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To fully utilize the energy-time degree of freedom of photons for optical quantum-information processes,
it is necessary to control and characterize the temporal quantum states of the photons at extremely short time
scales. For measurements of the temporal coherence of the quantum states beyond the time resolution of available
detectors, two-photon interference with a photon in a short-time reference pulse may be a viable alternative. In
this paper, we derive the temporal measurement operators for the bunching statistics of a single-photon input state
with a photon from a weak coherent reference pulse. It is shown that the effects of the pulse shape of the reference
pulse can be expressed in terms of a spectral filter selecting the bandwidth within which the measurement
can be treated as an ideal projection on eigenstates of time. For full quantum tomography, temporal coherence
can be determined by using superpositions of reference pulses at two different times. Moreover, energy-time
entanglement can be evaluated based on the two-by-two entanglement observed in the coherences between pairs
of detection times.
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I. INTRODUCTION

Photons are one of the most versatile systems for the
implementation of quantum information processes. The most
accessible degrees of freedom are polarization and the spatial
degrees of freedom defined by optical paths. In addition, it
is possible to encode quantum information in the different
frequency modes along the direction of propagation. Encoding
information in this energy-time degree of freedom may be
more robust against mechanical instabilities than the alterna-
tives and could therefore be especially useful in long-distance
quantum communication [1,2].

Energy-time entanglement was first demonstrated by Fran-
son [3] and has been applied in quantum cryptography
[4,5] and quantum communication [6–8]. Originally, these
approaches are based on comparatively long time scales, so
that the necessary time resolution can be achieved by the
photon-detection systems directly. However, recent technolog-
ical developments make it possible to generate entanglement
on time scales much shorter than the time resolution of
available detectors [9–11]. To fully utilize the potential of
such broadband sources of entangled photons, it is necessary
to develop measurement systems that can characterize the
temporal quantum states of photons on extremely short time
scales.

In previous experimental work, short-time correlations
between entangled photons were confirmed by observing the
rate of two-photon absorption in second harmonic generation,
effectively reversing the role of the source to serve as a
detector [12,13]. However, the measurement information so
obtained is insufficient for a complete characterization of the
quantum state. More detailed information can be obtained by
the two-photon interference between a pair of down-converted
photons, where the shape of the Hong-Ou-Mandel dip can
provide spectral information about the photon pairs [14,15].

*hofmann@hiroshima-u.ac.jp

However, this method only demonstrates that the photons have
some time dependent correlation, without deciding whether
this correlation is between detection times or represent a time
dependence of energy, for example, in chirped pulses.

An independent time standard can be realized by using
short-time reference pulses from a coherent laser source. If
the coherent light is not phase locked with the signal light,
the randomization of the relative phase converts the coherent
superposition into a mixture of photon number states. For
sufficiently attenuated laser light, the reference pulses can then
be treated as a mixture of the vacuum and a single-photon
state with the spectral and temporal properties of the reference
laser. We can then utilize the achievements of ultrafast optics
for measurements on single-photon states. Specifically, it is
possible to use the photon bunching effect of the two-photon
interference between the signal photon and one photon from
the coherent reference pulse to achieve a time-resolved mea-
surement at the time scale determined by the pulse time of the
reference pulse. Intuitively, bunching should only occur when
the reference photon and the input photon coincide in time.
However, bunching is also sensitive to the temporal coherence
of the reference pulse. To optimize the information gained
about the state of the input photon, it is essential to understand
these effects of temporal coherences in the reference pulses on
the bunching statistics. In the following, we therefore analyze
the quantum statistics obtained from appropriate short-time
reference pulses and explore the possibilities of quantum
tomography and entanglement verification in the time domain
based on direct measurements of temporal coherence by two-
photon interference with reference photons in the appropriate
temporal states.

In Sec. II, we describe the coincidence rates in the output
ports of the two-photon interference in terms of a projective
measurement operator defined by the optical quantum state of
the photon from the reference pulse. In Sec. III, the effects of
time delays used to scan the temporal features of the signal
photon state are considered. Significantly, the measurement
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is equivalent to the projection on an ideal eigenstate of time
if the bandwidth of the input state is narrower than that of
the reference pulse. It is therefore possible to optimize the
reference pulse shape according to the basic optical properties
of the input. In Sec. IV, we show how a superposition of
reference pulses at two times can be used to obtain the temporal
coherence of the input state. We can then achieve full quantum
tomography in the time domain. In Sec. V, we apply the results
to derive an experimental criterion for the verification of the
temporal entanglement of down-converted photon pairs.

