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The Nambu–Jona-Lasinio model with a Kobayashi-Maskawa-’t Hooft term is one low energy effective

theory of QCD which includes the UAð1Þ anomaly. We investigate nonet meson properties in this model

with three flavors of quarks. We employ two types of regularizations, the dimensional and sharp cutoff

ones. The model parameters are fixed phenomenologically for each regularization. Evaluating the kaon

decay constant, the � meson mass and the topological susceptibility, we show the regularization

dependence of the results and discuss the applicability of the Nambu–Jona-Lasinio model.
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I. INTRODUCTION

The unique QCD Lagrangian is found by imposing the
local SUcð3Þ gauge symmetry, Lorentz invariance, locality,
and renormalizability in four space-time dimensions. It is
believed to be a fundamental theory of strong interaction
between quarks and gluons. One of the features of QCD
dynamics is ‘‘asymptotic freedom’’ which legitimates per-
turbation theory at short distances. Unfortunately nonper-
turbative effects cannot be avoided in the confinement
phase which takes place at a low energy scale, i.e., where
the QCD coupling is not small.

The Nambu–Jona-Lasinio (NJL) model [1] is a well-
known and often used low energy effective theory of QCD
[2–4]. Nambu and Jona-Lasinio have introduced a four-
fermion interaction to describe the attractive force between
fermions. In this model, chiral symmetry is spontaneously
broken by a nonvanishing expectation value for a compos-
ite operator constructed by the fermion and antifermion
fields and the fermion mass is dynamically generated. The
NJL model and its generalizations are extremely useful in
the study of the light meson properties at low energy.

The four-fermion interaction is a dimension six operator
in four space-time dimensions, therefore, the model is
nonrenormalizable and depends on the regularization pro-
cedure. In order to regularize fermion loop integrals one
usually introduces a momentum scale � to cut off integra-
tion momenta higher than �. Another regularization, the
dimensional one, is an analytic regularization; one calcu-
lates loop integrals as analytic functions of the space-time
dimensions and uses them for the value of the space-time

dimensions less than four [5–9]. Other methods are also
studied in NJL type models, e.g., the smooth cutoff [10,11],
the Pauli-Villars [12], and the Fock-Schwinger proper-time
regularizations [13,14].
In the present paper we study the NJL model in the

dimensional regularization and compare the results with
ones obtained in the sharp cutoff regularization. The NJL
model in both regularizations describes well the dynamical
breaking of chiral symmetry and the � and � meson
properties in vacuum [8]. Yet at finite density (especially
when the cutoff scale is close to the Fermi momentum)
important contributions to the quark loop integrals are
dropped in the cutoff regularization scheme [15], while
dimensional regularization leads to results consistent with
QCD even in the region of asymptotic freedom, therefore,
we find a strong regularization dependence in the extended
NJL model with an attractive force in the color antitriplet
channel for a large chemical potential [9]. Such a high
density state may be realized in astrophysical objects. It is
expected that the model can be tested by observing the
structure of dense stars.
Recently, issues related to the regularization of NJL type

models for the system at finite temperature, T, and chemi-
cal potential, �, have been attracting a lot of attention of
several groups. The dependence on � of the cutoff was
proposed in combination with a running coupling constant
in Ref. [16]. This procedure has been used in Ref. [17]
to obtain a quark matter equation of state in the NJL model
which is relevant for the stability analysis of neutron
stars. An extension of the model to high temperatures
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and densities proposed in Ref. [18] is used in Ref. [16] in
connection with an implicit regularization scheme. The
effects of the cutoff regularization procedure in several
thermodynamic quantities were also analyzed in the
Polyakov–Nambu–Jona-Lasinio model [19].

Non-negligible regularization dependence is observed
even when considering the system at T ¼ � ¼ 0. The
cutoff scale is usually taken to be lower than �0 meson
mass (m�0 ’ 958 MeV) to reproduce light meson proper-

ties [4,20,21]. Then the m�0 in the low energy effective

theory is not a well-defined quantity. � is phenomenolog-
ically fixed and it is considered as a scale above which
the effective model may lose its validity. Furthermore, the
cutoff regularization may break some symmetry of the
Lagrangian. The cutoff regularization may cause some
unexpected effects in the system where the strange quark
and UAð1Þ anomaly play an important role. Therefore we
launch a plan to study the three-flavor system with a UAð1Þ
anomaly by using the dimensional regularization.

In the present paper the extended NJL model including
the Kobayashi-Maskawa-’t Hooft term [22,23] is regarded
as a low energy effective theory of QCD with a UAð1Þ
anomaly. We consider three-flavor light quarks, u, d, and s,
and investigate the nonet meson properties. In Sec. II. we
introduce the model Lagrangian and briefly review regu-
larization schemes. In Sec. III we calculate the meson
masses, decay constants, and topological susceptibility in
the leading order of 1=Nc expansion. The results depend on
the regularization parameters. In Sec. IV we evaluate the
kaon decay constant, the � meson mass, m�, and the

topological susceptibility � as a function of the space-
time dimension D associated with loop integrals. In
Sec. V the dependence of physical quantities on the current
up-quark mass, mu, is studied. After phenomenologically
fixing the model parameters, we discuss the two regulari-
zations dependence of the results. This paper shows that
the model Lagrangian is not satisfactory in either of
regularizations. Some concluding remarks are given in
Sec. VI.

