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1 Introduction

One of the key lessons of intense studies in higher-spin (HS) field theories is the need
to abandon many of the beliefs inherited by years of extraordinary results devoted to
understanding their lower-spin counterparts. For instance, the higher-derivative nature of
the couplings as well as the need of introducing infinitely many HS fields are clear signals
that the standard frameworks are not sufficient. These features naturally surface in String
Theory (ST), where the presence of an infinite tower of massive higher-spin excitations
brings about most of its remarkable properties. Besides being responsible for planar duality,
open-closed duality and modular invariance, the plethora of massive HS particles is what



makes the high-energy behavior of string amplitudes softer than in any local quantum field
theory. To wit, although its lower-spin truncations are in general non-renormalizable, ST is
believed to be finite. The field-theoretical reason for this difference is the contribution of an
infinite number of massive HS fields to quantum corrections. Moreover, since the massive
HS spectrum becomes massless in the tensionless limit, it has long been conjectured that
ST may describe a broken phase of an underlying HS gauge theory. Therefore, in order to
better understand the quantum properties of ST as well as other of its remarkable features,
it would be important to investigate the dynamics of HS gauge fields and their links to
massive counterparts on more general field-theoretical grounds.

Over the years, finding consistent interactions of HS gauge fields has proven to be
a very challenging task.! A long-recognized difficulty concerns the inconsistency of the
gravitational minimal couplings in flat space-time [11]. As shown in [12, 13], this problem
can be solved in (anti) de Sitter space-time ((A)dS). There HS gauge invariance, which is
broken when one replaces ordinary partial derivatives by the gravitational covariant ones, is
restored by adding a chain of higher-derivative interactions sized by negative powers of the
cosmological constant. Interestingly, this way of solving the minimal interaction problem
is similar to the one used for massive HS fields in the Stiickelberg formulation. More
precisely, one can restore the Stiickelberg gauge invariance of the HS fields by adding higher-
derivative interactions sized by inverse powers of the mass.? This analogy between the roles
of cosmological constant and masses suggests that a systematic study of massive HS theories
in (A)dS can provide new insights on both Vasiliev’s HS gauge theory® in (A)dS and ST, and
eventually shed some light on their relations. However, although both of them have been
known for many years, extracting their interaction vertices remains a very difficult program
that only recently have been pushed forward by some new but yet not conclusive steps. The
present work aims to constructing all consistent cubic interactions of totally symmetric HS
relying on the Noether procedure. The cubic results are expected to be further constrained
by the higher-order consistency leading eventually to ST and Vasiliev’s system and possibly
to other consistent theories. We hope our work to be a first step towards HS systematics.
Let us mention as well that the construction of consistent interacting massive HS theories
is also relevent from a phenomenological prespective. Indeed, they provide an effective
description for hadronic resonances in certain regimes.

Free massive HS particles can be described by the Fierz system [18] consisting of
dynamical field equations together with the traceless and transverse (TT) constraints.
The latter constraints guarantee the propagation of the correct number of physical de-
grees of freedom (DoF). The Lagrangian reproducing the Fierz system was first obtained
in [19, 20] in flat space, and further studied in [21-40] in flat or (A)dS background. In dS,
the mass spectrum in the unitary region presents a discrete series of mass values, called
partially-massless points [21, 41-56], for which the fields acquire gauge symmetries and
the corresponding representations become shorter. It is worth noticing that the interac-

'For recent reviews on the subject, see e.g. the proceeding [1] (which includes [2-6]) and [7-10].

2See e.g. [14] for the EM interaction of spin 2 and [15] for the gravitational interaction of spin 3.

3Vasiliev’s equation provides at present the only known fully non-linear consistent description of an
infinite number of HS gauge fields of all spins [16, 17].



tions of these partially-massless fields might play some important role in the inflationary
cosmology.

As noticed some time ago, the introduction of interactions for massive HS fields might
either spoil the TT constraints, thus leading to the appearance of unphysical DoF [57], or
violate causality [58-60]. See e.g. [14, 15, 61-74] for some recent works on the consistency
of the electromagnetic (EM) and gravitational couplings to massive HS fields.* It is worth
noticing that, as shown for spin 2 in [76, 77] and for arbitrary spins in [78], ST provides a
solution for the case of constant EM background. See also [79, 80] for an analysis of HS
interactions in the open bosonic string and [81-85] for studies on scattering amplitudes of
HS states in superstring and heterotic string theories. Other works on cubic interactions
of massive HS fields in (A)dS can be found in [86, 87].

Traceless and transverse part of the interactions. The aforementioned difficulties
in finding consistent interactions manifest themselves only at the full off-shell level,® while
they can be circumvented restricting the attention to the physical DoF. Indeed, relying on
the light-cone formalism, Metsaev constructed all consistent cubic interactions involving
massive and massless HS fields in flat space-time [88, 89]. In this approach, what is left is to
find the complete expressions associated with those vertices. Starting from the T'T parts of
the interactions, that can be viewed as the covariant versions of Metsaev’s lightcone vertices,
the corresponding complete forms within the Fronsdal setting were obtained recently in [80,
90]. Moreover, the computation of (tree-level) correlation functions does not require the
full vertices but only their TT parts.® Therefore, although they ought to be completed,
the TT parts of the vertices are also interesting in their own right. Motivated by this
observation, recently the TT parts of the cubic interactions of massless HS fields in (A)dS
were identified in [92].” In the present paper, we extend this approach to the cases of
massive and partially-massless fields in (A)dS.

Radial reduction with delta function. A way of obtaining massive theories is via
dimensional reduction of a (d + 1)-dimensional massless theory [53, 94-97].%8 However,
when applied to cubic interactions, the conventional Kaluza-Klein (KK) reduction method
imposes some restrictions. In the case of flat-space interactions, these rule out the possibil-
ity of reproducing most of the known examples of massive HS interactions, notably those
appearing in ST [79, 80]. Notice that, after all, the consistency of the KK reduction does
not hold if one considers only a part of the KK spectrum.”? In this paper we avoid this

4See also [75] for the study of EM interactions of partially-massless spin 2 fields.

5By off-shell we mean the entire Lagrangian including traces and divergences of fields, as opposed to its
TT part.

6See e.g. [80, 91] for the analysis of higher-order interactions of massless particles in flat space.

"See [93] for the frame-like approach to the same problem.

8The Singh-Hagen massive HS Lagrangian [19, 20] can be obtained through dimensional reduction of
Fronsdal’s massless one [98, 99] after gauge fixing. However, the gauge fixing procedure is non-trivial if one
starts with the Fronsdal action and a more convenient one can be found in [100]. Let us also mention that
the analysis in [53] is carried out within the unconstrained setting of [101, 102] bypassing all the problems
related to the constrained Fronsdal formulation. Furthermore, let us mention that similar results can be
also recovered starting from the tractor approach [38, 54, 103].

9The only consistent truncation is the massless one which is not the main goal of the present paper.



restriction working within the ambient-space formulation of (A)dS fields [22, 24, 104-106]
with an insertion of a delta function of the radial coordinate into the (d 4 1)-dimensional
action.!” This means that we are actually dealing with a d-dimensional action but in a
(d + 1)-dimensional representation. On the other hand, the gauge consistency requires
particular attention in treating the total-derivative terms that, because of the insertion of
the delta function, do not vanish any longer.

Taking into account the aforementioned subtleties, we translate the consistency condi-
tion for the vertices into a set of differential equations. The latter can be explicitly solved
for given s1 —sy—s3 couplings and the 2—2—2 and 3—3—2 examples are provided in detail
for all different combinations of the masses. In the following we summarize our results for
arbitrary spins. Let us stress that our analysis is independent of space-time dimensional-
ity, however subtleties arise in three and four dimensions due to the appearance of some
identities. More precisely, in three dimensions our analysis is not complete while in four
dimensions some parts of the vertices can vanish identically.!'!

Massive and massless interactions. Cubic interactions involving massive and massless
fields can be expressed in a compact form via generating functions of all consistent
couplings. Depending on the number of massless fields entering the latter, the corre-
sponding vertices are given by functions K of subsets of the following building blocks:

Y = 9y, Ox,yy + @i Oy, Ox

Zi = 0y, Oui_y

G = (- 9x, + 1 0uy - 0x) Dy Du + (B, Dy + B2 Dy - Ox) Dy~ Dy
+ (Oy,- Ox, + B3 0u,- Ox) Oy, - A,

ﬁi = aXz'H' aXifl 8Ui71. 8Ui+1 - 8X¢+1‘ 8Ui71 8X¢71 Ay, i1 (1'1)

that are differential operators acting on ambient-space HS fields

o0

1

O(Xi, Ui) = Y — B an, (Xi) U U (1.2)
s=0

Here Oxm = 8)({” + 8Xé” + 8X§/f denotes total derivatives, while the o;’s and the (5;’s

are parameterized as

- B 1 - a—+1
o] = &, Qg = Oé—f—l’ a3 = « )
f+1 a—p3
— , _— — , = — . 13
pr=8 B2 P B3 5 (1.3)

Finally, the TT parts of the cubic interactions for massive and massless HS fields in
(A)dS can be expressed as

L/W“XMVaWL)K@MLUQMX%%)(Xm%)XX, (1.4)

0

10A similar delta-function calculus has been used in the framework of 2T-physics (see [107] and references

therein).
"For instance, in four dimensions the Gauss-Bonnet identity allows to rewrite the coupling of three

partially-massless spin 2 fields with at most four derivatives as a coupling with at most two derivatives.



where € is a sign, positive for dS and negative for AdS. The flat-space interactions
can be smoothly recovered as limits of the AdS ones.

Partially-massless interactions. Although at present we are not able to derive a gen-
erating function encompassing all possible interactions of partially-massless fields
(which are unitary only in dS), this can be done for a class of highest-derivative cou-
plings. As a result, whenever the i-th field is at one of its partially-massless points
wi € {0, ..., s;—1}, the corresponding vertices are consistent provided the condition

pi = [pitr — pi-1| € 2Nyo,  [i =i+ 3], (1.5)

holds. Here, the p;’s are numbers parameterizing the mass-squared values

Mf:—%[(ui—si+2)(ui—si—d+3)—si], (1.6)
of the spin s; fields. It is conceivable that the aforementioned pattern does not
change in the general case, giving rise to an enhancement of the number of consistent
couplings whenever (1.5) is satisfied. This is indeed the case for all the examples that
we have analyzed explicitly, although arriving at a definite conclusion on this issue
would require more efforts so that we leave this problem for future work.

Stiickelberg-field formulation. For the purpose of getting the full vertices, one would
need to implement gauge symmetry also for massive fields. Then, as in the massless case,
the remaining parts of the interactions could be recursively determined relying on the gauge
invariance of the vertices. Massive HS fields acquire gauge symmetries in the Stiickelberg
formulation, wherein one introduces new fields and gauge symmetries into the massive
theory in such a way not to alter it. The advantage of such a formulation is that it allows
to properly analyze the massless limit of a massive theory that, in general, turns out to be
very delicate. A renowned example is the vDVZ discontinuity [108, 109], related to the fact
that the massless limit of a massive spin 2 is not simply a massless spin 2 but involves a
massless vector and a massless scalar too.'? The analysis preserving the number of DoF in
the massless limit can be carried out within the Stiickelberg formulation. Let us mention
here a key difference between the massless limit in flat and in AdS space. While in flat
space a massive spin s splits into a collection of massless fields of spin from s down to 0, in
AdS it gives rise to a massless spin s and a massive spin s — 1 field [21, 46, 48, 50, 51, 97].
With the aim of extending the analysis of the massless limit to the cubic level, we also
provide the Stiickelberg formulation of the cubic interactions. The latter can be obtained
making use of the Stiickelberg shift encoded in the following generating functions:

]C(Y, Z) P(w1 Xl' 8U1) P(w2 XQ‘ 8U2) P(w3 X3- 8U3) — s (17)

where the Y;’s and the Z;’s are given by

}/i - 1/; + 8X1 aXi+1 awl )
Z;=Z; + anH' aXifl 8wi71 + anff 6X¢+1 8wi+1 + 8X1‘+1' aXiﬂ 8w¢+1 awifl > (1'8)

2Let us mention that the vDVZ discontinuity is absent in (A)dS [49, 53, 110-112].



and P(z) = (Fy,(—p; —Lz) is a hypergeometric function. Under the assumption that all
mass parameters of the theory scale uniformly in the massless limit, we find that in AdS the
leading terms of the interactions are massive couplings involving all the massive spin s—1
components of the original spin s fields. On the other hand, when some of the leading parts
are absent, then the new dominant ones start to involve the massless spin s components.
Finally, performing the massless limit in flat space one recovers consistent massless vertices
in agreement with the aforementioned pattern.

