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Width difference in the Bs-B̄s system with lattice nonrelativistic QCD
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We present a lattice calculation of theBs-B̄s transition-matrix element through a four-quark operatorOS

5 b̄(12g5)sb̄(12g5)s, which gives a leading contribution in the calculation of the width differenceDGs in
the 1/mb expansion. The nonrelativistic QCD formulation is used to describeb quark on the lattice. Using the
next-to-leading formula of Benekeet al., we obtain (DG/G)s50.151(37)(45)(17), where the first error reflects
the uncertainty of theBs meson decay constant, the second error comes from our calculation of the matrix
element ofOS , and the third represents an unknown 1/mb correction.

PACS number~s!: 12.38.Gc, 12.39.Hg, 13.20.He, 14.40.Nd
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I. INTRODUCTION

The mixing and decays of theBs
0-B̄s

0 system play a

complementary role to theB6 andBd
0-B̄d

0 systems in study-
ing flavor mixing andCP violation @1#. In particular, if the
width difference of theBs

0-B̄s
0 system is sufficiently large

the anglef3(g) of the unitarity triangle can be measure
through untagged modes such asBs→Ds

(* )K (* ) or Bs

→D* f @2,3#, which would be promising not only becaus
the method is theoretically clean but also feasible at fut
hadron colliders.

The width differenceDGBs
of theBs-B̄s systems is calcu-

lated most reliably using the heavy quark expansion@4#, and
the size of a ratio (DG/G)Bs

is roughly estimated as

(DG/G)Bs
50.16(20.09

10.11). Now that the perturbative error ha
been reduced by the recent calculation of the next-to-lead
order~NLO! QCD corrections@5#, the largest remaining un
certainty comes from the matrix elements^B̄suOX(mb)uBs&
(X5L or S) of four-quark operators

OL5b̄gm~12g5!sb̄gm~12g5!s, ~1!

OS5b̄~12g5!sb̄~12g5!s. ~2!

Lattice QCD is one of the most suitable tools for t
nonperturbative computation of matrix elements such as
decay constants and the bag parameters. In fact a numb
extensive studies, including ours@6#, have already been don
to obtainBL

1 @7#, which is a matrix element of the forme
operatorOL normalized by its vacuum saturation approxim
tion. On the other hand, the matrix elementBS for the latter
operatorOS has been calculated in Ref.@8# only for the
heavy-light meson around charm quark mass regime. I
required to perform a thorough study ofBS in order to give a
reliable prediction of theBs width difference. The matrix
element ofOS is also required in the evaluation of the am

1We use the notationBL instead ofBB to explicitly indicate that it
represents a matrix element ofOL .
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plitudeDM of theB(s)2B̄(s) mixing, if we assume the phys
ics beyond the standard model such as the supersymm
models@9#.

In this paper, we present a quenched lattice calculation
the matrix element ofOS using the nonrelativistic QCD
~NRQCD! formalism @10# for heavy quark and the
O(a)-improved Wilson action@11# for light quark. The
NRQCD formalism is formulated as an inverse heavy qu
mass expansion, and our action and operators consiste
include entireO(p/mQ) terms, wherep denotes a typical
spatial momentum of a heavy quark inside a heavy-light m
son. Higher-order contribution ofO(p2/mQ

2 ) is also studied
by introducing all necessary terms, and we find those effe
are small for theb quark mass.

In this work one-loop matching of the operatorOS be-
tween continuum and lattice regularizations is performed
the limit of infinitely heavy quark mass, so that the syste
atic error ofO„as /(amQ)… is not removed. Since theb quark
mass in the lattice unit is not extremely large,O„as /(amQ)…
gives a non-negligible effect in our final result, which cou
be as large as about 10% in a naive order counting argum

Using the NLO formula of Ref.@5# and our results for the
matrix elements ofOS as well as ofOL @6#, we obtain a
prediction (DG/G)Bs

50.151(37)(45)(17). The first erro

originates in the Bs meson decay constantf Bs

5245(30) MeV@7# used to normalize the matrix element
and the second is from our calculation of the matrix elem
of OS . The error fromBL is negligible, since it gives only a
small contribution to the width difference. The last error is
crude estimate of theO(1/mb) correction as discussed i
Refs.@4,5#.

