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Quantum noise and polarization fluctuations in vertical-cavity surface-emitting lasers

Holger F. Hofmann and Ortwin Hess
Institute of Technical Physics, DLR, Pfaffenwaldring 38-40, D-70569 Stuttgart, Germany

~Received 6 December 1996!

We investigate the polarization fluctuations caused by quantum noise in quantum-well vertical-cavity
surface-emitting lasers~VCSELs!. Langevin equations are derived on the basis of a generalized rate equation
model in which the influence of competing gain-loss and frequency anisotropies is included. This reveals how
the anisotropies and the quantum-well confinement effects shape the correlations and the magnitude of fluc-
tuations in ellipticity and in the polarization direction. According to our results, all parameters used in the rate
equations may be obtained experimentally from precise time-resolved measurements of the intensity and
polarization fluctuations in the emitted laser light. To clarify the effects of anisotropies and of quantum-well
confinement on the laser process in VCSELs we therefore propose time-resolved measurements of the polar-
ization fluctuations in the laser light. In particular, such measurements allow us to distinguish the effects of
frequency anisotropy and of gain-loss anisotropy and would provide data on the spin relaxation rate in the
quantum-well structure during cw operation as well as representing a different way of experimentally deter-
mining the linewidth enhancement factora. @S1050-2947~97!02307-X#

PACS number~s!: 42.55.2f
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I. INTRODUCTION

Vertical-cavity surface-emitting lasers~VCSELs! have re-
cently attracted intensive experimental and theoretical eff
One of the major advantages VCSELs have over conv
tional semiconductor lasers is the highly symmetric geo
etry around the axis of laser light emission. The polarizat
of light emitted from VCSELs is therefore not determined
the massive anisotropy of the device architecture, as is
case in edge emitting lasers. Instead, due to the transv
symmetry of the cavity and the active region, the polari
tion is highly sensitive to more subtle effects, such as sm
anisotropies in the crystal structure, strain, or opti
anisotropies in the mirrors@1–5#.

Experiments have already provided a large range of
sults on polarization as a function of pumping current@4,6#.
The variety of results indicates the sensitive dependenc
polarization on very small effects. However, the connect
between the observed stability or bistability of linear pol
ization and the theoretical explanations offered are still
more than tentative.

In 1995, San Miguel, Feng, and Moloney introduced
rate equation model for quantum well VCSELs that is ba
on the observation that the electron-hole pairs in the ba
closest to the band gap can be separated into electron
pairs emitting only right circularly polarized light an
electron-hole pairs emitting only left circularly polarize
light @7#. Effectively, this corresponds to two independe
reservoirs of electron hole pairs, each characterized by
own electron-hole pair density, coupled only by sp
relaxation processes. In the following, this assumption w
be referred to as the ‘‘split density model.’’

The first major result derived from this model has be
the proposal that polarization stability may be a conseque
of a frequency anisotropy due to birefringence in the opti
cavity @8#. As opposed to the more straightforward assum
561050-2947/97/56~1!/868~9!/$10.00
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tion of a gain-loss anisotropy, the frequency anisotropy m
give rise to polarization switching as the injection current
increased. However, since polarization switching may a
be induced by temperature-related effects@6#, the fact that
polarization switching is experimentally observed is not s
ficient to verify the assumption of dominating frequen
anisotropies. Although further work based on the split de
sity model of San Miguel and co-workers has recently be
put forth@5,9#, the predictions made by the model have so
been insufficient to truly rule out the presence of alternat
mechanisms. In particular, no attempts have yet been m
to determine the anisotropies and the time scales involve
the laser process directly from the laser emission during
operation.

In order to demonstrate that such a direct test of the mo
is indeed possible, we investigate the polarization fluct
tions predicted by the Langevin equations derived from
split density model. One of the advantages of this appro
is that polarization fluctuations can be measured at a fi
injection current during cw operation. Deriving the anisotr
pies from fluctuation measurements provides not only a t
for testing the theory, but can also provide information ab
temperature-dependent changes in the anisotropies. In
way, our theory may help to resolve questions such as th
raised in@6# and @9#.