Organization of the paper. Section 2 is devoted to the formulation of the free theories
of massive and (partially-) massless fields in the ambient-space formalism. In section 3 we
provide the solutions to the Noether procedure for the corresponding cubic interactions. We
then extend the previous results to the Stiickelberg formulation and study the massless limit
of the massive couplings in section 4. Our results as well as some outlook are summarized
and discussed in section 5. Appendix A contains some identities and mathematical tools
used in our construction. In appendix B we provide the detailed examples of 2—2—2 and
3—3—2 interactions, while in appendix C we discuss a class of interactions containing the
highest number of derivatives. Finally, appendices D and E include further details on the
massless limit in flat space and on the ST interactions, respectively.

2 Free HS fields in (A)dS

In this section we present the free theories of massive and (partially-)massless totally-
symmetric HS fields in (A)dS.!3 After providing an intrinsic formulation, we introduce the
ambient-space formalism in which the construction of the cubic vertices becomes consider-
ably simpler.

A massive spin-s boson in (A)dS can be described in terms of a totally-symmetric
rank-s tensor field goﬁfl) ..us- In the following, we use the generating functions of such fields:

o0

) = D S () e () e (), (2.1)
s=0

where the contraction with the flat auxiliary variables u® is via the inverse (A)dS vielbein
ed'(x): u-et(z) = u®ed'(x), and A is a color index associated with the Chan-Paton factors.
The massive representations of the (A)dS isometry group correspond to HS fields satisfying

the Fierz system:

(D> -~ M*)p* =0, Oy -e'D,p*=0, 32¢*=0, (2.2)
where M is the mass operator defined by M2 p® := m2 ¢, and D, is the covariant
derivative: 1

Dy =V + 5w (2) uaBys) - (2.3)

Here V, is the usual (A)dS covariant derivative and wffﬁ is the (A)dS spin connection, so
that the (A)dS Laplacian operator is given simply by D2,

13 Throughout this paper, by (A)dS we refer to any constant-curvature background including flat space.



The quadratic action for HS fields reproducing the Fierz system (2.2) can be written as

o (24)
uZ;O

1
S@ = 5 / ddx\/jg |:5A1A2 68“1‘ B @Al (:Ela ul) (D22 - M22) SOAQ ($2, u2) +.

where the ellipsis denote, henceforth, terms proportional to divergences and traces of the
fields as well as possible auxiliary fields. Since we focus on the TT parts of the cubic
interactions, such terms are not relevant for our discussion although they must be taken
into account in order to construct the full theory.'* The Lagrangian equations are

(D2 =M% "+ ... =0, (2.5)

together with possible equations for the auxiliary fields.
A massless spin-s boson in (A)dS corresponds to the mass-squared value:

m? = (226) [(s—2)(s+d—3)—s], (2.6)

where L is the (A)dS radius and € is a sign, negative for AdS and positive for dS. For this
value of the mass, the action (2.4) admits the gauge symmetries:

8P p(z,u) =u-e" Dye(z,u), (2.7)

with the gauge parameter ¢ traceless in the Fronsdal’s formulation [104] and traceful in
the unconstrained ones [102, 113]. For simplicity, in this paper we disregard the issue of
trace constraints keeping the unconstrained formulation in mind. However, since we focus
on the TT parts of the Lagrangian such a distinction is irrelevant.

2.1 Ambient-space formalism

It is well known that the d-dimensional Euclidean AdS or Lorentzian dS space can be
embedded in the (d 4 1)-dimensional flat space with metric:

dsimb:nMNdXMdXN, n=(—+,...,+). (2.8)

The (A)dS space is then defined as the hyper-surface X? = e L?, where, as before, € is a
sign, negative for AdS and positive for dS. We concentrate on the region of the ambient
space with € X2 > 0, and consider the generating function of totally-symmetric tensor fields
Py, given by

o0

1
Z *‘ Ml JWS ) X)uth ...UM (2'9)
s=0

These fields are equivalent to totally-symmetric tensor fields in (A)dS if they are homoge-
neous in X™ and tangent to constant X? surfaces. At the level of the generating function,
the latter conditions translate into

Homogeneity : (X -0x —-U-0u+2+pn)@X,U)=0, (2.10)
Tangentiality : X - 9y ®(X,U) =0, (2.11)

YGee [19, 20, 24-27, 29, 31-34, 37, 38] for the precise forms of the free action.



where p is a parameter related to the (A)dS mass. In order to identify the ambient-space
fields with the (A)dS ones, we parameterize the e X2 > 0 region with the radial coordinates
(R, z) given by

XM =RXM(z), X%z)=e¢, (2.12)

and rotate the auxiliary U*-variables as

UM = XM(x)v+ L () et (x)u®. (2.13)

oxH

With this change of variables from (X, U) to (R, x; v, u), the homogeneity and tangentiality
conditions (2.10, 2.11) are solved by the (A)dS intrinsic generating functions as

R

B(R, x3v, 1) — <L)M T o), (2.14)

and the action (2.4) can be written as

|
S@ = 2/dd+1X 5(\/6X2 —L) [5A1A2 P 90 DA (X, Uy) 02, B*2(Xa, Un) + ... | x

j=X -
U;=0
(2.15)
In the ambient space, the Lagrangian equation (2.5) reads
0% ®+...~0, (2.16)
where the ambient-space d’Alembertian is related to the (A)dS one as
R u-Oy—4—p
0% @ = (L> (D? — M%) . (2.17)
Here, the mass-squared is given in terms of u by
M? = (=€) (p—u- 0, +2)(p—u-0y—d+3)—u-9y]. (2.18)

L2

Notice that for dS, where e = 1, the parameter y is in general a complex number, hence, in
order for the fields to be real one has to add the complex conjugate in eq. (2.14). Making
a comparison with (2.6), one can also see that ¢ = 0 corresponds to the massless case.

Flat-space limit. The flat-space limit I. — oo can be considered keeping the ambient-
space point of view. In order to do that, we first need to place the origin of the ambient
space in a point on the hyper-surface X2 = € L? by translating the coordinate system as

XM - XM4LNM. (2.19)

Here, N is a constant vector in the ambient space satisfying N2 = ¢. After this shift, taking
the L — oo limit one gets

5(@-L> s (N -X), (2.20)

L—oo



so that the hyper-surface X2 = € L? becomes the hyperplane N X = 0, defining the
d-dimensional flat space embedded in the ambient space. Moreover, the homogeneity and
tangentiality conditions (2.10, 2.11) admit a well-defined limit:

(N-ax—ﬁz@ (X, U)=0, N 9ydX,U)=0, (2.21)

provided one first divides them by L and redefines p in terms of M according to (2.18).
The latter equations are solved by

(X, U)=e V- MPp(zu), (2.22)

where p := N - X and (z,u) are coordinates on the hyper-surface of constant N - X and
N - U. Since the flat limit from dS presents some issues related to the partially-massless
points, in the following we only consider the limit starting from AdS (e = —1).

Let us conclude this section with a few remarks about the role of the delta function.
Notice that without the latter the ambient-space action (2.15) would contain a diverging
factor coming from the radial integral. The insertion of the delta function precisely cures
this divergence. On the other hand, one may wonder whether we could have avoided such
insertion by taking the extra dimension to be compact. For instance, in flat space one can
consider a compact coordinate p ~ p 4+ L together with a harmonic p-dependence of the
fields: ® = el T ™mP . Then, the p-integral gives an orthogonality condition:

L
/ dp e T e e*l%m2P:L5m17m2. (2.23)
0

Although this KK reduction works well at the free level, it turns out to be problematic
or at least too restrictive at the cubic level since one gets in this case an undesired mass
equality:

L
.27 - 27 . 27
/ dp e’ TP e TP e LSl = L tmo my - (2.24)
0

The latter forbids many interactions, notably those arising in ST, and can be avoided via
the insertion of a delta function §(N - X).

2.2 Gauge symmetries in the ambient-space formalism

As we have seen, in the intrinsic formulation, HS fields whose mass-squared is given by (2.6),
ie. p = 0, admit the gauge symmetries (2.7). This gauge invariance of the massless
theory can be seen also at the ambient space level. We first consider the linearized gauge

symmetries:
d®(X,U)=U"-0x E(X,U), (2.25)

where E is the generating function of the gauge parameters. Since the action (2.15) does
not contain any explicit mass term, the gauge invariance seems to be unrelated to the
value of p. This cannot be the case since it would imply the presence of gauge symmetries
for massive theories in the absence of the Stiickelberg fields. Indeed, as we show in the
following, the homogeneity and tangentiality conditions (2.10, 2.11) are compatible with
the gauge symmetry (2.25) only for particular values of .



2.2.1 Massless fields
Starting from egs. (2.10) and (2.25), one can first derive the homogeneity degree of the

gauge parameters:

(X -0x —U-0u+up EX,U)=0. (2.26)
Then, one has to impose the compatibility of the tangentiality condition (2.11) with the
gauge transformations (2.25):

X 0y 69X, U)=(U-0xX -0y —p) BE(X,U)=0, (2.27)

where we used eq. (2.26). When p = 0, any gauge parameter satisfying the tangentiality
condition:

X -0y E(X,U)=0, (2.28)
is a solution of (2.27). Therefore, the ambient-space gauge parameter E is related to the
intrinsic (A)dS one ¢ as

E(R, z:v,u) = (12’)“’8" e(z,u), (2.29)

and the ambient-space gauge transformations (2.25) reduce to the (A)dS ones (2.7).

Massive fields. In the p # 0 case, eq. (2.27) implies

B(X,U)= 2 U.0x X -0y B(X,U), (2.30)
I

that in turn is compatible with the tangent condition provided
[(U-0x)* (X -0u)* —2p(n—1)] E(X,U) =0. (2.31)

If u # 1, the latter gives

1

PO = 5=

(U-0x)* (X -0p)?E(X,U). (2.32)
Hence, when [p), == p(p—1)---(u —r + 1) # 0, one can iterate r times this procedure
ending up with

[(U-0x)" (X - 00)" — ! [, ] E(X.U) = 0. (2.33)
Since (X - 9y)® E¢~Y = 0, whenever [u|s # 0, the spin s—1 component of this equation
implies that eqs. (2.10, 2.11) are compatible with the gauge symmetry only for vanishing
E¢=Y_ In AdS all unitary representations have non-positive values of p [114], therefore the
gauge symmetry is allowed only in the massless case.

2.2.2 Partially-massless fields

In dS, the unitary representations [45, 51, 115, 116] include all positive integer values
=1 € N>g. In those cases the iteration procedure stops whenever r < s. Therefore,
non-vanishing solutions exist for the gauge parameters satisfying'®

(X -0y) T E(X,U)=0. (2.34)

15Gimilar constraints have been also exploited in [55, 56] keeping the necessary auxiliary fields in order
to achieve an off-shell description.

,10,



Inverting (2.33), the initial gauge parameter E can be solved in terms of a new gauge
parameter () as
E(X,U) = (U-0x)" QX,U), (2.35)

where (2 satisfies the homogeneity and tangentiality conditions:
(X -0x—U-0uy —7m)QX,U)=0, X -0y QX,U)=0. (2.36)

Thus, 2 can be reduced to the intrinsic dS gauge parameter w as

R U-Oy+1
QR,z;v,u) = <L> w(z,u). (2.37)
Finally, the gauge transformations'®
8O0 = (U -0x) ™ QX,U), (2.38)
become the dS intrinsic ones:
8 p(z,u) = [(u- D)+ .. Jw(z,u), (2.39)

whose form has been obtained recursively in [21, 53].

3 Cubic interactions of HS fields in (A)dS

In this section we construct the consistent parity-invariant cubic interactions of massive
and partially-massless HS fields in (A)dS. More precisely, we focus on those pieces which
do not contain divergences and traces of the fields (TT parts). We begin with the most

general expression for the cubic vertices:!”

1
59 = o / AKX 5(VEX? — L) Cayayy (L7 0,05, 0x, 3 0, 00,01 X

X ‘I)Al(Xl,Ul) ‘1>A2(X2,U2) ‘1>A3(X3,U3) x Tt . (31)

X4
Ui

Here C4, 4,4, denotes the TT part of the vertices. The cubic interactions in (A)dS are
in general inhomogeneous in the number of derivatives, the lower-derivative parts being
dressed by negative powers of L compared to the highest-derivative one. Hence, the TT
parts of the vertices can be expanded as

Coayagag(L715 0x, 00) =Y L"CYL L (Y, Z), (3:2)

n=0

where we have introduced the parity-preserving Lorentz invariants:

Y, = 8Ui - Ox Z; = 6Ui+1' an_l , [Z ~ 7+ 3] . (3.3)

i+1 0

16 An anolagous form of the gauge transformations has been obtained in the tractor approach [54].
"The dependence on the X™ in the ansatz can be neglected (see [92]).
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Notice that we have dropped divergences, Jy,- Ox;, traces, 3&_ as well as terms proportional
to dx,-0x;’s. Indeed, being proportional to the field equations (2.16) up to total derivatives,
the latter can be removed by proper field redefinitions. Moreover, since we have chosen a
particular set of Y;’s, any ambiguity related to the total derivatives has been fixed.