II. NJL MODELWITH UAð1Þ ANOMALY

The NJL model is one of the simplest models to describe
the dynamical symmetry breaking. It is often used to study
the light meson properties at a low energy scale. Since the
UAð1Þ anomaly induces the mass difference between � and
�0 mesons, the NJL model should be extended to include
the contribution from the UAð1Þ anomaly in evaluating the
nonet meson system constructed out of the three-flavor
light quarks.

A. Model set up

Kobayashi and Maskawa have introduced an interaction
written in the determinant of the composite operator con-
structed by quark and antiquark fields in the nonet meson

system [22]. In QCD the �-term can be transformed to the
determinant term by a UAð1Þ transformation. Thus, we can
include the contribution of the UAð1Þ anomaly through the
determinant term in the NJL model. It should be noted that
there is an alternative way to introduce the UAð1Þ anomaly
in the NJL model even in the two-flavor case [24]. In the
present paper we consider the four- and six-fermion inter-
action invariant under SULð3Þ � SURð3Þ global flavor sym-
metry and start with the Lagrangian,

LNJL ¼ X3
i;j¼1

�qiði6@� m̂Þijqj þL4 þL6; (1)

where

L4¼G
X8
a¼0

�� X3
i;j¼1

�qi�aqj

�
2þ

� X3
i;j¼1

�qii�5�aqj

�
2
�
; (2)

L6 ¼ �K½det �qið1� �5Þqj þ H:c:�; (3)

the subscripts ði; jÞ are the flavor indices, m̂ expresses the
current quark mass matrix, �a are the Gell-Mann matrices
in the flavor space, and G and K represent the effective
coupling constants for four- and six-fermion interaction,
respectively. The determinant in L6 concerns the matrix
elements labeled by the flavor indices, ij. The order of the
coupling constants are supposed to beGNc ’ Oð1Þ,KN2

c ’
Oð1Þ, therefore, we work in the framework of the 1=Nc

expansion. In this paper we do not care about the flavor
mixing and set the mass matrix to have a diagonal form,
m̂ ¼ diagðmu;md;msÞ. The current quark mass explicitly
breaks the global SUð3Þ flavor symmetry. Below we con-
sider the SUð2Þ isospin symmetric case and take mu ¼ md

for simplicity.
The chiral condensates h �uui, h �ddi, and h�ssi generate the

constituent quark masses, m�
u, m

�
d, and m�

s inside mesons.

To evaluate the constituent quark mass we solve the gap
equations, which are derived by differentiating the thermo-
dynamic potential with respect to m�

u,m
�
d, andm

�
s . The gap

equations are obtained in the leading order of the 1=Nc

expansion [2–4],

m�
u ¼ m�

d ¼ mu þ 4Gði tr
s;c
SuÞ þ 2Kði tr

s;c
SdÞði tr

s;c
SsÞ; (4)

m�
s ¼ ms þ 4Gði tr

s;c
SsÞ þ 2Kði tr

s;c
SuÞði tr

s;c
SdÞ; (5)

where the symbol tr
s;c

stands for the trace in spinor and color

indices. tr
s;c
Si represent the chiral condensates, �i tr

s;c
Su �

h �uui and�i tr
s;c
Ss � h�ssi, which are given by the trace of the

quark propagator inside mesons,
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�i tr
s;c
Si ¼ Nctr

s

Z dDp

ið2�ÞD SiðpÞ;

SiðpÞ � 1

p�m�
i þ i	

:
(6)

Here we indicate the space-time dimension for in-
ternal quark fields by D. Below we omit the subscripts
in tr

s;c
for notational simplicity.

B. Regularization schemes

The fermion loop integral in Eq. (6) is divergent in four
space-time dimensions. To obtain a finite result we have to
regularize it. The four- and six-fermion interactions are
written in terms of the dimension six and nine operators,
respectively. Thus, the operators in L4 and L6 are irrele-
vant in four dimensions. It means that the results depend on
regularization procedures. Here we use two different pro-
cedures; one is the three-momentum sharp cutoff regulari-
zation and the other is the dimensional regularization.

In the three-momentum sharp cutoff method, we cut
off the space momentum component integral above the
scale, �,

Z dDp

ð2�ÞD !
Z dp0

2�

Z � d3p

ð2�Þ3 : (7)

In the dimensional regularization scheme, we regularize
the divergent integral with the help of analytic continuation
of the integral as a function of the space-time dimension D
to a noninteger value less than four,

Z dDp

ð2�ÞD ! 2ð4�Þ�D=2

�ðD=2Þ
Z 1

0
dppD�1: (8)

This is a kind of an analytic regularization. We regard the
space-time dimensions D in the fermion loop integral as
one of the parameters of the effective model of QCD. The
dimensional regularization is applied to momentum inte-
grals only for internal fermion lines.

The common parameters of the models considered here
are the coupling constants G and K and the current quark
masses muð¼ mdÞ, ms. In the cutoff scheme, the cutoff
scale � is one more parameter. On the other hand, in the
dimensional regularization, we consider the space-time
dimension D as one of the model parameters. In this case
we have to introduce one more parameter, the renormal-
ization scale M0, to obtain results with the correct mass
dimension. Thus, the parameters in these two regulariza-
tion methods are aligned as follows:

Cutoff : G;K;muð¼ mdÞ; ms;�;

Dimensional: G;K;muð¼ mdÞ; ms; D;M0:

All the parameters should be fixed phenomenologically.