This paper is organized as follows. We briefly summar
the next-leading order~NLO! formula of Ref. @5# for the
width difference in the next section. We present the pert
bative matching of the operatorOS in Sec. III, while the
detail of the one-loop calculation is given in the Append
We describe our simulation methods in Sec. IV, and o
results for the matrix element and the width difference
given in Sec. V. In Sec. VI, we attempt to estimate the s
of the O„as /(amQ)… error, which is specific to our work
with NRQCD. Section VII is devoted to a comparison of o
©2000 The American Physical Society04-1
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result with a previous work by Guptaet al. @8#, who obtained
the same matrix element using the relativistic lattice act
around charm quark mass. Finally, our conclusion is given
Sec. VIII. A preliminary report of this work is included in
Ref. @12#.

II. WIDTH DIFFERENCE OF Bs MESONS

In this section we briefly summarize the formula to gi
the width difference ofBs mesons, which was obtained b
Benekeet al. in Ref. @5#.

The width difference in theBs-B̄s system is given by

DGBs
522

1

2MBs

^B̄suIm i E d4x THe f f~x!He f f~0!uBs&,

~3!

where He f f is a DB51 weak transition Hamiltonian. The
main contribution comes from a transitionbs̄→cc̄ followed
by cc̄→b̄s, and other contributions mediated by penguin o
erators are also included@5#.

Using the 1/mb expansion, the transition operato
Im i *d4x THe f f(x)He f f(0) is represented by the local fou
quark operatorsOL and OS , which leads to the following
formula at the next-to-leading order@5#:

S DG

G D
Bs

5
16p2B~Bs→Xen!

g~z!h̃QCD

f Bs

2 MBs

mb
3

uVcsu2S G~z!
8

3
BL~mb!

1GS~z!
5

3

BS~mb!

R~mb!2
1A124zd1/mD . ~4!

Here, the quantityB(Bs→Xen) is the semileptonic deca
branching ratio. The factors g(z)5128z18z32z4

212z2 ln z (z5mc
2/mb

2) andh̃QCD represent the phase-spa
factor and the QCD correction, respectively. The coefficie
G(z) andGS(z) are functions including the next-to-leadin
QCD corrections, and their numerical values are given
Table I of Ref.@5#.

BL(mb) andBS(mb) are theB parameters defined with th
modified minimal subtraction (MS) scheme at the renorma
ization scalemb5mb . Their definitions are

BL~mb![
^B̄suOL~mb!uBs&

8

3
^B̄suA0u0&^0uA0uBs&

5
^B̄suOL~mb!uBs&

8

3
f Bs

2 MBs

2

,

~5!

BS~mb![
^B̄suOS~mb!uBs&

5

3
^B̄suP~mb!u0&^0uP~mb!uBs&

5
^B̄suOS~mb!uBs&

2
5

3
f Bs

2 MBs

2

3R~mb!2. ~6!
03450
n
n

-

s

n

In the last expression in Eq.~6!, we change the normalizatio
of ^B̄suOS(mb)uBs& with the decay constantf Bs

by factoring
out the ratio

R~mb![U ^0uA0uBs&

^0uP~mb!uBs&
U. ~7!

Using the equation of motion the ratioR(mb) is expressed in
terms of the quark massesmb andms as

R~mb!5
m̄b~mb!1m̄s~mb!

MBs

, ~8!

wherem̄b(mb) andm̄s(mb) denote the quark masses defin
with the MS scheme at scalemb .

Finally, d1/m denotes 1/mb corrections, which may be es
timated using the factorization approximation@4#.