In order to simplify the analysis, it is convenient to recast the expansion (3.2) in a
slightly different, though equivalent form. First, let us notice that negative powers of L
can be absorbed into derivatives of the delta function:

§"(R—-L) R = (_2)23/2]” S(R—L)R . (3.4)

where " (R—L) = (% %)n §(R—L). Then, introducing § with the following prescription:

§"(R—L)=6R—L)(ed)", (3.5)
each coefficient of (3.2) can be redefined as
L7 Clllagag (Y, 2) = 8" Cly, (Y 2) (36)

Notice that C,[fl] Ayay and CX;)AQ 4, are different functions for n > 1. The entire couplings
can be finally resummed as

Cayagay (Y, Z) =Y 8" O aa, (Y, Z), (3.7)

n=0

where we have used the same notation for both Cy4, 4,4, (L7YY,Z) and CA1A2A3((§; Y, Z)
although they are different functions.

In order to make contact with the standard tensor notation, let us provide an explicit
example. A vertex of the form

. AN 2
. 0 3 (6

0(5, }/, Z) = (Y12 YQ }/3 Z1 + CyCl.) — z (}/1 Y2 Zl ZQ + CyCl.) + Z (L) Zl ZQ Zg ) (38)
which will turn out to be a consistent coupling involving three partially-massless spin 2

fields (see appendix B), gives

1
5 = / 41X 5(\/X2 - L) [ap MV 9, Dy B O BFQ (3.9)
d—5 d—3)(d—5
5 Y 0 B 08 OV (4)L(4) oM Y, @PM] . (3.10)

3.1 Comnsistent cubic interactions of massive and massless HS fields

So far, we have not specified whether the fields ®# are massive or massless. In the following
we use A = « for massive fields and A = a for massless ones. One can consider different cases
depending on the number of massless and massive fields involved in the cubic interactions.
The presence of massive fields does not impose any constraints on the vertices, while,
whenever a massless field takes part in the interactions, the corresponding vertices must
be compatible with the gauge symmetries of that field.
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Gauge consistency can be studied order by order (in the number of fields), and at the
cubic level gives
68D 1 6598® =0 = §95® x~0 (3.11)
? ? 7 ’ :

where ~ means equivalence modulo the free field equations (2.16) and 51@ is the linearized
gauge transformation (2.25) associated with the massless field ®%. The key point of our
approach is that the TT parts of the vertices can be determined from the Noether proce-
dure (3.11) independently from the ellipses in (3.1). This amounts to quotient the Noether
equation (3.11) by the Fierz systems of the fields ®* and of the gauge parameters E%. In
our notation, this is equivalent to impose, for ¢ = 1,

|:Ca1A2A3(8;KZ)7 Uy - axl}

~ 0 3.12
iee =0 (3.12)

modulo all the 8)2(2,’5, Ou,0x,’s and 8gi ’s. Due to the presence of the delta function, the total
derivative terms generated by the gauge variation do not simply vanish, but contribute as

<ﬁ L) Dynr = — (ﬁ L) 5 (3.13)

Using the commutation relations (A.1) together with the identity (A.2), eq. (3.12) is equiv-
alent to the following differential equation:

Coingay (0;Y,2)=0.  (3.14)

5 _
Yé823 - }/3622 + Z <}/26Y2 - YéaY:), - ”2 2 M3> 8Y1

The consistent parity-invariant cubic interactions involving massive and massless HS fields
in (A)dS can be obtained as solutions of the above equations. Since C,,, Ax A3 is a polynomial
in &, one can solve (3.14) iteratively starting from the lowest order in 5. To begin with,

the zero-th order term Cé[i)AQ 45 10 (3.7) is given by

Cny = C 0, (Y1, Y2, Y3, 21, G), (3.15)

ajAgAg

where

G=Y17Z1 +Ys Zo+YsZ3. (3.16)

On the other hand, when more than two massless fields are present, it becomes

Citnzag = Cavuyay,(V1,Y2,Y3,G) . (3.17)

ajag Az ajag Az

Notice that, while (3.15) is an arbitrary function of five arguments, the zero-th order so-
lution (3.17) depends on four arguments. This is a consequence of the different number
of differential equations imposed on the vertices. On the other hand, in the case of three
massless fields, the third differential equation is redundant so that the number of argu-
ments do not decrease further. Having obtained the zero-th order parts of the solution in
egs. (3.15, 3.17), what is left is to determine their higher order completions. Eq. (3.14) gives

an inhomogeneous differential equation for C\"3"

oy Ay 445 Whose solutions are fixed up to a solu-

tion of the corresponding homogeneous equation. However, ambiguities of the interactions
related to these solutions are nothing but redundancies as discussed in [92].
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Before considering eq. (3.14), we first solve its flat limit L — oo. Once again, this is
achieved via (2.19) after the replacement:

1
lim TH= —M. (3.18)

The end result takes the following form:

1) .
Y20z, — Y30z, + ) (M — M3) Oy, Ca1A2A3 (0;Y,Z) =0, (3.19)

so that the zero-th order parts of the solutions coincide with the (A)dS ones. Moreover, in
flat space, the operator 0 appearing in (3.5) is simply given by

6=N-0x. (3.20)

Notice also that in this case, for a given Ci,ol) A, 44, the lower-derivative parts of the vertices
C’E{ﬁl; 4, can be recast into total-derivative terms, making them homogeneous in the number
of derivatives. This observation makes it possible to write generic consistent vertices as
arbitrary functions of some fixed building blocks.

Our strategy is as follows. We first solve the flat-space equation (3.19) and express the
general solution in terms of homogeneous objects in the number of derivatives. In this way,
we identify the building blocks of the flat-space cubic interactions. Then, we take as ansatz
for the (A)dS building blocks the deformation of the flat-space ones with the addition of
further total derivatives. Finally, we fix such ansatz requiring the latter to solve (3.12).
In the following, we divide the analysis into four different cases: 3 massive, 1 massless
and 2 massive, 2 massless and 1 massive and finally 3 massless fields. For each of them,

we provide the most general solution as arbitrary functions of the corresponding building
blocks.

A 3 massive. This case is rather trivial since no condition on Cy,qya; is imposed. Thus,
the cubic interactions of three massive fields are given by

COéloQOéB = ]Calazag(Yi7Y27Y37ZLZQaZ?)) . (321)

This reflects the fact that we focused only on the TT parts of the vertices. Finding
the remaining parts is in principle non-trivial but we expect that, working within the
gauge invariant formulation a la Stiickelberg (see section 4), those parts can be recursively
determined from (3.21).

B 1 massless and 2 massive. When one massless (41 = a1) and two massive HS fields
are involved in the interactions, one needs to analyze separately the cases wherein the two
fields have equal or different masses.

Equal mass. When My = M3 = m # 0, the M-dependent term in (3.19) vanishes and
therefore the solution in flat space is given by its zero-th order part:

Ca1a2a3 = Icalagag (}/17 Y27 Y37 Z17 G) . (322)
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Regarding the vertices in (A)dS, we make an ansatz by deforming the latter with total-
derivative terms as

Ca1042043 - Icalazag (Y~17 }727 )737 Zlv é) ’ (323)

where Y;’s and G are given by

é = (Y1 + 51 8U1‘ 8_)()Z1 + (Yz + B 8U2‘ ax)Zg + (Y3 + B3 8U3' ax)Zg . (3.24)

Requiring the gauge invariance, one ends up with

(O£1+1)O£2+1 =0,
(a1 +1)(Ba+1)+a1 8 =0,

Br+1)(Ba+1)+B3(B1+p2+1) =0, (3.25)
whose general solutions (see [92] for the details) are'®
1 a+1
a = a, 0= —— 7, az=———,
B1=8, /322—5117 ﬂsz—a;B. (3.26)

As we have anticipated, the different values of the «;’s and the f;’s are related to the
redundancies of the solutions.

Different masses. When M, # Mj, the zero-th order part of the solution C{ aya;s (3.15)
is an arbitrary function of the Y;’s, Z; and G. However, not all of these arguments admit
a solution for Céll)agag. In particular, C’f{i)@% = Y5,Y;3 and Z; are already consistent and
do not need to be completed with C{ash,, while

CO = Y3V, V1Ys, (3.27)

ajasas

involve next order contributions given by

cWw -

a3

1
(My = M) Zy, 5 (M — Mo) Zs, (3.28)

N

respectively, and Cé’ﬁ?a?) = 0. Therefore, the flat-space solution can be written as
Ca1a2a3 = Kalagag(Y%YéaZlaHZvH?)) 5 (329)
where the H;’s are given by

1 -
H; =Y 1Y 1+ 3 N -0x (M; — My — M; 1) Z;. (3.30)

¥Notice that in the present conventions, the definitions of the a;’s and the 8;’s differ from the ones used
in [92]. The latter are recovered through the replacements: o; — (a; — 1)/2 and of the 8; — (8; — 1)/2.
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Notice that, using the properties of the delta function (3.20), they can be recast in the
form

1
Hi = Yip1 Yo+ 5 (M} — (M1 + M;1)?] Z;

=Yir1Yi1— %8)( ’ (aXz - 8Xi+1 - 8Xi71) Z. (3‘31)
The first expression in eq. (3.31) does not contain any total-derivative part, thus one can
trivially reduce it to d dimensions. On the other hand, the second one does not contain
any explicit mass dependence, and this makes the deformation of arbitrary functions of the
latter to (A)dS easier. Indeed, by adding proper total-derivative terms to the Y;1i’s, one
gets the (A)dS counterpart of (3.31):

1

Hi =Y (Yii1 —0x - 0y,_,) — 3 dx - (Ox, — Ox,py — Ox,_,) Zs - (3.32)

i+1

Up to field redefinitions, the latter can be recast in a form where the gauge invariance is
more transparent:

f{i ~ aXi-;-l' Ox,_, Ou,_y 8Ui+1 - aXi+1' Ou;_, Ox; - 6Ui+1 : (3'33)
Finally, the vertices in (A)dS are given by
Ca1a2a3 = Kalozgozg (Y27 Y37 Zla ﬁZ; I;[?)) . (334)

C 2 massless and 1 massive. This case can be recovered from the previous one as the
intersection between the solutions:

CalAzAg = ICalAQAg(}/Q7Yé7 Z17 -FIQ:I:IS) ) CA1<12A3 = ICA1<12A3(Y17Y237 Z27 ﬁ17ﬁ3) ’ (335)

that is
C(zlagozg - Icalagag (}/37 Hla H27 H3) . (336)

D 3 massless. This case is a combination of three equal mass cases:
Ca1a2a3 = Ka1a2a3 (171, %a }73’ é) . (3'37)

Here, the Y;’s and G are given by (3.24) with the o;’s and the §;’s satisfying eq. (3.25) and
cyclic permutations thereof. Interestingly, the solutions (3.26) of (3.25) fulfill automatically
also its cyclic counterparts.