III. MESON MASS AND DECAY CONSTANT

In this section we shall evaluate the properties of the
nonet meson system. Here we calculate the meson mass,
meson decay constant and topological susceptibility in the
two regularizations.

A. � and K masses

First, we consider pion and kaon. The masses of these
mesons are obtained by observing the pole structure in
their propagators. Employing the random-phase approxi-
mation and the 1=Nc expansion, the meson propagators are
given by [3,4]

�Pðk2Þ ¼ 2K


1� 2K
�Pðk2Þ
þ OðN�1

c Þ; (9)

where the index
 denotes the isospin channel and P stands
for the meson species, � and K. The flavor-dependent
effective couplings K
 are defined by

K3 � Gþ 1
2Ki trS

s; for �0; (10)

K6 � Gþ 1
2Ki trS

u; for K0; �K0: (11)

In the leading order of the 1=Nc expansion the self-energy
for each meson, P, is given by

�Pðk2Þ�
� ¼
Z dDp

ið2�ÞD tr½�5T
S
iðpþ k=2Þ

� �5T
y
�S

jðp� k=2Þ�; (12)

where the trace runs over flavor, spinor, and color indices.
The SUð3Þ matrices, T
, corresponding to different chan-

nels are, T3 ¼ �3 for �
0, T6 ¼ ð�6 þ i�7Þ=

ffiffiffi
2

p
for K0, and

Ty
6 for �K0. Thus, the self-energy for �0, K0, and �K0 read

��ðk2 ¼ m2
�Þ ¼ 2�uu

5 ðk2 ¼ m2
�Þ; (13)

�Kðk2 ¼ m2
KÞ ¼ 2�sd

5 ðk2 ¼ m2
KÞ; (14)

where �ij
5 ðk2Þ is the loop integral

�ij
5 ðk2Þ ¼

Z dDp

ið2�ÞD tr½�5S
iðpþ k=2Þ�5S

jðp� k=2Þ�

¼ 1

2

�
i trSi

m�
i

þ i trSj

m�
j

�
þ 1

2
½k2 � ðm�

i �m�
j Þ2�Iijðk2Þ;

(15)

with

Iijðk2Þ ¼
Z dDp

ið2�ÞD
Nctr

s
1

ðp2 �m�2
i Þ½ðp� kÞ2 �m�2

j � : (16)

Here we set tr
s
1 to be 4 in the cutoff and 2D=2 in the

dimensional regularization schemes, respectively.
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Substituting the solution of the gap equations (4) and (5)
in the self-energy expression for �0, K0 and �K0 and
evaluating the pole structure of the denominator in
Eq. (9), we obtain the on-shell conditions for pion and
kaon masses,

0 ¼ mu

m�
u

� 2K3k
2Iuuðk2Þjk2¼m2

�
; (17)

0 ¼ 1�m�
s �ms

2m�
u

�m�
u �mu

2m�
s

� 2G

�
i trSu � i trSs

m�
u

þ i trSs � i trSu

m�
s

�
� 2K6½k2 � ðm�

s �m�
uÞ2�Iusðk2Þjk2¼m2

K
: (18)

These equations are used to determine the values of the
constituent quark massesm�

u andm
�
s . Because of the SUð2Þ

isospin symmetry the equations for the charged pion and
kaon cases are the same as for the neutral ones. The QED
effect is also important for the mass differences between
the neutral and charged mesons. It should be noted that
Eq. (18) becomes Eq. (17) in the limit ms ! mu because
the SUð3Þ flavor symmetry is restored in this limit.

B. � and K decay constants

Next, we consider the pion and kaon decay constants.
The decay constant fP is defined by the matrix element of
the axial current between meson and vacuum states,

ik�fP�
� ¼ �M4�D
0

Z dDp

ð2�ÞD

� tr

�
���5

T


2
SigPqqð0Þ�5T

y
�S

j

�
; (19)

where we introduce a renormalization scale M0 to define
the decay constant with a correct mass dimension, dim
ðfPÞ ¼ 1 for dimensional scheme. The trace runs over
flavor, spinor, and color indices. The meson-to-quark-
quark coupling gPqq is given by

gPqqðk2Þ�2 ¼ M4�D
0

@�Pðk2Þ
@k2

: (20)

Inserting Eqs. (13) and (14) into Eq. (20), we obtain the
pion and kaon decay constants,

f2�M
D�4
0 ¼ m�2

u Iuuð0Þ; (21)

f2KM
D�4
0 ¼ 1

Jusð0Þ
�
m�

uIusð0Þ þ tr
s
1 � Ncðm�

s �m�
uÞ

�
Z 1

0
dx
Z dDp

ið2�ÞD
x

ðp2 � Lusð0Þ þ i	Þ2
�
2
;

(22)

where Jus is defined by

Jusðk2Þ ¼ Iijðk2Þ þ 2tr
s
1 � Ncðm�

s �m�
uÞ2

�
Z 1

0
dx

Z dDp

ið2�ÞD
xð1� xÞ

ðp2 � Lusðk2Þ þ i	Þ3 :
(23)

Lij is defined in the Appendix [see Eq. (A1)]. As confirmed

in the case with m� and mK, Eq. (22) corresponds to
Eq. (21) in the ms ! mu limit due to the restoration of
the SUð3Þ flavor symmetry.

