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Anisotropic pairing interactions mediated by phonons are examined in layer systems. It is shown that the
screening effects become weaker when the layer spacing increases. Then the anisotropic components of the
pairing interactions increase with the screening length since the momentum dependence changes. As a result,
various types of anisotropic superconductivity occur depending on the parameter region. For epamapie,
superconductivity occurs when the short-range part of Coulomb repulsion is strong and the layer spacing is
large. Two kinds of interlayer pairing may occur when the layer spacing is not too large. Although the phonon
contribution to thed-wave pairing interaction is weaker than thx@vave interaction, it increases with the layer
spacing. The relevance of the present results to organic superconductor3, lugprates, and $RuG, is
discussed.
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I. INTRODUCTION peratureT ., becausé ; is an extremely sensitive quantity as
a function of the coupling constant. In tipewave pairing,
The anisotropy of the superconducting order parametethe full gap state is theoretically expectebyt some experi-
and the mechanism of pairing interactions in layered superMental results seem to indicate line nodes® _
conductors are recent subjects of much interest. In particular, N the highT, cuprates, pairing interactions of magnetic

high-T. cuprate superconductors, organic superconductors(.)”g'n' such as exchange of spin fluctuations and a superex-

. change interaction between nearest neighbor spins, have
;nodrsthe SJRuC, compound have been studied by many aUheen discussed by many authors because of proximity to the

) ) _antiferromagnetic phase. However, experimental results of
There is some evidence that the order parameter has linge jsotope effect suggest that there are contributions to the
nodes on the Fermi surface in high-cuprates. For example, superconductivity from phonon-mediated interactions in
an experiment and a theory on the Josephson junction gaveany highT, cuprates*~2° Absolute values of shifts of
evidence of a #-wave” order parameter in a cuprate are very large (0.2—0.7 K), but isotope effect exponents
superconductdr.z Linear temperature dependence of theare small because of the high transition temperature.
penetration depth was observed at low temperatutesex- Abrikosov proposed a theory based on weak screening of
periment of the Josephson junction by létal. in  Coulomb interactions and phonon-mediated pairing interac-
Bi,S,CaCyOg. 5 suggests that the order parameter includeonS |nd2¥vh|ch anisotropicswave order parameter was
an isotropics-wave componert. obtained:" In the presence of on-site Coulomb repulsmn, an
On the other hand. superconductivity inBaO, is con- extremely anisotropics-wave order parameter with nodes
_ » Superce Iy INSOG, I was obtained? Bouvier and Bok also calculated an order
sidered to be due to spin triplet pairing according to theyarameter explicitly, and obtained anisotropiwave in the
results of a Knight shift measureméneind a uSR  same modef® Recently, it has been shown thétvave su-
experimenf. Experimental results of the Josephson currenerconductivity is reproduced in a similar model with anti-
between SfRuQ, and s-wave superconductors do not seemferromagnetic fluctuatiord:?®> Shen et al. showed that
to be settled. Jiret al. observed that the current vanishes electron-phonon coupling plays an important role in pairing
along thec axis and discussed that it is of intrinsic oridin. in the cuprate superconductors using angle-resolved photo-
On the contrary, Sumiyamat al. observed a finite current emission data®
along thec axis® In the absence of spin orbit coupling, the  On the other hand, Foulkes and Gyorffy proposed that the
Josephson current betwegrwave ands-wave supercon- electron-phonon interactions could give rise topavave
ductors does not occur, while in the presence of it, it mightpairing in the presence of short-range Coulomb
occur but the direction of the current is restricted by the interactions’’ We proposed in our previous pap&that trip-
vector of the triplet order parametef.Rice and Sigrist sug- let pairing superconductivity can be induced by phonon-
gested that thp-wave pairing might be due to a paramagnonmediated interactions in ferromagnetic compounds, where
mechanism in analogy to the superfluftie® Mazin and  singlet pairing is suppressed by the Pauli paramagnetic ef-
Singh examined the same mechanism quantitatively on thfect.
basis of first principle calculatiortd, while they also sug- The origin of the anisotropic components of pairing inter-
gested from the value OF . that there is some room for the actions mediated by phonons is briefly explained as follows.
electron-phonon coupling in addition to the paramagnon conThe screening effect limits electron-ion interactions within a
tribution. However, it is difficult to prove the mechanism by range of the order of the screening length. Since the pairing
a quantitative argument on superconducting transition teminteractions mediated by phonons are obtained by a second
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order perturbation of the electron-ion interactions, they also 99
have a range of the same order. For example, the screening V(g)=— 2—52 (2
effect is taken into account as vertex corrections within the q°+ds