In Sec. II of this paper, we formulate the full rate equ
tions of the split density model using the normalized Stok
parameters to describe light field polarization. In Sec. III,
examine the most likely case of a frequency anisotropy an
gain-loss anisotropy along the same or two orthogonal c
tal axes. The linearized Langevin equations for the station
point are derived. In Sec. IV, the solution of the Langev
equation is given, using reasonable approximations with
gard to the time scales involved. In Sec. V, the results
discussed and possible experiments are proposed. Finall
Sec. VI, conclusions and an outlook are presented.
868 © 1997 The American Physical Society
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56 869QUANTUM NOISE AND POLARIZATION FLUCTUATIONS . . .
II. FORMULATION OF THE RATE EQUATIONS
FOR THE SPLIT DENSITY MODEL

A. The split density model

If only the lowest-lying conduction bands and the highe
lying valence bands contribute to the laser process i
quantum-well structure, the preservation of angular mom
tum around the axis perpendicular to the quantum well
the fact that photons that are emitted along this axis h
angular momenta of61 ~corresponding to either left or righ
circular polarization! limit the number of possible emissio
processes to two separate transitions. Conduction-band
trons with a spin of11/2 around the axis perpendicular
the well can recombine only with heavy holes of23/2 an-
gular momentum around this axis, emitting a photon with
angular momentum of21. ~Note that a hole with an angula
momentum of23/2 corresponds to an empty electronic lev
with an angular momentum of13/2.! Correspondingly, spin-
1/2 electrons recombine only with holes of13/2 angular
momentum, emitting photons with an angular momentum
11.

This means that effectively two completely distinct poo
of electron-hole pairs exist. In one pool each electron-h
pair has an angular momentum of21 and interacts only with
right circularly polarized light. The electron-hole pairs in th
other pool, having an angular momentum of11 per pair,
interact only with left circularly polarized light. Rate equ
tions based on this assumption have been formulated o
nally by San Miguel and co-workers in@7#. In the following
we adopt the notion of the split density model and consid
ably extend the analysis towards a generalized represent
able to accommodate in the model arbitrary types
anisotropies.

B. Parameters

As in the paper by San Miguelet al. @7#, we use the vari-
ablesD for the total electron-hole density andd for the dif-
ference between the densities of electron-hole pairs with11
and with21 angular momentum. We will use a somewh
different approach to describe the light field in the cavi
however, to emphasize the difference between the light fi
intensity and light field polarization. The total number
photons in the cavity~regardless of polarization! is denoted
by n. The polarization is then described by a thre
dimensional vector of unit lengthP, which defines the poin
on the Poincare´ sphere corresponding to the present polari
tion. The components ofP are the normalized Stokes param
eters. IfE6 are the complex electric-field amplitudes of rig
and left circular light, the normalized Stokes parameters
given by

P15
E1* E21E2* E1

E1* E11E2* E2

, ~1a!

P252 i
E1* E22E2* E1

E1* E11E2* E2

, ~1b!
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P35
E1* E12E2* E2

E1* E11E2* E2

. ~1c!

The spatial directions of the vectorP correspond to pairs o
orthogonal polarizations. The component ofP along any
given direction is equal to the intensity difference betwe
the two polarizations relative to the total intensity.P3 is the
intensity difference between left and right circular polariz
tion, P1 is the intensity difference betweenx andy polariza-
tion andP2 is the intensity difference between light pola
ized along the~1,1! direction and light polarized along th
(1,21) direction. In the plane of linear polarization, a rot
tion of P by 180° therefore corresponds to a 90° change
the direction of polarization. While this may not seem a ve
intuitive picture at first, one of the advantages of describ
the light field in terms ofP is that it directly refers to light
field intensities as they are observed in experiment.

C. Time scales and anisotropies

The laser process in the split density model for quantu
well VCSELs is characterized by four time scales and th
anisotropies. From slowest to fastest, the time scales are
fined by ~i! the rate of spontaneous emission into the la
mode 2w, usually around 106–107 s21, although this can be
very much a function of cavity design@10,11#, ~ii ! the rate of
spontaneous carrier decayg, usually around 109–1010 s21,
which also depends strongly on the cavity~in fact, the reduc-
tion of this decay into nonlaser modes is at the heart o
proposal to achieve thresholdless lasing by optimizing
optical cavity@11#!; ~iii ! the rate of spin relaxationgs ~this
rate is an unknown quantity, especially in the high carr
density regime crucial to the laser structures under invest
tion; in this model, it appears only as the sum with the sp
taneous carrier decay, which we define asG5gs1g; experi-
ments and theory indicate, however, that the order
magnitude will probably be similar to that ofg @12,13#; and
~iv! the rate of photon emission from the cavity 2k. The
factor of 2 in the rate of spontaneous emission is a resul
using photon number and intensity variables instead of
field amplitudes to describe the light in the cavity. Also, no
that bothw andk are averages over anisotropic properties
the VCSEL.