C. � and �0 mesons

As is well known, the octet state, �8, and the singlet
state,�0, are mixed in the real world. Thus, the eigenstates,
� and �0, with diagonal mass matrix are described as
mixed states of �8 and �0. In the random-phase approxi-
mation the propagator of the �� �0 system is given by
[3,4]

�þðk2Þ ¼ 2Kþ½1� 2Kþ�ðk2Þ��1; (24)

where Kþ and � are the 2� 2 matrices

Kþ ¼ K00 K08

K80 K88

 !
; (25)

� ¼ �00 �08

�80 �88

� �
; (26)

with

K00 ¼ G� 1

3
Kði trSs þ 2i trSuÞ;

K88 ¼ G� 1

6
Kði trSs � 4i trSuÞ;

K08 ¼ K80 ¼ �
ffiffiffi
2

p
6

Kði trSs � i trSuÞ;

and

�00ðk2Þ ¼ 2

3
½2�uu

5 ðk2Þ þ�ss
5 ðk2Þ�;

�88ðk2Þ ¼ 2

3
½�uu

5 ðk2Þ þ 2�ss
5 ðk2Þ�;

�08ðk2Þ ¼ �80ðk2Þ ¼ 2
ffiffiffi
2

p
3

½�uu
5 ðk2Þ ��ss

5 ðk2Þ�:

To obtain the � and �0 meson masses we diagonalize the
inverse propagator via an orthogonal transformation
[4,21]. Thus, the � and �0 meson masses are given by
the solution to the following equations:

Aðk2Þ þ Cðk2Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fAðk2Þ � Cðk2Þg2 þ 4fBðk2Þg2

q
¼ 0

for k2 ¼ m2
�; (27)
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Aðk2Þ þ Cðk2Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fAðk2Þ � Cðk2Þg2 þ 4fBðk2Þg2

q
¼ 0

for k2 ¼ m2
�0 ; (28)

where

Aðk2Þ ¼ K88 � 2�00ðk2Þ detKþ;

Bðk2Þ ¼ �K08 � 2�08ðk2Þ detKþ;

Cðk2Þ ¼ K00 � 2�88ðk2Þ detKþ:

The mixing angle �� is found to be

tanð2��Þ ¼ 2Bðk2Þ
Cðk2Þ � Aðk2Þ : (29)

The off-diagonal matrix elements in Eq. (24) disappear
and the mixing angle �� vanishes in the limit ms ! mu. In

this limit Eq. (27) coincides with Eqs. (17) and (18) and the
mass spectrum for the octet mesons degenerates. Since the
UAð1Þ anomaly breaks the degeneracy between the octet
and the singlet mesons, a different on-shell condition is
obtained from Eq. (28).

D. Topological susceptibility

To compare the QCD axial current with the NJL axial
current we introduce the topological charge density QðxÞ
[4],

QðxÞ� g2

32�2
Fa
�

~Fa�¼2KIm½det �qð1��5Þq�; (30)

where g is the strong coupling constant of QCD and Fa
� is

the field strength for gluons. The topological susceptibility
� is defined by the correlation function between the topo-
logical charge densities at different points,

� ¼
Z

d4xh0jTQðxÞQð0Þj0iconnected: (31)

It describes some global feature of QCD dynamics. In the
leading order of the 1=Nc expansion it is given by [25]

� ¼ 4K2

MD�4
0

ði trSuÞ2
�
ði trSuÞði trSsÞ

�
2i trSs

m�
u

þ i trSu

m�
s

�

þ
�
1ffiffiffi
6

p ð2i trSs þ i trSuÞð�00ð0Þ;�08ð0ÞÞ

þ 1ffiffiffi
3

p ði trSs � i trSuÞð�08ð0Þ;�88ð0ÞÞ
�
�þð0Þ

�
�
1ffiffiffi
6

p ð2i trSs þ i trSuÞ �00ð0Þ
�08ð0Þ

 !

þ 1ffiffiffi
3

p ði trSs � i trSuÞ �08ð0Þ
�88ð0Þ

 !��
: (32)

We compare this result with the one obtained by the
lattice QCD.

IV. PARAMETER SETTING IN THE
DIMENSIONAL REGULARIZATION

In this section we discuss the physical scale and the
parameter setting for the model with the dimensional regu-
larization. In the study with the help of the NJL model,
parameters are usually determined by fitting the physical
quantities fm�; f�;mK; Xg, where there are several choices
for X. Here we fit the parameters by choosing X ¼ m�0 . We

reproduce these four observables in the dimensional regu-
larization scheme without fixing two of the model parame-
ters, mu and D. As for the up-quark mass, mu, we fix it by
hand and test several values. The dimension, D, is kept to
be a free parameter. Then we calculate some meson char-
acteristics as functions of D. Here we evaluate the D
dependence of some observed physical quantities: the
kaon decay constant fK, � meson mass m�, and topologi-

cal susceptibility �.

A. Parameter setting

The model has 6 parametersmu,ms,G,K,M0, andD, as
is already mentioned in Sec. II. Here we setmuð¼ mdÞ at 3,
4, 5 and 6 MeV, and study the region, 2<D< 4, in which
an UV stable fixed point appears for G. Following the
previous study [4], we fit the other 4 parameters
fM0; G;K;msg by using the measured physical observables
[26],

m� ¼ 138 MeV; mK ¼ 495 MeV;

f� ¼ 92 MeV; m�0 ¼ 958 MeV:
(33)

These quantities are calculated by analyzing Eqs. (17), (18),
(21), and (28), respectively. We solve these equations under
the constraints imposed by the gap equations form�

u andm
�
s .