d|agrammat|<; techn!qu?é?. When the screening length in- We define lattice constangswithin the layers and between
creases, the interactions are more localized in the momentume layers. We take the andy axes in the direction of the

space. Hence, the anisotropic components of the interactiofgice vectors within the layers, and thaxis perpendicular
increase with the screening length. to the layers.

In this paper, we examine layered superconductors with \yhenbs a, the discrete layered structure in the interlayer
the phonon-mediated pairing interactions, extending it tQjjrection must be taken into account for shorter wavelength

systems with large layer spacing. The layered structure modi ~ q~1~p. Therefore we extend E@2) in the form
fies the screening length and the pairing interactions signifi-

cantly. It is shown that anisotropic components of the pairing 2 rq'2

. . ) . 90s 9 Qs

interactions are large in the layered system. We discuss the V(O)=— 5~ ——5 ,5c080D 3
possible relevance in the layered superconductors, such as |qH| s |q||| T0s

SrRuG,, organics, and cuprates. N including interlayer coupling’ for layer systems, where
We study both the intralayer and interlayer pairings. Efé-is the momentum element in the layers. Here we have trun-
tov and Larkin examined the influence of a magnetic fieldcated the interaction at the nearest layers.

and electron hopping on the properties of the superconduct- The gap equation of superconductivity is written as
ors with those interaction.Klemm and Liu examined this
subject in detail for highF, superconductor: We examine 1
how the coupling constants change when the layer spacing A=-y Z V(k=K" )W(k")A(k"), 4
changes qualitatively. k

We also study an effect of anisotropy of density of statesyhere
in square lattice systems. Although the effect of the anisot-

ropy must be most remarkable when the Fermi surface is tanHE(k’)/2T]
near the van Hove singularities, we consider a system not W(k")= - (5)
necessarily near the van Hove singularity but a system with 2E(k")

the density of states anisotropy within the layers.

In Sec. Il, we define the model of the pairing interactions
mediated by phonons. We derive expressions of the coupling
constants for various types of anisotropic superconductivity. _
In Sec. IIl, we examine the dependence on the layer spacing Adk)= 24k n(ky), 6)

of the screening length and the pairing interactions. In Secwhereknz(kx,ky) and (k) is a normalized function of the
IV, we consider a situation in which interlayer coupling is of omentum componerk,. From Eq.(3), the solution of the
the order of intralayer coupling. In Sec. V, we examine anga, equation(4) at T=T, has a form with 7(k,)=1,

effect of the anisotropy in the electron dispersion in SQUArE 5 cosk b, or y2 sinkb. Then Eq.(4) is written as
lattice systems. Section VI is devoted to discussion and sum- = = '

mary.

with E(k) = \/6k2+[A(k)]2 andN the number of lattice sites.
We put the gap function

1
Ajkp=-— N 2 V(K KDWKDA(K), @
k/

Il. SCREENING EFFECT AND PAIRING INTERACTIONS . .
where N; denotes the number of sites in a layer, and

First, we introduce a model of pairing interactions. Abri- V(k| ,k|) denotes the averaged pairing interaction defined by
kosov examined an effective pairing interaction mediated by

phonons of the form b2 (/b alb
Vi k= — [ k| ke vk mk)
(2m)c) =aio — /b
(8
V(a)=9 % L@ (1) . o
q2+q§ (fk—§k+q)2—[w(Q)]2’ Here we assume that the dispersion in ztdirection can be

neglected ine, in the gap equation.