II. TWO-PHOTON INTERFERENCE WITH
A REFERENCE PHOTON

Photon bunching of the Hong-Ou-Mandel type is observed
when two photons are incident on a 50:50 beam splitter from
opposite sides. If the photons share the same temporal and
transverse coherence, two-photon interference eliminates the
possibility that they will exit the beam splitter on opposite
sides. However, any mismatch in the temporal or transverse
coherence will result in the appearance of photons exiting at
opposite sides. Coincidence detection of photons on opposite
sides of the beam splitter is therefore a direct measure of
the mismatch between the quantum states of the photons that
entered the beam splitter.

To obtain temporal features of a signal photon, we consider
the use of a reference photon from a short-time pulse, as
illustrated in Fig. 1. The transformation of the light field at
the beam splitter can be represented by the transformation of
the temporal annihilation operators,

b̂1(t) = 1√
2

[â1(t) + â2(t)],

b̂2(t) = 1√
2

[â1(t) − â2(t)], (1)

where â1(t) and â2(t) are the input field operators and b̂1(t)
and b̂2(t) are the output field operators for a given input time t .
Since the photon in input port 1 originates from the reference
pulse, its input state is known and given by the reference state
|�ref〉. In the single-photon time basis, this state is represented
by

|�ref〉 =
∫

φ(t)â†
1(t)dt |0〉, (2)

where φ(t) = 〈t |�ref〉 is the time dependence of the reference
pulse amplitude. Usually, the reference pulse will be generated

reference signal

1 2

FIG. 1. (Color online) Illustration of a bunching measurement of
an unknown photon state using a short-time reference photon and a
50:50 beam splitter.

by weakening a coherent pulse emitted from a laser to a
small amplitude of α � 1. As a result, two-photon bunching
only occurs with a probability of |α|2, corresponding to the
probability of finding a reference photon in the weakened
pulse. Although it would seem desirable to make |α|2 as large
as possible, care must be taken to avoid the unintended effects
of generating two or more reference photons, since these
components can alter the pattern of two-photon correlations
obtained in the multiphoton interference.

The two-photon interference effects in the output of the
beam splitter can be observed by coincidence detections of
one photon in the output mode b̂1 and one photon in the
output mode b̂2. The experimental rate of coincidence counts
observed with reference intensities of |α|2 and detectors of
quantum efficiency η is given by

G(2)(t1,t2) = |α|2η2〈b̂†1(t1)b̂†2(t2)b̂2(t2)b̂1(t1)〉. (3)

The rate of coincidence counts therefore depends on an
expectation value of the input state defined by the reference
and the signal. Using the beam-splitter transformation Eq. (1)
and the pulse shape of the reference pulse given by Eq. (2),
this expectation value can be expressed in terms of a projection
operator on the single-photon state in the signal port 2. The
projection operator for coincidence counts at times t1 and t2
can then be given by

�̂s(t1,t2) = |α|2η2

4
[φ(t1)φ∗(t1)|t2〉〈t2| − φ(t1)φ∗(t2)

×|t2〉〈t1| − φ(t2)φ∗(t1)|t1〉〈t2| + φ(t2)φ∗(t2)

×|t1〉〈t1|]. (4)

However, this measurement operator assumes perfect time
resolution of the detection. In realistic photon detectors,
the detection times that can be resolved are usually much
longer than the pulse times of the available reference pulses.
We can therefore assume that the photon time will be
completely unknown, so that the actual measurement operator
of the photon coincidence is obtained by integrating over all
measurement times,

M̂s =
∫ ∫

�̂s(t1,t2)dt1dt2

= |α|2η2

(
1

2
− 1

2
|�ref〉〈�ref|

)
. (5)

Thus, the observation of coincidence counts from two-photon
interferences between a weak coherent reference pulse and an
unknown source of individual photons provides measurement
information on the single-photon states in the input corre-
sponding to a projection on the photon wave function described
by the classical coherence of the reference. We can therefore
exploit the control over temporal coherence achieved in laser
systems directly in the characterization of temporal features of
single-photon sources and entangled-photon states.