Numerically evaluating the coefficients in the right-ha
side of Eq.~4!, we obtain

S DG

G D
Bs

5S f Bs

245 MeV
D 2F0.008BL~mb!

10.150
BS~mb!

R~mb!2
20.086G , ~9!

where we choose a recent world average of unquenched
tice simulationsf Bs

5245(30) MeV for the central value o
the decay constant@7#. In the following sections we present
calculation of the parameterBS(mb)/R(mb)2. Our calcula-
tion of BL(mb) is already available in Ref.@6#.

III. OPERATOR MATCHING

In this section, we present the perturbative matching
continuum operatorOS to the corresponding operators d
fined on the lattice. We follow the calculation method in R
@13#, where the one-loop matching of the operatorOL is
presented.

Following the definition in Ref.@5#, we adopt modified
minimal subtraction~MS! with the naive dimensional regu
larization scheme for the continuum operatorOS(mb), in
which g5 anticommutes with allgm’s. The subtraction of
evanescent operators is done with the definition given
Eqs. ~13!–~15! of Ref. @5#. The renormalization scalemb is
set to theb quark massmb .

While in the numerical simulations we apply the NRQC
formalism @10# to the heavy quarks, in the perturbative ca
culation the heavy quarks are treated as a static quark@14#.
More comments on this approximation will be given in th
end of this section. The light quarks and gauge fields
described by theO(a)-improved Sheikholeslami-Wohler
~SW! quark action@11# and the standard Wilson~plaquette!
action, respectively, in both of the perturbative calculati
and the numerical simulations.

The operators involved in the calculation are
4-2



,
he

e
al-

r of
he

e
he
rs

WIDTH DIFFERENCE IN THEBs-B̄s SYSTEM WITH . . . PHYSICAL REVIEW D 62 034504
OS5b̄i PLsi b̄j PLsj , ~10!

ÕS5b̄i PLsj b̄j PLsi , ~11!

OL5b̄igmPLsi b̄jgmPLsj , ~12!

OP52b̄igmPLsi b̄jgmPRsj14Nb̄i PLsi b̄j PRsj ,
~13!

OR5b̄igmPRsi b̄jgmPRsj , ~14!

OSD5b̄i PL~gW •aDW !si b̄j PLsj , ~15!

OLD5b̄igmPL~gW •aDW !si b̄jgmPLsj , ~16!

OPD52b̄igmPR~gW •aDW !si b̄jgmPLsj

14Nb̄i PR~gW •aDW !si b̄j PLsj , ~17!
g

o

t
r-

n-

03450
where PL and PR are chirality projection operatorsPL/R
517g5. Color indicesi and j run from one toN for SU(N)
gauge theory anda denotes lattice spacing. In the continuum
in which the chiral symmetry for light quark is preserved, t
operatorOS mixes only with ÕS and OL . On the lattice,
however, the chiral symmetry is explicitly broken with th
SW action, so that additional operators with opposite chir
ity, OP andOR , appear in the operator matching.

Other operatorsOSD , OLD , andOPD are higher dimen-
sional operators introduced to cancel a discretization erro
O(asa). However, we neglect this discretization error in t
numerical simulations. The result ofO(aas) matching coef-
ficients is presented only for future use.

Here we show the one-loop result of the matching. W
leave the detail of the calculations for the Appendix. T
continuum operatorOS(mb) is expressed by lattice operato
O X

lat(1/a) as follows@15#:
OS~mb!5F11
as

4p H 4

3
ln~a2mb

2!1
16

3
lnS mb

2

mb
2D 23.86J GO S

lat~1/a!1
as

4p F2
2

3
ln~a2mb

2!1
1

3
lnS mb

2

mb
2D 13.91GO L

lat~1/a!

1
as

4p
@0.77#O P

lat~1/a!1
as

4p
@0.13#O R

lat~1/a!1
as

4p
@26.88#O SD

lat ~1/a!1
as

4p
@2.58#O LD

lat ~1/a!