At this stage we have completed the systematic constructions of the TT parts of the
cubic interactions involving massive and massless HS fields in (A)dS. Before considering
the partially-massless cases, let us make a few remarks. Similarly to what happens in the
(A)dS massless case [92], all higher-order parts of the solutions CX;)AQ 45 are encoded via
functions of simple building blocks that, being linear in dy, for any i = 1,2, 3, describe the
consistent couplings among fields of spin 1 and 0 only. These results resonate with the idea
that spin 1 couplings can be used as building blocks of HS interactions [80, 91].
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3.2 Consistent cubic interactions of partially-massless HS fields

In this section we focus on the cubic interactions in a dS background where, besides massive
and massless fields, partially-massless fields also appear. As we have seen in section 2.2.2,
partially-massless fields with homogeneities p = r € {0, 1, ..., s — 1} admit the gauge
symmetries (2.38). Then, according to eq. (3.11), the cubic interactions ought to be com-
patible with those gauge symmetries leading to the following condition:

CA1A2A3 (57 }/7 Z) ) (Ul : aXl)erl }

~0. 3.38
Uit (3.38)

Once again, neglecting all the 8_)2(1_78, Ou,- Ox;’s and Ogi’s, one ends up with

+1 + iz —
Z ™ [%aYB—Y28Y2_2Z3aZ3+M X
U1 0y 03 2 0

£1+Lo+Lz=r1+1

A~ fl A 43
) 20 .
X (L 8y1> (Y30z,)" (—Y2 Oz, + 7 230z ay1> Cayayas(0;Y,Z2) =0,  (3.39)

where [a], is the descending Pochhammer symbol we have introduced previously.
Since (3.39) is an higher-order partial differential equation, solving it is a non-trivial task.
However, if we restrict the attention to the s; —ss—s3 couplings with fixed s;’s, then the
solution is of the form:

CopmpasBY.2) = 3 RO VWNLY,O 2N ZP 20, (340)
O +Tit1+Ti—1=5;

where the number of the undetermined coefficients ¢} 2%, is of the order N ~ s1 52 s3.
Hence, the coupling can be viewed as a vector in a N-dimensional space, and eq. (3.39)
reduces to a set of linear equations for that vector. Then, the consistent couplings cor-
respond to the solution space of such linear system. This procedure can be conveniently
implemented in Mathematica. For instance, in the case of 4—4—2 couplings between two
spin 4 fields at their first partially-massless points (1 = 1) and a massless spin 2, we find one
ten-derivative, two eight-derivative, two six-derivative and one four-derivative couplings:

C1 = Y7 Y3 YE — 1282 Y2 YS (Vi Z1 4 Ya Z2)? +486° Y1 Yo (Y1 Z1 + Ya Zo) Zs (2Y1 Z1 + 2Ya Zo + Y Z3)
— 248" Z3 [6Y7 Z7 + 6Y5 Z5 +AYaYs Zo Zs + Y Z3 +2Y1 Z1 (TY2 Zo +2Y3 Z3)] +966° Z1 Z2 73,
Co = YPYPY] Zs = 30Y7Ys (Vi 21+ Ya Z2)° +128° Y1 Ya (Y1 21 + Ya Z2) Zs (2Y1 Z1 + 2 Y2 Za + Y3 Zs)
—60°Z3 [6YY Z7 +6Y5 Z5 +AYa Y3 Zo Zs + Y5 Z3 +2Y1 21 (TY2 Zo + 2Y3 Z3)| + 246" Z1 2> Z3
Cs =YYy Ys(V1 Z1 + Y2 Z2) + 0 VY5 (6Y Z7 + 111 Y2 Z1 Zo + 6Ys Z3)
—1852Y1Y2(Y1Z1 +Y225) Zs (2Y1 Z1 +2Y2 Zo + Y3 Z3)
+66%Z5 [6Y7 Z7 +2Y2 Z2 (3Ya Zo + Y3 Z3) + Y1 Z1 (15Ya Zo + 2Y3 Z3)] — 120 21 Z2 Z3
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Ci=-Y'Y: (YW 2 +2ViYa Zi Zo + Y5 Z5 — Y3 Z3)
+45Y1Y2(Y121+YQZ2)Z3(2Yizl+2YQZ2+Y323)
—20°Z3 [6YY Z7 +6Y5 Z5 +AYa Y3 Zo Z3 + Yy Z3 +2Y1 Z1 (TY2 Zo +2Y3 Z3)| + 86° Z1 Z Z3
Cs = YL Y5 (Y1 Z1 + Yo Z2) (Yi Zy + Yo Za + Y3 Zs)
— V1Yo Z3 [6 YL Z7 +2Y2 Zo (3Ya Zo +2Y3 Z3) + Y1 Z1 (13Ya Zo + 4 Y5 Z3)]
+26% Z5 [3YY Z7 + Yo Zo (3Ya Zo + Y3 Z3) + Y1 Z1 (8Ya Zo + Y3 Z3)| — 20° Z1 Z2 Z3
Co = Y1 Y2 Zs (Y1 Z1 + Yo Z2 + Y3 Z3)°
— 073 [3YY ZT +3Y5 Z5 +AYa Y3 2o Z5 + Y5 Z3 +4AY1 Z1 (2Ya Z2 + Y3 Z3)]
+46% 21 2. 73, (3.41)

where for simplicity we set L = 1 while the L dependence can be recovered replacing ) by
5 /L. In appendix B, we also provide the examples of 2—2—2 and 3—3—2 couplings for
any combinations of the masses.

Remember that in the previous section the solutions were obtained in a compact form
recasting the lower-derivative parts of the vertices into total derivatives. We expect this way
of simplifying couplings to work in the partially-massless cases too. Indeed, the following
class of highest-derivative couplings

CA1A2A3 = KA1A2A3 (1717 ?27 )73) s (3-42)

is also compatible with the partially-massless gauge invariance provided the homogeneities
of the fields satisfy

Ty — ’,UJiJrl — /Li71| € 2N20- (3.43)

Here the i-th field is at the r;-th partially-massless point while the other two fields have
generic homogeneities ;11 and p;—1. The proof of the conditions (3.43) can be found in
appendix C. This implies that a partially-massless spin s field can interact with two scalars
if and only if the masses of the latter satisfy (3.43). Moreover, when all the three fields are
partially-massless, the r;’s satisfy a triangular inequality wherein one or three of them are
even integers, r; = e;, while the others are odd, r; = 0;:

€1 03 €1 €3

02 €2

Note that this triangular inequality is not imposed on the spins but on the homogeneities
p;’s which are related to the masses according to eq. (2.18). The conditions (3.43) reveal the
systematics of the partially-massless vertices. Let us recall that whenever one massless field
takes part to generic massive interactions, the vertices split into two categories according
to whether the other two fields have equal or different masses. The condition (3.43) is a
generalization of this pattern to the partially-massless cases. We expect that, as in the
massless case (see the 1 massless and 2 massive case of section 3.1), whenever (3.43) holds

,18,



we have G-like building blocks on top of the Y;’s, otherwise, one is left with Y, Y3, Ho-like
and Hs-like building blocks.

Despite at present we lack the building blocks for the interactions involving partially-
massless fields, we can do a systematic analysis of the zero-th order parts of the solution
CEIOBA2A3' In this case, eq. (3.39) reduces to

(Y2027, — Y302,) " T O 4,0, (Y, Z) =0, (3.44)
whose corresponding solutions are given by

C n, = Z Zy2 ZJ O (Y1, Y, Vs, 21, G) . (3.45)

mo+m3<ry

Notice that, compared to the massless case, some factors of Zy and Z3 are also allowed
increasing the number of possible ways of writing the couplings. However, when restricted
to particular couplings with fixed spins, the number of solutions may be smaller than in
the massless case.

4 Stiickelberg formulation

In this section, we first consider the free theories of massive and massless HS fields in the
Stiickelberg formalism, and then extend the discussion to the cubic level. Once again,
we focus on the TT parts of the vertices. It is worth stressing that, as in the massless
case, working with a gauge invariant description for massive fields might give us a recipe in
order to fix the remaining parts of the vertices. Moreover, as mentioned in the Introduction,
Stiickelberg formulation represents a convenient framework in order to study the massless
limit of massive theories.

4.1 Free Stiickelberg fields from dimensional reduction

The Stiickelberg description of massive HS fields can be conveniently obtained through
dimensional reduction of a (d + 1)-dimensional massless theory. In the following we first
provide the example of a spin 1 field and then generalize it to arbitrary-spin fields.

Spin 1. Let us consider the theory of a massive spin 1 field a,:

S = ;/d%\/@ (;f,w 4 m? aua“> , (4.1)

where f,, = 0,a, — 0, a,. Because of the mass term this theory is not gauge invariant
and describes the propagation of the DoF associated to a massive spin 1 particle. Notice
that, performing the limit m — 0 at this level, one ends up with a massless spin 1 field,

In fact, it is even possible that the G and the H;’s defined for the massless case still work for the
partially-massless cases. However, checking it requires non-trivial computations and we postpone this issue
for future work.
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loosing one DoF. On the other hand, before taking the massless limit, one can introduce a
new scalar field «; via the Stiickelberg shift:

1
a“:aw—l—aaual, (4.2)

in such a way that the resulting action acquires the gauge symmetries doy, = 0y, €, and
day; = —mey. Then, the action becomes

1 1
S = —2/ddx\/eg [2fowfé”+m2aoua0“+8ual Moy +2mal Oy |, (4.3)

which, in the massless limit, describes a massless spin 1 and spin 0 field, preserving the
number of DoF.

The above discussion can be restated in the ambient space formalism. First of all, one
can obtain the Stiickelberg action through radial reduction of the massless ambient-space
one:

1
S=-3 /dd+1X §(VeX2— L) Fyy FMY, (4.4)
where the spin-1 field is homogeneous and tangent:
(X'8X+/,L+1)A]M:0’ XA/IAIWZO. (4.5)

The tangentiality condition implies A = 0 and, after the identification A, = a,,, one recov-
ers the action (4.1). Remember that the gauge symmetry dA,, = 9\ F of the action (4.4)
is incompatible with the tangentiality condition when p is different from zero. On the
other hand, one can insist on a gauge invariant formulation also for u # 0 provided the
tangentiality condition is relaxed. In this case one has to promote the tangent field A,, to
a generic one A,; with non-vanishing radial part: X* A,, # 0. Then, after identifying

Au = Oéo;u Ad = Qy, (46)
in (4.4), one recovers the Stiickelberg action (4.3). Moreover, the usual Stiickelberg
symmetry is obtained by decomposing dA,, = Jd,F into its tangent and radial parts.

Such decomposition can be also carried out in terms of ambient-space fields as A, =
Aoy + Ay LXM/ X2 ending up with

X XV 1
§Agn = (5;; - 1;’(2) OnE,  0A = XMOuE = —% E. (4.7)
Finally, the Stiickelberg shift (4.2) can be realized as well at the ambient space level as

1
AI\/] = (51]& —|— ; axjw XN> AN . (48)
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General spins. In the previous sections we have discussed how the quadratic action
of massive HS fields (2.4) can be obtained through radial reduction of the ambient-space
massless one (2.15). In the following, we introduce Stiickelberg fields promoting the tangent
ambient-space fields ® to generic unconstrained ones ®. In this case, after the radial
reduction, one is led to

R U-Oy+v0y—2—p
) Pla0,u). (4.9)

®(R,z;v,u) = <L

The (d+1)-dimensional tensor fields ¢ can be expanded into d-dimensional ones of different

oo
IL’UUI E

r=0

ranks as
‘s

(4.10)

3\@

where the components ¢, with 7 = 1,2, ... correspond to the Stiickelberg fields. Although
the action and the corresponding field equations for this system stay the same as in the
unitary gauge (¢,>; = 0), having relaxed the tangentiality condition, the theory acquires
the gauge symmetries:

P (X,U)=U- 0x E(X,U), (4.11)

with gauge parameters:

R uOy+v0y—p
) e(x;v,u). (4.12)

E Ra y U, = e
(R, z;v,u) < T
The (d + 1)-dimensional gauge parameters € can be expanded into d-dimensional ones as

o
e(x;v,u) Z U—| (4.13)
7!

r=0

Let us mention once again that, depending on the kind of formulation, the gauge fields as
well as the gauge parameters can have trace constraints. However, since we focus on the
TT part of the Lagrangian, they are not relevant for our discussion.

The radial reduction considered so far can be also restated in terms of ambient-space
quantities as

1 /LX-U =1 /LX-U\"
Zr( )¢M E,ZN<X2)E, (4.14)
r=0 r=0
where Ou+2(r—1) Du+2
R U-Oy, r—1)—un R U-Oy T—
o = (= E == . 4.15
(%) e E=(7) . (4.15)

Decomposing the gauge transformation (4.11) into its tangent and normal parts, one gets

XU
X2

L
Etxa

(X-U)?
X2

rp=r+1)

2_
v L

00, = U -Ox+ (u—2r) B — E. .

(4.16)
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From these gauge transformations, one can see that, when p # 0, all ®,,’s can be gauge
fixed to zero, going back to the unitary gauge. On the other hand, in the massless limit,
one can gauge fix to zero only the ®,,’s, ending up with a massless field ®, together with
a massive one ¥, (corresponding to u = —2). This differs from what happens in flat space
where none of the ®,’s can be gauged away. In other words, if we consider the massless
limit of the flat-space Lagrangian of massive HS fields a la Stiickelberg, it decomposes into
the sum of massless ones: e.g. a massive spin s reduces to massless spin s, s—1, down to 0
fields. Therefore, the total number of physical DoF stays the same as in the massive case.