In most practical cases, the input state will not be an ideal
single-photon state, but a spontaneously generated photon
mixed with or superimposed onto a large vacuum component.
It is therefore useful to consider the effects of a limited
emission efficiency r for the signal photons. If r � |α|2, the
two-photon interference is simply weakened by the additional
factor of r , as two-photon interference is only observed when
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a source photon becomes available. However, low-efficiency
sources would then limit |α|2 to extremely low levels, so that it
may be difficult to achieve acceptable count rates. In this case,
it may be possible to use higher levels of reference inputs, ac-
cepting the possibility of registering two-photon coincidences
from photon pairs originating only from the reference. Since
these events show no two-photon interferences, they result in
a constant background of coincidence rates given by |α|4η2/4.
A similar background can originate if there is a possibility
of finding two photons in the input. However, this probability
depends on the precise photon statistics of the source and
needs to be evaluated based on a separate characterization of
bunching or antibunching characteristics [16].

Experimentally, the total effect of detector efficiency η,
reference intensity |α|2, and emission efficiency of the source
r can be determined by measuring the coincidence rates for
a reference pulse that is definitely orthogonal to the source
state. If the multiphoton background is negligibly low, it is
then possible to normalize all other detection rates with this
factor to identify the actual quantum state overlap of signal
and reference.

III. TIME-RESOLVED MEASUREMENT AND
BANDWIDTH LIMITATION

Time-resolved measurements can be realized by scanning
the peak time of the reference pulse using an appropriate time
delay. To represent this time delay in our formalism, we can
simply shift the temporal wave function, so that the amplitude
at input time t ′ for a delay time of t corresponds to

〈t ′ |�(t)〉 = φ(t
′ − t). (6)

Alternatively, this time shift can be expressed by a phase factor
in the frequency representation,

〈ω|�(t)〉 = eiωt 〈ω|�(0)〉. (7)

An ideal measurement of time would project on the state
|t〉 defined by a delta function in time or, in the frequency
representation, by

〈ω|t〉 = 1√
2π

eiωt . (8)

The comparison of real state (7) and ideal state (8) shows that
the difference can be expressed by a time-shift independent
attenuation of the frequency components, so that

|�(t)〉 =
(∫ √

2π 〈ω|�(0)〉 |ω〉〈ω|dω

)
|t〉=F̂ |t〉.

(9)

The problem of time resolution can therefore be expressed
completely in terms of the filter operation F̂ that converts the
ideal time eigenstate into the reference pulse. The measure-
ment operator for a reference time t is given by

M̂s(t) = |α|2η2( 1
2 − 1

2 F̂ |t〉〈t |F̂ †). (10)

To determine the overlap between |�(t)〉 and an unknown
input state |ψ〉, we can first apply the adjoint filter operator
F̂ † to modify the frequency amplitudes of the input state. The
overlap of the original state with the reference state is then

equal to the overlap of the modified state with an eigenstate of
time.

Experimentally, this means that it is not necessary to know
the details of the reference pulse shape if the distortions of
the input state by the filter operator F̂ are negligibly small.
This limit is achieved if the spectral width of the pulse
is sufficiently broader than the spectral width of the signal
photons, and there is no significant chirp within the bandwidth
of the signal input. It is then possible to interpret the raw
data directly as projections onto eigenstates of time. On the
other hand, the temporal resolution problem is now represented
in detail by the eigenvalues of the filter operator F̂ †. These
eigenvalues are equal to

√
2π times the complex conjugate of

the frequency amplitude 〈ω|�(0)〉 of the reference pulse. The
effects of the reference pulse on the time resolution can then be
understood in terms of dispersion and transmission of the input
state before a fully time-resolved detection. The dispersion
component is given by the chirp of the reference pulse and can
be avoided by using transform-limited pulses with real and
positive amplitudes. The transmission component is given by
the absolute values of the frequency amplitudes and describe
the effects of a dispersion-free band-pass filter.