1
as

4p
@1.15#O PD

lat ~1/a!. ~18!
s,
e

in-
he
The operatorÕS is eliminated from the right-hand side usin
an identityÕS52OS2 1

2 OL , which is valid up toO(p/mQ).
The heavy-light axial vector currentA0 is also necessary

to normalize the matrix element. The one-loop matching
A0 is already known as@16,17,13#

A05ZA~1/a!A0
lat~1/a!1ZAD

~1/a!AD0
lat ~1/a!

5F11
as

4p
@2 ln~a2mb

2!216.561#GA0
lat~1/a!

2
as

4p
@13.01#AD0

lat ~1/a!, ~19!

whereA0 andAD0 are defined as

A05b̄g0g5s, ~20!

AD05b̄g0g5~gW •aDW !s. ~21!

The higher dimensional operatorAD0 is introduced to re-
move theO(asa) errors.

In Eqs.~18! and~19!, we apply the tadpole improvemen
@18# using u051/8kc as an average link variable. The no
malization of the light quark field isA123k/4kc.

To obtain the matching coefficient forBS /R 2 we com-
bine Eqs.~18! and~19!, and linearize the perturbative expa
f

sion in as . Omitting the higher dimensional operator
which we neglect in the following numerical simulations, w
obtain:

BS~mb!/R~mb!25F11
as

4p H 2
8

3
ln~a2mb

2!1
16

3
lnS mb

2

mb
2D

129.26J G B̂S
lat1

as

4p F2
2

3
ln~a2mb

2!

1
1

3
lnS mb

2

mb
2D 13.91G B̂L

lat1
as

4p
@0.77#B̂P

lat

1
as

4p
@0.13#B̂R

lat , ~22!

whereB̂X
lat (X5S, L, P, or R) are ‘‘B parameters’’ defined

by

B̂X
lat5

^O X
lat~1/a!&

2
5

3
^A0

lat~1/a!&2

, ~23!

which we measure in the numerical simulations.
Before closing this section, we should clarify the rema

ing uncertainty arising from the static approximation in t
4-3
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matching coefficients. In the simulation, the heavy qua
are described by the NRQCD action including theO(p/mQ)
or O(p2/mQ

2 ) corrections consistently. Theb quark field,
which constitutes the operators measured in the simulat
is also improved through the same order as the action by
inverse Foldy-Wouthuysen-Tani transformationR21 as

b5R21S Q

x†D ,

whereQ andx† are the two-component quark and antiqua
fields in the NRQCD action. Therefore, the truncation er
only starts fromO(p2/mQ

2 ) or O(p3/mQ
3 ), which depends on

the accuracy of our action and operators, even at the
level matching. On the other hand, the static approxima
in the perturbative calculation only leads to a lack of fin
mass effects in the matching coefficients, but does
change the truncation error. Therefore, using the match
coefficients derived in this section the result has
O„as /(amQ)… error.

IV. SIMULATIONS

The numerical simulations to extractB̂X
lat are almost the

same as in our previous paper@6#, in which we calculated
BL . We carried out a quenched simulation on 250 163348
lattices atb55.9. The inverse lattice spacing from the stri
tension is 1.64 GeV. We employ the SW action for lig
quark @11# with mean-field improvedcsw51/u0

3 with u0

50.8734. The heavy quark is treated by two sets of NRQ
actions and fields@10# as was done in Ref.@6#: one is trun-
cated atO(p/mQ) and the other includes entireO(p2/mQ

2 )
corrections. We use the difference between the results f
these sets to estimate the size of truncation error of thep/mQ
expansion.

For the strong-coupling constant used in the perturba
matching, we choose theV-scheme couplingaV(q* ) with
q* 51/a, 2/a, or p/a. Their numerical values areaV(1/a)
50.270, aV(2/a)50.193, andaV(p/a)50.164. Other de-
tails of our simulations, such as the exact definition of
NRQCD action and the mass parameters used, are foun
the previous paper@6#.