Similarly to the spin 1 case, it is possible to restate the Stiickelberg shift in terms of
ambient-space quantities as

[e's) : 1
X, U)=" % (U-0x) W' S(X,U), W :=2X-0y. (4.17)
r=0

Demanding either the compatibility with the unitary gauge, i.e. §“ ® = 0 under (4.11), or
with the tangentiality condition (2.11), the coefficients a,’s are fixed as

L'I”
ay = . (4.18)
(1]
In the flat limit one gets
. —1)r
W=N-0y, aT:( )" (4.19)

MT
Notice that both the AdS and the flat-space results present a pole in the massless limit,
while in dS further (partially-massless) poles appear at = 1,...s — 1.

4.2 Cubic interactions of HS fields with Stiickelberg symmetries

In this section we present the Stiickelberg formulation of the consistent cubic interactions
of massless and massive HS fields. Once again we restrict the attention to the TT parts
of such vertices which are provided in terms of operators and fields in the ambient space
formalism. The key point is that in this case the dependence on X* cannot be neglected
anymore and the possible (d 4+ 1)-dimensional cubic vertices are more general than the
unitary gauge ones (3.1). In particular, as in section 3, we can simplify the ansatz for the
cubic couplings making use of all scalar operators:

SG) — ;/dd"'lX 5(@-11) CAlAQAg(S;KZ’ W) x

x ®(X1,Up) 82 (Xo, Us) 84 (X3, Us) , (4.20)

X
U;=0

where, compared to the unitary gauge case, we have introduced the additional scalar quan-
tities
1
W; = 7 Xi - 0y, - (4.21)

Gauge invariance under (4.11) imposes the following equation:

[CAIAQAS (37 Y, Z,W), U; - 0x, ] ~0, (4.22)
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which, once again can be solved modulo the Fierz system. However, in this case the
non-commutativity between Y; and W, makes the analysis more involved. On the other
hand, one can get the cubic vertices for the Stiickerberg fields by exploiting the Stiickelberg
shift (4.17). Let us stress that we have explicitly checked the equivalence between the
latter approach and resolution of eq. (4.22). The non-commutativity problem arises in this
approach as well, and in order to deal with it we choose an ordering prescription where
all the W;’s are placed after the Y;’s and the Z;’s. For this purpose, it is convenient to
introduce a new variable w and write the Stiickelberg shift (4.17) as

O(X,U) = V9% % pyW)®(X,U) o (4.23)
where -
Py =S L p(us L), (4.24)
—0 !l

Then, the cubic vertices in the Stiickelberg formulation can be obtained by shifting the
unitary gauge ones as

CA1A2A3 = ICA1A2A3 (Y, Z) P(wl Wl) P(w2 W2) P(w3 WS) ) (4-25)

w; =0

where the Y;’s and the Z;’s are given by

Zi = Zz eUznaXi Ow, U,—0 = ZZ + 8Uz‘+1' 6Xi,1 awiil + 8U¢,1' 8X1'+1 a'wi+1
+ 8Xi+1' aXifl 8wi+1 8’[1}1'_1 . (426)

Depending on the number of massless fields involved in the interactions, one recovers a
dependence of the vertices on the variables Y;, G and H;, which are defined as in eq. (4.26)
starting from the Y;’s, G and the H;’s, respectively.

4.3 Massless limit

As mentioned in the Introduction, the relation between massless and massive HS theories
is of particular interest with regards to the possibility of having a better understanding of
both ST and HS gauge theory in (A)dS. Although it is difficult to realize a mass generation
mechanism for HS fields, one might get some hints for that by studying the massless limit
of massive theories.

In the previous section we have shown that the cubic vertices in the Stiickelberg formu-
lation are given by arbitrary functions K4, 4,4, of the Y;’s and of the Z;’s. Moreover, when
some of the fields are massless, G and the H;’s also appear. In order to properly study
the behavior of such vertices in the limit where some of the masses go to zero, one should
know in principle how the coupling function K4, 4,4, scales. However, as we will see in the
following, interesting information can be also extracted considering generic behaviors in
this limit. For simplicity, we consider the case where all the mass parameters of the theory
scale uniformly with a mass scale u:

Mi = Vi [b. (4.27)
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Since the massless limit depends on the background, we analyze the AdS and the flat-space
cases separately.

AdS case. As we have seen in section 4.1, in the massless limit ¢ — 0 one can gauge fix
all the lower spin components up to spin s—2 ending up with:

LX. U
X2
where ®, and @, are a spin s massless field and a spin s—1 massive field, respectively. In

this way, the Stiickelberg shift (4.23) simplifies to

=P, + ®, (4.28)

1
®:<1—MU-6XW><I’. (4.29)

Hence, the couplings (4.25) can be expanded as

Cayagas = Kajaga, (Y, Z) + . Z K5 ayay (0:Y,2) W,
=1

3
1 il 1
7 Z K (03Y, Z) Wi Wisy + 3 KL52,,(0,Y, Z) Wi Wa W,

(4.30)

[--] s : . .
where the KCy:7, 4,’s are given by successive commutators of K4, a,4,:

; 1
Ky ay = [’C[A}]AQAS - Ui-0x, |- (4.31)
(2
In the g — 0 limit, the leading terms are massive couplings of the form jff;] 4 invOlving
all the massive spin s — 1 components ®; = W ®. On the other hand, if some of leading
parts of the couplings are absent, then the dominant ones contain less number of W;’s and
consequently the interactions involve the corresponding massless fields.

Flat-space case. The situation in flat space is rather different from the one in AdS.
First of all, in the massless limit one can not gauge fix the Stiickelberg fields to zero so that
the latter become all massless fields. Moreover, since the non-commutativity problem is
absent, the Stiickelberg vertices (4.25) can be simplified performing the w;-contractions as

CA1A2A3 = ,CA1A2A3 (ff, Z) ) (4'32)
where
Vi — 0 MP + M2, — M, P
1 T yZ QMZ Vi
. 1 1 M? + M~2 — M?
Zi = st ——— s 1 Oy ———— i1 Oy, U = HL By, v, . (4.33
7 ZZ+MZ'_1 yz+1 Vi—1 Mi+1 Yi—1 ’UH_1+ 2Mi+1 MZ 1 Vi4+1 YVi—1 ( )

Here we have also performed the dimensional reduction providing the building blocks Y

and Z in terms of the d-dimensional intrinsic ones:

Yi = &Lz 8!Bi+1 y Zi = &Lm- &LH . (4.34)
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Then, under the assumption (4.27), one can observe the following behavior:

1 1
] Yi+1 8vi_1 - Yi—1 8111‘—1 + O(:u’) ) (435)
Vi1 Vit1

Vi =y +O(n), wZ; =

in the ¢ — 0 limit. Notice that the dominant terms contained in the Z;’s lead to consistent
massless interactions and involve at least one Stiickelberg field. The terms proportional to
the z;’s, which can violate the gauge invariance, are contained in the subdominant O(u)
part. Similarly, the variables G and H;’s behave as

2 2 2
~ v5+uvs —vu .
G=g+ 2 73 71 Y1 Oy, Oy + cyclic,
2 Vo Vs
H; = Yir1 Yi—1 + O(n), (4.36)

where g := y1 21 + y2 22 + y3 z3. Finally, the generic leading parts of the massive cubic ver-
tices can be obtained by simply replacing all the variables by their leading terms (4.35, 4.36).
The resulting vertices involve only the y;’s and g together with the 0,,’s which encode the
contribution of the Stiickelberg fields. Hence, they are consistent with the gauge symme-
tries of the massless theory. For the sake of completeness, one should also analyze the cases
where some of the leading parts cancel. This analysis can be found in appendix D.

5 Discussion

In this paper we have obtained the solutions to the cubic-interaction problem for mas-
sive and partially-massless HS fields in a constant-curvature background. This has been
achieved through a dimensional reduction of a (d + 1)-dimensional massless theory with a
delta function insertion in the action.?’ For simplicity, the entire construction has been
carried out focusing on the TT part of the Lagrangian. We expect that the completion
of such vertices can be performed within the Stiickelberg formulation, adding divergences
and traces of the fields together with possible auxiliary fields.

Our studies are mainly motivated by ST whose very consistency rests on the presence
of infinitely many HS fields. Conversely, string interactions may provide useful information
on the systematics of the consistent HS couplings. In [79, 80], cubic vertices of totally-
symmetric tensors belonging to the first Regge trajectory of the open bosonic string were
investigated. Those vertices are encoded in the following generating function:

1

\/TiN ICA1A2A3 = 7’ % Tr [TAl TA2 TA3] eXp (i v 2a/ (y]. + y2 + y3) + zZ1 + z2 + Z3>

i % Tt [T, Ta, Ta,] exp (—N2a’ (Y1 +y2 +y3) + 21+ 22+ 23) ,
(5.1)

20 Actually, any integrable function of the same argument is good. In particular one can consider the
insertion of an Heavyside theta function, that is tantamount to introducing a cut-off for the diverging
radial integral, or similarly, a boundary for the ambient space. Then, the total-derivative terms appearing
in the interactions play the role of boundary actions which have to be taken into account whenever the
base space-time has a non-empty boundary. See [117] for the recent construction of boundary actions for
the free theory of massless HS fields in AdS.
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where G denotes Newton’s constant, g, the open string coupling constant and o’ the
inverse string tension related to the masses of the string states as

s—1

2 (s) —
M= " = o

0. (5.2)

Remarkably, the Taylor coefficients of the exponential function and the spectrum (5.2)
nicely combine to reproduce the right vertices belonging to the classification considered in
section 3.1 (the details can be found in appendix E). In this respect, it would be interesting
to understand how the exponential function (5.1) fits in with other ST properties and what
its AdS counterpart may be. In particular, we believe that the choice of the exponential is
crucial for the global symmetries as well as for the planar dualities of the theory. Let us
mention however that in AdS an exponential couplings of the form:

ei\/@(?1+}72+}73)+21+Z2+Z3’ (5.3)

where the Y;’s are any total-derivative deformations of the Y;’s, is incompatible with any
spectrum containing a massless spin 1 field, reflecting the difficulties encountered in quan-
tizing ST on (A)dS backgrounds [118-120]. From this perspective it is conceivable that
a better understanding of the global symmetries of ST as well as of their implementation
at the interacting level may shed some light on this issue. Moreover, coming back to flat
space, Stiickelberg fields can be also introduced into the vertices of the first Regge trajec-
tory (5.1) using the Yy’s and the Z;’s in place of the y;’s and the z;’s. Clarifying their role
is potentially interesting in view of a deeper comprehension of the states present in the
lower Regge trajectories, to whom the Stiickelberg fields may be related.

In the present paper we also studied the massless limit of the interactions focusing on
the scaling of the masses leaving aside the behavior of the coupling functions. However, a
complete analysis should take into account such behavior, which can depend in principle
on more than one scale. For instance, conventional symmetry breaking scenarios, where
masses are generated through interactions, need at least two mass scales: one related to
the vev of the scalars (or more generally even-spin fields) and the other related to the
coupling constants of the symmetric theory. Therefore, in order to properly address the
mass generation issue in HS theories, it is necessary to have some control on the higher-
order interactions and possibly on the full nonlinear theory. In this respect, if ST draws
its origin from the spontaneous breaking of a HS gauge symmetry, one could expect that,
besides the string tension, some new mass scales appear in the underlying fundamental
description.

Finally, in order to complete the classification of the cubic interactions, it would be
necessary to study the gauge deformations induced by the latter. Besides allowing us to
address the issues related to the gravitational and the electromagnetic minimal couplings
of HS fields, this would possibly shed some light on HS algebras and on their implications.
Moreover, in order to get further insights into ST it would be interesting to extend the
present analysis to fermionic and mixed-symmetry fields, and eventually to higher-order
interactions along the lines of [80, 91, 121]. Last, let us stress that the ambient-space
framework has proven particularly suitable in order to deal with interactions in curved
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backgrounds. For this reason, it is conceivable that this approach would give new insights
into the AdS/CFT correspondence in relation to HS theories.
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A Useful identities

This appendix contains some identities and mathematical tools used in our construction of
the cubic vertices. Basic commutation relations among the operators (3.3) are

[Yi, Uj-0x; ] = 6ij 9, - Oxipy »
[Zi, Uip1- 0x,., ] = Ox - Ou,_, — Yio1
[ Zi, Uiy - 3X J =Yi,
[ X; aU, Z)| = =Zip10y,_, F(Y, 2),
[ X aX : Z)] ==Y 0y,_, F(Y,2),
[F(Y, U aUZ} = (Yidy, + Ziy10z,., + Zi-102,_,) F(Y, 2). (A1)

Here i, j are defined modulo 3: (4,5) = (i +3,j + 3). Another identity used throughout all
the paper concerns the commutator between an arbitrary function f(A) of a linear operator
A and an other linear operator B:

[f(A)7B]:Z

n=1

(adA)”Bf '(4), (A.2)

where ady B = [A, B] and f(™(A) denotes the n-th derivative of f with respect to A.
In order to prove the latter formula, we represent f(A) as a Fourier integral so that the
commutator appearing in (A.2) can be written as

£, B = [ ar [, B) 10, (A3)
Using the well-known identity
et Be A = i (it)" (ads)" B (A.4)
— nl ’
eq. (A.3) becomes
:i 1 (ad )™ /oo dt (it)™ e f(t) i 1 (adg)" B f™(A4). (A.5)
— n! oo — n'

Since our vertices are arbitrary functions of commuting operators, formula (A.2) applies
independently to each of them.