In general, any kind of reference pulse can be used to
obtain temporal and spectral information. For the purpose of
quantum state reconstruction, the method is only limited by the
spectral width of the reference pulse, since the signal-to-noise
ratio of data concerning frequency components with very
low amplitudes in the reference pulse will prevent a reliable
reconstruction. However, it may be convenient to design a mea-
surement so that no additional data processing is needed. In this
case, the reference pulse should be approximately rectangular,
resulting in constant transmission of a specific bandwidth. The
temporal measurement will then be completely accurate for all
input fields within that bandwidth, and photon bunching can
provide direct experimental evidence for the temporal shape
of the photon states.

It may also be worth noting that the depth of the dip in the
coincidence count rate described by the measurement operator
in Eq. (10) depends on the bandwidth 
ω of the reference
pulse. For a rectangular spectrum of the reference pulse, the
average number of coincidence counts Nc from an input state
|ψ〉 with a frequency spectrum entirely within the bandwidth
of 
ω is given by

Nc = |α|2η2

(
1

2
− π


ω
|〈t |ψ〉|2

)
. (11)

To optimize the signal-to-noise ratio of the measurement, it is
therefore desirable to use the minimal bandwidth acceptable
for the respective input states.

IV. MEASUREMENT OF TEMPORAL COHERENCE

As shown in the previous section, the probability distri-
bution of photons in time can be obtained from the photon
bunching characteristics of two-photon interference with
photons in a single short-time reference pulse. In terms of the
temporal density matrix, we can then reconstruct the diagonal
elements 〈t |ρ̂|t〉. A complete tomographic reconstruction of
an unknown quantum state can be achieved by determining
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reference
signal

t2-t1

FIG. 2. (Color online) Setup for the measurement of temporal
coherence using coherent superpositions of reference pulses at two
different times, t1 and t2.

all elements 〈t1|ρ̂|t2〉, including the off-diagonal elements that
describe coherences between two different times t1 and t2.

Since photon bunching with a reference corresponds to a
projection on the state of this reference, coherences between
two times can be probed by using superpositions of two
short-time pulses as a reference. The setup for this kind
of measurement is shown in Fig. 2. The coherent reference
is generated by interference between the original pulse and
a time-delayed pulse, so that the reference is in an equal
superposition of input times t1 and t2,

|�ref〉 = 1√
2
F̂ (|t1〉 + |t2〉) , (12)

where we used Eq. (9) to express the superposition in terms
of time eigenstates and the filter operator F̂ representing the
permitted bandwidth.

Unfortunately, the phase in this superposition is fixed to
zero, because the shape of the initial reference pulse defines
the precise phase at peak time ti . To achieve complete quantum
tomography, we need to consider the possibility of obtaining
phase information from the dependence of coherence on the
time difference between t1 and t2. Since our measurement has
a limited bandwidth centered around a carrier frequency of
ω0, we can assume that small shifts in the time difference do
result in a corresponding phase shift ϕ = 
t/ω0. Although
the time eigenstates |t〉 and |t + ϕ

ω0
〉 are orthogonal, they are

nearly indistinguishable within the bandwidth considered, as
long as ϕ is sufficiently smaller than ω0/
ω. Specifically, the
application of the filter function F̂ ensures that

F̂

∣∣∣∣t + ϕ

ω0

〉
≈ e−iϕF̂ |t〉. (13)

Arbitrary phase shifts can then be realized with −π � ϕ � π .
In this range, it is usually reasonable to consider the above
approximation as valid, so that the state |t + ϕ

ω0
〉 can be

replaced by e−iϕ|t〉. A quantitative test of this assumption
can be obtained from the normalized overlap σ of the filtered
states,

σ =
∣∣〈t |F̂ †F̂

∣∣t + ϕ

ω0

〉∣∣2

〈t |F̂ †F̂ |t〉 〈
t + ϕ

ω0

∣∣F̂ †F̂
∣∣t + ϕ

ω0

〉 . (14)

In most cases, σ will be close to one for the whole range of
phase shifts. It is then safe to assume that we can generate
superpositions of different times with arbitrary phases. The

measurement operators obtained with these superpositions
read

M̂s(t1,t2,ϕ) = |α|2η2

[
1

2
− 1

4
F̂ (|t1〉〈t1| + e−iϕ|t1〉〈t2|

+ eiϕ |t2〉〈t1| + |t2〉〈t2|) F̂ †
]
. (15)