The three possible anisotropies in gain, loss and
quency are characterized by both their magnitude and t
geometrical orientation. Similar to the definition of th
Stokes vectorP, it is possible to represent the anisotropies
vectors. The direction of this vector corresponds to the dir
tion of P for which the extremal gain, loss, and frequen
values are obtained. The length corresponds to the differe
between the extremal values. The anisotropy vectors are
fined as gain anisotropyg, such that the rate of spontaneo
emission is given by 2w(11P–g); loss anisotropyl, such
that the rate of photon emission from the cavity is given
2k(11P–l); and frequency anisotropyV, such that the
length ofV is equal to 1/2 the frequency difference betwe
the modes of orthogonal polarization.

D. Rate equations

We can now formulate the rate equations for any arbitr
set of anisotropies using the parameters defined above:
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870 56HOLGER F. HOFMANN AND ORTWIN HESS
d

dt
D52w~11P–g!Dn2g~D2D0!2w~11P–g!dnP3 ,

~2a!

d

dt
n5w~11P–g!Dn22k~11P–l!n1w~11P–g!dnP3 ,

~2b!

d

dt
d52w~11P–g!dn2Gd2w~11P–g!DnP3 , ~2c!

d

dt
P5$@w~11P–g!~Dg1dê3!22k~11P–l!l#3P%3P

1@V1w~11P–g!adê3#3P. ~2d!

ê3 indicates the unit vector in the direction of the third com
ponent of the Stokes vector.

D0 is the injection current in units ofg and a is the
linewidth enhancement factor, which describes a shift in f
quency due to the electron-hole density in the quantum w
In the presence of two separate reservoirs of electron-
pairs ~split density model!, where the carriers from one res
ervoir interact with only one type of circular polarization, th
frequency shift causes an effective birefringence@8#.

To understand the terms in the equation, it is importan
keep in mind that each timek andw appear in the equations
they are modified by the anisotropy factors of (11P–l) and
(11P–g), respectively. In the model this is the only influ
ence of the anisotropies on the dynamics ofD and n if
d50. If dÞ0, the last terms in Eqs.~2a! and~2b! increase or
decrease the rate of stimulated emission, depending
whether the light field in the cavity interacts more strongly
more weakly with the available carriers. The last term in E
~2c! describes the hole burning effect ofP3Þ0.

The dynamics of the Stokes parametersP is directly de-
termined by the anisotropies. The frequency anisotropy
duces a rotation around the axis defined byV. The gain-loss
anisotropy drawsP towards one of the poles along the ax
defined byg andl, at a rate proportional to the component
g or l orthogonal toP. This is illustrated in Fig. 1.

The effect of the split density model on the polarizati
dynamics can be understood in terms of gain and freque
anisotropies introduced by the density differenced:

ge f f5g1
d

D
ê3 ~3!

Ve f f5V1w~11P–g!adê3. ~4!

In passing we note that another consequence of the split
sity model is the fact that the factor of 2 in the rate of spo
taneous emission is absent. This is due to the two par
laser processes having an induced emission rate
2w(D/2)(n/2) for d50 and P350. The sum of the two
emission rates is thereforewDn, as given above.
-
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III. LANGEVIN EQUATIONS FOR cw OPERATION
AT A STABLE LINEAR POLARIZATION

A. Anisotropies along the†110‡ and †11̄0‡ crystal axes

Although a large number of nonlinear effects and dynam
cal properties can be described by choosing special com
nations of anisotropies@9#, we will concentrate on the simple
case of cw operation at a stable linear polarization. For m
VCSELs, this seems to be the natural state of affairs, e
when no artificial anisotropies were created during
growth of the device. It has been found that a large num
of VCSELs emit light polarized along the@110# or @11̄0#
crystal axis@1–5#. This must obviously be the result of un
intentionally introduced anisotropies. Possible reasons
this are the slight tilt of the growth axis often used in met
organic chemical-vapor deposition@4# or the tendency of
strain induced changes in the optical properties to prod
anisotropies along these axes@5#. The latter effect can be
visualized quite nicely. If one looks at a@001# surface of a
semiconductor lattice, the projections of the bonds app
along the@110# and the@11̄0# directions. Light polarized
along one of these directions will mainly interact with th
electrons in the bonds along this direction. Consequently,
largest part of the optical anisotropy induced by stress
caused by the difference in compression between the@110#
and the@11̄0# bond directions.