V. RESULTS

Figure 1 shows the mass dependence ofB̂X
lat (X5S, L or

P) defined in Eq.~23!. B̂R
lat is equal toB̂L

lat because of a
symmetry under parity transformation. The light quark ma
is interpolated to the strange quark mass. Since the l
quark mass dependence is very small, in the following an
sis we do not consider the error arising from the interpo
tion. The inverse heavy-light meson mass 1/M Ps

, for which
the light quark mass is also interpolated to the strange qu
mass, is used as a horizontal axis.

The difference between two results with different accu
cies of thep/mQ expansion does not exceed a few percen
the b quark mass, as explicitly presented in the figure
different symbols: circles forO(p/mQ) and triangles for
03450
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O(p2/mQ
2 ) accuracy. It justifies the use of the nonrelativis

expansion for theb quark.
As we pointed out in the previous paper@6#, the vacuum

saturation approximation~VSA! gives a good approximation
of the lattice data. In the static limit, it becomesB̂S

(VSA)51,
B̂L

(VSA)528/5, and B̂P
(VSA)5264/5. For the finite heavy

quark mass, the axial current and the pseudoscalar de
involved in the VSA have different matrix elements. As
result, a mass dependence appears in the VSA ofB̂X , as
plotted by crosses~a flat line forB̂L) in Fig. 1. It is remark-
able that the VSA explains the 1/M Ps

dependence of the dat
very nicely.

FIG. 1. 1/M Ps
dependence of~a! B̂S

lat , ~b! B̂L
lat (5B̂R

lat), and~c!

B̂P
lat . The results withO(p/mQ) accuracy~circles! are compared to

those withO(p2/mQ
2 ) ~triangles! accuracy. The vacuum saturatio

approximation is shown by crosses.
4-4
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We combine the results forB̂X
lat to obtainBS(mb)/R(mb)2

using Eq.~22!. The renormalization scalemb is set to theb
quark pole massmb54.8 GeV according to Ref.@5#. Figure
2 presents the 1/M Ps

dependence ofBS(mb)/R(mb)2 ob-

tained with theO(p/mQ) ~circles! andO(p2/mQ
2 ) ~triangles!

accuracies and usingaV(2/a)50.193 as a coupling constan
in the perturbative matching. The typical size of the pert
bative error may be evaluated by comparing the results
tained with different coupling constants. For this purpose,
also calculate the results withaV(p/a)50.164 and
aV(1/a)50.270, which are considered in the larger er
bars in Fig. 2. We find that they give at most 5% differenc
at theb quark mass.

Our numerical results interpolated to the physicalBs me-
son massMBs

55.37 GeV are, forO(p/mQ) accuracy,

BS~mb!

R~mb!2
5H 1.51~3! at q* 5p/a,

1.54~3! at q* 52/a,

1.61~3! at q* 51/a,

~24!

and, forO(p2/mQ
2 ) accuracy,

BS~mb!

R~mb!2
5H 1.56~3! at q* 5p/a,

1.59~3! at q* 52/a,

1.67~3! at q* 51/a,

~25!

where the error represents the statistical error. The varia
due to the choice of the coupling constantaV(q* ) is explic-
itly shown.