— 27 —



B 2—-2-2 and 3—3—2 partially-massless interactions

This appendix is devoted to the examples of 2—2—2 and 3—3—2 couplings involving
at least one partially-massless field. The results are collected in the following tables in
which we organized the solutions for given (1, o, p3) according to the maximal number
of derivatives denoted by 0. Arbitrary linear combinations of such solutions are consis-
tent cubic couplings. Let us mention that in all cases we have checked, the number of
solutions for the interactions involving massive fields is enhanced for those mass values
satisfying eq. (3.43). For brevity, we consider such cases only in the 2—2—2 table (see
e.g. (u1,po,p3) = (1,1,2), (1, u3+ 1, u3), (1, u3 — 1, u3) ). Moreover for simplicity we set

L =1 while the L dependence can be recovered replacing 5 by ) /L.

2-2-2 Couplings

(u1, p2, p3)

Couplings

1,1,1)

Y2Y2YE — 162 (Y1 Yo Z1 Zo + cycl) + 2 6% 21 Z5 Z3

(Y2 Y2 Y3 Z1 + cycl.) — 6 (Y1 Ya Z1 Za + cycl.) + 3 62 Z1 Z3 Zs

(1,1,0)

Y2YZYE

Y1Ya Y2 Z3 + 8 (YR 22 + Y2 Z2 4+ 2Y1 Y2 Z1 Za)

Y2Y3Y1 2o+ Y2 Yo Y321 —6Ya Y1 Z1 Zo

2 72 2 72 2 72
Y222 —YRZP—YEZZ-2Y1Y2Z2 71

[ I U SN TN N VN I e

Y2Z2+Y2Z242Y1Y2Zo Z1 +Y1Y3 2321 + Yo Y3 Z2 Z3
~6721 22 73

(1717/‘3)

Y2Y2Y? + 142 13 (ns —2) (Y1 Ys Z1 Z3 + Ya Ys Zo Z3)
+é 83 s (us —2)2 21 22 Z3

Y1 Yo Y32 Z3 + % 3 (;1,3 — 2) (Yl Y3 Z1Z3+ Yo Y3 Zo Z3)
+i 62 (/143 . 2)2 71 Za Zg

Y1Y2 Y32y — L0 pusYoYs Zy Zs

Y2YaYsZy — L0 pusY1Ys Z1 Zs

Y2 Z3+Y1Ys Z1 Zs+ Yo Y3 Zo Zs + 0 (n3 — 2) Z1 Za Zs

Y1Y221Z2*%SM3Z1ZQZ3

1,1,2)

Y2YZY2

Y1 Ya Y273

Y1Y}? Y320 +6YEZ2

Y2 Yo Y3Z1 +6YRZ2

—Y2Z2 - Y2Z2 + Y272

Y2Z3 (Ya2Z2 + Y3Z3)

Y121 (Y121 + Y3Z3)

Y1 YaZ1Z0 — 8217275

(1,0,0)

NN N[N BN D] |

Y2Y2YE—L0(BY2YaYsZ1 +Y1YE Y3 Zo + Y1 Yo Y Z3)
+362(3Y1 Y2 Z1 Zo +3Y1Ys Z1 Z3 + Yo Y3 Zo Z3) — 2 8% 71 Zr 7

(1’07“3)

YEYZYZ+6(us— 1) Y2 YaYs Zy
—356% (3 —1) (Y2 Z2 +2Y1Ys Z1 Z3)

Y2YaYs Z1+ Y1 Y2 YE Z3 — 56 (us — 1) Y3 23
7%5(/13 +1)Y1 Y3 71 Zs

Y1Y22Y3Z2+%5(u3—3)Y1Y2Z1Z2—%5(u3+1)Y2Y3Z2Z3
—i(52 (ll,3+1) (u3 —3) VAW

(1, p2, p3)

VEYFYS — % 02 [(p2 — p3)? — 1] V3§ Z3

Y1 Yo YE Zs+ L0 (o — ps +1) Y3 73

Y1 Y2 Y3 Zo — & 6(ua — ps — 1) Y2 Z3

R

Y12 YoYsZ1 + iéQ [(ug — /J,3)2 — 1] Z1 22 73
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2 72 2 72
YB ZB_YZ Z2

Y2 Z2 + Yo Y3 Z2 Z3

Y1Y3Z123*%3(M2*u3+1)Z1Z2Z3

Y1Y22122+%3(/12—,us—l)Z1Z2Z3

(17M3+17M3)

2v2v2
Y1Y2Y3

Y1 Yo Y2 Z3 + 6 Y272

Y1 Y2 Y32

Y2Ya Y373

Y272+ Y222

YoZo (YaZa + Y3Z3)

Y1 Y2125 — 821 7275

Y1YaZ1Z>

Y2Z3?

(17l1/3_17 l"‘3)

2v2v2
Y1Y2Y3

Y1 Y2 Y2Z3

Y1 Y2 Y3Zo + 6 Y272

Y2Ya Y37,

272 272
_Y2Z2+Y3Z3

YoZo (YaZa + Y3Z3)

Y1Y3Z1Z3

Y1 YaZ1Z0 — 8217275

NN (ND[N[ | RN N[NNI &R N NN

Y2273

3-3-2 Couplings

(p1, p2, p3)

Couplings

(2,2,1) 8

YPYPYE+ 102YP Y2 23
358 (V1 Z1 + Ya Z2) Z3 (Y1 Z1 + Y3 Z3)
+36% 71 2, 73

Y2YPYE Z3 — 20% Z5 (Y2 Ys Z2 Zs
+Y1 Z1 (Ya Zo + Y3 Z3)) + 163 21 25 22

Y2 Y3 Ys Za, 50V Y2 23
—362 23 (Y2 Z3 + Y1 Yo Z1 Zo + Yo Y3 25 Z3) , 30° 71 Z 73

YEY2YsZ1 + 20YP Y2 23
—302Y1 2y Zs (Y1 Z1 + Yo Zo + Y Z3) + 30° 21 Zy 73

Y1Ya Y] Z2 — 20Ys (Y1 21+ Ya Zo) Z2 + 162 21 25 22

Y1 Y3 Ys Zo Z3 — 50 Yo Zo Zs (Y1 Z1 + Ya Z3) + 202 Z1 Zo 73

Y2 Z2+1YS Z3 + 36 (YR 22 — Y2 Z3) Zs

Y2YoYs Zy Z3 — 26Y1 Zy Zs (Yo Zo + Y3 Z3) + 262 21 2, Z2

Y12 Y2 73 (Y1 Z1+ Y2 Zg) — %Syl A (Y1 Z1+ Y2 Zg) Z3

(2,2,0)

Y2 Y3 Y2

Y2YZYZ Z3

Y2Y2Y3 (Y1 Z1+ Y2 Zo) —SYRYZE Z1 Zo

V1Yo Y2 Z3+6(Y1 21 + Yo Zo)2 Z3

YiYoYs (Y1 Z1 + Y2 Z2) Z3 — 5Y1 Yo 71 Zo Zg

Y1 Ya (Y1 Z1 4 Ya Z2)2 — 6 (Y1 Z1 + Yo Z2)2 Z3

Zs3 (7Y12 Z% -2 Yo Z1 Z5 — Y22 222 + Y32 Zg)

(Y1 Z1 + Ya Z2) Z3 (Y1 Z1 + Yo Zo + Y3 Z3) — 6 Z1 Zo Z3

(2,1,1)

3v3y2
Y1Y2Y3

Y2Y2YE Zs

YEYRY3 2o —SY2RYR Z1 Zo + 262 Yo Zo (Y1 Z1 + Yo Z2) Z3

olo|o|jo|v|vw|elb|b|lo|o]o| | a]e] e~

YBY2Y3 Z1 + 20 Y2 Yo Z1 (Y1 Z1 + Yo Zo)
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7252 Y17, Zs (2 Y172, +2Y2 725+ Y3 Z3)

4 -Y1Ys (Y12 Z% +Y1Ys Z1 Zo — Y32 Zg) + 28 Y1 Z1 (Y1 Z1 + Y2 ZQ) Z3
4 Y1Y? Y322 25 +8Y3 Z3 Zs
4 Y1 Y22 Zo (Yl Z1+Ys Zg) —28Y2 Zo (Yl Z1+ Yo ZQ) Zs3
4 Y2Y2 Z1 (Y1 Z1 + Yo Za + Y3 Z3)
—Syl Z1 73 (2Y1 Z1+2Y27Z5+ Y3 Z3)
2 Zs (YR Z2 - YR Z2+2Y1Ys 2y Z3 + Y Z2)
2 Y Zo Z3 (Y1 Z1 + Yo Zo + Y3 Z3) — 8 Z1 Zo Z3
(2,1,0) 8 YRYPYE - SYRYRYs 74
—182Y1Ys (Y2 232 +3Y1Ys Z1 Z3 + 3Y3 Zs (Ya Zo + Y3 Z3))
36% 25 (Y2 Z} + Yo Y3 Zo Z3 + 3Y1 Z1 (Ya Zo + Ya Z3)) — 6% 21 Z2 Z3
6 Y2Y2Y2Z5 — %Syl Yo Y3 Z3 (3Y1 Z1 + Yo Za + Y3 Z3)
162 75 (Yo Y3 Zy Zs + 3Y1 Z1 (Ya Zo + Ya Z3)) — 26% 21 2 Z2
6 Y2YZ? Y3 (Y1 Z1 + Yo Z)
—30Y1Ys (Y2 Z3 +3Ya Y322 Zs + 3Y1 Z1 (Ya Za + Y3 Z3))
+302Y1 21 (Y1 Z1 + 3Ya Z2) Z3
(2,0, 1) 8 YEYPYE+30YPYEYsZn
—352Y1Y2 (2Y2 Z2 +10Y1 Y3 Z1 Zs + 5 Y Z2)
+326°Y1 21 Z3 (2Y1 Z1 + 3Y3 Z3)
6 Y2 Y2 Y3 (Y1 Z1 + Y3 Z3)
—2oV1 Yy (Y2 22 +8Y1Y3 21 Z5 +3Y$ Z3)
+i(§2 Y171 Z3 (5 Y171 +9Y;3 Zg)
6 Y2 Y3 Y3 Zo — 36Y1YE Zo (Y1 Z1 +2Y3 Z3)
36%Y, Zo Z3 (6 Y1 Z1 + Y3 Z3) — 26° 7y Z2 73
(2,0,0) 8 YRYP Y2 +20YRY)Ys Zo + 262 Y1 Y5 Z3
6 YEYZYs (Vi Z1+YaZo+Y323) +6Y1Ya (Y3 Z3 —2Y1Y3 Z1 Z3)
4 Y1Ya (Y1 21 + Yz Zo + Y3 Z3) 2
-2 Y127, 23 (Yl Z1+2Y27Z5+ Y3 Zg)
(1,1,1) 8 YEYPYE —16%2Y1Y2 (3Ys Z3 (2Y2 Z2 + 5Y3 Z3)
+Y1 Z1 (Yo Zo + 6Y3 Z3)) + 36° Z3 (3Ya Vs Z2 Zs
+Y1 Z1 (2Ya Zo + 3Y3 Z3)) — 2264 721 Zy 73
6 Y2YZYE Zs — 30Y1 Y2 Ys Zs (Y1 Z1 + Ya Zo + 3Y3 Z3)
162 25 (3Ya Ys Zo Zs + Y1 Z1 (Yo Zo + 3Y3 Z3)) — 36° 21 Zy 73
6 Y2 Y3 YsZo — 20 Y1 Y2 Zo (Y1 Z1 + 6 Y3 Z3)
+302Yy Zy Z3 (2Y1 Z1 + Y3 Zs) — 26% 21 22 73
6 YPY2YsZ1 — 26Y2 Yo Z1 (Ya Zo + 6 Y3 Z3)
+302Y1 21 Z3 (2Y2 Zo + Y3 Z3) — 26° 21 22 Z3
(1,1,0) 8 YR Y3 YE
6 Y2Y2YE Zs
6 Y2 Y2 Y3 (Y1 Z1 + Yo Zo)
+V1 Y2 (2Y2 Z3 +3Y1Ya Z1 Zo +2YF Z3)
—202% (Y1 Z1 + Y2 Z2) Z3 (2Y1 Z1 + 2 Y2 Zo + Y3 Z3) + 263 Z1 Z2 73
4 Yo (Y2 Z2+2Y1Y2 21 Zo+ Y2 Z2 — Y2 Z2)
+26 (Y1 Z1 + Y2 Z2) 2 Z3
4 Y1Yo(Y1Z1+ Y2 Z2) (Y1 Z1 + Yo Z2 + Y3 Z3)
~623 (2YR2 Z} + Yo Z2 (2Y2 Zo + Y3 Z3) + Y1 Z1 (5Y2 Zo + Y3 Z3)) + 82 Z1 Z2 Z3
2 Zs (Y1 Z1+ Yo Zo + Y3 Z3) % — 20 21 7o 72
(1,0,1) 8 YRYRYZ+38YRY2Ys 21 +66% (Y Y 22 — Y1 Y3 Z3)
—66%Z3 (3Y2 Z} —3Y2 Z3 +3Y1Ys Z1 Z3 + Y Z3)
6 Y2Y2Ys (Y121 + Y3 Z3) +26 (YP Y2 Z3 —Y1Y5 Z3)
—262 25 (3YP2 Z2 —3YZ Z3 +3Y1Ys Z1 Zs + Y Z3)
6 YEYP Y322 +8Y1YE Zo (3Y1 Z1 + 4 Yo Zo)
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—662Ya Za Z3 (2Y1 Z1 + 2 Ya Zo + Y3 Z3) + 663 Z1 Zo Z3

