. This is also the main reason why ev’ is a binary operator, and not a unary one:

V2



Level 0:

Ae) —Frer
, Fu:m=mn o u T
K ) - 71 -2
(=E) # (=) ,FXruin =
; LT
, Fu:mxg , Fuer
(xE) , Flu:r (x1) , Fuig
(resp. , Ffu:g) , Fuev:Txg
™D —FyT
Level £ > 1:
OfA 2 OfA =
(O°Ax) FU I Er xS (B°Azs) , Fidt il Se S
(O1)

]
, He -l S rx o=

— 0
CFuit o =on E 5_1:>E' % ‘::'>
— = u:g T S T
(0= E) , Fviet =Sn (Bf=1) — : ;

]
Fuxtv:cd =7 P SeSnen
3 . 2

!
—, g, , Fugt =7
, Fu¢t=l =¢ = ¢

(Dzﬂ) I—ﬂf —1 =1« /I:_I> % c! (DZXI) vt =
U ;g TXgG T X6
) 1 2 ,I—uozv:qZ:uM'XC
- = O —a o
L Fuigttl == @ ,Fuigt-1=2¢=> @
—
(O‘OE) , Fwigtl S (oo L FQluxd T =
o 0
, Feviuw : ¢'-1 =& ==

= g —— , 0
,Fuigt=1=2d =20, Fo:igt-l=¢d = ¢

O ]
, Fuotvigh-1=¢, = @

(OfCut)

Figure 1: Typing rules



G-translation, from Ags-terms to Aev@-terms:

G(x) ==z G(uv) = G(u)G(v) GAz-u) = Az - G(u)
G(unbox u) = evhG(u)() ‘
G(box u with vy,... v, for zy, ..., 2,) = (G(u) DIG(v1)/21,...,G(vn) /2]

Quotation _p in an environment p (of cardinality n):

' p = Qrx if p(x) is undefined
'p =1loh (1t ob(1! ok ..ot 1Y) ...) otherwise
()‘ . n—1—p(z) times
P =1d ifn=20
Op =1l ob(t ok ..ok 1) ifn 0
n times
[

(1u) P = 11 o% u:p

(1T w) po= totu'p

(uo‘v)p =u'pervp

(wo)'p = (up)# (v'p)

(Az-u)'p = A (u'plx = n])

N A

(id 2 p =id
1y =1

[
() p =1
(uofv) p = (u'p) "' (v'p)
[

(uxv) p = (u'p) ! (v'p)
(Mu)p = A (up)

e VSR
(W =1 )
(evfu)p = vl (up) (')
(eviuw) p = evi (u'p)(w' p)

[

(woh)'p = (u'p) o5 (1)
(wosv) p = (u'p) o5 (vp)
(Qfu) p 7 (')
(Qsu) p  =Q5 (u'p)

Figure 2: Translation rules
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were it unary, we would be forced to say ev!(f! u) — Aw- (1w) e (ev'u(f w)), which would lead to the same
problem.

Notice also how close the reduction rules for ev® are to those of o~! (in particular, observe the interaction
with ¢ in rules in groups (B) and (C)). This follows our intuition that ‘=1 is the application of a substitution,
while ev? applies a substitution to an elementary term, which it also evaluates to some term at the lower level
£—1.

To conclude on the proof-theoretical level, the (OR) rule and the quote operator are convenient short-
hands for producing quoted objects and boxed types, but this deceptively simple rule hides a full tower of
interpreters for the language at hand. To put it another way, whereas execution is cut-elimination, the Aev(@
perspective is that preprocessing the language for its implementation — or compilation — is the decomposition
of the problematic (OR) rule in atomic steps.

va

3 Interpreting Cut Elimination in Aev()

We first prove some properties we can expect from a well-behaved calculus: in Section 3.1, we show that we
can check whether an untyped Aev@Q)-term is typable in polynomial time, that every typable AevQ-term has a
principal type, and that the types are preserved by rewriting. Section 3.2 is a long and rather tedious series
of results that we use in Section 3.3 to prove that every valid cut-elimination step in LS4 can be simulated
by a sequence of reduction steps in the typed Aev@)-calculus.

3.1 Typing

Theorem 3.1 (Typability) Deciding whether a given Aev@-term is typable in the system of Figure 1 is
decidable wn polynomial time. Moreover, if u is typable, then it has a most general type.

Proof: The main difficulty is the fact that we have both term types and metastack types. We recast this by
saying that the algebra of formulas is order-sorted, using two disjoint sorts 7 and M, and a subsort & C M.

Write @ :: s to say that formula ® has sort s, and for any n-ary type constructor f, write f ::s1,... 8, ~+ s
to say that whenever @1 :: 51, ..., @, i1 sy, then f(Py,...,®,) i1 s. The signature of the algebra of formulas
and types is given by the following declarations:

e & .~ T, for any base type &;

o = T, T ~T;

o 208, T~ T and 2:: 8, M ~ M;
e T:S;

o x T, 8§~ 8.

We also add meta-variables a of sort either 7 or M.

We claim that this signature is regular, i.e. any formula ® has a least sort s(®) (for the C ordering). This
18 clear, since every formula is either a term type or a metastack type, but not both.

We then claim that this signature is coregular, i.e. for every n-ary type constructor f, and for any sort s,
the set of n-tuples (s1,...,s,) of sorts such that f ::s1,... s, ~ s for some s’ C s has at most one greatest
element (for the componentwise extension of C to n-tuples). This is clear for base types and for T. In the x
case, if s is M or S, then the greatest couple of argument sorts is (7, S), otherwise the set of argument sorts
is empty. In the implication case, then the greatest couple is (7,7) if s is 7, otherwise there is no possible
argument sort. In the 2 case, then the greatest couple is (§,7) if s = T and (S, M) if s = M.

And the sort signature is downward-complete, i.e. the set of sorts smaller than two given sorts is either
empty or has a greatest element: this is also clear.

Since the signature is regular, coregular and downward-complete, unification in the order-sorted algebra
of formulas 1s unitary, i.e. any unification problem has at most one more general solution, and unification
can be done in polynomial time [JK90].
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(A) Computation rules (level 0):

B O = ao/a]
1) t(wev)—w
(1) Huewv)—u

(B) Computation rules (level £, £ > 1):

=
=8

e}
e~

Y
~— S e e e

—
3 ==

. =S

* >:\

o QL ~—
~ &
— —

£

O ~—

(
(
(uozv)ozw%uoz(vo w) (
TZ Z(u. v)_>v (TTTOZ) TZ OZ(ﬂZUOZv)_)UOZ
1¢ of (u et v) = u (
(uozv)o w— (uo w)oz(vo w) |
(Mu) of w — A (uot 1t w) (
(urf v) ot w— (uotw)+f (votw) (

Z) Q' ot v — Qlu

(/\Zu) x5 uol (v ot idz)
uolidt = u
id" ot u — u

1) et plu— 1t
o

J2

ﬂZ) TZ OZ ﬂl U — UOZ TZ

J2

¢ fidt) ¢ id! — idt

G 1ot (ffuolv) = 180t

J2

(1 ot)

M9 A uot 4 v ¢ (wot v)
M 08) A wot (1 vol w) »tt (ol v) of w

fret) 1t uof (v et w) — v et (uolw)

(C) Evaluation rules (level £ = ¢ —1,¢>1):

Y, Az - evzu(x . w)
ev (/\ u)w - /\Z 1(evZ( {— {— 1)(1Z—1 ol 1 (wOZ—l TZ—l)))
evi(u+f v)w — (eviuw) # 1 (evlivw)

eviid‘w — w
evz(u of v)w — evzu(evsz)

ev 1 w*{ Mlolly if £ >1
lw ife=1

Y
e T N R S|
evz(u ot v)w — (evzuw) o1 (evsz)

ev (N u)(wy 71 wa) — wy o7 (eviuws)

1(ev!(f? u)w ) —lw ife=1
Lot evt () wyw—1"t ot~ w if > 1
1 (ev! (ﬂl )w) —eviu(t ) ifé=1
1o vi(ft u)w—)ev u(ttt ot~ tw) if > 1
‘

evi(ft* u)(evz(ﬂZ v)w) = evt(ff (uo v))w

evi(Qfu)w — u

ife=1
ife>1

Figure 3: Reduction rules
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(D) Substitution in terms at higher levels (1 < ¢ < £):

(A5of)  (WFu) of w — A% (u of w)

( ) (uxFv) of w— (uob w)xF (volw)
(id"o%)  id" of w — id*”

(o Z) (uoﬁv) ozw%(uozw)oﬁ (vozw)
(Tﬁ OZ) Tﬁ OZw %Tﬁ

(1£oZ 1% ot w— 1

Eoﬁ of)  (ue* v)o w—)(uozw) ot (votfw)
(

(

o) (1€ w) o w1 (ol w)
Loty (QFu)of w—)Qﬁ(uo w)

evﬁoz) (evﬁuv) ot w — evﬁ(u of w) (v of w)

(E) Simplification of ev’-terms (1 < £ < L£):

evzx\ﬁ) ev (/\ﬁ Jw — P 1( Zuw)
evix*®) evz(u < v)w — (ev uw) x<-1 (evsz)

(

(

(evzidﬁ) eviid“w — id“—1!

(evto?)  evi(uof v)w — (eviuw) o* 7! (evivw)
(eVZ Tﬁ) ev?! Tﬁ w %Tﬁ_l

(evzlﬁ) evilfw — 1571

( evz(u o“ v)w — (eviuw) o“ 71 (evivw)
( V(A ww =1 (evtun)
(evtQ*) v (QF u)w — QL (eviuw)
( V(s

v uv)w = evFT 1(evzuw)(evsz)

(F) Quoting (1 < £ < L):

@Y QO] 5 A (@)
Q%) Q(ux ") — QUuxt Q'
(Q4d") QYid~~ — id”

(onﬁ) QZ(U ok-1 v) — QZU ot QZU
(Q19) Q' 1E1*

(Qﬁlﬁ) Qﬁlﬁ—l — 1,(:
(
(
(
(

QZ .ﬁ) QZ(U .ﬁ 1 v) — (QZU) .ﬁ (sz)
QZ ﬂﬁ) QZ(ﬂﬁ 1 ) _)TTﬁ (QZU)
QZQﬁ) EQﬁ 1 )_>Q£(QZ )

eviuw) — evc Q%) (Qfw)

Figure 4: Reduction rules (continued)
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We can then use a simple modification of Hindley’s algorithm for the simply-typed A-calculus [Hin69] —
except that unification 1s now order-sorted unification on the algebra of formulas. Indeed, the computation
of the most general type proceeds by structural induction on u, as at most one typing rule can apply at each
step, introducing meta-variables of the right sort to represent unknown formulas, and using unification to
resolve constraints (as in Az;, Azs). Notice that there is no ambiguity in the rules (O‘07), (O‘0F) and
(OfCut): whether ® must be of sort 7 or M is given by the index, T' or S, of the topmost operator of the
term to type. O

The algorithm is better known as (a subset of) the typing algorithm for ML programs [Mil78], except that
we don’t need to generalize type variables. (The order-sorted trick is the way that equality-admitting and
imperative types are handled in Standard ML [MTH90].) On the other hand, this shows that not only the
As¢ and the Agy-calculus, but also the Aev()-calculus are suitable extensions of the type discipline of ML.

Theorem 3.2 (Subject Reduction) Let u be a term of the AevQ-calculus. If | & u : ® is derivable, and
u—" v, then , = v :® s derwvable.

Proof: By induction on the number of rewriting steps from u to v. We need to do a case analysis on the
rule used at each step, and to check that whenever the left-hand side is well-typed, the right-hand side has
the same type under the same context. The summary of the types for each rule of Figure 3 is in Figures 5
and 6, where we have shown the most general typings for the left-hand side of the rules: the second column
denotes the type of the assumptions; and the third column is the type of the left-hand side. We have shown
on a second line what the most general typing of the right-hand side was, when different. (The level £ is any
integer such that £ > 1.) Also, when some types have been left as @, or &', or etc., then whether it is a term
type or a metastack type is determined by the variant of the rule that we examine (i.e., the omitted indices
on evt, of and Q°).

The only unexplained case is rule (3): there u[v/x] gets some most general type 7 (a term type); a simple
induction on the derivation of ... & : 7 F u : 7y then shows that 7 is an instance of 7, so u[v/2] has type 7
as well.