Following the discussion at the end of Sec. III, it is possible
to identify the coincidence rates directly with the coherences
between times t1 and t2 if the spectrum of the reference pulses
that determines F̂ is sufficiently broad. The phase dependence
of the coincidence counts then represent direct experimental
evidence for the temporal coherence between two specific
times. Consequently, the temporal representation of the density
matrix can be obtained without further data processing, simply
by scanning the detection times t1, t2. Oppositely, it is always
possible to correct the effects of temporal resolution of the
reference pulse by first determining the filtered density matrix
from the coincidence counts, followed by a mathematical
deconvolution of the effects of the filter function F̂ . Assuming
that the eigenvalues of F̂ are nonzero, such an inversion of the
filter operation is achieved by Fourier transforming the tempo-
ral representation and multiplying with the appropriate inverse
eigenvalues. In practice, the resolution is then limited by the
statistical noise that makes reconstruction of frequencies with
very low transmission coefficients very difficult and unreliable.
Moreover, a reliable characterization of the reference pulse is
necessary to determine the correct reconstruction formalism.
Nevertheless, the method is quite general and can be applied
to a variety of reference pulse shapes, achieving temporal
resolutions that might actually exceed the bandwidth limit if
sufficiently large numbers of counts can be obtained.

V. VERIFICATION OF ENERGY-TIME ENTANGLEMENT

In principle, it is a straightforward matter to apply the
quantum tomography scheme described in the previous section
to photon pairs in energy-time entangled states. As shown
in Fig. 3, it is merely necessary to extend the two-photon
coincidence measurements for a signal photon and a reference
photon to the four-photon coincidences observed for two
signal photons with two separate references. The measurement
operator of the fourfold coincidence then reads

M̂p(t1A,t2A,ϕA; t1B,t2B,ϕB) = M̂s(t1A,t2A,ϕA)

⊗M̂s(t1B,t2B,ϕB), (16)

reference

BA

B

signal

A
reference

FIG. 3. (Color online) Setup for correlated measurements on
energy-time entangled-photon pairs.
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where the operators M̂s describe the single-photon results
according to Eq. (15). This operator can be further separated
into a positive background, negative contributions from local
bunching at either A or B, and a positive term from the cor-
relation between bunching effects. Since only the correlations
between bunching effects are required for the characterization
of entanglement, we can focus on the last term, which depends
only on the projection on the product of the two references in
A and in B,

|�A; �B〉 = 1
2 F̂ ⊗ F̂ (|t1A,t1B〉 + eiϕA |t2A,t1B〉
+eiϕB |t1A,t2B〉 + ei(ϕA+ϕB )|t2A,t2B〉). (17)

If the spectral width of the reference pulse is broad enough,
the correlation of coincidences for temporal coherences
between times t1A,t2A in path A and t1B,t2B in path B can
be interpreted as temporal quantum statistics for well-defined
photon times. The projection then exists in a discrete four-
dimensional subspace of Hilbert space that refers exclusively
to the entanglement between the selected times in path A and
path B. In this two-by-two Hilbert space, the projector of the
state can be given by the matrix

P̂ (ϕA,ϕB) = 1

4

⎛
⎜⎜⎝

1 e−iϕB e−iϕA e−i(ϕA+ϕB )

eiϕB 1 e−i(ϕA−ϕB ) e−iϕA

eiϕA ei(ϕA−ϕB ) 1 e−iϕB

ei(ϕA+ϕB ) eiϕA eiϕB 1

⎞
⎟⎟⎠ ,

(18)

where the basis states are {|t1A,t1B〉,|t1A,t2B〉,|t2A,t1B〉,
|t2A,t2B〉}. By varying the phases in A and in B, it is possible
to distinguish contributions with different phase factors. In
particular, it is possible to identify the coherence between
|t1A,t1B〉 and |t2A,t2B〉 from the coincidence data, since it is the
only term that depends on the sum of ϕA and ϕB . This term
describes a genuine two-photon coherence and is particularly
useful for the verification of temporal entanglement.