Eliminating the term Ki trSs from Eqs. (4) and (17), we
obtain m�

u as a function of mu and D,

0 ¼ mu

m�
u

� 1

2

m�
u �mu

i trSu
k2Iuuðk2Þjk2¼m2

�
: (34)

We numerically evaluate this expression to plot m�
u as a

function ofD in Fig. 1. Inserting thism�
u, function ofD, into

Eq. (21), we also describe the renormalization scaleM0 as a
function ofmu andD. TheD dependence ofM0 is shown in
Fig. 2. From Figs. 1 and 2, we confirm thatm�

u andM0 in the
3-flavor NJL model have a behavior similar to that in the
2-flavor model [8].
Next we would like to fix the remaining 3 parameters

fG;K;msg. From Eqs. (4), (5), and (18), the coupling
constants G and K are obtained as functions of mu, m

�
u,

and m�
s ,

Gðm�
sÞ ¼ m�

u �mu

4i trSu
� 1

2
Kðm�

sÞi trSs; (35)

Kðm�
sÞ ¼ gðm�

sÞ
hðm�

sÞ ; (36)
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where gðm�
sÞ and hðm�

sÞ are given by

gðm�
sÞ ¼ �1þm�

u �mu

2m�
s

þm�
u �mu

2i trSu

�
i trSu

m�
u

þ i trSs � i trSu

m�
s

þ fm2
K � ðm�

u �m�
sÞ2gIusðm2

KÞ
�
;

hðm�
sÞ ¼ ði trSs � i trSuÞ

�
i trSu

m�
u

þ i trSs

m�
s

þ fm2
K � ðm�

u �m�
sÞ2gIusðm2

KÞ
�
:

Substituting Eqs. (35) and (36) into Eq. (18), we describe
the current strange quark mass,ms, as a function ofmu,m

�
u,

andm�
s . Then the�

0 meson mass (28) is also expressed by a
function of mu, m

�
u, and m�

s . From the expression for m�0

and Eq. (34) we evaluate m�
s numerically.

The D dependence of m�
s is shown in Fig. 3. We should

note that qualitatively the solution for m�
s has a similar

behavior to m�
u. Decreasing the dimension from four, we

observe that the absolute value of m�
s goes down almost

linearly. A different tendency takes place near the dimen-
sion two, a discontinuity is observed atD ’ 2:5. A physical
solution form�

s does not appear, neither it is not seen form
�
u

in Fig. 1.

Once m�
s is obtained, Gðm�

sÞ, Kðm�
sÞ, msðm�

sÞ are calcu-
lated by inserting the solution for m�

s . The numerical
results for G, K, and ms are shown in Figs. 4–6, respec-
tively. In Fig. 4 we observe a similar behavior of the four-
fermion coupling, G, to one in the 2-flavor NJL model [8],
while we do not have a consistent solution for the dimen-
sion where no solution is found form�

s . In Fig. 5 we see that
K gets drastically large near the dimension where a con-
sistent solution is lost. Finally in Fig. 6 it is found that the
value of the current strange quark mass ms is roughly
constant for the dimension larger than that corresponding
to the discontinuity point, but it falls down as D decreases
below the discontinuity point.
In Figs. 3–6, we observe a discontinuity around D ’ 2:5

where the behavior drastically changed. It comes from the
fact that the values of the couplings G and K become
divergent when m�

s approaches m�
u. The self-energy

�ii
5 ðk2 ¼ m2

�0 Þ is also divergent at m2
�0 ¼ 4m�2

i .

Therefore, m�
s has no physical solution around m�

s ’ m�
u ’

m�0=2, as is numerically confirmed in Fig. 3. This is the

reason why the behavior of m�
s is different from that of m�

u

near the dimension two. The constituent strange quark
mass, m�

s , cannot develop a value smaller than m�0=2.
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Below the dimension for the discontinuity the �0 meson
propagator contains a imaginary part which corresponds to
the decay width.

B. Physical quantities

We have fixed the model parameters in the previous
subsection except for the up-quark mass mu and the dimen-
sion, D. We are now ready for evaluating various meson
properties as a function of D for a fixed mu. Employing the
obtained parameters and the chiral condensates,m�

u andm
�
s ,

one can numerically calculate the kaon decay constant, fK,
the�meson mass,m�, and the topological susceptibility,�.

The behavior of fK, m�, and � are displayed in Figs. 7–9,

respectively. These values are roughly constant near four
dimensions. They rapidly fall down asD decreases near two
dimensions. We again observe a discontinuity around m�

s ’
m�

u ’ m�0=2. The topological susceptibility blows up

around the discontinuity.
As is seen in Fig. 7, the decay constant fK is smaller than

the observed one, 110 MeV, in the region, 2<D< 4. The
model has to be improved to describe the kaon decay. We
can fit the � meson mass to m� ¼ 548 MeV by tuning

the dimension of the fermion loop integrals, D. The topo-

logical susceptibility is calculated to be �1=4 ¼ 170� 7,

174� 7 MeV in lattice simulations [27] and �1=4 ¼
179 MeV in the Witten-Veneziano mass formula [28,29].
We can also fit the topological susceptibility in the interval,
2<D< 4. Consequently the dimension for the fermion
loop integrals, D, can be fixed to reproduce the � meson
mass or the topological susceptibility. We will discuss this
matter in the next section where we need to fit an additional
parameter D.