Similarly, the types for each rule of Figure 4 are given in Figures 7 and 8, where 1 < £ < £. We
have adopted the convention that any text of the form ... 2 P,, 2 ...8 P, 2 9. ., which is already
meaningful when m < n, means ...¢ 2. . whenm=n+1.0

Before we continue, we introduce some useful notation:

Definition 3.1 Let n be a natural integer.
We let popt, be id* when n =0, and 1* of (Mot (L. ot Y L) when n > 1.

n times
We define get’ as 1¢ when n =0, and as 1° o pop’ otherwise.
Finally, for every term w, we define pop,,;*w as w if n = 0, and as ¢ of(pop,,_1;* w) if n > 1. We define
get,;fw as 1° of (pop,,;* w). And we define wlpop,]* as w if n = 0, and as w o’ pop’, otherwise.

The following says that whenever we take a As¢-term wu, quoting 1t changes its type in the expected way:

Theorem 3.3 (Quoting) Let , be a bored context, i.c. mapping variables to term types of the form ¢ 2
Let u be a AevQ-term such that the sequent:

s LT, Ty T U P

is derivable in the system of Figure 1. Then u'[zy v 0,... &, + n—1] has type 7, X (Tn_1 X... (71 X5)...) 2
® under context , , for any stack type s.

Proof: By structural induction on u, using the definitions of Figure 2.
If u is a variable other than z1, ..., x,, then u'[z; ~ 0,...,2, + n — 1] = Q'u indeed has type
T X (Tho1 X .o (1 X <)o 0) 2 & under context , - (In fact, any type ¢/ 2 ®.) Indeed, , is a boxed context,
so ® is boxed and we can apply the typing rule for Q'.
If w is x;, then u'[x1 +— 0,... &, — n — 1] = get!

n—1—19
under context , , and the claim 1s valid in this case, too.

which has type 7, X (Th—1 X ... (71 X g)...) = ;

R
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| Rule | Assumptions | Type
Group (A)
(8) (. z:mbu:m), vim ol
rhs: | (... uv/e]:T) T
1) u:T, v:g S
rhs: Vg S
(1) uIT, Vg T
rhs: u:T T
Group (B)
T 0 | — T O — o O
(85 'l S Ko, vdT Sean Jlec=n
; —T T O — O O
(ozdz) u:t == @ ¢l == @
rhs: u:® P
; s — o O
(ido®) | u: ¢ 36 = ¢ dTlSa=
rhs: u:g S
¢—1 8 = ¢—1 8 = ¢—1 8 a
(o%) u:¢" T Sa =@, v =6 =, TS =0
wig'l 26 =6
| | |
(1) w:st =7 vt ¢ ¢t =¢
rhs: vig §’
| |
(19 u:s't =7, vt = ¢t =1
rhs: u:t T
¢—1 8 o ¢—1 8 o ¢—1 0 a
(of) Ui =6 =T, vi¢T =6 = g, T SG=> TXG
——7T T 0
w2 g =g
0 o] — o O — o O
(X9 u:t e xg=an v dT S |[Tsgan=n
L -1 8 g -1 8 a -1 8 a
(") u:s =S¢ =TI =T, VS =6 =11, | S =2 = Ty
- o
w26 =g
0 0—1 o HA-1 0 B
(119 u:s =<1 = 62 < =T X6 =>T
hs: -1 B =
rhs: S STXG =>T
T o _ O T o _ O S o _ 0O
(114 0%) u:s' Tl Sa S @ vidT Sa =T X T Sg =7
hs: . at—-1 8 g -1 O |
rhs: v:ig =G3 = T X ¢ S = =T
(-1 0 aQ 7—1 O 0
(1) w6 = ¢ T ST X =6
-1 O a -1 O a ¢—1 8 o
(oY) [u: " 'S0 v:d ' Sgarxag |[dTMSagae
¢—1 8 =] ¢—1 8 =] ¢—1 8 o
M) |u:d" 'S =60, 0:id"T SaSq ¢TI ST XG> T X
-1 O a -1 O a ¢—1 8 o
(o) [u: """ Sq =6, v:d a2 q T Su S TXG
1O O
wigT S = T %6
T o 0O o] — o _ O
(fre%) u:"* =g =g vt Sg =1 ¢l SG =T x g
—1 O o
w:g =G¢3 = S1
; — O o]
(fr id%) ¢S rxe= T
——7 T, 0
rhs: = = ¢
-1 -1 a ¢—1 O [m] 0
(Qo%) U: T2 20, v =gy TS a=>@
——T o QO o
rhs: u:* =g =@ ¢l S =>0

Figure 5: Checking subject reduction (part 1)
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| Rule | Assumptions | Type
Group (C)
T 0 —
(evA) Ju:¢” =>Tl><<=>Tz w:g’ 1:>< ¢S =
/3 . L at=1 . at—1 8 -1 8
(evx") w: 't :>§1:>7'1:>7'2, vig :>g1:>7—1 W ol =g
] —1 O
(evzdz) w1 B o1 O
rhs: w q ¢
= 0
(evoz) w:gt! =6 =>P, v: ¢t :>q3 :> ¢ =
-1 O
w:g ! =<3
d T 0
(evtt) |w:¢'=rxg P
d T 0
(evl®) w c “tarx -1 2
| 5 -
(eve!) |u:¢"tag =71 v: ¢ =g =6 S rxg
o
w C -1 :>§1
-1 8 ¢—1 0 7—1 O
(ev 1) g :><1 :> S2, wy i ¢ :>7', wy i ¢ = ¢ ST X ¢
T 0
(lev ) |u:¢/*” :><1 2w Srxg =
rhs: w: gt :>T X ¢ =1 8
: : 1 S =T
1 0
(Tevﬂz) u gt :>§1:>§2, w ¢t 1:>T><§1 -1 B
R 5
(ev 1Y) u gt :>§1:>§2, vt 1:>§3:>§1’ TR v
/
w g :>T X S3
0 ——5
(eVQZ) U C/ :>§1 :> P, w: C/Z 1 =¢3 g/Z 1 230
rhs: u: @ 3’

Figure 6: Checking subject reduction (part 2)
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| Rule | Assumptions | Type
Group (D)
. —T T , 0 .
In all rules except the rhs of (id*o* L8, (1508, w: ¢t =¢ = ¢4 is assumed.
P ) ’ L
AL of L aL=1 =1 a o , g
(A%o*) u:g :>71qu:>72 S :>< :>§z+1:>...:>§£:>7'1:>7'2
JN e -1 [m] o , O
(x~0ot) it B = S :>< :>§z+1:>...:>§g:>7'2
—7 0
v:q’£:>7'1
; 0 0 0
(Zdﬁoz) C’Z 1:>§Z :>§z+1:>...:>§/£:>§/5
0 0 0 0
(oﬁoz) u:§’£1:>§ :><I> C’Z1:>§Z :>§z+1:>...:>/g_1:>§3:><1>
/ﬁ—lD
v:ig :>§3:>§1
= 0 0 0 g
(Tﬁoz) C/Z 1:>§é/:>§/z+1:>...:>7'><§/g:>§/£
= 0 0 0 g
(1£oz) ¢t 1:>§é/:>§/z+12>...2>7'><§/£:>7'
m m = 0 0 0 0
(of o) |u:¢F =7 £ =g JT'Sd =dm= . =dc =X
m = 0 0 0 0
(€ 0" Ju:¢* =< R i TR e =
= 0 0 0 R 0
Q%Y | u:g 1:><£:><I> R TR = ==
= 0 0 0 0
(evﬁoz) u:q :>§£:><I> ¢t 1:>§é/:>§z+1:>...:>§'5_1:><1>
-1 9
v:( =S c
Group (E)
. ——1T T, .
In all rules except the rhs of evzzdﬁ evt 14 evzlﬁ w: 't V=S¢, is assumed.
P )
0 0 0
(ev'\5) | u:¢*™ 1:>T1><§£:>T2 c’z 1:>§z+1:>...:>§/£:>7'1:>7'2
e 1L =1 g g , g
(ev'x*) Jwu:g :>7'1:>7'2 S :>§z+1:>...:><£:>7'2
/L:D
v:i¢'T =>n
0. 3L -1 [m] [m]
(ev'id™) S :>§£+1:>...:>§£:>§£
0 0 0
(evtof) |u:¢* 126 S = I S GNP =
vidFTl S S g
0 0 0 0
(ev! 1£) ¢t 1:>qz+1:>...:><’g_1:>7'><<:><
1L =1 g 2 g g
(evf1*) S :>§z+1:>...:>§£—1:>7'><§:>7'
T 0 0 0
(ev! &%) |u:¢'c =7 - ST S =
L O
v ¢ =¢
T — 0 0 0 0
(ev! %) | u:¢'™ = Gl S = S T X =T XS
— 0 0 0 O 0o 0
(ev'Q4) |u:¢* T2¢, 2@ dTL S = S e >0
— 0 0 0 0
(eviev¥) w:gc! I>§£I><I> ¢t 1:>§/z+1:>...:> 1 =>®
R =l

Figure 7: Checking subject reduction (part 3)
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| Rule | Assumptions | Type

Group (F)
T o _ 0o ] ] ]
(QN) | w:g* ™ R I o S22 . Sdei=>n=>n
T o _ 0o ] ] ]
(@) |u:g™” L3n = TS S dia o
1L—1 0
Vg =T
. T o 0o ] ] ]
(Qzldﬁ) C/Z 1:>§:>§/z:> e R
— o o T o _ o ] ] ]
QL) |u:¢ 23 = dTlSu=Sdi=s . Sdia2a>0
,L—2 O a
Vg =<3 = G1
T o _ o ] ] ] ]
(Q* 19 dT S di= . S de = TXd L >
T o _ o ] ] ] ]
(Q*1%) T SG S S S D TX T
= - T o _ o ] ] ]
(Q°F o%) it S v T S [T SaSdis . S d ST X
O T o _ o ] ] ]
(Q° %) w:d T Sq Tl dio . S rxdr 1 2TXq
O T o _ o ] ] o o ]
(QQ*) u:d 1 =a Tl adio . S saadi > d
O —T o _ © ] ] ]
(Qlev*) u:d S¢S @ TS adi = 2 2D
1L—1 0
WS =<
Figure 8: Checking subject reduction (final)
If uis Qfw, thenq)must be of the form ¢/~ 1 =¢/ = ¢ :><I>”’, and we must have derived , ;21 : ®1,...,x
B, F vl I3 2 3" Let p be [y — 0,...,2, — n — 1]. By induction hypothesis, we can derive
0 ———™, 0 o
L Ev T X (Thoi X (T %S) L) 2 L 5S¢ = @ Then, , F QM (v p) X(Tpo1 X (T X)) =

T E¢ & ¢ & " is also derivable, and we conclude by noticing that u‘p = QZ-H(U p).

All other cases work similarly. We deal with the case of A-abstractions, which are a bit delicate, since
they introduce variables; then we deal with the of case, as an example of the process for all other cases. First,
A-expressions. If:

S B T, By Ta AT u @

is derivable, then ® has the form 7 = 7' and:

LT ITL, .. T T, T Fus T
is derlvable So, by induction hypothesis, , F u‘[z; = 0,..., 2, = n—1, 2+ n]: 7 x (1, X (Tho1 X ... (71 X
C) )) :>T " is derivable. Hence, , F A (u'[z; b—)O,...,xn |—>n—1,x|—>n]) T X (Tpo1 X (11 XG) ) =
7' = 7" is derivable, and we conclude by noticing that the latter term is (A - u)‘ [¢1 —0,..., 2, = n—1].

All the other cases work similarly to the of case. If:
S T, .. Ep Ty Fucty:®

is derivable, then ® must have the form ¢/—1 =¢’ = &', and:

—— ,, 0
"xl:7—1;~~~a$n3Tn|_u:§5—1:>§//:>q)/
: . L ol—1 = T
a,l‘l.Tl,...,xn,Tnl—v.g :>E<:><
must have been derived. By induction hypothesis, if we let p be [#; — 0,...,2, + n — 1] and 7 be

T X (Tho1 X ...(171 X 5)...), we know that u‘p has type ™ 2 -T2 B @' under context , and that v*p
— [ —

has type 7 = {1 ¢’ S ¢ under , , hence (u'p)otti(v'p), that is (u of v) p, has type " - =X

under context , . O

Hence quoting ¢ times yields formulas at the ¢th level in the sense that it is of some type ¢¢ =&, where ¢,
., ¢¢ are sets of assumptions from sequents that we have embedded into the formula.
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3.2 Properties of Eval and Quote

Our next goal is to prove that any cut-elimination step in LS4 can be simulated by reductions in the simply-
typed Aev@-calculus. We establish this by proving a series of lemmas, the goal of which is in fact to show
that we can simulate the reduction rules of the Ags-calculus. The rest of this section uses the language of the
untyped Aev@-calculus; as already announced, we won’t mention any sorts either.