We consider the cylindrically symmetic Fermi surface
with q=|g| and gs=1", wherel, denotes the screening oM now on. Hence we putk)| =[Kj|=kg in the pairing
length?-?2A similar form corresponding ta=1 is obtained  Interactions Eq(8) and obtain
by taking into account the screening effect in electron-
phonon interactions as explained in Ref. 29. If we put V(o= o) =V(k k)= — g(a—1)
=1 for simplicity andé, — &= O for the electrons near the Pe = VIRLA a—cogp—g')
Fermi surface in Eq(1) according to Abrikoso¥! we obtain
a simplified form with

C)
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L
2k2’

a=1+ (10

for n(k,)=1. On the other hand, for the order parameters

with 7(k,)=/2 cosk,b and 7(k,) =2 sink,b, the expres-
sion forV(¢—¢') is obtained by replacing and a with g’
anda’ =1+q.%/2kZ, respectively, in Eq(9).

We expand the averaged interactidfp — ¢') as

V(qo—cp’)=mE:0 VimYm(e—¢")

=mE:O Vol Y @) Yl @)+ Yl @) Yl ©7)],

(11)
and the gap function|(¢) =4 (k)) as
Af(9)= 2 [Amym( @)+ AmYn(¢)], (12)
where
Ym(@) =nNmcogme),
V(@) =Npsin(me), (13
with normalization factors
1 for m=0,
= 14
"m=1 2 for m#0. (149
The expansion factov,, is calculated by
V= ! wada \% 15
LIy E'Ym(a) (0). (15

It is easy to perform the integration in E(L5). For n(k,)
=1, we obtain dimensionless coupling constants

)
A, =gN(0) \/%[a— JaZ— 1™

Then the superconducting transition temperaflizels ob-
tained by

(16)

T.=1.13wpe Pm, (17

with A ,= —V,N(0) from Eqg.(4), whereN(0) is the density
of states per site of a given spin.

For 7(k,) = y2 cosk,b and /2 sink,b we obtain a similar
dimensionless coupling constant as

1 a'—1
=5 9'N(O) \/ —fa’~a?=1]" (19
a' +1

for nearest-neighbor layer pairings. The expressionrois
the same as Eq17).

Here, we note that a contribution from the short-range

part of the Coulomb repulsion must be subtracted fiogn

PHYSICAL REVIEW B55 174502

obtained above. For example, in the tight binding model, the
on-site Coulomb energy is estimated by

2

_ 3 A3y 2 "2
U—f fd rd3r’|w(r)] [w(r")|%, (19

Aareg|r—r’]

wherew(r) is the Wannier function. It is obvious that the
energyU is not included in our interaction energy E®),
since Eq.(19) depends on the profile of the Wannier func-
tion. Equation(3) describes the behaviors of pairing interac-
tions of longer wavelength, while the energyin Eq. (19) is
characterized by the local states of electrons on each lattice
site.

Therefore we must consider the on-site Coulomb repul-
sion in addition to the pairing interaction of E(B). How-
ever, it reduces only the intralayswave pairing interaction
but not the other anisotropic pairing interactions because of

the symmetry. We define a parametérso that thes-wave
interaction\, is reduced byu=UN(0). The value of the

parameteiU is not equal toU, because the retardation and
spin fluctuation effects should be taken into account. We con-

sider U as a given parameter without estimating it micro-
scopically.

IIl. DEPENDENCE ON THE LAYER SPACING OF THE
ANISOTROPIC PAIRING INTERACTION

In this section, we calculate anisotropic components of
the effective pairing interactions as functions of the layer
spacingb. We concentrate on the case of intralayer pairing
n(k,)=1 for a while.