We attempt to estimate the size of systematic uncerta
in our result using an order counting of missing contrib
tions. As we found in the previous paper@6#, the dominant
uncertainties are

FIG. 2. 1/M Ps
dependence ofBS(mb)/R(mb)2. Results with the

O(p/mQ) ~circles! andO(p/mQ
2 ) ~triangles! accuracies are shown

The smaller error bars represent statistical errors, while the un
tainties, obtained from a quadratic sum of the statistical uncerta
and difference between the central values withaV(1/a) and
aV(p/a), are shown by the larger error bars. The central values
obtained withaV(2/a).
03450
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O„as /~amQ!…;15%,

O~as
2!;10%,

O~a2LQCD
2 !;O~aLQCDas!;5%,

when we assumeLQCD;300 MeV andas;0.3. Although
a naive order counting yieldsO„as /(amQ)…;10%, we take
a more conservative estimate;15%, which is suggested in
the study of bilinear operators as we will discuss in the n
section. The effect of the truncation of the nonrelativis
expansion is negligible as we explicitly see in the differen
between the two simulations of theO(p/mQ) andO(p2/mQ

2 )
accuracies.

We finally obtain

BS~mb!

R~mb!2
51.54~3!~30!, ~26!

where the first error represents the statistical error, while
second is obtained by adding the sources of systematic
certainty in quadrature.

Using this result and the result forBL(mb) previously
obtained in Ref.@6#, BL(mb)50.75(2)(12), we find

S DG

G D
Bs

50.151~37!~45!~17!, ~27!

from Eq. ~9!. The first error comes from the uncertainty
the decay constantf Bs

5245(30) MeV, which is taken from
the current world average of unquenched lattice calculati
@7#. The second reflects the error in the calculation ofBS /R 2

presented above, and the last is obtained by assuming
the size of error in the 1/mb correctiond1/m in Eq. ~4! is
620%. The current experimental bound is (DG/G)Bs

,0.42
@19#.

The central value of our result in Eq.~27! is much larger
than the estimate 0.05420.032

10.016 obtained by Benekeet al. @5#.
The main reasons are as follows.

The unquenched lattice result off Bs
is about 15–20 %

larger than the previously known quenched result.
The central value of our result forBS /R 2 is larger than

the previous value obtained from the relativistic lattice c
culation@8#, which is used in Ref.@5#. We will compare our
result with theirs in Sec. VII.

VI. FINITE MASS EFFECTS
IN THE MATCHING COEFFICIENTS

In this section, we attempt to estimate the size of
O„as /(amQ)… error arising from the lack of necessary on
loop correction, by taking the ratioR(mb) defined in Eq.~7!
as an example. Although theO„as /(amQ)… errors in bilinear
operators and in the bag parameters are independen
would still be useful to explicitly see the size of the error
a quantity, for which the correct one-loop coefficient
known.

r-
ty

re
4-5
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We compare the values ofR(mb)2 obtained with the fol-
lowing methods.

~1! The quantityR(mb)2 may be explicitly calculated in
lattice simulation by measuring the matrix elements of ax
vector and pseudoscalar density. Results of the JLQCD C
laboration obtained with the NRQCD action@20# are plotted
in Fig. 3 as a function of 1/M Ps

. One-loop matching to the
continuum operator are calculated for two different latt
actions: static~filled circles! and NRQCD ~open circles!
@21#.

~2! The equation of motion may be used to obtain

R~mb!25S m̄b~mb!1m̄s~mb!

MBs

D 2

. ~28!

For the phenomenological valuesm̄b(mb)54.1–4.4 GeV
and m̄s(2 GeV)50.06–0.17 GeV@22#, which corresponds
to m̄s(mb)50.05–0.14 GeV, we obtainR(mb)250.66(5),
which is shown by a star in Fig. 3.

The data obtained with the correct NRQCD matching
efficients~open circles! show a nice agreement with the ph
nomenological estimate~star!. This suggests that the error i
the calculation of the matrix element with correct matchi
coefficient is under good control. On the other hand, the d
with the static matching coefficients~filled circles! are sig-
nificantly lower, indicating large systematic errors
O„as /(amQ)…. The difference ofR(mb)2 between the two
matching calculations is around 15% for theBs meson mass
We use this number for the estimation of the systematic e
of O„a/(amQ)… for BS(mb)/R(mb)2 in Sec. V.