First, we define what we mean by the level of a term:

Definition 3.2 (Level) We define the out-level, or simply level L(u) of a AevQ-term u as follows:
o The level of a variable x 15 0.
o Terms of the form Az -, uv, (), T u, lu, or ue v are at level 0.
o Forany ¢, £ >1, Mu, uxt v, 14, 14, uwel v, id", uol v, ' v and Q'u are at level {.
o Forany f, £ >1, the level of eviuw is £ — 1.

First, we show that the GG-translation respects the equivalence relation ~ on Ags-terms. To show this,
we temporarily come back on our decision to equate ~-equivalent or a-equivalent terms. Equality is now
syntactic equality until further notice.

Lemma 3.4 Let u be a AevQ-term, and & and y be two distinct variables, with x not free in u. Then, for
. . B [
every environment p of cardinality n, (u[z/y]) (p[z — n]) = u*(p[y — n]).

Proof: We prove the more general statement that for any p of cardinality n, for any variables y1, ..., yn
not in the domain of p and distinct from « and y:

(u[x/y])‘(p[xlﬁn,ylb—>n—|—1,...,ymb—>n—|—m]):u‘(p[gp—)n,ylb—>n—|—1,...,ymb—>n—|—m])

This is needed because of the case of A-expressions.
If u 1s a variable, then we have five cases. In the first case, u 1s y, and both sides of the equation are
1! ol(T1 ol(T1 ol .. .ot Tl) ...). In the second case, u is a variable y;, 1 < i < m, so both sides are equal to

m times
1holt (1t ot (1t ot .. ot 11)...). In the third case, u is a variable in the domain of p, so both sides are equal

m—1 times

to 11 ol(T1 ol(T1 ol .. .ot Tl) ...), with j > m <+ 1. In the fourth case, u is variable outside the domain of p,

j times

and distinct from x, v, and y;, 1 < i < m, then both sides are equal to Qu o? (Tl ol(T1 ol .. .ot Tl) ...). In

n+m-41 times
the fifth and final case, u is x; but this 1s impossible since # was assumed not to be free in u.

If u is a A-abstraction Az - ', then by induction hypothesis (u’[a:/y])‘(p[x =yt Yy
n+myz—n+m+1]) = (u’)‘(p[y —nyr = n+ 1. yn = n+m 2= n+ m+ 1]); indeed, by the
variable naming convention z # x, so that « is not free in w’. The claim follows.

All other cases are trivial uses of the induction hypothesis on the subterms. O

Lemma 3.5 Ifu and v are a-convertible AevQ-terms, then u'p = v*p for every environment p.

Proof: By structural induction on w (or equivalently, v). The only difficult case is when v = Az - «’; then
v=Ay-v'. If x = y, then u’ is a-convertible to v', so we can apply the induction hypothesis: u"(p[x —nl]) =
i (p[z — n]), where n is the cardinality of p. If & # y, then x is not free in v/ (otherwise, # would be free in v,
hence in u since u and v are a-convertible; this cannot happen, by the variable naming convention) and v' [z /y]

is a-convertible to u’, so again we apply the induction hypothesis: 't (plx — n]) = (v’[a:/y])‘ (p[z — n]), where
n is the cardinality of p. By Lemma 3.4, and since z is not free in ¢, (v’[a:/y])‘(p[x —n]) = v"(p[y — n)).
In both cases, Al(u"(p[a: —nl)) = Al(v"(p[y — n])), i.e., (Az - u’)‘p =(Ay- v’)‘p. a

19



Lemma 3.6 Let u be a AevQ-term, with free variables x1, ..., T, and let &, ..., z!, be pairwise distinct
variables. Then:

(i) fv(u'l]) = fv(u);
(i) (WDat/er, .l fem] = (el /o, ah f2m]) ]
Proof: We prove by structural induction on u the more general result (¢'):

fV(u‘[yl =0, .y n—1]) =) \ {vi,..., 9}

and (id'):
(ulyr = 0,...,yn —n —‘1])[35/1/351, cen @l ]
= (u[zy/ ey, .. 2l /em]) 1 — 0, . yp = —1]
where x1, ..., Tm, Y1, ..., Yo are pairwise distinct and contain all the free variables of u.
If u is a variable, then either u is one of the y;’s, 1 < ¢ < n, so that u‘[y1 =0, .y, — n—1]1is

ol (ol (1t of .. ot 1) ..)), which is closed (so (') follows); since y;[#) /1, ..., &, /€m] = yi, (i) holds,

n—1i times
too. If u is not one of the y;’s, the only free variable in u'[y; — 0,...,y, — n — 1] is u itself, which is not
an y;, so (') holds; then, v must be some z;, 1 < i < m, so:

(ulyr = 0,...,yn = n—1D[2)/21,..., 20, /Tm]

1,
= Qlaiot (th ot (Pt ot ot Y )@ fae, &l ]

n times

= le;»ol(Tl ol(T1 of .. .ot Tl) oY)

n times

= QU il far, .l faa]) o (1 O (1 ol Lol 4T) L)

n times

= (xi[x’l/xl,...,x;n/l‘m])‘[;lh =0,y —n—1]

so (i) follows.

If w is a A-abstraction Az - o/, then by induction hypothesis, part (¢), fv(u"[yl =0, yp—n—12—
n]) = fv(«') \ {y1,..-,Yn, 2}. But the former is just fv(u‘[y; = 0,...,yn = n — 1], and the latter is just
fv(u) \ {91, ., yn}, so that () follows. Similarly, by induction hypothesis, part (), (i7’) follows.

All other cases are trivial uses of the induction hypothesis. O

Lemma 3.7 Lel u be a Aga-term with free variables ©1, ..., ¥y, and let @Y, ..., zl, be pairwise distinct
variables. Then:

(i) tv(G(u)) = fv(u);
(ii) Gu)[zy /1, ..., xh/em] = Glu[z) /e, ... 2L, [2m]).
Proof: By structural induction on u, using Lemma 3.6 when u is a box term. O
Lemma 3.8 Ifu and v are a-convertible Agq-terms, then G(u) and G(v) are a-convertible.
Proof: By structural induction on u (resp. v). The only difficult cases are:
e When u is an abstraction Az - u’; then v = Ay - v/, and v’ and v'[z/y] are a-convertible. By induction

hypothesis, G(v') and G(v'[x/y]) are a-convertible, hence G(u) = Az - G(u') and G(v) = Ay - G(v') =
Ay - G(v'[x/y])[y/ =] are a-convertible. Indeed, G(v') = G(v'[x/y])[y/x] follows from Lemma 3.7 (éi).
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e When u is a box term:

box u’ with uy,...,u, for z1,..., 2,
Then:
v = box v/ with vi,...,v, for yi,...,¥n
where wu; and v; are a-convertible for every i, 1 < i < n, and v’ and v'[e1/y1,..., 20/ ys] are a-

convertible. By induction hypothesis, G(v') and G(v'[z1/y1,...,2n/yn]) are a-convertible, hence

(G(u’))‘[] = (G(V'[z1/v1, - - ,xn/yn]))‘[] by Lemma 3.5. By induction hypothesis again, G(u;) and
G (v;) are a-convertible for every ¢, 1 < i < n, so G(u) = ((G(u’))‘[])[G(ul)/xl, oo, Glug) f20]
and ((G(v'[z1/y1,- - -, xn/yn]))‘[])[G(vl)/xl, ..., G(up)/xn] are a-convertible.  The latter is, in
turn, a-convertible to (((G(v'[z1/y1,. .., xn/yn]))‘[])[yl/xl, oo n /2 )G ) /v, ..., Gun)/yn]. By
Lemma 3.6 (4¢), this is (G(v'[x1/y1, .., &n/ynllv1/21, - - -, yn/xn]))‘[])[G(vl)/yl, .o, G(un)/yn]. Be-
cause of the variable naming convention, for each ¢, 1 <7 < n, either x; = 3; or x; is not free in v’, so
that the latter is exactly v.

O

Theorem 3.9 (~) Let v and v be two Agy-terms (not classes modulo ~-equivalence). If u ~ v, then G(u)
and G(v) are a-convertible.

Proof: Recall that ~ is the smallest congruence containing o and the commuting conversion. We prove the
claim by induction on the length of a proof of u ~ v using the axioms of reflexivity, symmetry, transitivity and
congruence (stability by context application) for ~, and the rules of a-conversion and commuting conversion.

If w = v (reflexivity), the claim is obvious.

If «w ~ v because we have a shorter proof of v ~ u (symmetry), this is again obvious.

If u ~ v follows from shorter proofs of u ~ w and w ~ v for some term w (transitivity), this is again
obvious.

If uw ~ v follows from a congruence argument, i.e. for example if u = wjus, v = vivy and we have
shorter proofs of u; ~ vy and us ~ wvs, then this is obvious, except in the case where u and v are quo-
tations. Then, v = box u’ with uy,...,u, for z;,...,x,, v = box v’ with v,...,v, for z1,...,z,, and we
have strictly shorter proofs of w' ~ v, uy ~ vy, ..., u, ~ v,. By induction hypothesis, G(u’) and
G(v') are a-equivalent. By Lemma 3.5, (G(u))[] = (G(")[], so (G() DG (w1)/z1, ..., C(un)/2s]
and ((G(v’))‘[])[G(vl)/xl, ..., G(vp)/xy] are a-convertible, by using the induction hypothesis n times. The
result follows.

If w ~ v because u and v are a-convertible, then by Lemma 3.8, G(u) and G(v) are a-convertible.

Finally, if u ~ v comes from the fact that
u = box v’ with uy,...,u, for z1,..., 2,

and
v = box ¢’ with Ur(1)s -5 Un(n) FOr Toqy, oo Ta(n)

for some permutation m, then
[

G(u) = (v DG (1) /21, ..., Glug) /2]
and

G(v) = (¢ DG (wn (1) /En(1)s - - s Gltim )/ Zr ()]

But these two terms are the same, since the substitutions we apply are the same. O

Therefore, the G transformation is well-defined on ~-equivalence classes of Ags-terms. Notice in particular
how the commuting conversion of Ag4 corresponds to the fact that (implicit, usual) substitutions can be
written in any order we wish.

We now resume reasoning modulo equivalences of the various systems: ~-equivalence for Ags, a-
equivalence for Aev(@.

We then show that rules (gc) and (ctract) are interpreted as equalities in Aev(.
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Lemma 3.10 (gc) If z; & fv(u), then:

G (box u with v1,..., v, for zy, ..., 2,)
= G(box w with vy, ..., 051, 041,...,0p fOr 1, ..., Zi_1, &ig1, ..., &pn)

Proof: Trivial consequence of Lemma 3.7. O
Lemma 3.11 (ctract) When v; = v; for some i # j:

G(box u with vi, ... v, ... v5, ..., 0y fOr @, ..., &, 25, ..., &p)
= G(box ulz;/x;] with v, ... v, ... 051,041, ..., 00 fOr @0, . 25, 0 251, 241, ..., n)

Proof: Trivial. O

Although we won’t need the following notions right away (we could be less precise, and use — intead

of l)), we shall need them in Sections 5 and in Part III. In particular, we shall need to identify notions of
residuals of rules in groups (C), (E) or (F). To do this, we enrich our language with operators ev’ and Q¥,
where the star marks the residual. We let (C%), (E£) be the set of rules obtained from (C) (at level exactly ¢)
and (E) (at levels ¢ exactly, and £, for all £ > £) by replacing textually all occurrences of “ev®” by “evt” (for
instance, the rules (evfev®) for all £ > ¢ become rules (eviev®: evi(evFuv)w — ev®~!(eviuw)(evivw)).
We let (F%) be the set of rules obtained from (F) (at levels ¢ exactly, and £, for all £ > ¢) by replacing
textually all occurrences of “Q*” by “Q.” (for instance, the rules (Q°Q*) for all £ > ¢ become rules (QQ*):
QYUQ*tu) — Q*(QLu)). In practice, we will adopt the convention that the star is a mere decoration of
certain occurrences of ev’ or of Q*.