Given this preference for two orthogonal linear polariz
tions observed in many VCSELs, we chooseg5gê1, l5 l ê1,
andV5Vê1. The rate equations are now

d

dt
D52w~11P1g!Dn2g~D2D0!2w~11P1g!dnP3 ,

~5a!

d

dt
n5w~11P1g!Dn22k~11P1l !n1w~11P1g!dnP3 ,

~5b!

d

dt
d52w~11P1g!dn2Gd2w~11P1g!DnP3 , ~5c!

FIG. 1. Arrows on the Poincare´ spheres illustrate the dynamica
effect of anisotropies on the normalized Stokes vectorP. The
sphere on the left shows how the frequency anisotropy causesP to
rotate around the axis defined by the anisotropy. The sphere on
right shows how the gain-loss anisotropy pullsP towards one of the
poles defined by the vector of anisotropy.
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56 871QUANTUM NOISE AND POLARIZATION FLUCTUATIONS . . .
d

dt
P152@w~11P1g!Dg22k~11P1l !l #~P1

221!

2w~11P1g!d~P3P12aP2!, ~5d!

d

dt
P252@w~11P1g!Dg22k~11P1l !l #P1P2

2w~11P1g!d~P3P21aP1!2VP3 , ~5e!

d

dt
P352@w~11P1g!Dg22k~11P1l !l #P1P3

2w~11P1g!d~P3
221!1VP2 . ~5f!

B. Linearization around the stationary solution

The stationary solution of these equations is given
P151, P25P35d50, and D52k(11 l )/w(11g). The
photon number in the cavityns is a linear function ofD0,
specifically

ns5
g

2k~11 l !
D02

g

w~11g!
. ~6!

Close to this stationary point the laser relaxation dynam
can be linearized. Deviations from the stationary point
described by five coupled dynamical variables. In the c
under consideration the dynamics can be seperated into
mutually decoupled subsystems. One subsystem desc
the dynamics of the total photon number fluctuatio
dn5n2ns coupled to the total density fluctuation
dD5D22k(11 l )/w(11g). The other subsystem de
scribes the coupling of the density differenced to the polar-
ization parametersP2 andP3.

To obtain the linearized Langevin equation, we furth
add the noise termf(t) to the dynamics. This time-depende
five-dimensional vector incorporates all external noise a
signals influencing the laser. In the case under considera
this will be the vacuum fluctuations of the light field enterin
the cavity. A discussion of the statistical properties of t
noise term will be given in Sec. III C.
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At this point, it is convenient to introduce five new pa
rameters for a more compact formulation

~i! The injection current in units of the threshold current
defined asx, which means that the stationary photon numb
ns is replaced by

x5
w~11g!

g
ns11. ~7!

~ii ! The gain-loss anisotropy is combined into a sing
variabler equal to the difference of the two, scaled with th
ratio of the cavity loss rate and spontaneous carrier de
This dimensionless quantity should be of the order of un
to be effective, corresponding to a relative anisotropy
about 0.1% for typical time scales:

r5
2k~11 l !

g
~g2 l !. ~8!

~iii ! The frequency anisotropy is scaled in terms of t
spontaneous carrier decay rate divided bya, as it only sta-
bilizes the polarization in conjunction witha @8#:

u5
aV

g
. ~9!

~iv! The ratio of the spin-relaxation rate and spontane
carrier decay rate is written asr , such that

r5
G

g
21. ~10!

~v! The relaxation oscillation frequencyn is defined as a
function of the injection currentx:

n5A2k~11 l !g~x21!. ~11!

Using these parameters, the Langevin equation for
quantum-well VCSEL is
d

dtS dD

dn

d

P2

P3

D 51
2gx 2

n2

g~x21!
0 0 0

g~x21! 0 0 0 0

0 0 2g~x1r ! 0
n2

w~11g!