VII. DISCUSSION

It is instructive to compare our result with the previo
lattice calculation by Gupta, Bhattacharya and Sharpe~GBS!
@8#, who used the Wilson fermion action for the heavy qua
with the mass around the charm quark. Conversion of th
result to the definition used in this paper is given in Ref.@5#,

FIG. 3. 1/M Ps
dependence ofR(mb)2 evaluated with the

method 1~circles! and 2~star!. See the text for the detail. Open an
filled symbols are obtained with and without the 1/(amQ) correc-
tions in the one-loop coefficients.
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which yields BS(2.33 GeV)50.81 and B̃S(2.33 GeV)
50.87. A B parameter for the operatorÕS , Eq. ~11! is de-
noted asB̃S . With the renormalization-group evolution,
becomesBS(mb)50.75 andB̃S(mb)50.85 atmb5mb . The
error was not quoted except for the statistical one, which
0.01 for each quantity. In order to compare the results
tained with different heavy quark mass, it is necessary
remove a logarithmic dependence on the heavy quark m
We, therefore, defineFBS

(mb) as

FBS
~mb!5F122

as~mb!

4p
lnS mQ

2

mb
2 D GBS~mb!

1
2

5

as~mb!

4p
lnS mQ

2

mb
2 D B̃S~mb!, ~29!

wheremQ denotes the heavy quark mass used in the sim
tion. In the calculation of Guptaet al. @8# it is about the
charm quark massmQ5mc51.4 GeV. Using the coupling
constantas(mb)50.22 corresponding toLMS

(4)
50.327 GeV

and R(mb)2 obtained with method~2! in the previous sec-
tion, we obtain

FBS

GBS~mb!/R~mb!251.20, ~30!

which may be compared with our result ofBS(mb)/R(mb)2

in Eq. ~26!.
The central value of our result is significantly higher th

Eq. ~30!, which is one of the reasons for our larger value
(DG/G)Bs

compared to that of Ref.@5#. We note, however,
that the calculation with the unimproved relativistic actio
could suffer from largeO(amQ) error, which is not even
estimated in Ref.@8#. In our NRQCD calculation, on the
other hand, all possible systematic uncertainties are con

TABLE I. Numerical values of parameters appearing in the o
loop lattice integrals.

c 4.53
d1 5.46
d2 27.22
dI 24.13
e(R) 4.53
f 13.35
f I 23.64
v 26.92
v I 26.72
w 21.20
wI 0.82
J1 24.85
U 4.89
UI 20.29
V 27.14
VI 1.98
u0

(2) ~link! 2p2

u0
(2)(kc) 28.00
4-6
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ered, but unfortunately the large systematic error
O(as /amQ) is left to be removed. Thus, at this stage w
conclude that the present accuracy of both calculations is
enough for a detailed comparison.

VIII. CONCLUSION

The width differenceDGs in the Bs2B̄s mixing is ex-
pressed by the matrix elements of local four-quark opera
in the 1/mb expansion. The operatorOS gives a dominant
contribution among them and the nonperturbative calcula
of its matrix element is essential for a reliable calculation
the width difference @4,5#. We calculated a paramete
BS(mb)/R(mb)2, which is the matrix element normalize
with a square of theBs meson decay constant as defined
Eq. ~6!, using lattice NRQCD formalism for the heavy quar

From a quenched simulation atb55.9 with the
O(a)-improved light quark action, we obtai
BS(mb)/R(mb)251.54(3)(30), where statistical and sys
tematic errors are given in that order. By explicitly perform
ing two calculations with the different accuracies, we fou
that theO(p2/mQ

2 ) corrections in the NRQCD action an
operators is only a few percent. One of the dominant sou
of the systematic error is a lack of one-loop matching co
03450
f

ot

rs

n
f

es
f-

ficients with finite mass corrections. We used the one-lo
coefficients for the static action instead, which introduce
systematic error of orderas /(amQ);15%.