 40

 80

 120

 160

 200

2  2.5 3  3.5 4

m
s 

(M
eV

)

D

mu=3 MeV

mu=6 MeV

mu=4 MeV

mu=5 MeV

FIG. 6. The strange quark mass ms as a function of D for
mu ¼ 3, 4, 5, and 6 MeV.

 300

 400

 500

 600

2  2.5 3  3.5 4
D

mu=3 MeV

mu=6 MeV

mu=4 MeV

mu=5 MeV

FIG. 8. The � mass m� as a function of D for mu ¼ 3, 4, 5,
and 6 MeV.

-5x10-7

0

 5x10 -7

2  2. 5 3  3. 5 4

K
 (

M
eV

3-
2D

)

D

mu=3 MeV

mu=6 MeV

mu=4 MeV

mu=5 MeV

-1x10-6

1x10-6

FIG. 5. The 6-fermion coupling K as a function of D for
mu ¼ 3, 4, 5, and 6 MeV.

 85

 90

 95

 100

2  2.5 3  3.5 4

D

f K
 (

M
eV

)

mu=3 MeV

mu=6 MeV

mu=4 MeV

mu=5 MeV

FIG. 7. The kaon decay constant fK as a function of D for
mu ¼ 3, 4, 5, and 6 MeV.

 100

 150

 200

 250

 300

2  2.5 3  3.5 4
D

mu=3 MeV

mu=6 MeV

mu=4 MeV

mu=5 MeV

FIG. 9. The topological susceptibility � as a function of D for
mu ¼ 3, 4, 5, and 6 MeV.

NONET MESON PROPERTIES IN THE NAMBU–JONA- . . . PHYSICAL REVIEW D 83, 034005 (2011)

034005-7



V. QUARK MASS DEPENDENCE

In the cutoff regularization all the model parameters can
be fixed by fitting the physical quantities fm�; f�;mK;m�0 g
for a given mu. In the dimensional regularization an
additional observable, X0, needs to be fitted due to
one more parameter involved in this case. Therefore, there
are five physical quantities, i.e., the set of them,
fm�; f�;mK;m�0 ; X0g, which are needed to fit all the model

parameters. In this section we consider two different ob-
servables for X0; one is the � meson mass, X0 ¼ m�,

another is the topological susceptibility, X0 ¼ �. By using
the experimental/empirical values of m� and � we can

define two different parameter sets and evaluate the meson
properties. Then some physical quantities are evaluated for
mu ¼ 3, 4, 5, 5.5, and 6 MeV. We calculate the physical
quantities in the both regularizations to compare them with
each other for each given mu.

A. Physical quantities in the dimensional regularization

To show the validity of the model as a low energy
effective theory of QCD, we evaluate parameters of the
model to reproduce the input sets fm�; f�;mK;m�0 ; m�g
or fm�; f�;mK;m�0 ; �g in the dimensional regularization

and discuss the other (output) physical quantities. There
exist two solutions to reproduce m� ¼ 548 MeV for

mu & 5 MeV. In Table I we show ms, fK, �, h �uuir under
the condition thatm� ¼ 548 MeV. The subscript r in h �uuir
indicates that the quantity is renormalized, h �uuir ¼
h �uuiM4�D

0 . The last lines in Tables I and II show the

experimental/empirical values. The light quark masses are
evaluated at 1 GeV [26]. The empirical value of h �uui ’ h �ssi
is evaluated by using the Gell-Mann-Oakes-Renner relation
[30]. We observe that the topological susceptibility � is
always larger than the one in the lattice simulation and the
Witten-Veneziano mass formula.

In Tables II and III we fix the parameters of the model in

order to reproduce �1=4 ¼ 170 or 179 MeV and then we
calculate ms, fK, m�, h �uuir for mu ¼ 3, 4, 5, 5.5, 6 MeV.

As is shown in Fig. 9, we find two solutions in both sides

of the discontinuity to satisfy �1=4 ¼ 179 MeV for
mu & 4 MeV. In any case, we obtain the value for the �
meson mass which is smaller than the observed one,
m� ¼ 548 MeV.

B. Physical quantities in the cutoff regularization

In this section we fix the model parameters to reproduce
the measured values of Eq. (33) in the cutoff regularization
for a given mu. The quantities, fms;G;K;�g, are found
following the same procedure as in the previous section. In
Table IV we show the parameters, G;K and � for mu ¼ 3,
4, 5, 5.5, and 5.87 MeV. It is observed that the cutoff scale
� decreases as mu increases. No solution is found to
simultaneously satisfy Eqs. (17) and (21) for mu *
5:87 MeV. In the last lines of Tables IVand V we consider
another set of parameters from Ref. [21]. These
values [21,31] are derived by using mu ¼ 5:5 MeV,
m� ¼ 135 MeV, f� ¼ 92:4 MeV, mK ¼ 497:7 MeV,
and m�0 ¼ 957:8 MeV as input parameters. These input

parameters are about the same as ours. However, we obtain
different results, especially for K�5 and m� in Tables IV

and V, respectively. These differences come from the defi-
nition of the �0 meson mass. We define m�0 from the real

part of Eq. (28) [4]. On the other hand, Ref. [21] treats m�0

properly, as the pole of the propagator �þ in the complex
plane of k2 [32]. In Table V the quantities, ms, fK, m�, �,

h �uui, are shown. In the cutoff regularization the kaon

TABLE I. The physical quantities in the dimensional regulari-
zation (in units of MeV, except for D), m� are fixed at 548 MeV.