0 0 2w~11g!a 2gr 2
gu

a

0 0 2w~11g!
gu

a
2gr

2 S dD

dn

d

P2

P3

D 1f~ t !. ~12!
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872 56HOLGER F. HOFMANN AND ORTWIN HESS
All processes described by this equation occur either at a
of g or at a rate ofn. Since it is realistic to assume tha
g!k, the spontaneous carrier decay rateg will usually be
significantly smaller than the relaxation oscillation frequen
n5A2k(11 l )g(x21). Note that this condition break
down very close to threshold (x51). However, as close to
threshold the relative polarization fluctuations approach
finity, there is no polarization stability forx very close to
one.

C. Quantum noise

Although the formulation given above can be applied a
to problems of externally injected fields and similar line
response problems, we will now define the noise termf(t) as
the electromagnetic field noise entering the cavity from
vacuum. The definition of a noise term for the light field in
cavity is a standard procedure in quantum optics. In the c
of two modes of orthogonal polarization, the extension
straightforward. The two-time correlation functions that a
nonzero are

^ f dn~ t ! f dn~ t1t!&54k~11 l !nsd~t!

5
4k~11 l !g~x21!

w~11g!
d~t!, ~13a!

^ f p2~ t ! f p2~ t1t!&5
4k~11 l !

ns
d~t!

5
4k~11 l !w~11g!

g~x21!
d~t!, ~13b!

^ f p3~ t ! f p3~ t1t!&5
4k~11 l !w~11g!

g~x21!
d~t!. ~13c!

To understand the derivation of these terms, either one
think in terms of a classical field, considering the vacuu
modes and the dipole densities associated with the ca
density pools as field modes with random quantum fluct
tions acting as external forces on the field in the cavity,
one may apply particle picture reasoning: Since only wh
photons are emitted into and out of the cavity, there i
stochastic process involved that gives rise to shot noise.
one of the fascinating properties of quantum mechanics
the same noise terms result from two seemingly differ
pictures.

Another noise source for the laser process is the nois
the carrier injection. However, this noise is much wea
than the light field noise ifgx!k, which is a natural as-
sumption for real devices. The physical reason for the re
tive smallness of shot noise from injection is that if the ph
ton emission rate from the cavity is much faster than the t
carrier decay rate, then the number of carriers present in
active region is far greater than the number of photons in
cavity. Consequently, the relative statistical fluctuations
much smaller in the carrier subsystem than in the light fie

Note that this approximation is valid only for short tim
scales. On time scales much longer than the 1/g, energy
conservation requires the fluctuations described here to
te
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cel. This means that the low-frequency noise of the pow
spectrum is very sensitive to the weak fluctuations in
carrier injection@15#.

IV. SOLUTION OF THE LANGEVIN EQUATION

A. The Green’s function solution near the stationary point

In accordance with the fluctuation-dissipation theore
the noise in the light emitted from the laser is approximat
given by a linear response to the quantum noise entering
laser cavity. The fluctuations can therefore be calcula
from the linear response of the VCSEL. The fiv
dimensional Green’s function can be obtained by determ
ing the eigenvalues and eigenvectors of the nonsymme
535 matrix describing the linearized dynamics. Since t
eigenvectors are nonorthogonal, both left and right eigenv
tors need to be determined.

The problem separates into one two-dimensional prob
and one three-dimensional problem. Therefore, an exact
lytical solution is possible. However, to understand t
physical significance and to single out the experimenta
relevant case, it is useful to apply the realistic assumpt
that sincegx!k, g!n, except forx very close to 1. Also,
the anisotropiesr andu should not be much greater than
Using these assumptions, the eigenvaluesl i and eigenvec-
torsai andbi are

l1/252
1

2
gx6 in,

a1/25
1

A2
S 7 i

g~x21!

n
1000D , b1/25

1

A2S 6 i
n

g~x21!

1

0

0

0

D ;

~14!

l352g~r1u!,

a35~00012a!, b35S 0

0

0

1

0

D ; ~15!

l4/552
1

2
g~x1r1r2u!6 in,

a4/55
1

A2
S 007 i

w~11g!

n
01D , b4/55

1

A2S 0

0

6 i
n

w~11g!

a

1

D .