The large remaining uncertainty in our final result f
(DG/G)s , Eq. ~27!, comes partly from the error in our ca
culation of BS(mb)/R(mb)2. Another important source is
present in theBs meson decay constantf Bs

, as it appears as

f Bs

2 in the formula.

We also discussed a comparison of our result with
previous one. We found that the central value of our resu
significantly larger. However, since both calculations suf
from large systematic uncertainties, it would be fair to s
that the discrepancy between the two results is not signific
at the present level.
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APPENDIX

A matrix element of the continuum operatorOS with free quark external states is expressed at one-loop order as

^OS~m!&5F11
as

4p H 13N2218N19

4N
1

23N212N15

2N
lnS l2

mb
2D 1

3N224N21

N
lnS m2

mb
2D J G ^OS&0

1
as

4p F2
11N29

2N
2

N11

N
lnS l2

mb
2D 2

2~N22!

N
lnS m2

mb
2D G ^ÕS&02

as

4p

3~N21!

4N
^OL&01

as

4p F2
2p

3

1

alG^OPD&0 ,

~A1!

where^OX&0 denotes a tree-level matrix element of operatorOX , and the gluon massl is introduced to regularize the infrare
divergence. The evanescent operators are subtracted according to Eqs.~13!–~15! of Ref. @5#. The expression is expanded
1/mb and only the leading terms are written.

The corresponding expression for the lattice operator is@23,24#

^O S
lat~1/a!&5F11

as

4p H 23N212N15

2N
ln~a2l2!1

N221

2N
~ f 1 f I1e(R)1u0

(2)!1
N222

N
d12

1

2N
c

1
2N21

6N
~v1v I !2

N11

3N
J1J G^OS&0

1
as

4p F2
N11

N
ln~a2l2!1d11

1

2
c1

N22

6N
~v1v I !1

N11

3N
J1G^ÕS&01

as

4p

1

4
@d22dI #^OP&0

1
as

4p

N21

2N
@w1wI #^OR&01

as

4p

~N11!~N22!

N
@2~12csw!ln~a2l2!2~V1VI !#^OSD&0

1
as

4p

1

2
@~12csw!ln~a2l2!1~V1VI !#^OLD&01

as

4p F2
2p

3

1

al
2

1

4
~U1UI !G^OPD&0 , ~A2!

where the constantsc, d1 , d2 , e(R), f, v, w dI , f I , v I , wI U, UI , V, VI , andJ1 are defined in Refs.@14,25,23,24,13# and their
4-7
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numerical values are tabulated in Table I. The coefficients with the superscriptI denote the terms appearing with theO(a)
improvement.u0

(2) comes from the tadpole improvement of the light quark wave-function renormalization, and is also gi
Table I.

Matching the above results and using a Fierz relation^ÕS&052^OS&02 1
2 ^OL&0, which is satisfied in the static limit, we

obtain forN53

OS~m!5F11
as

4p H 101
4

3
ln~a2mb

2!1
16

3
lnS m2

mb
2D 2

4

3
~ f 1 f I1e(R)1u0

(2)!2
4

3
d11

2

3
c2

2

9
~v1v I !1

8

9
J1J GO S

lat~1/a!

1
as

4p F3

2
2

2

3
ln~a2mb

2!1
1

3
lnS m2

mb
2D 1

1

2
d11

1

4
c1

1

36
~v1v I !1

2

9
J1GO L

lat~1/a!2
as

4p

1

4
@d22dI #O P

lat~1/a!

2
as

4p

1

3
@w1wI #O R

lat~1/a!1
as

4p

4

3
@~12csw!ln~a2l2!1V1VI #O SD

lat ~1/a!

1
as

4p

21

2
@~12csw!ln~a2l2!1V1VI #O LD

lat ~1/a!1
as

4p

1

4
@U1UI #O PD

lat ~1/a!. ~A3!

A result with csw51 is used in Eq.~18!.
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