Definition 3.3 (oy, ¢, 3) For every £ > 1, let oy be the set of all rules in group (B) at level £ except (3°),

plus all rules in group (D) at levels £ and L for all integers L > £. Let 245 be the associated reduction
relation, =5+ its transitive closure and =5* its reflexive transitive closure.

[ [
Let ¢, be the set of rules in group (FC). Let — be the associated reduction relation, —% its transitive
closure, and —* its reflexive transitive closure.
Let sy be the set of:

e all rules in group (C%),
e all rules in group (EL),
o if =1, then rules (1), (1) and (o),
o if { > 1, then all rules of o,_1 and rule (o*).
Let =% be the associated rewrite relation, 4+ ts transitive closure and —5* its reflexive transitive closure.

We have the expected fact that ev' operates as a left inverse to _*. This will be used to show that rule
(unbox ) can be simulated in Aev().

Theorem 3.12 (Evaluation) Let p,, be the environment [x1 v+ 0,29 1,... 2, = n—1], and u, wog, wy,
.o, Wy be n 4 2 AevQ-terms.
Then:
evl(u‘pn)(wn o (wy_1e...0(wewy)...)) —T ulwy/zy,wa/za,. .. wy/zn]

More precisely:
evi(u‘pn)(wn o (wp_1e...0(w; ewp).. .))’%"’u[wl/xl, wa /T, ..., Wwafa,]

Proof: By structural induction on wu, using the definition by structural recursion of u‘p,, .

Most cases are boring, and merely propagate the induction from the subterms to the term. We examine
the cases of variables, of A-abstractions and of A*-abstractions, which are the most interesting. Let w' be the
stack w; ® (w;_1 e ... e (wy e wp)...), and let o; be the substitution [wy /21, ..., w;/x].
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If u is a variable x other than the z;’s, then z‘p, = Q'z. By rule (ev.Q'), ev}ﬁ(x‘pn)ml)x = uoy,.
If u is one of the x;’s, then J:an =1t (ot (1t ol Lot )LL), so

n—1i times

[ _
ev..(x;pn) 0" -
“Lrevil! (evi ! (.. evi 1 w™)..)) by (eviol) n —i times

n—1i times
B tTG..tuw)..) by (ev.1') once and (ev, 1) n — i times
——

n—1i times

51 (.t W) ) by (1)
N—_——’
n—i—1 times

51 (P (1w ) by (1)
N—_——

n—i—2 times

“Hlwd
L, by (1)
= uo,

If u is Az,q1 - v, then evl(u’p,)w™ is evi (A (v pni1))w™, where ppi1 = puf[zny1 — n]. This rewrites
by rule (evi\!) to Az - evi(v'p,ii)(z ® w?). By induction hypothesis, this rewrites in at least one step to
Aw - vfwr /ey, wn /B, &) Tg], Le. uoy,.

If wis Afw, £ > 1, then u'p, = A*HL(v'p,). Then evl(u'p,)w™ rewrites to A‘(evi(v‘p,)w™) by rule
(evIX“h) then to A (vay,), i.e. uoy,, by induction hypothesis.

All other cases work in exactly the same way as the latter. O

Lemma 3.13 For any Asyq-terms u, vi,..., vy, we have:
Gulvi/z1, ... vp/en]) = Gu)[G(v)/G(x1), ..., G(vy) /G (2n)]

Proof: By structural induction on u. This is clear for variables, and for all cases but box terms. If

u = box u’ with wy, ..., wn for y1, ..., ym, this follows by the induction hypothesis on w1, ..., wy,, because
oy . . [

by definition no #; can be free in ', nor in G(«') [| by Lemmas 3.7 and 3.6. O

Corollary 3.14 (unbox ) For any Asa-terms u, vi,. .., v,, we have:
G(unbox (box u with vy,..., v, for z1,...,2,)) —1 G(u[vi/z1, ..., vn/2,])
Proof:
G(unbox (box w with vy,... v, for @1,...,2,))

= evl((G(u)‘[])[G(vl)/xl, oo Glup)/2a])() by definition

Now, by Theorem 3.12, and erasing all star marks, evl(G(u)‘ () reduces to G(u). By induction on the length
[

of the latter derivation, (ev!(G(u) [[)())[G(v1)/z1, ..., G(vs)/2n] reduces to G(u)[G(v1)/z1, ..., G(vn) /).
By Lemma 3.13, the latter is exactly G(uf[vi/@1, ..., v0/2,]). O

Before we prove Theorem 3.18 (below), we first have to prove a few technical lemmas:
Lemma 3.15 For every p € IN, for every term w, we let ﬂzp(w) be w ifp =0, and (ﬂzp_l(w)) otherwise.
Then:

y2

(i) for every n € IN, for every term w, pop, o w —* pop,,;‘w; (using only rules (ido%) and (o*))

(i2) for everyn,p € IN, for every term w, pop, ., £ ﬂzp(w) —" pop,,;* (w[popp]z); (using only rules (1),
(t1h o) and (o))
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(#éi) for every m,n,p € IN, popn_l_p;Z ﬂzp(popfn) — popfn_l_n_l_p ; (using only rules (11°), (11 o%), (ido*) and

()

(iv) for every n,p € IN, with n < p, for every term w, pop,; ﬂzp(w) —* ﬂzp_n(w)[popn]z; (using only

rules (t11), (T of) and (%))

(v) for every n,p € IN, with n < p, for every term w, get,,;* ﬂzp(w) —* get®. (using only rules (1%),
(M of), (11°) and (o))
Proof:
(i) If n = 0, then this follows by using (ido®). If n > 1, this follows by applying rule (of) n — 1 times.
(#4) Tf p = 0, then the left-hand side equals the right-hand side. If p # 0, then:

pop,, i 1 (w)
=1t (1ot (1 (M (w))) )
n+p times
— 1o o (T (w)of 1) ) by (1)
n+p—1 times
o1 o (1 (T (w) of (10 1)) ) by (1)
n+p—2 times
—t ot (ot (1t oz(ﬂw—g(w) of pop§)) .. ) by (11 of), (of) twice

n+p—3 times

;>+ L (L ot L (1 ot (w of popf,)) ) by (11 %), (of) p— 1 times
n times

= pop,,;* (wlpop,]¢)

where the steps that use (11} of) are skipped if p = 1.

(#4d) By (i), popn_l_p;Z ﬂzp(popfn) —* pop,,;* (popt, of popf,). By (i), this reduces to pop,,;* (pop,,;’ popf,),
which is exactly popfn_l_n_l_p.

(iv) If n = 0, then the left-hand side is equal to the right-hand side. If n > 1, then:

pop,,;* 1" (w)
=1t (1ot (1 (1 (w))) )
n times
s (1 o (1 (1 (ot 19)) . ) by (111)
n—1 times

o (4 of (1 ot (1 T ) of (6 0 14))) ) by (Thhef), (o)

n—2 times
—t (ot (1 oz(ﬂzp_g(w) of popf)) .. .) by (11 of), (of) twice

n—3 times

L 177" (w) of pop, by (T o), (of) n — 1 times
= 17" (w)[pop,,]*

where the steps that use (1) of) are skipped if n = 1.

(v) get,;’ ﬂzp(w) = 1¢ o (pop,,;* ﬂzp(w)) reduces to 1 of (ﬂzp_n(w)[popn]z) by (iv). If n = 0, this reduces
to 1¢ = getf by (1 ). If n > 1, this reduces to 1¢ of pop’ = get’ by (1 1} of).
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O

Definition 3.4 (X) Let X be the set of all rules but (8), (3%), £ > 1, =5 be the associated reduction relation,
=5+ ts transitive closure and —=* its reflexive transitive closure.

Lemma 3.16 Let v be a Aev@-term, m € IN, and p be an environment of cardinality n. Then, for any

variables y1, ..., ym outside the domain of p and not free in v:
(0" p)[pop ] 2 F 0" (plyr > 1,y = m — 1))

Proof: The claim is obvious when m = 0. Otherwise, we prove it by structural induction on v. In fact, we
prove the following more general statement (this is necessary because of A-abstractions, see later), that for
any m > 1 and for any p € IN:

v;(pxlb—>n,...,xpb—>n—|—p—1])olﬂ1p(pop}n)
St pln =,y ntm =Lz n+m,.. 2, = n+m+p—1])
for every p € IN and every variables z1, ..., z,, where no y; is free in v.

If v is at level £/, £ > 1, then we use the rules in Group (D) with £ =1, £ =L 4+ 1 (resp. L =L'+2
if v is of the form ev® *1v/w’; recall that since v is at level £, its quoted version is at level £/ + 1); then,
we apply the induction hypothesis straightforwardly. For example, if v = /\ﬁlw, then v* (p[zy —n, ..., Ty
n+p—1]) = /\£I+1(w‘(p[x1 =,z n+p—1])),so v (plrr =0, . 2, =+ p—1]) 0! M (popl,)
rewrites by rule (/\ﬁl‘Hol) to /\£I+1(w‘(p[x1 o, ..oy =+ p—1])o! ¥ (popl,)), which rewrites by
induction hypothesis to /\£I+1(w‘(p[y1 PN, Ym e nt+m =Lz n+m,... 2 > n+m+p—1])),
ie. v (plyi = ny o Ym = nt+m =1Lz nt+m,.. .z, n+m+p—1])).

If v is at level 0, we have several cases:

1 2

e If v is of the form ev!v/w’, then we use rule (ev?o!) and apply the induction hypothesis.

e If v is a variable inside the domain of p, say p(v) =4, with 0 <4 < n — 1, then v*(p[x1 = n, ..., zp =
n—+p—1])is getrll_l_p_i_l, that is, 1 o' POP}L+p—i—1~ Then:

vpler = n, .y o +p—1]) ol t** (pop;,,)
= (11 ot poprlH_p_i_l) ol ﬂl (poprln)

—511 ol (popy 4,1 o' 1 (popy)) by (o!)
2Lttt o! POPyy tptn—i 1 by Lemma 3.15 (44¢)

:getrln+p+n—i—1
=v'(plp—=n,.. o ym—mnt+m—lLzi—=n+m... 2= n+m+p—1])

e If v i1s a variable outside the domain of p and other than the z;’s, then it is also a variable x other

than any y;, since y; is not free in v. Then, v‘(p[z1 = n,...,2, = n+ p —1]) is Q'z. Therefore
v (plrr = n, .2y = n 4 p—1]) o 117 (popl,) reduces to @'z by rule (Qol), and the latter equals
v (plyi =0, Ym = nt+m—1, 21 n+m, ..., r, = n+m+p—1]) by definition.

e If v is one of the ;’s, 1 < i < p, then v*(p[x1 = n,...,2, = n+p—1]) = getzl)_i, so v (plzy

n,...,zp = n+p—1])o 1" (popl ) rewrites by rule (o!) and Lemma 3.15 (4) to getp_i;1 17 (popl.), then
by Lemma 3.15 (v) to getzl)_i. The latter is equal by definition to v* (p[y1 = n,. .., ym = n+m—1,2; —
n+m,...,zp > n+m+p-—1]).

o If vis (), then v*(plxy — n,...,2p = n+p—1])is popzl,. By Lemma 3.15 (ii4), v* (p[x1 = n, ..., 2p —
n+p—1]) olﬂlp(pOp}n)LﬁpOp}n_l_p, and the latter is precisely v*(p[y1 = n, .. ., Ym > n+m—1,2; —
n+m,...,zp > n+m+p-—1]).

e If v is of the form ww, then (uw)‘(p[xl = on, ..z, = o+ p— 1]) o 1 (popl) is ((u'(plz1 —
n, ...z, = n+p—1))) % (w'(plzr = n,...,zp = n+p—1]))) or ¥ (popl,), which rewrites to
(u'(plz1 = n,... .2, = nt+p—1])ot M (popl, )+ (w* (p[z1 — n, .. ., zp > n+p—1])o! M (popl,)) by
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rule (%), hence to (v’ (plyr = n, ..., Ym = ntm—1,21 = n+m, ..., 2, = n+m+p—1]))*" (w (ply; —
N, Ym = nt+m—1lz—n+m.. . 2z, — n+m+p—1])) by induction hypothesis, that is to
v(plyi =0, Ymntm =1Lz n+m,. .z, n+m+p—1]).