The squared inverse of the screening length is

2 eZ

ds=—p(w), (20
€0
in Thomas-Fermi approximation, whepéw) is total density
of states of electrons per unit volume at chemical potential
w. In layer systems, the total density of states per unit vol-
umep(u) is written in terms of the total density of states per
unit areapﬁD(,u) in each layer as
p(r)=pf(p)lb. (21
Here it is found that the screening becomes weaker when the
layer spacing increases, because the volume density of elec-
trons which contribute to screening decreases when the layer
spacing increases. However, it should be noted that the
screening length within a layer changes by the change of the
interlayer spacindp, even when the lattice constaatn the
layers is unchanged. Therefore the behavior of the screening
length examined is not derived by a simple scale transforma-
tion in terms ofa andb as the length scales.
We define a length scalg, as

2

b
a=1+ q—szzl-i-—o,
2k

(22
2 b
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FIG. 1. The dimensionless coupling constantsas a function
of the layer spacindg. The solid and dashed lines show the results
for the p wave (m=1) andd wave (m=2), respectively. In the
inset, the short dashed line shows the result for ghgave (m
=0).

FIG. 2. The phase diagram =0 in theb-U plane. SC stands
for superconductivity.

IV. INTERLAYER PAIRING

In this section we consider a situation in which the inter-
from Egs.(20) and(21). In a simple case, the length schlg  layer coupling constarg’ is of the same order as the intra-
is estimated as follows. Assuming noninteracting two-layer coupling constard. The coupling constants would de-

dimensional electron gas 'wﬁw)(,u), we obtain pend on the layer spacing, but here we regard them as
independent parameters. The conditigr-g would actually

a? be satisfied wheb is not too large. Then, we must consider
bo="—1 a’ (23)  the gap function of the formA(k)=A4(k))n(k,) with

n(k,) = \2 coskb or /2 sinkb. The expansion o (k) by
since p{??(u)=m/742 and kea=\2m7n, wheren is the  Ed. (12 holds also in this case. _

electron number per site. Hegg, denotes Bohr radiusy Figure 3 shows the dimensionless coupling constafjts
=4megh?/me?=0.5292 A. As an example, #~4 A and A set of parametersy’=0.8y, U=0.4g, and q.=q, are
n~1 we haveb,~9.6 A as a crude estimation. Since the taken as an example. Ftwb,<0.6 andb/by=2.2, intra-
basic length scale, which is independent of the lattice layer pairing(of sswave andp-wave in each region, respec-
constants andb comes in Eq(23), changes not only of the tively) is favored. On the other hand, for G®/by<2.2,
ratio b/a but also of the absolute values @andb give rise  interlayer pairing withm=0 is favored. The gap function

to changes in the qualitative results. has a form such as
Figure 1 shows the result af,, as a function of the layer
spacingb. It is seen that botlp-wave andd-wave compo- A(k)=Agsink,b,
nents of the pairing interactions increase with the layer spac-
ing b. In particular, it is found that the-wave components A(k)=A, cosk,b. (24)

increase rapidly in the region<Ob=<h,. As the inset shows, . ) o .

the swave component,/gN(0) is equal to 1 in the limit of The fo.rmer is an o_rder parameter of triplet pairing, while the

b=0 and decreases with It remains larger than the other Iatt(_ar is thf_:lt of singlet pairing. These gap functions have

anisotropic components, but if the additional short-rangd'0rizontal line nodes &,=0,* /b and atk,= * 7/2b, re-

Coulomb energy is sufficiently large so thak _T<x spectively, but they are isotropic in the layers. In the absence
0 1

-~ . S of additional pairing interactions, singlet and triplet order
p-wave pairing occurs instead sfwave pairing. parameters of Eq24) have the same transition temperature.

_ Figure 2 is the phase diagram®&t 0 in theb-U plane. It Ag Klemm and Liu examined, the horizontal line nodes van-
is found thatp-wave superconductivity occurs in the region jsp, for coexistence of singlet and triplet order parameters in
where the layer spacinigis larger and the short-range repul- his casél

sion expressed by is stronger. We will discuss the reality
of such parameter values in the layered compounds in the
last section.