~16!
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56 873QUANTUM NOISE AND POLARIZATION FLUCTUATIONS . . .
Using this set of vectors, any external perturbation of fi
variables or carrier densities can be decomposed into
eigenvectors with the corresponding exponentially decay
and oscillating Green’s function. The time integral over t
perturbation then gives the linear response of the laser
namics. This procedure can now be applied to quan
noise.

B. Application of the Green’s function to quantum noise

The left eigenvectorsai are used to decompose the noi
into contributions associated with the corresponding eig
values. If the noise terms are represented in the form o
535 diffusion matrixN @14#, the decomposition can be ac
complished by calculating the matrix elemen
Ni , j5aiNaj

† . The fluctuation matrixF(t) can then be ex-
pressed as a sum over the dyadic products of the right ei
vectorsbi ,

F~t!5(
i , j

Ni , j

2l i2l j*
el j* tbi ^bj

† . ~17!

As the eigenvectors are not orthogonal, there are contr
tions for iÞ j with complex2l i2l j* . Since we apply the
approximation thatg!n, however, the absolute value o
these terms is much smaller than those withi5 j and we can
obtain the light field fluctuations by summing over the fi
terms withi5 j only. This effectively means that the eige
vectors fluctuate independently. The fluctuation matrix
then given by a sum over projection operators that mus
symmetric.

C. Light field fluctuations

The light field fluctuations of polarized light have thre
degrees of freedom, given by the total intensityn, the ellip-
ticity P3, and the direction of linear polarizationP2. Includ-
ing possible correlations, these fluctuations are describe
a symmetric 333 matrix. However, since the dynamics
the total intensity is decoupled from the polarization dyna
ics, there is no correlation between the total intensity and
polarization. Therefore, four fluctuation terms are sufficie
to completely describe the fluctuations in the laser light d
ing cw operation:

^dn~ t !dn~ t1t!&5
2k~11 l !

w~11g!

x21

x
e2gxt/2cos~nt!,

~18!

^dn~ t !dn~ t1t!&
ns
2 5

A

x~x21!
e2gxt/2cos~nt!, ~19!

^P3~ t !P3~ t1t!&

5
A

~x21!~x1r1r2u!
e2g~x1r1r2u!t/2cos~nt!, ~20!

^P3~ t !P2~ t1t!&5a^P3~ t !P3~ t1t!&

5
aA

~x21!~x1r1r2u!
e2g~x1r1r2u!t/2cos~nt!, ~21!
d
he
g
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n-
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n-
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e

by

-
e
t
-

^P2~ t !P2~ t1t!&

5
a2A

~x21!~x1r1r2u!
e2g~x1r1r2u!t/2cos~nt!

1
A~11a2!

~x21!~r1u!
e2g~r1u!t. ~22!

The factorA is a measure of the overall magnitude of noi

A5
2k~11 l !w~11g!

g2 . ~23!

Figure 2 shows the noise distribution att50 for a realistic
choice of parameters. Figure 3 shows the polarization fl
tuations as a function oft.

There is a correlation between the two fluctuations, me
ated bya, which is a typical feature of the two-densit
model. Thea factor converts the density difference fluctu
tions d into frequency difference fluctuations between le
and right circular polarization. This fluctuating birefringen
causes the direction of polarization to fluctuate in phase w
the ellipticity. The fluctuations of the carrier density have n
been given here since they are difficult to observe exp
mentally. They would be strongly correlated with the osc
lating field terms, being 90° out of phase with respect to
fluctuations of the field.

Because of this correlation effect, fluctuations in the
rection of polarizationP2 are always much stronger tha
fluctuations in the ellipticityP3 if a is greater than 1. Indeed
the values of 2–6 given fora in the literature suggest a
difference of almost an order of magnitude.

Another typical feature of the polarization fluctuations
that they approach infinity close to threshold. This is an
dicator that the light emitted very close to threshold is s

FIG. 2. Contour plot of the Gaussian distribution correspond
to the polarization fluctuations att50 for x52, a52, r52,
r52, andu52. This choice of parameters clearly shows the c
relation between polarization direction and ellipticity. F
A50.01, the fluctuations ofP2 correspond to deviation of approxi
mately65° in the direction of polarization.
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lamplike. A nonvanishing amount of laser emission is n
essary to overcome the noise effects and to stabilize both
intensity and the polarization.