If v is 1 u, lu, or u & v, the argument is similar: we use rule (o!) in the first two cases, and rule (o')
in the third case.

o If visof the form Az -u, then v* (p[zy = n, ..., 2, = nt+p—1])o  11¥ (popl,) is AL (u' (p[xy = n, ..., z,
n+p— 1z n+p])) ol #¥(popl,), which rewrites to A} (u'(p[z1 = n,...,2p = n+p— 1,z
n—i—p]))olﬂlp“(pop}n) by rule (A1), therefore to A (u' (plyr = 7, ..., ym = ntm—1,21 = n, ... 2, —
n+p— 1,z — n+p])) by induction hypothesis, that is to v (p[y1 = 1, ..., Ym = n+m — 1,2
n+1l,... 2, —n+pl).

O

Lemma 3.17 For every environment p of cardinality n, for every terms u and v, for every variable x outside
the domain of p: .
[ [ . [
(u*(pla v ) 0! (v p " id") 25" (ufv/a]) p

Proof: Because of the way that A-abstractions are quoted, we shall prove a more general result, namely
that for every integer m > 0, for every variables y1, ..., y, outside the domain of p and not free in v, and
for every variable z outside the domain of p:

(W plt = ny—=n+1,...  yn—=nt+ml)) o f7 (v pe! idl)
i>*(u[v/ar:])‘(p[yl PN, Ym 2t m—1])

We prove this by structural induction on u.

All cases except the one where u is a variable or a A-abstraction are trivial, and simply propagate the
induction hypothesis inwards, using the rules in group (B) (except (3°)) and in group (D) to propagate the
composition inwards.

The case of a A-abstraction works as follows. Let u be Ay-w, then u*(p[z + n,y1 = n+1,. .. ym = n+m])
is Mw'(plr=ny=ntl . yn—=nt+tmy=ntm+1]),so (u(plt = nyr = n+ 1. yn —
n 4+ m))) or 17 (v'p e! id') rewrites to A ((w'(plr = nyy = nF 1 Ym = 0+ my = 04+ m+
1])) ot ﬂlmH(v‘p ol idl)) by rule (A!). By induction hypothesis, the latter rewrites to Al((w[v/x])‘(p[yl —
N,...,Ym = n+m— 1,y — n+ml)), since by our naming conventions y is not free in v. And the latter is
precisely (u[v/x])‘(p[yl =N, Y, 2+ m— 1))

When u is a variable, we have four cases:

e When u is a variable other than z, yi, ..., Ym, and outside the domain of p, u'(p[z — n,y1
nA4 1, ym = n4+m))is Qlu, so u(plr = nyyr = n 1 ym = 0+ m]) ot 7 (v p ! idl)
rewrites by (Qo!) to Qu. But the latter is precisely (u[v/x])‘(p[yl =N, Ym = 0+ omo— 1]), since
u is a variable other than z (so that u[v/z] = u) and u is a variable other than y1, ..., ¥m.

e When u is in the domain of p, then u'(p[z — n,y1 = n+1,...,yn = n+ m]) is get}n_l_l_l_j, with
§ > 0. Then, u'(plx = n,y0 = n+1,... ym — n+m]) o 1™ (v'p o idl) rewrites by (o!) and
Lemma 3.15 (i) to 1! o! (p°pm+1+j31 M7 (v* p ot id")), hence to 11 o? (P°P1+j31 (v'p o' id")[pop,,]")) by
Lemma 3.15 (i7). Then, this rewrites to 1 o! (P°P1+j§1 (v* plpop,,]* o' pop,)), by rule (e!) if m > 1 (if
m = 0, this is equal to this term). By rule (11), this rewrites to 1' o! (popj;1 pop:.), and this is equal
to get}

this is precisely (u[v/x])‘(p[yl =N, Y, 2+ m— 1))

+m i m > 1, or rewrites to it by (oidl) if m = 0. But, since u is a variable that cannot be z,

e When uis y;, 1 <i < m, then u'(p[z = n,y1 = n+1,...,ym = n+m]) is get} with j < m. Then,
wple = nyr = n+1,. . ym = n+m]) ot 17 (v p o id") rewrites by (o) and Lemma 3.15 (4)
to getj;lﬂlm(v‘p ol idl), then by Lemma 3.15 (v) to get}, that is, to (u[v/x])‘(p[yl N, Y
n—+m — 1]). (Recall that « = y; is a variable other that z.)
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e When u is z, by the same argument, u‘(p[z — n,y; = n+1,... ym = n +m]) o' ﬂlm(v‘p ol idl) =
get! of 117 (v°p o' id") rewrites to 1 o (pop,,; 1t (v'p o id")) by (o!) and Lemma 3.15 (i). The
latter rewrites to 11 o! (v'p ! id)[pop,,]" by Lemma 3.15 (ii). The latter is (when m = 0), or rewrites
by (') (when m > 1) to 1! o! (v'p[pop,,]' ' popl,), which rewrites by (1) to v*p[pop,,]'. Finally,
the latter rewrites to v*(p[y1 + n, ..., ym = n + m — 1]) by Lemma 3.16, that is to (u[v/x])‘(p[yl —
Ny Ym = n+m—1]).

The following says that reduction works (more precisely, can be simulated) under quotations. To handle

residual marks, we adopt the convention that (evﬁuv)‘p = evit(u'p)(vp), and (Qﬁu)‘p = QU (u'p).

Theorem 3.18 (Reduction Under Quote) Let R be either the set of all AevQ-rules, or X, or oy, or ¢,
or s¢ (for some given £ > 1). Let R® be the set of all \evQ-rules, or X, or opyq, OF 415 OT 241 respectively.

For all AevQ-terms u and v (possibly with star marks), if u—)v then u p—)"’v p for all environments

p- . . R 3 RS ¢
In particular, if u—="v, then u’ p—*v p.

Proof: The latter claim follows from the former by induction on the length of the R derivation from u to
v. We now prove the former claim by structural induction on w. The base case is when u is itself the redex,
and the induction case is by case analysis on u.

The induction case is mostly trivial: we deal with applications, as all other cases are similar. If u is
not the redex that is reduced to v and u is an application u’u’, then v = v'v”, where either v’ = v’ and
u’ — v or ' — v and v’ = v”. Then u'p = (u"p) *1 (u”‘p), which rewrites by induction hypothesis to
(v p) # (v p) = u'p.

We now turn to the base case, namely when u is itself the redex that is reduced to yield v. If the rule
that was used is anything but (8) or (evA!) (or (ev.Al)), then we can draw the more precise conclusion that
u‘p — v'p (in one step). The correspondence between the rule R used to rewrite u into v and the rule R’
used to rewrite u‘p into v'p is as follows: if R = (1), then R* = (11); if R = (1), then R* = (1'); if Ris a
rule in groups (B), (C) (except for (evAl)) at level £, then R‘ is the same rule at level £ + 1 (it is a bit less
obvious for rules (ev 1), (ev1?), (lev 1Y) and (1 ev f)); if R is a rule in groups (D), (E) or (F) at levels ¢
and £, 1 < ¢ < L, then R is the same rule at levels £+ 1 and £ + 1.

If u is a (3)-redex that reduces to v (this applies only to the case where R is the set of all rules), then
u = (Az-u)u" and v = v'[v’/z], and u'p = (Al(u"(p[x = n]))) #t (u”‘p). The latter rewrites by (8!) to
(u ‘( [z + n])) o! (u”‘p o' id"), which rewrites by Lemma 3.17 to (u’[u”/x])‘p, that is, v*p.

The last case is when u is an (evA!)-redex (or (ev*/\l) redex: this applies when R is the set of all rules or

). Let s deal with the (ev*/\l) case, the (evAl) case is similar. Then u = ev (/\1 Nw, v = /\x evlu’(x o w),
and u'p = ev*(/\z(u p))(wp). ThlS rewrites by rule (eviA?) to A!(ev? ((u p) 1) (11 o' wpo! 11)). But,
by Lemma 3.16 (with m = 1), (v ) 11 reduces to u ‘(p[x + n]) and (w*p)ol 1 reduces to w*(p[z — n]),
so that u‘p reduces to Al(evz(u"(p[x = n])) (11 o! w'(p[x > n]))), i.e. to v'p. O

Corollary 3.19 Let R and R* be as in Theorem 3.18.
Let U and v be arbztmr%{\er terms (possibly with star marks), and o be an arbitrary substitution.
If u27, then (u‘[])o——*(v[])o.

Proof: Apply Theorem 3.18 with p = []. Then, notice that if u; A*uz, then ulo'if‘uza, by induction on
the length of the derivation. (The only non-trivial case is for (§) steps, which are handled by the variable
naming convention.) O

For the next results, we need the following notion, which is independent of being typable. Recall that we
have adopted Barendregt’s naming convention. We ignore star marks in this definition: more precisely, this
definition considers the star-erasures of terms.

Definition 3.5 (Well-staged) We define the in-level {(u) of non-variable AevQ-terms u as follows:
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o The in-level of Ax - u, uv, (), T u, lu, ve v is 0.
o The in-level of Xu, u v, 1%, 1°, u o' v, idz, wolw, Nt u, £>1, is (.
o The in-level of evtuv or of Qtu, £ > 1, is { — 1.

We define the immediate subterms of any non-variable term as: u and v are those of uv, v e v, u " v,
u o' v, uolv, or evluv; u is the only immediate subterm of Az - u, T u, lu, Xu, #* u, or Q'u; dall other
terms have no immediate subterm.

We say that a Aev@Q-term u is well-staged if and only if for every non-variable subterm v of u, for every

immediate subterm v’ of v, the out-level of v' is at least the in-level of v, i.e. L(v') > £(v).
This definition is justified by the following lemmas:

Lemma 3.20 Let u be a term at level £, £ > 0, and p be an environment.
Then u'p is at level £ 4 1.

Proof: An easy case analysis on the definition of _* in Figure 2. O

Lemma 3.21 Let u be a well-staged term, vy, ..., v, be n well-staged terms, and x1, ..., x, be pairwise
distinct variables.
For every environment p, (u'p)[vi/x1,. .., vn/x,] is well-staged.

Proof: By structural induction on u, using Lemma 3.20. The only non-trivial cases are when u is a variable,
or a A-abstraction.

If u is a variable in the domain of p, then (u‘p)[vi/z1,...,vn/®,] is get! for some integer i, which is
well-staged. If u is a variable outside the domain of p, and is not one of the z;’s, then (u‘p)[v1/z1, ..., vn/%s]
is Q'u, which is well-staged (the condition on @Q'u, that u be at level at least 0, is vacuously satisfied).
Finally, if u is 2; for some i, 1 < i < n, and is outside the domain of p, then (u‘p)[vi/z1,...,va/zn] is Q v;,
which is again well-staged, because v; is well-staged (and at level at least 0).

If u is a A-abstraction Az - v, then u‘p = A (v*(p[z = n])), where n is the cardinality of p. Now, since u
is well-staged, v is also well-staged and by induction hypothesis v*(p[z + n]) is well-staged. Moreover, it is
at level at least 1 by Lemma 3.20, so u’p is also well-staged.

All other cases are trivial. For example, if « = A*v, then by well-stagedness of u, v is well-staged and at
level at least £. Now, u‘p = M*1(v'p), where v°p is well-staged by induction hypothesis, and at level at least
¢+ 1 by Lemma 3.20, so that u‘p is well-staged. O

Finally:
Lemma 3.22 FEvery translation of a Aga-term by the rules of Figure 2 is well-staged.

Proof: By structural induction on the Ags-term, using Lemma 3.21 for the case of quotations, i.e. terms of
the form box u with vy, ..., v, for xy,...,2,. O

Not all typable terms are well-staged: for example, @z is not well-staged, since its in-level is 1, but z is at
level 0; and it is typable of type @4 2 P, 2 P5 2 ®,, as soon as r is assumed of type ®; = P3 2 D,.
(Quoting z twice, on the other hand, yields Q%(Q'z), which is both typable and well-staged.) Conversely,
not all well-staged terms are typable: for example, za is well-staged but not typable.