On the other hand, fai-wave superconductivity to occur,
some additional contribution to, or a negative contribution In this section, we consider the square lattice systems, in
to N\, is needed, so thax, becomes larger than;. We  which the electron dispersion depends on the direction of the
examine an enhancement 0§ due to an anisotropy of the momentum. We will show that théwave coupling constant
density of states later, and briefly discuss a contribution from\, is enhanced fod,2_ > symmetry, but not fod,, symme-
the antiferromagnetic fluctuations in the last section. try, due to the anisotropy of the density of single-particle

V. EFFECT OF ANISOTROPY IN THE ELECTRON
DISPERSION
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FIG. 3. The dimensionless coupling constanfs of nearest- FIG. 4. The Fermi surface of a tight binding model with a

neighbor layer pairing as a function of the layer spadingrlhe  chemical potentiaju=—t (solid line), and the averaged isotropic
thick solid and dashed lines show the results of the interlayer pairFermi surface wittkz~1.974 (short dashed line The inset shows
ing with m=0 andm=1, respectively, while the thin dashed and the angle-dependent density of stapd9,¢) at the Fermi energy.
short dashed lines show the results of intralayer paikipgnd\ The short dashed line in the inset shows the behavios(6fe)
—, respectively. approximated by Eq25) with py=0.142 andp,=0.04Q.

states. We define an angle-dependent density of states SinceVy, V4, Vs, ..., aremuch smaller thavy andVy,
p(e,¢) as a density of single-particle states per unit energyhe terms proportional tp, can be neglected in E¢R6) for
and unit angle. m=0 and 1. Hence\, and\; are not modified by,. On
In the square lattice system, the angle-dependent densithe other hand, fom=2, we cannot omit the term @, 4
of states at the Fermi energy0,¢) can be approximated by in Eq. (26) since|m—4|=2. Neglecting the term ol 4
=Ag because/g<V,, we obtain
p(0.p)~po+ps COL40), (25)

wheree is the angle between a momentynandp, axis. In A= )\(20)
addition, we regardke as being constant, for simplicity.
Figure 4 shows a verification of this simplified model in where we define an effective coupling constaatz)\(zo)(l
the square lattice tight binding model with a nearest neighbok-p,/2p.), which givesT, by Eq. (17).
hopping energyt at u= —t. Although the Fermi surface is  Therefore, it is found thad,2_,2-wave pairing is favored
nearly isotropic, the density of statp$0,p) varies with the  more thand,,-wave pairing by the enhancement factor (1
direction ¢. For example, whem=—t, pg~0.142, andp,  +p,/2p,). The enhancement factor+lp,/2p, is estimated
~0.040 are estimated. to be 1.14 foru=—t, and 1.22 foru=—0.5. On the com-
Regarding Eq(25) as an expansion qf(¢,0), we could  petition with p-wave pairing, those values are not large
extend it into more general forms by adding termsenough to change the sign af,—\,. Therefore, another
pan COS(d¢) with n=2. Then the terms ob,, mix A, of a  nonphonon contribution seems to be neededifaave pair-
small m with A, of a largem’ =|m=4n|. However, since ing to occur.
V, decreases rapidly witm as seen by Eq.16), A, 's of
such largem’ are small. Therefore the higher order terms in V1. DISCUSSION AND SUMMARY
the expansion op(¢,0) can be omitted in practice.
In the gap equation, the anisotropic term proportional to We have examined pairing interactions mediated by
p4 c0s 4p does not affect equations far. sinme. Therefore phonons in the layer systems. The screening of Coulomb

we only consider equations fa,,. For generaim, we can interactions becomes W_eaker when the layer SP?‘b‘"‘.‘J’
write the gap equation a&t=T, as creases. Then anisotropic components of the pairing interac-
Cc

tions increase with the layer spacibgince the momentum

As=Nol "op
= n——
2 2 T,

e"wD
mTe

123
2po

2

2e"wp ps [N dependence Qf .the interactions changes. In particohasave
A= 2AOIn—— A+ 2—[—m m+a superconductivity occurs for large and strong short-range
e Po(Nm+4 Coulomb repulsiorJ, even in the absence of any additional
Nm nonphonon interactions.
+ ”\m—4|A|m 4|Hv (26) It was found that thep-wave coupling constank; in-

creases rapidly with the layer spacitgin the regionb
where we defina(9=V,,po=V;N(0) is the dimensionless <bo, whereb, is a length scale defined by E@2). For the
coupling constant for the isotropic case. rapid increase ol q, the condition\g—u<N\ is realized
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more easily in layer systems than in usual three-dimensiondlere, although for the organics it might be rather controver-
systems, wher&, denotes thes-wave coupling constant and sial. The results of the parameter values do not strongly de-