4 Y1 Yo (Y12 Z% —Y22 Z22+2Y1 Ys 71 Zg—i—}fg2 Z%)
~623 (3Y2Z} —3YF Z3 +AY Y3 Z1 Z3 + Y2 Z3)
4 Y1Y2 Zo (Y1 Z1 + Ya Zo + Y3 Z3)
—8Yo Zo Z5 (41 Z1 +3Ya Zo +2Y3 Z3) + 26 Z1 Z2 Z2
(1,0, 0) 8 Y13 Y23Y32— %SYIQYQQ Y3 (3Y1 Z1+YaZo+6Y3 Zg)
+%52 Y1Y2(Y3Z3(2Y2 Zo + Y3 Z3) + Y1 Z1 (Yo Z2 + 6Y3 Z3))
— 365 Z3 (Ya Y Zo Z3 +3Y1 Z1 (2Ya Za + Ya Z3)) + 150 Z1 Z2 73
(0,0, 1) 8 VYR Y — LOYR YR Y3 (Y1 Z1+ Y2 Zo + 10 Y3 Z3)
i(§2 Y1 Y2 (5 Y3 Z3 (2 Y2Z2+3Y3 Zg) +Y1 72 (Y2 Z2+10Y3 Zg))
— 205 Z3(3Y2Ys Zo Zs + Y1 Z1 (2Ya Zo + 3Y3 Z3)) + 1204 2y Zy 73
(2,2, ps3) 8 YRYSYZ+ %53 Y3 (Y1 Z1 + Ya Z2) Z2p3 (—4 + p3)
+ 04 21 Zo Z3 (—2 4 pis) 2pus (2 + ps)
6 Y2YZYE Z3+ 202 Y3 (Y1 Z1 + Ya Z2) Z3 (=2 + ps) s
+26% 21 Z3 Z3 (—2 + ps) 2p3
6 Y2Y3 Y Zo — 262 Y2 Y3 Zo Z2 13 (2 + pis)
6 VP Y2 Ys Z1 — 2621 Y Z1 Z2p3 (2 + pis)
4 Y1 Yo YE Z2 + 30 Ys (Y1 Z1 + Ya Z2) Z3 (—2 + ps)
+36% 21 22 Z3 (—2+ pa) 2
4 Y1Y32Ys Zo Z3 — 26 Ya Ya Zy Z2p3
4 Y1Y5 Z3 — 20Y2 73 Z3 (2 + pa3)
4 Y2 Yo Y3 Zy Zs — 20 Y1 Ys Z1 Z2pis
4 Y2 YR Zy Zy — 262 71 Zo Z3ps (2 + ps)
4 Y3 Yo 2% — 20Y2 2% Z5 (2 + )
2 Y3 Z2 (Y1 Zy + Ya Zo + Y3 Z3) + 50 Z1 Za Z2 (=2 + pig)
2 Y1 Ya Z1 Zy Z3 — 30 Z1 Zs Z3ps
(2,1, p3) |8 YPYS Y- 362YP Yo 23 (—1+4i3)
—303 23 (—3Y2 23 + Y2 Z3) (=1 + p3) (1 + p3) 3+ p3)
6 Y2YZY] Zs —6YE Yo Z3 (=1 + p3)
+50% Z3 (=1 + p3) (-3 23 (1 + ps) +2Y2 27 (3 + p3))
6 Y12 Y23 Y3 Zo, iSZ Yo Zs Zg (1 -+ ,u,g) (2 Y172, (73 -+ ;1,3) —Y3Z3 (3 + ;1,3))
—20% 2y Z2 Z3 (=3 + ps) (1 + p3) 2
6 YPYZY3Z1 +0YPYa Z3 (1 + p3)
—182Y1 21 Z3 (2Y1 Z1 + Y3 Z3) (1 + p3) (3 + ps)
z Vi Y (VP 27+ Y3 Z3)
+20 723 (=Y Z3 (=1 + p3) + Y2 Z3 (3 + p3))
4 V1Y Y3 Zo Z3 — 26 Ya Zo Zs (Y1 Z1 (=3 + ps) + Vs Z3 (1 + p3))
—18% 21 25 23 (=3 + p3) (1 + pi3)
4 Y2 Y2 Z1 (Y1 Z1 + Y3 Z3)
—26Y1 21 Z5 (Y3 Z3 (1 + p3) + Y1 Z1 (3 + p3))
4 Y2Y2 Z1 Zo — 6Y1 Yo Z1 Zo Z3 (1 + p3)
+162 20 2, 23 (-1 +13)
(2,0, pu3) | 8 YPYPYE+ 30YP YR Ya Zaps + 302 Y Ya Z2ps (2 + ps)
— L0323 (3YR Z} +3Y1Ys Z1 Zs + Y3 Z3) s (2 + ps) (4 + p3)
6 Y2Y2Ys (Y1 Z1+4 Y3 Z3) +8Y2Ya Z1 (Ya Z3 (—2 + p3) + Y1 Z1u3)
—182 Zaps (3Y1Ys Z1 Z3 (24 ps) + Y Z3 (2 + p3) + 2 Y2 Z2 (4 + p3))
6 Y2YP Ys Zo + 50Y1YZ Zo (Y1 Z1 (—4+ p3) — 2Y3 Z3 (2 + p13))
162V, Z Z3 (24 ps) (—2Y1 Z1 (—4+ p3) + Vs Zaps)
+30° 2y Zy Z2 (—A + p3) ps (2 + p3)
4 Y1Ys (Y121 + Y3 Z3)2
—%5Z3 (Y1 Z1 +Y3Z3) (Y3 Zaps + Y1 Z1 (4 + p3))
(1,1, us3) 8 YEYPYE + 3621 YaYs (Y Z1 + Ya Z2) Zaps (2 + pis)

— 31 —




— 303 Zapz (24 p3) BY1 Z1 (=Ya Z2 (=2 + p3) + Y3 Z3 (2 + p13))
+Y3 Z3 (3Y2 Z2 (24 p3) + Y3 Z3 (4 + p3)))
— 360 21 2 Z2 (=2 + p3) ps (2 + ps) 2

YEYZY2Z3+6Y1YaYs (Y1 Z1 + Ya Z2) Z3ps
*iSQ Z3ps (Y3 Z3 (2Y2 Zo + Y3 Z3) (2 + p3)
+2Y1 Zy (—Ya Zo (—2 4 p3) + Y3 Z3 (2 + p3))) — 163 21 Zo Z2p3 (—4 4 p3)

Y2YP Y3 Zo —6Y1 YR Y3 Zo Z3 (2 + p3) + 262 Ya Y3 Zo Z2p3 (2 + pis)

YP Y2 Y3 Z1 —0Y2YaYs Z1 Z3 (24 ps) + 202 Y1 Ya Z1 Z3pus (2 + ps)

Y1Y2Y3 Z3 (Y1 Z1 + Yo Zo + Y3 Z3)
— 1625 (Y3 Z3 (Ys Zsps + Ya Z2 (2 + p3))
+Y1 Z1 (—Y2 Zo (—2+ ps) + Ya Z3 (2 + p3))) — 202 Z1 Zy Z2 (—4 + i2)

Y2YR Z1 Zo — 6 Y1 Y2 Z1 Zo Z3 (2 + p3) + +6% Z1 Zo Z3pus (2 + ps3)

(17 0, /'L3)

YVEYPYE+ 30YP Y2 Ys Z1 (1+ ps)
—352Y1 Y2 Y3 Z5 (2Y1 Z1 + Y3 Zs) (1 + ps) (3 + ps)
+20% Y3 Z3 (14 ps) (34 ps) (2Ys Zs (—1 4 pz) +3Y1 Z1 (1 + pa))

Y2 Y2 Y3 (Y1 Z1 + Y3 Z3)
~0Y1 Y2 Y3 Zs (Y3 Z3 (1 + p3) + Y1 Z1 (3 + p3))
+202 Y3 Z2 (1+ p3) (Y3 Z3 (=1 + p3) + Y1 Z1 (3 + p3))

Y2YP Y3 Zo+ 26Y1YE Zo (Y1 Z1 (=3 + p3) — 2Ys Z3 (3 + p3))
+302Ya Zy Z3 (34 ps) (—2Y1 Z1 (—3 + pa) + Y3 Z3 (1 + p3))
+20°% Zy Zy Z2 (=3 + p3) (1 + p3) (3 + ps3)

(27/'L27 1)

VEYEVE LYV 22 (3 4 a) (1 b )
*%53 Zy (Y2 Z3 +Ys (Y1 Z1 4 Y2 Z2) Z3) (=5 + p2) (—3 + p2) (—1 4 p2)
— 1504 71 23 Z3 (=5 + p2) (=3 + p2) 2 (=1 + p2)

Y2Ya Y] Z3 — L6 YP Y3 Z2 (=3 + p2)
1622y (Y2 Z3 + Y3 (Y1 Z1 + Ya Z2) Z3) (=5 + p2) (=3 + p2)
—18% 21 Z3 Z3 (=5 + p2) (=3 + p2) 2

Y2Y2Y? Zo
+162Y3 Zy (Y1 Z1 + Ya Z2) Zs (=3 + p2) (—1 + p2)
+30°% 21 23 Z3 (=3 + p2) 2 (=1 + p2)

YEY2 YR Z1 + 20YP Y3 23 (—1 + p2)
+302Y1 Z1 Zo (Y1 Z1 + Vs Z3) (=5 + p2) (=1 + p2)

~Y3Y3 22 +Y1Y3 72
—302y (Y2 2% + Y3 (Y1 Z1 + Ya Z2) Z3) (=5 + pa2)
— 16221 23 Z3 (=5 + pa2) (=3 + pa)

V1Yo YE Zo Zs + 50 Ys Za (Y1 Z1 + Ya Za) Z3 (=3 + p2)
+i52 7122 Z5 (=3 + p2) 2

Y1Y2YsZ3 — $0YaYs Z2 Z3 (=1 + p2)

Y2 Y3 Zy (Y1 Z1 + Ya Z3) + 20 Y1 Z1 Z2 (Y1 Z1 + Ya Z3) (=5 + p12)

Y12 YoYs Z1 Z5 — %gyl Y3 7y Zo Zg (71 =+ ,U,Q)

Y3 Zo Z3 (Y1 Z1 + Ya Zo + Y3 Z3) + 26 Z1 Z3 Z3 (=3 + p2)

Y1Y2 Z1 Z3 — 26 21 Z3 Z3 (—1 + p2)

(17M271)

CIEIESIENESES

YPYZYP + 2621 Ya (=24 p2) (—3Y3 23 (—4 + p2) + Y1 Y3 Z1 Zspua)
+30°Ys Zy Zs (Y1 Z1 + 2Y2 Zo + Y3 Z3) (—4 + p2) (—2 + p2) p2
+160" 21 23 Z3 (—4 + p2) (=2 + p2) o