Moreover, although typability is preserved by the reduction rules, well-stagedness is not, as most rules in
Group (E) produce ill-staged terms. For example, by rule (ev!A?), ev!(A\%u)w reduces to A!(ev!uw), which
is not well-staged.

Before we can prove that Aev@Q can simulate rule (box), we have to define another notion:

Definition 3.6 A levQ-term u is said to be Q1 -pure if and only if, for every subterm of u of the form Qlv,
v 15 a variable.

Lemma 3.23 Let u be any AevQ-term. Then, for every environment p, u'p is Q' -pure.
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Proof: By structural induction on u. All cases are trivial, except when u is a variable 2. Then u’p is either
getl for some integer n, which is Q!-pure; or it is @'z, which is again Q'-pure. O

Lemma 3.24 For any well-staged and Q*-pure AevQ-term u of level at least 1 (and without star marks),
Qtu —t u'[]. .

More precisely, Qlu—=Tu"*[], where u**p is defined as u'p, except in the case where u is a variable ©
outside the domain of p, where we define x**p as Qlz.

Proof: The former result follows from the latter by star erasure. So, let’s prove the latter claim, by
structural induction on wu. .

Most cases are trivial: for example, if u = v o w, £ > 1, then Qlu—2(Qlv) ¢! (Qlw) by rule
(QL o“*1). Since u is well-staged, v and w are well-staged and at level at least ¢, in particular at least
1. M‘oreover, v and w are @Q'-pure. We can therefore apply the induction hypothesis, and conclude that
Qiu—St(v]]) oL (w']]) = (v et w)‘[] = u'[]. The argument is similar for all other cases (except when
u = Qlv, with v at level 0).

[
If u = Q'v, with v at level 0, then v must be a variable since u is Q'-pure. Then, Qlu—-Q*(Qlv) by
rule (QLQ?); but the latter is precisely (le)‘*[]. |

Lemma 3.25 Let u be a AevQ)-term, and p be an environment whose domain does not contain any free
variable of w. Then u'p = u'[], and u**p = u**[].

Proof: By star erasure, it is enough to prove the latter claim.
We prove the more general result that for any such environment p, and for any variables y1, ..., yn
outside the domain of p:

u(plyr =, ym A m = 1) =u [y = 0, Y = m — 1]

where n is the cardinality of p, by structural induction on u.

If u is a variable, then we have two cases. If u is some y;, 1 < i < m, then both sides are get! ..
Otherwise, u is not in the domain of ply1 — n, ..., ym — n 4+ m — 1] (since it is not in the domain of p) or
of [y1 = 0,...,Ym — m — 1], so both sides are Qlu.

If uw is a A-abstraction Az - v, then by induction hypothesis v**(p[y1 = n,...,ym = n+m — 1,z
n+m]) =u*[y1 = 0,...,ym = m— 1,z + m], hence the result. All other cases are trivial induction cases.
O

Lemma 3.26 Let u be a AevQ-term, v be a well-staged and Q' -pure term of level at least 1, x be a variable.
Let p be an environment whose domain does not contain x or any free variable of v.

Then (u*p)[v/a] —* (ulo/z])'p.

More precisely, (u‘*p)[v/x]—1>+(u[v/x])‘*p.

Proof: By structural induction on u.

When u is z, since  is not in the domain of p, u**p = Qlz; so (u'p)[v/x] = QLv rewrites by Lemma 3.24
to v**[]. By Lemma 3.25, the latter is equal to v**p.

When u is another variable, this is trivial. All other cases of the induction are straightforward. Observe
that we need the generality on p in the case of A-abstractions. O

Theorem 3.27 (box) Let u, vy, ..., v, be n+1 Aga-terms, x1, ..., x, be n distinct variables. If for some
1, 1 <i<n, v; 1s of the form box v with w1, ..., wy, for yi, ..., ym, then:

G(box u with vy, ..., v, for z1,... x,)

—5F G (box ulv/z;] with v, .. Vi 1, W, Wi,y Vig 1, oy Un TOF @1, @i 1, YL, - o Yy Tid Ly - s Ty
m Aev(@.
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Proof: Since v; is a box-term, write it box v with wy, ..., wy, for y1, ..., yn. By definition,
G(box u with v1,..., v, for 1, ..., 2,)

equals:
[

(G)) D) [Glw)/zy, ..., Gluimy)/zi-1,
(G(0)) DIG(w1) /1, - -, G(wm) /ym] /2,
G(vig1)/wig1, -, G(vn)/n]
Because of the variable naming convention, this is also equal to:

3

(G)' D) [Gln)/er,. ., Gloimy)/eio1, (GW) I/, Gloisa) [2ir1, - Glon) f2a]
[G(w1)/y1, ..., G(wm)/ym]

that is, to:

3

D [(G@) D ellG)/er, . Gloia)/ioy, Glvisn) [T, - Glon) f2a]
[G(w1)/y1, -, G(wm)/ym]

By Lemmas 3.22 and 3.21, (G(v))‘ [] is well-staged; by Lemma 3.20, it as at level at least 1; by Lemma 3.23,

(G(v))‘[] is @*-pure. So Lemma 3.26 applies with p = [], and G(box u with v1,...,v, for z1,...,z,) reduces
to:

((G(u))

(GG /) D) (Gl far,. .. Gluim) et Clvin) [zis, .., Clvn) f22]
[G(wl)/yla R G(wm)/ym]
which is also equal, because of the variable naming conventions, to:
(GG /D)D) (G o, Cluim) iy,
G(wi)/y1, -, G(wm)/Ym,
Gvigr)/ig1, .., G(vn)/n]

Finally, the result follows by Lemma 3.6. O

A side note: we might have chosen to have typed @Q° in the more restrictive way: Q%u : Y15 1735
D, =1 ®, provided u : Wl-1 =1 D, =1 ®,. Rule (Qoz) would have to be suppressed, and Lemma 3.25 would
not be valid, but all other results (including Lemma 3.26 and Theorem 3.27) would still be. In fact, the
termination and confluence results of the following sections would also hold, and we would get 5-like rules by
adding the rule ev'*t!(Q%u of v)w — u of w to the n-like rules in the sequel. (This is what we did in a first
version of this paper.) However, we feel that our choice here is slightly more natural.

3.3 Simulating Cut Elimination

Similarly to the categories S4 and S4 of Part I, the AevQ-calculus defines a category, provided that we
consider terms with enough type annotations:

Definition 3.7 The set of typed Aev() pre-terms is the set of AevQ)-terms built on typed variables (that is,
variables x. having a unique term type T annotating them), and where subterms of the form 148 id it u
and Q'u are annotated with formulas. We won’t usually show these types, unless confusion might arise; if u
is annotated with formula ®, we shall also write it (u)g.

The typed Aev(@ terms are the typed Aev() pre-terms that are typable when every variable x, ts assumed
of type T, and where every annotated subterm (u)g has type ®.

The category Aev(@Q has as objects all typed Aev@)-terms, and as morphisms all derivations between terms.

That every typed Aev(@-term has a unique type is immediate. It is also clear that typed Aev@-terms are in
bijection with natural deduction proofs in the system of Figure 1, modulo weakenings. What is less clear is the
set of rewrite rules that define derivations between typed terms. Consider for example the untyped rule (1 ¢):

1Yof tf w — 1°. In the typed case, this rule must be written as (1Z)§[Tgm§:n” of (ftt u)ngngg,:n}Txg
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(lz)ngngg,gT. Given the types decorating subterms in the left-hand side, the type decorating the right-
hand side 1s determined uniquely. It is routine to check that, for each rule, given a decoration of subterms of
the left-hand side, there is a unique decoration of subterms of the right-hand side so that the right-hand side
has the same type as the left-hand side. The most complicated case is rule (evA®) with ¢ > 2, which is:

evz(/\zu)w — /\Z_l(evz(u oft-1 (Tz_l)—a_gl_Qlexcz_l:gQ_l)

.Z—l (w Ol—l (Tﬁ—l)

-1
((1 )Cl_2:>7'1><§£—1:‘j>7'1 Cl_2:>7'1><§£—1:‘:‘>§z—1)))

where the type of u is ¢/=1 =7 x
varsigma’ = 7o, and the type of w is ¢¢~1 =
varsigma’ .

Interpreting cut-elimination in S4 inside Aev() means finding a translation of S4 proofs to Aev@-terms,
and another translation from cut-eliminations in S4 (morphisms in S4, resp. ﬁ) to derivations in Aev().
That is, an interpretation of cut-elimination in S4 into Aev@® is a functor from S4 (resp. ﬁ) to the category
Aev(®. As suggested by the theorems of Section 3.2, the (-translation will be this interpretation. It just
remains to prove that types are preserved by G-

Definition 3.8 We let G operate onDtypes in the following way: G(A) = A for every basic type A, G(®; =
<I>2) = G(q)l) = G(q)z), G(D(I)) =T= G(q))

Observe that every G-translated type is a term type. Then:

Theorem 3.28 If | F u : ® is provable in the natural deduction system for S4 (Figure 4, Part I), then
G(, ) F G(u) : G(®) is provable in the natural deduction system of Figure 1.

Proof: By structural induction on the natural deduction proof. The only difficulty is the translation of the
(OZ) rule (that is, of quotations). In this case,

' box w with vq,..., v, for x1,..., 2, : OO0

has been derived from:
xy:0P,.. . 2y 00, Fu:d
and ,'Fv; :00;, 1 <7< m.
By induction hypothesis, we have therefore derived the following sequent:

ry: T 2 G(P1),...,xm: T 2 G(Pp) F G(u) : G(P)

By Theorem 3.3 with n = 0, and since the context , above is boxed, (G(u))‘[] has type T 2 G(®) in context
,yie, FG@Y) T =1 G(®) is derivable in the natural deduction system of Figure 1.

Then, by induction hypothesis again, the sequents G(, ') F G(v;) : T =1 G(®;) have also been derived for
every ¢, 1 < i< m. It follows by substitution that the following sequent is derivable:

G ) F (G DIG @) /21, Glom) /2m]
which is exactly what we were after. O

We need a language for describing derivations, or at least single steps in Ags. For any rule (R) transforming

. . (R) .
a contractum u into a contracted term v, we denote this step by u—3v. In general, for any context C (i.e.
a term with exactly one hole [|; C[s] then denotes this term with the hole filled in with s), we denote by

C[u]c[(—RQ]C[v] the reduction of the redex located at the position of the hole in C.

Theorem 3.29 (Simulation of Cut Elimination) The G-translation induces a functor from S4
(resp. S4) to the category Aev(Q), defined as follows. The action of G on objects is given by Figure 2; the
action of G on morphisms is given by (using a vector notation as abbreviation of lists of terms or variables):

o GOz - o Bufv/2]) = G(Oe - 0)) oG (ulv/2]);

31



b
o if u is an (unbox )-redex whose contractum is v, then G(u(”'ﬁf )v) s given by Corollary 3.14;

o ifu is a (box)-redex whose contractum is v, G(u(@))v) is given by Theorem 3.27;

o if w23 s a morphism in S84 (resp. S4), then

_box 4 with @ for #
—

G (box u with @ for & box v with @ for ¥)

s defined from the morphism G(uiw) by applying Corollary 3.19;

e if w230 is a morphism in S4 (resp. Q), and C s a context of height one, 1i.e. of
the form Az - [], [Jw, w[], unbox [] or box w with wy,... wi—1,[], wit1, ..., w, for xy,... &,, then

G(C[u]@C[v]) = G(C)[G(uiw)], where G(C) s respectively Az - [], [Jw, w[], evk[] () or
(GG (wr) /21, Glwiza) /iy, 1)@, Gwiga)/@iga, -, Glwn)/2q].

Proof: Objects of 84 (resp. S4) are equivalence classes modulo =, so to show that (& is well-defined on
objects of this category, we have to show that if v & v, then G(u) = G(v). This follows from Theorem 3.9
and Lemmas 3.10 and 3.11.

(i is well-defined on morphisms: fix a particular representative for each equivalence class (each object of
S4, resp. S4) by taking their common (gc), (ctract)-normal form, then the definition of G' on morphisms is a
well-founded definition by structural induction on the representatives.