—U is a negative contribution ts-wave pairing due to the Pend on the direction of the line nodes. Roughly speaking,
short-range Coulomb repulsion discussed near @6). b=b, is satisfied in both kinds of compounds. If we assume
Hence triplet pairing superconductivity is favored in layeredwp~1000 K andT.~1.5 K, we havex;~0.151 (or A,
compounds. ~0.151). Therefore, we obtaigN(0)~1.0 and 0.69, re-
We have also examined interlayer pairing. In some regiorspectively, from Figs. 1 and 3. For such choices of parameter
of the parameter space, for example,0t8b,<2.2 for the  values, in order to suppress tkavave pairing, the on-site
parameters indicated in Fig. 3, the gap function may havé&oulomb repulsion must be larger thanl/2N(0)~Wi/2,
horizontal line nodes parallel to the layers. In this case, thavhereW is the bandwidth. Although this estimation is crude,
solutions of singlet pairing and triplet pairing of E(R4)  the value~W/2 seems realistic as the order of the magni-
degenerate. The horizontal line nodes vanish for coexistendgde.
of singlet and triplet order parametérf some effect due to On the other hand, fad-wave superconductivity to occur
spin fluctuations, ferromagnetic correlations, magnetic fieldjn the present modep-wave ands-wave pairing needs to be
or spin-orbit coupling removes this degeneracy, interlayesuppressed for some extra reason or some additional contri
triplet pairing may occur. In this case, the triplet order pa-butions tod-wave pairing. For this problem, we examined
rameter has horizontal line nodes. the effect of the anisotropy of the electron dispersion. It was
In SL,RUQ, compounds, existence of the line nodes wasfound that thed-wave coupling constant, is enhanced by
supported by some experiments such as temperature depdhe anisotropy fod,2_,2 symmetry, while not fod,, sym-
dences of specific heat and NMR relaxation ratdowever, metry andp,, py symmetries. However, the enhancement
the direction of the line nodes does not seem clear at thdoes not seem to be large enough to realizedtneave su-
present. Line nodes vertical to the layers were indicated byerconductivity. This might suggest an existence of a non-
ultrasound attenuatiotf, whereas an almost isotropic state phonon contribution to thé-wave pairing interaction in the
was indicated by thermal conductivity.The isotropic state cuprates, for example, antiferromagnetic spin fluctuations.
can be consistent with the specific heat and NMR experi- However, even if we assume that a nonphonon contribu-
ments, if the horizontal line nodes are assumed. tion is indispensable for higiz, the present theory suggests
The intralayer triplet pairing is a candidate for the verticalthat there is a large phonon contribution to thevave pair-
line nodes. However, we need some additional mechanisrmg interactions especially in layer systems for the weak
for the vertical line nodes to occur, for example, a multibandscreening. This result is consistent with the observed large
effect, because isotropic states suclpasip, have the low-  shifts of T, as absolute values due to the isotope efféct’
est free energy in the present isotropic system. A consistent It was also found that the coupling constantincreases
explanation of the experimental results within the presenwith the layer spacind. This behavior might be a reason
theory remains for a future study. why the transition temperature of Br,CaCyOg, 5 iS much
It is found in Figs. 1 and 3 that the coupling constant ofhigher than that of La ,Sr,CuQ,. SinceT,. is a sensitive
the intralayer triplet pairing\; and that of the interlayer function of \,, such a slight enhancement ®% may in-
tripet pairing\ o have a different layer spaciipdependence. creasel. considerably.
The former increases with, while the latter decreases with
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