Although three unknown parametersr , r, andu enter into
the model, the polarization noise terms calculated here
defined by only two parameters, namely,r1u and
r1r2u. To fully separate the effects of spin relaxation a
of anisotropy, one additional parameter is needed. This
ditional parameter may be found by taking a closer look
the nearly degenerate oscillation frequencies in the inten
and in the polarization.

D. Perturbation theory for the frequency
of relaxation oscillations

The relaxation oscillations appear equally in the total
tensity and in the polarization fluctuations. This is a dire
result of the two-density model: Ellipticity fluctuations an
the associated fluctuations in the polarization direction a
result of uncorrelated intensity fluctuations in the two circ
lar polarizations.

However, anisotropies couple the two subsystems and
duce slight changes in the frequency. By calculating the
ference between the relaxation oscillations in intensity an
polarization, further information on the anisotropies can
obtained.

The perturbative correction to the eigenvalues may be
tained by calculating the matrix elementsMi , j between the
approximate eigenvectorsai and bj . The correction to the
eigenvaluel i caused by a weak coupling to the eigensta
of l j is given byMi , jM j ,i /(l i2l j ). Calculated to second
order ing/n, the eigenvalue corrections are

FIG. 3. Time dependence of the fluctuations^Pi(t)Pj (t1t)&
for x52, a52, r52, r52, andu52. As explained in the text, the
fluctuation of polarization direction (i , j )5(2,2) is largest, while
the correlation of polarization direction and ellipticity (i , j )5(2,3)
is exactly equal in magnitude to two times the fluctuations in el
ticity ( i , j )5(3,3). Time is given in units ofg21, which is typically
100 ps to 1 ns. The variableA is typically around 1/100.
-
he

re

d-
t
ity

-
t

a
-

n-
f-
in
e

b-

s

dl15
M1,2M2,1

l12l2

52 i
g2x2

8n
, ~24!

dl252dl1 ~25!

for the total photon number and

dl350, ~26!

dl45
M4,5M5,4

l42l5
1
M4,3M3,4

l42l3

52 i
g2

8n
~x1r2r1u!2

1 i
g2u2~a211!

2n
, ~27!

dl552dl4 ~28!

for the polarization variables. The difference in frequen
between the intensity oscillationsnn and the polarization os
cillations nP is

nn2nP5
g2

8nF ~x1r2r1u!22x224u2
a211

a2 G . ~29!

Note that only a frequency anisotropy will makenP larger
thannn . Therefore, if the polarization noise oscillates fas
than the intensity noise, this is an indicator of a strong f
quency anisotropy.

V. DISCUSSION OF THE RESULTS AND EXPERIMENTAL
POSSIBILITIES

A. Determination of time scales and anisotropies
from the fluctuations of the laser light

The equations given above show the wealth of inform
tion that can be obtained from measurements of the fluc
tions in the laser light emitted from a VCSEL during c
operation at a stable linear polarization. Intensity noise
given by the relaxation rategx/2, the oscillation frequency
n, and the relative magnitude ofA/x(x21). The experimen-
tal determination of these three quantities is equivalent t
measurement of the three time scalesk(11 l ), g, and
w(11g).

The ellipticity noise^P3(t)P3(t1t)& differs from inten-
sity noise in the relaxation rate, which isg(x1r1r2u)/2
instead ofgx/2, and in the relaxation frequency, although t
latter is only slightly different. These time scales also sh
up in the correlation of ellipticity and polarization directio
fluctuations^P3(t)P2(t1t)&, which is justa times the el-
lipticity fluctuations. An observation of this correlation ca
not only provide strong evidence in support of the split de
sity model, but is also a direct measurement ofa. Finally,
the fluctuations of polarization direction^P2(t)P2(t1t)& in-
clude not only noise correlated to ellipticity fluctuations, b

-
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also additional noise with a relaxation rate ofg(r1u). From
the two relaxation rates and the difference in oscillation f
quency, the parametersr , r, andu can be calculated, thereb
allowing an experimental determination of the spin rela
ation rate, the gain-loss aniosotropy, and the frequency
isotropy.