Finally, the definition defines a unique functor G: for each derivation uy — u; — ... = u,, its image by
G is the concatenation of the G-translations of each step from w;—; to u;, 1 < ¢ <n. O

Although G is unique once we have settled for the particular reductions given in Theorems 3.12, 3.27 and
in Corollary 3.19, these reductions are not the only ones that prove the corresponding simulation theorems.
That is, we have the choice between several possible choices for defining G so that it indeed simulates cut-
elimination. This shows that GG 1s not an isomophism of categories. G does not even preserve reductions,
and the best we can show (see Part I11) is that ¢ defines a conservative extension of Agy inside Aev(@, in the
sense that G(u) and G(v) are interconvertible in Aev( if and only if 4 and v are interconvertible in Agg.

4 p-Like Rules
4.1 What 5-Like Rules Are

We finish this Part II by examining other ways of simplifying proofs in minimal S4. One such way consists
in finding n-like rules associated with the modal operators. 75-like rules come into play to represent the
replacement of subproofs (7) ending in tautologous sequents , ,z : ® F « : & by an instance of (Ax), leading
to,,x:®F x:®. This produces rules that rewrite some term u where x may occur free into x itself.

The prominent such rule is the n-rule of the A-calculus: Ay -2y — #, where = and y are distinct variables
(the general case Ay - uy — u, where y is not free in u, follows by applying the substitution [«/z]). This rule
arises from the case when @ is an implication, and the subproof (7) ends in an application of (= L) followed
by an application of (=R).

In the Aev()-calculus, this would mean adding the rules:

(n) Az - uxr — uif ¢ & fv(u)

(A A(u" 1%) — v if vol ¢ 05Oy

for example. The (n\%) rule is inspired by [Ri093] and the work of Thérése Hardin. (We won’t prove anything
here on Aev(@) augmented with this rule; although we conjecture that it holds, subject reduction already is
not trivial.) We might also consider a variant on Briaud’s [Bri95] simpler rule:

(XY X(ust1%) = wot (L of id")
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where Lf is a new constant of sort 7 with the new rule: L% of v — L% and naturally all rules of the
form evf Lfw — 1471, 1% ot w = L% evilw — L5 Pand QLT — L% forevery 1 < ¢ < L. The
interpretation of this 5-rule as a proof simplification step is then lost, however.
Similarly, in the case of (x L) followed by (x R), we get surjective pairing, namely the following rules (for

Aev(@):

(ne) (lu o u) > u

(n %) 1¢ o4t id*

(neof) (1°c’u) e (1* ofu) = u

And in the case of (O L) followed by (OR) (the only case that really matters to us here), we wish to replace
a proof of the form:
(m)

Ly Yy @
(OL) .,z 0P F unbox z : ®
(OR) ,,z:0d8, 'F (unbox a:)‘ -0

where , is a boxed context, by:

(Az) | ,2:00,,'F .00

4.2 The Ag4y-Calculus

To simulate this in Ag4q, we extend it as follows:
Definition 4.1 The Agqg-calculus is the Agq-calculus plus the rule:
(nbox) box unbox x; with vy, ... v, for x1,..., 2, = v
forany 1 <¢<n.
We shall spend the rest of Section 4.2 proving the following:
Theorem 4.1 Just as for the Aga-calculus, we have the following properties for the Agapg-calculus:
e The reduction rules have the Church-Rosser property.
e Subject reduction holds.
o All typed terms are strongly normalizing.

To show that the Agq y-calculus is confluent, we do exactly as for the Aga-calculus in Part I, Definitions 5.1
and 5.2. We define a /\54}I—calculus and a /\54}1*—calculus, which are respectively the Ags’-calculus and the
As4’"-calculus of Part I, plus the (nbox) reduction rule.

Lemma 4.2 Let u and v be two /\54}1*-term5, such that u s well-formed, the weighting of u is decreasing,
and u reduces to v in one step. Then:

(i) v is well-formed.
(ii) Wu) > W(v), and W(u) > W (v) unless the contracted redex is of the form
unbox (box s with t1,... %, for z1,...,2,)
where every z;, 1 < i< n, 1s a proxy variable.

(iii) The weighting of v is decreasing.
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Proof: Asin Part I, Lemma 5.3. Claim (i) is trivial, and claim (iii) is proved by the same argument.

The only thing that changes for claim (ii) is when the contracted redex A; in wu is an (nbox) redex
box unbox z; with #1,...,, for z1,..., z,. Its weight is that of ¢;, plus the sum of the weights of #1, ..., #,,
which is always greater than the weight of the contractum ¢;. O

Theorem 4.3 The notion of reduction in Aga’y is strongly normalizing.
Proof: As for Theorem 5.5 in Part I, using Lemma 4.2 instead of Lemma 5.2, Part I. O
Lemma 4.4 The /\54}I-calculus 1s confluent.

Proof: By Theorem 4.3, it is enough to prove that it is locally confluent. The critical pairs that we have
not already considered in Lemma 5.6, Part I, are as follows:

e Between (unbox ) and (nbox):
unbox (box unbox ; with vy, ..., v, for z1,...,2y)

reduces in one step to (unbox x;)[vi /21, ..., vn/2y] by (unbox ), but also to unbox v; by (nbox). These
two terms are equal.

e Between (box) and (nbox):

box unbox z;
with v1, ..., v5_1, (box u with wy, ..., wy for yi,...,yYm), Vit1, ..., Un
forzi,...,2;,..., 2,

If i # j, then this reduces to v; by (nbox), and to:

box unbox z;
with v, ..., v_1, Wi, ..., Wy, Vj41, - -, Up
for &, ..., %_1, 41, Ym> Tj+1, - - Tn

by (box); but the latter reduces to the former by (nbox).
If ¢ = 7, it reduces to box u with w1, ..., wy, for y1,...,ym by (nbox), and to:

box unbox (u‘)

with v1, .., V1, Wi, ..o, Win, Vi1, - - oy Un
for oy, .., @ic 1, Y1y Yy Tigds -+ oy Ty
by (box). The latter reduces to:
box u with vy, ..., 0,1, W1, ..., W, Vig1, ...,V fOr 1, i1, Y1, o Ymy Tig1y - - o5 Tn

by (unbox ), hence to box u with w1, ..., wy for y1,...,ym by n — 1 applications of (gc), since by the
well-formedness constraints, the free variables of u are among 1, . . ., ¥n. This completes the confluence
diagram.

e Between (box) and (nbox) again:

box u with w1, ..., vi_1, (box unbox y; with w1, ... wy for y1, ..., Ym), vig1, ..., Vn
for wy,...,@s ..., 2y

reduces in one step to:

box uw with vy, ..., vi_1,w;, vig1,..., v, for o, ... 21, %, Tiga, ..., Zp
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by (nbox), or to:

box u[box unbox z with y; for z/x;]  with v, ..., vi_1, W1, ..., W, Vig1,..., U
for i, ..., @1, Y1,y Ym, Tit1, -+, Tn

by (box).
But the latter reduces by (nbox) to:

box uly;/a;] with v, ..., Vi1, W1, ., Wi,y Vi1, -, U TOF 0,00 821, Y1, o, Y, Zigd, - - -y B
then by m — 1 applications of (gc) to:
box uly;/a;] with v1, ..., vi_1, w5, vig1, ..., v for @1, ..., @is1, Y5, Tig1, ..., T

since y1, ..., Yj—1, Yj+1, - -, Ym are not free in ufy;/x;]. This closes the confluence diagram, using
a-renaming.

Between (nbox) and (ge):
box unbox x; with vy,...,v, for x1,..., 2,

reduces in one step either to v; by (nbox), or to:

box unbox x; with vy, ..., v;_1,Vj41,..., v, forxe, ..., 251, 2541, ..., Zp
by (gc), where j # 4. The latter then reduces to v; again, by (nbox).
Between (nbox) and (ctract). If j # k and v; = vy, then:

box unbox x; with ... v, ..., v5, ... vk, .. for ... @, ®y, B,

reduces in one step to v; by (nbox).

If ¢ # k, then it also reduces in one step to:
box unbox x; with ... v, ... v, ..., . for oo E o Xy,

by (ctract), which reduces to v; by (nbox).

If i = k, then it reduces instead to:
box unbox x; with ... v, ... v, .., for oo, Xy,

by (ctract). This reduces to v; by (nbox). But by assumption v; = vg, and because 1 = k, v; = v;.
Again, the confluence diagram closes.

Theorem 4.5 The Agqp-calculus is confluent.

Proof: As for Theorem 5.7, Part I, using Theorem 4.3 instead of Theorem 5.5, Part I, and Lemma 4.4
instead of Lemma 5.6, Part 1. O

Theorem 4.6 Subject reduction holds in Agap .

Proof: Compared with Theorem 5.8, Part I, we only have to check it for rule (ybox). But again, this is a
trivial consequence of the identification of proofs and typed terms. O

Theorem 4.7 All typed Asyqg-terms are strongly normalizing.
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(H) (1 <0):

nevt) eviT(Qu)w — uotw

(
(77 ﬂZ) ﬂz w— 1Z o (woz TZ)
(ne) (lu o u) > u

(n %) 1¢ o4t id*

(neof) (1°c’u) e (1* ofu) = u

Figure 9: Modal 5-like reduction rules

Proof: As in Theorem 5.9, Part I, define the following erasing transformation by structural induction on

the terms:
D(box u with vy, ... v, for z1,...,2n)=D(u)[D(v1)/x1, ..., D(vn) /2]
D(unbox u)=D(u)

and D does nothing on other constructions. Define also the erasing transformation D(®) on formulas &, by
erasing all boxes O, and similarly on contexts | .

Now, let u; — us — ... —> u; —> ... be a reduction starting from the well-typed Ags-term u;. Then
D(uy)—D(us)—>...—D(u;)—> ... in the simply-typed A-calculus, where — is the reflexive closure of
reduction in this calculus; again, every contraction by (3) translates by D into a contraction by the same
rule, and if u; — ;41 by some other rule, then D(w;) = D(t;41).

The theorem then follows by strong normalization of the simply-typed A-calculus and Theorem 4.3. O

4.3 The levQy-Calculus

Similarly, we can extend the AevQ-calculus with modal n-like rules. Translating rule (nbox) above, we see
that we wish to have a new rule evz(Qlu)id1 — u. To ensure that reduction under quotes still works, we
have to generalize this to evZ‘H(QZu)idZ — u for every £ > 1.

We now find a few critical pairs. First, evZ‘H(QZu)idZ of v must reduce to u of v by the above, but it also
reduces to evt1(Qu)v by (evitlof), (Qof) and (ido*). So we add the following rule:

ev' T (Q u)w = u ol w

In turn, this rule generates new critical pairs. In particular, evz+1(QZ(/\ZidZ))w reduces to A(}* w) by the

latter rule, and rules (AY) and (ido®); it also reduces to A*(1¢ o (wo® %)) by (QA+1), (evAft!), the new

rule and (ido*). This suggests the rule {* w — 1¢ of (wot 1f). This, in turn, forces us to have surjective

pairing: for instance, f}¢ id" reduces to id* (by (1t idz)) and to 1° #/4¢ (by the new rule on ¢ and (ido?)).
Therefore:

Definition 4.2 We define the AevQy-calculus by the reduction rules of the AevQ-calculus (Figures 3 and 4),
plus group (H) (Figure 9).

The rules of group (H) will pose several technical problems. First, the termination of the rules of the Aev@ z-
calculus except () and (%) is not at all obvious. Because of rule (1 %), the Aev() y-calculus is not a variation
on the Aoy-calculus any longer, but rather on the Ao-calculus. The rules in group (B) except (%), plus the
rules in group (H) except (nev’), with ¢ fixed, already form a group of rules that propagate substitutions
downward in the Ao-calculus; that they terminate is already a difficult result. (For this particular case, we
can use Zantema’s distribution elimination technique [Zan94], though.)

Second, confluence will also be hard to establish. Our system can be put in parallel with Rios’ Ao’-calculus
(see [Rio93], Section 1.7), which is not confluent on terms with substitution (stack) variables [CHL95]. Tt is
precisely the purpose of having terms of two disjoint sorts, 7" and .S, to be able to forbid stack variables inside
terms, just as in the Ao-calculus. In fact, we need more to get confluence, and quite probably to consider
only typed terms. Notice that we cannot forbid variables altogether (i.e. consider a ground rewrite system),
because (bound) term variables are introduced by the Az- abstraction operator.
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| Rule | Assumptions Type

Group (H)
—T o _ © —T o _ ©
(mevt) |u:¢" 1= =20 |Tlag=0
L at-1 8 g
w:ig =G¢3 = S1
T o _ o O ]
1) |u:d" 2= TS Txa3TXxe
(ne) U:TXS TXS
O ]
(n o) ¢l rxe= T X
——1T T, O
rhs: gl = = ¢
iy iy
(neot) |u:¢" =7 x¢ =S

Figure 10: Checking Subject Reduction (group (H))

Theorem 4.8 (Subject Reduction) Let u be a term of the AevQ -calculus.
If , Fu:® s deriwable, and uw —* v in the AevQ-calculus, then | = v : ® s derwable.