For single-photon states, the coherence between |t1〉 and |t2〉
is limited by |〈t1|ρ̂|t2〉| � 1/2. Therefore, the two-photon co-
herence between |t1A,t1B〉 and |t2A,t2B〉 achieved by separable
states is limited to

|〈t1A,t1B |ρ̂sep|t2A,t2B〉| � 1
4 . (19)

For entangled states, the same coherence can be as high as
1/2. It is therefore possible to verify temporal entanglement
directly by detecting values of |〈t1A,t1B |ρ̂|t2A,t2B〉| > 1/4 at
a fixed set of detection times. In typical experiments using
parametric down-conversion, photon pairs will be emitted
simultaneously, so entanglement can be verified for t1A = t1B

and t2A = t2B . For time differences of t2 − t1 smaller than
the correlation time of the down-conversion process, single-
photon coherences will emerge between t1 and t2, resulting
in a reduction of the observed entanglement. This transition
between two-photon coherence and single-photon coherences
can be used to identify the time scale of the entanglement.
Specifically, it is possible to plot the dependence of the
coherence |〈t1,t1|ρ̂|t2,t2〉| on the time difference t2 − t1. For
typical down-conversion sources, we then expect a value
around 1/4 at t2 − t1 = 0 that gradually rises until it achieves
a level of 1/2 for large time differences. The time scale of
entanglement is then given by the temporal width of the

rise from 1/4 to 1/2. In the spirit of linewidth definitions
based on the half width at half maximum, it may therefore
be reasonable to define the time scale achieved by broadband
entanglement sources as the time difference t2 − t1 at which
the coherence |〈t1,t1|ρ̂|t2,t2〉| crosses the value of 3/8, halfway
between maximal entanglement and separability. Thus, bunch-
ing with coherent superpositions of short-time reference pulses
provides an experimental method of identifying the ultrashort
quantum correlation times of broadband entanglement sources
by direct detection of the coherences between well-defined
photon arrival times.

VI. CONCLUSIONS

We have shown how two-photon interference with photons
from a weak coherent reference pulse can be used to detect the
temporal coherence of an unknown input photon. Specifically,
the raw data obtained from coincidence counts in the output
ports is directly proportional to the projection probabilities
of eigenstates of time and their corresponding superpositions.
The limitation of time resolution caused by the finite pulse
duration of the reference pulse can be accounted for in
terms of a filter function that eliminates frequencies outside
of the bandwidth of the reference pulse and introduces a
dispersion effect for chirped references. To obtain an optimal
signal-to-noise ratio, it is desirable to make this bandwidth
as narrow as possible without losing too much of the input
signal.

Two-time coherences can be evaluated using superpositions
of two pulses shifted to appropriate times. The phase relation
between these pulses can be controlled in the conventional
manner by time shifts shorter than one period of the central
frequency of the reference pulse. It is then possible to
obtain direct experimental evidence of the coherence between
two specific times. By scanning the detection times in the
superposition, the temporal density matrix can be mapped
completely in terms of the dependence of count rates on
the phase shifts induced by short-time shifts. Significantly,
the temporal density matrix is recovered directly from the
amplitude and the phase shifts of the temporal interference
fringes observed in the coincidence counts. Thus, density-
matrix elements can be determined from the measurement
results without further data processing. However, further data
processing can be used to optimize the temporal resolution of
the method by inverting the effect of the spectral properties
of the reference pulse. It is then possible to achieve temporal
quantum tomography at temporal resolutions that may even
exceed the limit set by the bandwidth of the reference pulses.

To evaluate the time scales of temporal entanglement, it may
be particularly useful that the present method makes possible
a direct experimental determination of temporal two-photon
coherences by fourfold coincidences between the entangled
photons and two independent reference pulses. The amount
of entanglement observed in the two-photon coherences at
specific coherence times can therefore be evaluated from
a comparatively small set of coincidence rates. It is then
possible to obtain the entanglement at different coherence
times in separate measurements, providing an efficient method
of experimentally confirming the transition from single-photon
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coherence to two-photon coherence that is characteristic for
short-time entanglement.

In conclusion, photon bunching with short-time references
may prove to be a helpful addition to the available experimental
methods for the study of energy-time entanglement and related
quantum effects on ultrashort timescales. Our results show that
the experimental count rates obtained in such measurements
correspond directly to the density-matrix elements in the
time basis and therefore provide an intuitively clear image of
temporal quantum coherence without any need for further data
processing. On the other hand, our analysis also shows how

the sensitivity of the method can be improved by further data
processing, if details of the reference pulse shapes are taken
into account. The present work may thus lay the foundations
for detailed experimental investigations of the energy-time
degrees of freedom in multiphoton quantum statistics.
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