B. Polarization stability

The polarization fluctuations predicted by the split dens
model are largely fluctuations of the direction of linear p
larization. Fluctuations of the ellipticity are smaller by
least a factor ofa2. For very small anisotropies, the ma
contribution to the fluctuations will be from the weak rela
ation rate ofg(r1u), implying an even greater discrepanc
between fluctuations in ellipticity and in polarization dire
tion.

To estimate the relative anisotropies necessary to stab
polarization, it is therefore most appropriate to require
condition r1u@A(11a2)/(x21) to be fulfilled. For rea-
sonable estimates,r andu should then be at least of order
This would necessitate a relative gain-loss anisotropyg2 l of
at least 1023 or a frequency anisotropy of at least 1 GHz.

However, these values depend critically on the time sca
of the laser process, all of which enter into the magnitude
the fluctuations given byA.

C. Experimental possibilities

To determine the time scales and the anisotropies
quantum-well VCSELs as described above, time-resol
measurements of the polarization fluctuations at a resolu
of at least picoseconds are required. Further, polarization
ters for both linear and circular polarization are needed.

Ideally, P2 andP3 could be measured directly by sep
rating the laser beam using a birefringent material and m
suring the intensity difference between the two parts. Ho
ever, it is also possible to measure the fluctuations
inserting a filter and measuring the fluctuations
ns(11P2/3)/2. Since the fluctuations inn are not correlated
with the fluctuations in polarization, the resulting relati
noise is just the avarage of total intensity noise and polar
tion noise. For example, if one measures the fluctuation
the intensity of right circularly polarized lightI1(t) one ob-
tains

^I1~ t !I1~ t1t!&

Ī1
2

5
1

2S ^n~ t !n~ t1t!&
ns
2 1^P3~ t !P3~ t1t!& D .

~32!

A measurement of the correlation of ellipticity and polariz
tion direction fluctuations is very difficult since it requires
splitting of the laser beam without causing undesireable
larizations. Probably the best approach would be to refl
only a small fraction of the beam at a right angle, using t
light for the measurement of the linear polarization direct
and using the nearly unaltered beam for the measureme
-
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ellipticity fluctuations. Another possibility is to keep track o
all the polarization properties of the optical devices us
sorting out the contributions to the measured noise afterw
The Stokes parameters are quite convenient for this
since all polarization effects can be described by matrix m
tiplication.

In this manner, all time scales and anisotropies can
determined at a fixed injection current. If such an experim
works, it is also possible to measure changes in these p
erties as injection current is increased. A comparison w
the temperature dependence at constant injection curre
also possible. This should reveal many of the material pr
erties of the semiconductor and help to clear up some of
open questions regarding polarization switching.

VI. CONCLUSIONS AND OUTLOOK

The analysis presented here shows how all the parame
of the two-density model for a VCSEL with stable line
polarization can be obtained from measurements of the
larization fluctuations. Time-resolved measurements of
polarization fluctuations in VCSEL light can therefore una
biguously resolve open questions, such as whether temp
ture effects cause polarization switching or whether birefr
gence or gain-loss anisotropies are responsible
polarization stability.

This is extremely important because experimental res
on polarization and intensity as a function of the injecti
current can be interpreted only when the correct mechan
of polarization stability has been identified. For example,
authors of@5# assume that only a frequency anisotropy co
tributes to polarization stability without considering the po
sibility that a gain-loss anisotropy might have an effect
well. Unverified assumptions are also the subject of the c
cism voiced in@9# about the explanations given in@6#. Fur-
ther experiments such as the ones proposed here are
lutely necessary to avoid misleading interpretations.

The polarization fluctuations show features typical for t
split density model, which can be used as a test criterion
whether or not the model is valid in a given device. Since
split density represents the effect of quantum-well confi
ment on the polarization properties of VCSELs, this effe
tively tests the quantum-well structure in the active regio
The quantity that depends strongly on the size of the qu
tum wells is the spin-relaxation rate. Experimental results
this rate are also of interest in connection with calculatio
@12,16# and luminesence experiments@13# carried out to in-
vestigate spin-flip scattering in quantum wells.

The rate equations presented here are formulated in a
general way and may also be applied to cases with m
excotic anisotropies and time scales, such as discussed i@8#
and @9#, which show switching and/or include a magne
field. In all these cases, the investigation of noise adds a
tional predictions for experiment to the results and there
increases our understanding of the physics involved in
polarization properties of VCSELs.
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