Proof: As for Theorem 3.2. The table corresponding to the rules in group (H) is shown in Figure 10.
O

We extend Theorem 3.27:

Lemma 4.9 [fz; : 00y,...,0, : 00, F w00, | F v : Oy, ..., , F v, : O, are derivable (in the
system of Figure 4, Part I), and:

box unbox x; with vy,...,v, for x1,..., 2, — v;
by rule (nbox) for some i, 1 <i < n, then G(box unbox z; with vy, ..., v, for x1,... &,) reduces to G(v;) by

rule (nev') in \evQy.

Proof: That the types check follows from Theorem 3.28: both (G-translations then have types T 2 G(D).
As far as the terms are concerned, we have:

G(box unbox x; with vy, ... v, for z1,...,2,) = ev?(Q x;)[G(v1)/x1,. .., G(vn)/xn])idl
= v2(Q (G ()i

which reduces in one (nev!) step to G(v;). O
Theorem 3.18 also extends without any problem:

Lemma 4.10 For all AevQy-terms u and v, if u — v by some rule in group (H), then u‘'p — v'p by
some other rule in group (H), for all environments p.

Proof: As in Theorem 3.18, R* is (nev‘t!) if R is (nev®), (n 1Y) if Ris (n ), (n @ ot) if Ris (n o),
(n o“T1) if Ris (ne%), and (n e oft1) if Ris (neof). O

From which the analogue of Corollary 3.19 follows, hence also that of Theorem 3.29:

Theorem 4.11 Let S4 (resp. QH) be the category whose objects are those of S4 (resp. S4; see Defini-
tion 5.8, Part I), and whose morphisms are all morphisms in 84 (resp. S4), all reductions by rule (nbox),
and all compositions thereof.

Let AevQy be the calegory whose objects are typed AevQ-terms, with morphisms all reductions of the
Aev Q) -calculus.

We extend the action of G (see Theorem 3.29) to 84y (resp. S4y ) morphisms by letting G(u
defined as the reduction from G(u) to G(v) given by Lemma 4.9.
Then G is a functor from S4y (resp. Sdy ) to AevQpy.

(E)v) be
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Proof: ( is well-defined: the proof is the same as for Theorem 3.29, using Lemma 4.10 instead of Corol-
lary 3.19. That it is a functor is immediate. O

Finally, note that the Aev(Qy-calculus really uses many unneeded operators. We might replace rule (n %)
by simply replacing every term of the form ¢ u by 1° of (uo 1%), and replace group (B) by a variant of
the Ac-calculus instead of the Aoy-calculus. Rule (nev!) may also be dispensed with by letting u o v be an
abbreviation of ev/T!(Q%u)v. Some rules (like (ev’1%)) have to be eliminated, and we end up with a mostly
unreadable system.

5 Other Ways of Simplifying Proofs

There are other ways of eliminating cuts or, in general, of simplifying proofs. We explore how we may simulate
these transformations by adding corresponding rules to Ags4 or to Aev(). Let the reader be warned that the
results are not pretty.

5.1 Eliminating (OL)/(0R) Cuts

Consider cuts of the form:
(1) (m5)

P A SR T s, U ku:®

(OL) 1,21 :0Ws Fuyfunbox z1/y1] : ¥y (OR) o, 5,z: ¥ Fu 0
(C'ut) 1, o1 Oy o b F u'fuifunbox zq /y1]/x] : O®

where | is boxed, and ¥y is inactive both in the (OL) and in the (OR) rule. When all free variables in u; are
of boxed type, except possibly y;, we can consider that , ; is a boxed context, and rewrite the latter proof

nto:
() (m5)

PR TR I o, Ui Fu:®

(C'ut) sy W, o b ufuy /2] @
(OL) c 1,21 OWy o F ufuy/a][unbox @1 /y1] 0 @

(DR) y 1, X1 qu?aa 255 /2 t (u[ul/x][unbox l‘l/yl])‘ ‘0o

This way of eliminating cuts can be implemented in Ags, by adding the following rule:

(R1) box uw with ... unbox v,... for ... &, ...— box u[unbox y/z] with ... v, ... for ... y,...

bl

where y is a fresh variable.

We do not know how to do it Aev(@. First, we have to be careful: without the difference between
elementary terms and stacks, we would get an inconsistent calculus. So here the 7" and S annotations matter.
Indeed, we might be tempted to use the following argument: By (R;), box = with unbox 1 for # reduces to
(unbox xl)‘. Translating this by G, Q! (evtz;()) must reduce to evz(lel)idl. Applying the substitution
[u/z1], it follows that Q*(eviu()) must reduce to evz(Qlu)idl, whatever the term u. Let w be an arbitrary
stack, apply ev!_ w on both sides and reduce: it follows that ev!u() and ev'uw must be convertible. Choose
u to be id', and reduce: () and w must be convertible. As w is arbitrary, all terms must be equal. What we
have overlooked in this argument is that the ev!, ev? and @' above are really indexed by T, and that u must
be of sort T therefore, id' cannot be substituted for it.

But the main problem is with the typed version of the calculus. Indeed, there is no way to orient the

untyped critical pair Ql(evlu()g:?evzéQlu)id1 so that it obegs subdect reduction: the most general type of
theDleft—hand side 1s indeeDd 1 = g2 = P53 assuming u : T = ¢o = P3, and that of the right-hand side is
¢1 = P4, assuming u : ¢ = s
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5.2 Eliminating Other Cuts

The pecularity that made the (OL)/(0OR) cut elimination legal in the last subsection was that unbox 1, the
term which is to be substituted for y;, contains only one variable, z1, and that the latter must be of boxed
type. This is why the cut can be pushed over the (OR) rule, keeping #; in the context above the (OR)
inference. The term unbox 1 is a product of using rule (OL) as the vis-a-vis of (OR). We cannot do the
same with any other rule with an inactive right-hand side — namely, (Cut) or (=L).

However, there is another case where we may permute (Cut) with (OR), and this is when the proof is:

(m5)
(m1) :

: , Fu:d
yibFw ¥ (OR) ¥ Fou 0
(CUt) sy 1y aall_u‘[ul/x]:‘:‘q)

where , is boxed and , 1 1s bored. Then, we may transform this into the following:

(m1) Wy, (7h)
c1 b ug Wy R P TR
(CUt) IR l_u[ul/l’]q)
(DR) 3 9 laall_ (U[Ul/l’])‘ :Od

We have not considered this a reasonable cut-elimination step from the computational standpoint in part
I of this paper (see case 2 of cut eliminations, Section 4.1.2 of Part I); since terms identify proofs modulo
weakening and permutation of cuts, this rule really means that when | ; is not boxed, we should explore the
whole proof (m1) to see whether (1) is in fact the weakening of some other proof which only uses boxed
assumptions in , 1.

Representing this in Agq or in Aev() is therefore rather arduous.

5.3 Souped-Up n-Like Rules

We have seen in Section 4 that we could introduce an 7-like rule by adding rule (nbox) to the Agg-calculus,
or the rules of group (H) to the AevQ-calculus.

But rule (nbox) looks contrived, in that the boxed term on the left-hand side must be of the form unbox ;
for a variable z;. It seems more natural to extend it to the following rule, which we call the souped-up 5-like
rule:

box unbox u with v1,... v, for x1,... 2, = ulvy/@1, ..., vn /2]

which obeys subject reduction as well.

But adding this rule to the Ags-calculus breaks local confluence. Consider indeed the term
box unbox (box u with ¢) with ¢’. By (box), this reduces to (box u with &)o’, that is box u with o¢’, where
oo’ is the composition of ¢ and ¢’. On the other hand, it also reduces by (unbox ) to box us with ¢’.

Now, take u to be a variable @, ¢ to be [yz/2] and ¢’ to be [y /y,z'/z]. Then the critical pair is

box x with y'z’ for r=box yz with ¢/, 2’ for y, z, and both sides are normal but not equal modulo a-conversion
and ~.
Joining the resulting critical pairs (in the untyped case) means adding the rule:

box u with ¢ — (ua)‘

which is quite unfortunate, since it entails that substitutions are allowed to go through the box barriers.
The latter would not bar anything, which means that the typed version of the calculus cannot obey subject
reduction (see the discussion of the Asc-calculus in part I). The resulting untyped calculus could also be

39



simplified: it would be an extension of the A-calculus with two new constants unbox and box, such that
box (unbox %) — u and unbox (box u) — u.

Therefore, any (locally) confluent calculus extending Ags and containing the souped-up 7-like rule above
must include type annotations.

The situation for the AevQ-calculus is even worse, as it includes the cases of the previous sections. Indeed,
from our considerations on the Ags4-calculus with the souped-up 5-like rule, we have the following critical pair:

Y
box u with o¢’=box uc with ¢’

Take o’ to be a substitution [vy /a1, ..., v, /2,], and a variable & that is not free in any v;, 1 <i < n. Let y
be some z;, 1 < i < n, and take o to be [unbox y/z]. The critical pair becomes:

. ? .
box uw with vy, ... unbox v;,... v, for &1, ..., &,, =box ufunbox z;/x] with vy, ... v, for xy,... o,

which is an unoriented version of rule (R1).
There are so many critical pairs, and most of them are non-orientable, that we shan’t consider these
souped-up rules.

References

[ACCLI0] Martin Abadi, Luca Cardelli, Pierre-Louis Curien, and Jean-Jacques Lévy. Explicit substitutions.
In Proceedings of the 17th Annual ACM Symposium on Principles of Programming Languages,
pages 31-46, San Francisco, California 1990. January.

[Bar84] Henk Barendregt. The Lambda Calculus, Its Syntar and Semantics, volume 103 of Studies in
Logic and the Foundations of Mathematics. North-Holland Publishing Company, Amsterdam,
1984.

[Bri95] Daniel Briaud. An explicit eta rewrite rule. In M. Dezani-Ciancaglini and G. Plotkin, editors, 2nd
International Conference on Typed Lambda-Calculi and Applications (TLCA’95), pages 94-108,
Edinburgh, UK, April 1995. Springer Verlag LNCS 902.

[CHL95] Pierre-Louis Curien, Thérése Hardin, and Jean-Jacques Lévy. Confluence properties of weak and
strong calculi of explicit substitutions. Journal of the ACM, 1995. To appear; INRIA report
#1617, 1992.

[Cur86]  Pierre-Louis Curien. Categorical Combinators, Sequential Algorithms and Functional Program-
ming. Pitman, London, 1986.

[Hin69] J. R. Hindley. The principal type scheme of an object in combinatory logic. Transations of the
American Mathematical Society, 146:29-60, 1969.

[HL89] Thérese Hardin and Jean-Jacques Lévy. A confluent calculus of substitutions. In France-Japan
Artificial Intelligence and Computer Science Symposium, December 1989.

[JK90] Jean-Pierre Jouannaud and Claude Kirchner. Solving equations in abstract algebras: a rule-based
survey of unification. Technical report, LRI, CNRS UA 410: Al Khowarizmi, March 1990.

[Klo80] Jan Willem Klop. Combinatory Reduction Systems. Number 27 in Mathematical Center Tracts.
Centrum voor Wiskunde en Informatica, 1980.

[Mil78] Robin Milner. A theory of type polymorphism in programming. Journal of Computer and System
Sciences, 17:348-375, 1978.

[MTH90] Robin Milner, Mads Tofte, and Robert Harper. The Definition of Standard ML. MIT Press, 1990.
[Ri093]  Alejandro Rios. Contributions a ’étude des lambda-calculs avee substitutions explicites. PhD

thesis, Ecole Normale Supérieure, December 1993.

40



[Zan94]  Hans Zantema. Termination of term rewriting: Interpretation and type elimination. Journal of
Symbolic Computation, 17:23-50, 1994.

41