The last line shows the experimental/empirical values.

mu ms fK �1=4 �h �uui1=3r D

3.0 84.9 93.0 244 301 2.289

3.0 79.0 93.2 225 301 2.372

4.0 118 93.2 254 274 2.378

4.0 106 93.5 225 273 2.522

5.0 156 93.2 275 254 2.465

5.0 134 93.9 224 254 2.687

5.5 148 94.0 224 246 2.775

6.0 162 94.2 224 239 2.867

3.4–6.8 94.5–176 110 170–179 228–287

TABLE II. The physical quantities in the dimensional regu-
larization (in units of MeV, except for D), �1=4 are fixed at
170 MeV. The last line shows the experimental/empirical values.

mu ms fK m� �h �uui1=3r D

3.0 77.1 93.6 481 302 2.280

4.0 105 94.2 478 274 2.360

5.0 134 94.8 475 255 2.434

5.5 150 95.1 473 247 2.467

6.0 166 95.4 471 240 2.500

3.4–6.8 94.5–176 110 548 228–287

TABLE III. The physical quantities for the dimensional regu-
larization (in units of MeV, except for D), �1=4 are fixed at
179 MeV.

mu ms fK m� �h �uui1=3r D

3.0 78.0 93.5 498 301 2.281

3.0 74.8 92.8 507 300 3.222

4.0 106 94.1 495 274 2.363

4.0 100 92.9 507 272 3.895

5.0 136 94.7 491 255 2.438

5.5 152 95.0 489 247 2.472

6.0 168 95.3 487 240 2.505
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decay constant, fK, is consistent with the observed value
for a smaller mu, while the � meson mass and the topo-
logical susceptibility are smaller than the experimental/
empirical values. We obtain only smaller � meson mass
than the experimental one, similarly to the situation in the
dimensional regularization with fixed topological suscep-
tibility �.

Thus none of the regularizations can describe all of the
nonet meson properties. We can fit the � meson mass or
the topological susceptibility in the dimensional regulari-
zation but we obtain only a smaller kaon decay constant
in either case. In the Pauli-Villars regularization it has
been found that mu ¼ md ¼ 2:7 MeV, ms ¼ 92 MeV,
fK ¼ 131 MeV, and m� ¼ 526 MeV where the input pa-

rameters m�, mK, f� and m�0 have been used [12].

VI. CONCLUSION

We studied nonet meson properties in the three-flavor
NJL model with the dimensional and sharp cutoff regula-
rizations in the leading order of the 1=Nc expansion. We
employedmu,m�,mK, f�,m�0 as input parameters and fix

the model parameters,ms,G,K,M0, andms,G,K,� in the
dimensional and cutoff regularizations, respectively. In the
case of the dimensional regularization the dimension,D, is
still a free parameter. Thus, we evaluate the kaon decay
constant, the � meson mass and the topological suscepti-
bility as a function of D.

The constituent up-quark mass, m�
u, and the renormal-

ization scale M0 behave in a similar way as the two-flavor
case. No consistent solution for m�

s is found and the

effective coupling, G and K, is divergent around m�
s ’

m�
u ’ m�0=2. Below this region �0 meson propagator de-

velops an imaginary part. The kaon decay constant, fK, is
smaller than the observed value, 110 MeV, for 2<D< 4.
We found that ms, fK, m�, � are almost constant near

four dimensions. Fitting the parameters at the lower di-
mension and then taking the four dimensional limit, ob-
tained values for ms, fK, m�, � are not divergent. The

results do not depend on the regularization parameter. It
bring us an interesting idea of making a regularization
independent prediction in the NJL model.
We have evaluated the physical quantities, ms, fK, �,

m�, and h �uui, in both the dimensional and the cutoff

regularizations for a fixed mu. In the dimensional regulari-
zation the topological susceptibility, �, develops a larger
value than the one obtained in the lattice simulation and
Witten-Veneziano mass formula for the fixed m�. On the

other hand, the � meson acquires a smaller mass than the
observed one for the fixed �.
In the cutoff regularization the cutoff scale significantly

depends onmu; the cutoff � increases with decreasing mu.
It is interesting to note that the coupling constants become
smaller when one takes the larger cutoff, which is consis-
tent with the renormalization group argument where the
coupling strength becomes smaller with increasing the
energy scale. This cutoff effect is also confirmed numeri-
cally in the NJL model through changing the cutoff in the
temporal direction [33].
In Tables. II, III, and IV some difficulty is seen in tuning

fK, m�, and � simultaneously. Thus, this paper shows that

the model based on the Lagrangian (1) is not satisfactory in
either of the regularizations. It teaches us that new terms
should be added to the Lagrangian to improve the model at
least in one of the regularizations. We are especially inter-
ested in including vector-type and multifermion interac-
tions. It is also interesting to apply our result to a system at
finite temperature and chemical potential and we hope to
report on the problems in future.
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APPENDIX A: INTEGRALS

In this section, we demonstrate several integrals both in
the cutoff and dimensional regularization schemes which
are required in Secs. II and III.

TABLE IV. The parameter list for cutoff scale �, 4-fermion
coupling G, and 6-fermion coupling K.

mu (MeV) � (MeV) G�2 K�5

3.0 960 1.55 8.34

4.0 797 1.60 8.38

5.0 682 1.71 8.77

5.5 631 1.81 9.17

5.87 580 2.09 10.1

5.5 602.3 1.835 12.36

TABLE V. The physical quantities in the cutoff regularization
(in units of MeV).

mu ms fK m� �1=4 �h �uui1=3
3.0 89.5 113 451 160 301

4.0 110 107 457 158 273

5.0 128 101 473 160 253

5.5 136 97.3 482 163 245

5.87 139 93.3 501 172 240

5.5 140.7 95.39 514.8 179.0 241.9
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1. The cutoff regularization

The chiral condensates i trSi in Eq. (6) are important
quantities because they concern gap equations. They take
the following form after the integration is performed:

i tr
s;c
Si¼ Nc

2�2
m�

i

8<
:�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2þm�2

i

q
�m�2

i ln
�þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2þm�2

i

q
ffiffiffiffiffiffiffiffi
m�2

i

q
9=
;:
(A1)

The next integral to carry out is Iijðk2Þ in Eq. (16) which

determines the self-energies of mesons, �P, Eq. (12). It
takes the forms

Iijðk2Þ ¼ Nc

2�2

Z 1

0
dx

8><
>:� �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 þ Lijðk2Þ
q

þ ln
�þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 þ Lijðk2Þ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lijðk2Þ

q
9>=
>;; (A2)

for ðm�
i �m�

j Þ2 < k2 < ðm�
i þm�

j Þ2 and k2 ¼ 0,

Iijðk2Þ¼ Nc

2�2

Z 1

0
dx

�
� �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2þLijðk2Þ
q

þ ln

�
�þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2þLijðk2Þ

q ��

þ Nc

4�2

�
2�1

2
lnðm�2

i m�2
j Þ��ij

2k2
ln
m�2

i

m�2
j

þ ij

2k2
ln
ðk2�ijÞ2��ij

ðk2þijÞ2��ij

þ i�
ij

2k2

�
; (A3)

for ðm�
i þm�

j Þ2 < k2. In Eqs. (A2) and (A3) we use the

following notations:

Lijðk2Þ ¼ m�2
i ��ijx� k2xð1� xÞ; (A4)

ijðk2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4 � 2k2ðm�2

i þm�2
j Þ þ�2

ij

q
; (A5)

�ij ¼ m�2
i �m�2

j : (A6)

Finally, Eqs. (22) and (23), involved in the derivation of the
kaon decay constant, are calculated as

f2K ¼ 1

Jusð0Þ

2
4m�

uIusð0Þ � Nc

2�2
ðm�

s �m�
uÞ

�
Z 1

0
dxx

8<
: �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 þ Lusð0Þ
p

� ln
�þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 þ Lusð0Þ
p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Lusð0Þ

p
9=
;
3
52

; (A7)

Jusðk2Þ ¼ Iusðk2Þ � Nc

4�2
�3ðm�

s �m�
uÞ2

�
Z 1

0
dx

xð1� xÞ
Lusðk2Þ½�2 þ Lusðk2Þ�3=2

: (A8)

2. The dimensional regularization

The corresponding integrals in the dimensional regulari-
zation are performed as

i tr
s;c
Si ¼ Nc

ð2�ÞD=2
�

�
1�D

2

�
m�

i ðm�2
i ÞððD=2Þ�1Þ; (A9)

f2K ¼ 1

MD�4
0 Jusð0Þ

�
m�

uIusð0Þ þ Nc

ð2�ÞD=2
�

�
2�D

2

�

� ðm�
s �m�

uÞ
Z 1

0
dxxLusð0ÞððD=2Þ�2Þ

�
2
; (A10)

Jus ¼ Iusðk2Þ � Nc

ð2�ÞD=2
�

�
3�D

2

�
ðm�

s �m�
uÞ2

�
Z 1

0
dxxð1� xÞLusðk2ÞððD=2Þ�3Þ: (A11)

Regarding Iij, we employ different expressions for numeri-

cal calculations depending on the value of k2;

Iij ¼ Nc

ð2�ÞD=2
�

�
2�D

2

�Z 1

0
dxLððD=2Þ�2Þ

ij ðk2Þ; (A12)

for ðm�
i �m�

j Þ2 < k2 < ðm�
i þm�

j Þ2 and k2 ¼ 0,

Iijðk2Þ ¼ Nc

ð2�ÞD=2
�

�
2�D

2

��
2

D� 2
ððD=2Þ�2Þ
ij

�
�
aððD=2Þ�1Þ� F

�
2�D

2
;
D

2
� 1;

D

2
;� a�

aþ � a�

�

þ ð1� aþÞððD=2Þ�1ÞF
�
2�D

2
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D

2
� 1;

D

2
;� 1� aþ
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��

þ ei�ð2�ðD=2ÞÞðk2Þð1�ðD=2ÞÞD�3
ij B

�
D

2
� 1;

D

2
� 1

��
;

(A13)

for ðm�
i þm�

j Þ2 < k2, respectively. Here, F denotes the

hypergeometric function and a� is defined by

a�ðk2Þ ¼
k2 þ �ij � ijðk2Þ

2k2
: (A14)
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