Y2Ya Y3 Z3 + 26 Y1 Ya (—2Y3 23 (—4 + po) + Y1 Y3 Z1 Z3 (=2 + pi2))
+102Y3 Zo Z3 (—4 + p2) (2Y1 Z1 (=2 + p2)
+2Y3 Z3 (=2 + p2) + Y2 Z2 (=2 + 3u2))
+30° 21 Z3 Z3 (—4 + p2) (=2 + p2) 2

YEYZYE 22 +6Y1 Y2 Y3 Z2 (=2 + p2)
—%52 Y3 Zo Z3 (2 Yo Zo +Ys Zg) (—2 + HZ) 2

YPYa YR 21— 20V YE Z1 Zspa
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— 302 Y1 Y2 Z1 Z3 (=6 + p2) (—4 + p2) + §3° 21 Z3 Z3 (=6 + p2) (—4 + pa) po

Y1Ys (—Y22 222 + Y3 Z3 (Y1 Z1+Ys Zg))
+8Y3 Zo Z5 (Y1 Z1 (=4 + p2) + Y3 Z3 (=4 + p2) + Ya Za (=2 + p2))
+362 721 22 Z3 (—A + p2) (=2 + p2)

Y1 Y2 Y3 Za (Yo Zo + Y3 Zs3)
—10Ys Zy Zs (Y3 Z3 (—2 + pa) + Ya Zopia)

Y12 Yo Y3 Z1 Zo + %Syl VAW (Y2 Zo (—4 —+ 11,2) — Y3 Z3,u,2)
— 202 721 Z3 Zs (—4 + p2) po

(07 M2, 1)

YEY2YP + 36Y2YEYE Za (=3 + p2)
—182Y1 Y3 (—1+ p2) (—2Y2 Z3 (=5 + p2)
+2Y2 Y3 Za Z3 (1 + p2) + YE Z2 (1 + p2))
—30%Y3 Z3 Z3 (Y3 Z3 (=7 + p2) +2Y2 Z2 (=5 + p2)) (1 4 43)

Y2 Yo Y (Yo Za + Y3 Z3)
+10Y1Ys (—8Y2 Y3 Z Z3 + Y Z2 (—5 4 p2) — Y Z2 (-1 4 p2))
—162Y3 Zo Z3 (Y3 Z3 (=7 + pa) (—1 + p2) + Yo Zo (—5 4 p2) (1 + p2))

Y3Ya Y221 — %51/12 Y3 Z1 (=2Ya Za (=5 + p2) + Y3 Z3 (1 + p2))
+302Y1 Z1 Zo (=5 + p2) (Ya Za (—3 + p2) — 2Y3 Zs (1 4 p2))
—16% 21 72 Z3 (=54 p2) (=3 + p2) (1 + p2)

(27!14270)

YEYZYP +0YP Yo Y2 Z1 (=2 + o) + 202 VP Y 22 (=2 + p2) o
+§53 Zo (Y1 Z1 + Y3 Z3) 2 (—4 + p2) (=2 + p2) peo

Y2 Yo Y2 (Y1 Z1 + Y3 Z3)
+10Y2 Y3 Z1 (Y3 Z3 (—4+ p2) + Y1 Z1 (=2 + p2))
+i52 Zo (Y1 Z1 + Y3 Z3) 2 (—4 + p2) (=2 + p2)

Y2YZY? Zo+6Y2 Yo Y3 Z1 Zo (=2 + p2)
—182Y3 2y Z5 (2Y1 Z1 + Y3 Z3) (=2 + p2) 2

Y1Ys (Y1 Z1+ Y3 Z3)2 + 20 Zo (Y1 Z1 + Y3 Z3) 2 (—4 + o)

Y1 YaYs Zy (Y1 Z1 + Ya Z3) — 6 Ys Zo Z3 (Y3 Z3 (=2 + p2) + Y1 Z12)

YIY2 Y323+ 20Ya Z3 (Y1 Z1 (=4 + p2) — Y Zspo) — 262 Z1 Z3 Zs (—4 + p2) po
2 1

(1, p2, 0)

AESIEFNES

YRYZYP+6YEYa Y2 Zy (=1 + pa)
—152Y1Ya (=1 + p2) (2Y2 Z3 (=5 + p2) + Ys Z3 (2Y1 Z1 + Ys Z3) (1 + p2))
— 303 Y2 Z3 (=5 + pa) (=1 + p2) (Y1 Z1 (=3 + p2) — Y3 Z3 (1 + p2))
+26% 21 23 Z5 (=5 + p2) (=3 + p2) (=1 + p2) (1 + p2)

le Yo Y32 (Yl Z1+Y3 Z3)
_%SYI Y3 (Y2 Z2 (=5 + p2) 4+ Ya Z3 (Ya Zs (=1 + p2) + Y1 Z1 (1 + p2)))
—152Y5 Z2 (=5 + p2) (Y1 Z1 (=3 + p2) — Y3 Zs (1 + p2))
+183 2, 22 Z3 (=5 + p2) (=3 + p2) (1 + pio)

YEYZYE 22+ 6Y1 Yo Ya Za (Y1 Z1 + Ya Z2) (=1 + p2)
— 182 Zo (=1 + p2) (Y3 Z3 (2Y2 Z2 + Y3 Z3) (1 + p2)
+2Y1 Z1 (—Y2 Z2 (=3 + p2) + Y3 Z3 (1 + p2)))

— 153 20 23 Z5 (—3 + p2) (~1 + pi2) (1 + pr2)

Y1YaYsZo (Y1 21+ Yo Zo + Y3 Z3)
—%522 (Y3 Z3 (Y3 Z3 (—1 4 p2) + Yo Zo (1 + p2))
+Y1 Z1 (=Y2 Z2 (=3 + p2) + Y3 Z3 (1 + p2)))

— 10221 23 Z3 (=3 + p2) (1 + p2)

(2, p2, p3)

YPYPYE + %53 Y3 Z3 Z3 (—4 + pa2 — p3) (=24 p2 — p3) (p2 — p3)

Y2YZ Y] Z5 — (6% YF 23 Z3 (=2 + p2 — pa) (p2 — pa)

YEYP Vs Zo + 302 Y3 23 Z3 (A + p2 — pi3) (=2 + p2 — pi3)

YP Y2 Y3 Zy — £6% 2y Zo Z2 (—A+ po — p3) (=2 + pa — pis) (p2 — ps)

V1Yo YZ 22 + 20 Y2 73 Z3 (2 — pis)

YiY2Y3 22 Z5 + %SYQQ Z3 Z3 (2 — p2 + p3)

VY3 Z3 + S0V 23 Z3 (—4 + p2 — pa)
2

alalaln|o|o|o|w

Y2Y2Ys Z1 Z3 + %52 71 Zo Z2 (=2 + p2 — p3) (p2 — p3)
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Y2YZ Z1 Zo — 262 21 Z3 Z3 (—A + po — pis) (—2 + pa — ps)
Y3Y2Z2+ 5Y2Z223( 4—‘,—#2—#3)
—Y22 Z2Z3+ Y2 Z3
Yo Zo Z3 (Yo Za + Y3 Z3)
Y1Ys Z1 Z3 + 30 71 Zo Z3 (—pa + pis)
Y1Y2Zy Z2 Z3 + %321 Z2 Z3(—2+ p2 — p3)
YPYPYE - 382Y1Y) Z2 (=3 + p2 — ps) (=1 + p2 — p3)
— 253 Yy Zy Z5 (2 Zo + Y Z3) (=5 + pia — p3) (=3 + pa — ps) (—1 + pa — p3)
6 YRYZYZE Z3+6Y1YP Z3 (—1 + po — ps3)
+i52 Yo Zo Z3 (Yo Zo (—13 4+ 3puo — 3pu3) +2Y3 Z3 (—3 + po — p3)) (—1 + pa — p3)
6 Y2Y$ Y3 Zo+8Y1Y$ Z3 (3 — po + p3)
—182Y5 Zo Z3 (2Y2 Za + Y3 Z3) (=5 + pa — p3) (=3 + p2 — p3)
6 Y13 Y22 Ys 77 + %32 Y171 Z3 (73 + p2 — ,u,g) (2 Yo Z> (1 + p2 — ;1,3)
+Y3 Z3 (5 — po + ps)) + 263 Z1 Zo Z3 (1 + po — ps) (3 — 2 + p3) 2
V1Yo (Y3 Z3 +YE Z2) + 0 Yo Zo Zs (Ys Z3 (1 — po + pus) + Ya Zo (3 — pio + pi3))
YPYP VP — %32 Y3 Ys Z3 (—1+ (u1 — p2)?)
YiY2Y) Zs + 205 Y3 Z2 (1+ p1 — o)
VY3 Y3 Zo+ 205 Y3 Z2 (1 — pa + pa)
Y12 Y22 Y32 Zy — iSQ Y22 Z Z22 (_1 + (n1 — p2) 2)
“Y3Y3Z2+ Yo Y] Z2
Y2 Y3 Zo (Yo Zo + Y3 Z3)
Y1YoYE 21 Zs + 20 Y2 Z1 Z2 (1+ p1 — pi2)
V1 Y2 Y3 Zy Zo+ S0YE Z1 Z3 (1 — pua + o)
Y2 Yo Y3 Z3 + 102 23 Zo Z3 (—1 + (p1 — p2) ?)
7 (V2R V2T
Yo Z1 Zo (Yo Zo + Y3 Z3)
Y1Y3Z12Z37 %8Z%Z2Z3(1+,u1 7#2)
Y1 Y Z3 Zo + 36 23 Zo Z3 (—1 + p1 — p2)

CO|N [N N D] | >

(1, p2, p3)

(M17M27 1)

NN BR[O 00|

C Highest-derivative partially-massless interactions

In this appendix we prove that the function (3.42) generates consistent highest-derivative
interactions involving partially-massless fields provided the condition (3.43) holds. Our
starting point is the Stiickelberg version of (3.42) given in terms of the shifted variables
Y; of eq. (4.26). Consistency of the partially-massless interactions is tantamount to the
cancellation of the residues of the partially-massless poles. To this end, we need in prin-
ciple to integrate by parts all the total-derivative terms contained in the shifted variables.
However, one can simplify the computations considering the following ansatz:

’C(i}lyi}%}}i’)) = K(ﬁ - 58@111 am 5 }72 - Sawg anz ’ }N/E’) - 58’[1}3 8773) f(n177727773) ’ (Cl)

where the results of the integrations by parts are encoded in the function f. At this point,
what is left is to impose the gauge invariance of the ansatz. Taking the a;’s in the Yj’s to
satisfy (3.25), one ends up with the following differential equation for the function f:
{[1 —22a1 + D)y + 4o (a1 + 1)77%]3771 + 11 [2041 +1—4ai(ag + )771]
—2[112 — 2(02 + 1)) Oy + pi2[1 = 4(02 + 1)
+2[n3 — 203n3] 0y — pa[1 — 4043773]}f(771 n2.m3) =0, (C.2)
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and cyclic permutations thereof. The solution of the latter differential equations is

1 _
fni,m2,m3) = [1—2(041+1)?71—2042772]2(M+“2 #)

1 -
X [1_2(az+1)772—2a3173]5(“2+“3 Ka)
1 _
X [1_2(0434-1)7]3—2041771]2(“34‘#1 #2)7 (C.3)

whose Taylor coefficients at the order n,” i+l

; correspond to the residues of the poles p; = 7;

associated with Wi”ﬂ. Concentrating on the gauge consistency with respect to the i-th
field, one can set 7,41 = 0 so that the function f becomes the generating function of the
Jacobi polynomials. One can then extract the residues as

1
ritl _ (_gyitl 7(ri + pit1 — pi-1) A
(05 1)(0,0.0) = (=2t (2 e ) ()
where the homogeneity of the i-th field is a positive integer r;. The highest-derivative
interactions (3.42) become consistent whenever (C.4) vanishes. The latter requirement is
equivalent to (3.43).

D Massless limit in flat space

This appendix includes further details about the massless limit in flat space consid-
ered in section 4.3. It is important to notice that, in the generic analysis which led to
egs. (4.35, 4.36), g appears only through G. However, in general, it can also appear when-
ever the leading terms cancel identically. More precisely, if the first n leading terms cancel
then the (n + 1)-th term becomes dominant and contains n-th powers of g. Therefore, for
the sake of completeness, we consider all the cases in which the generic dominant terms
cancel among each other. These situations can be systematically analyzed by focusing on
the particular combinations of variables giving rise to the desired cancellations.

[i.] In the 2 massless and 1 massive case, the following combination
ol A e 1
% 2<H1H2—Y32H3) 2—51/3% (9ys + 19202 ) +O(n), (D.1)

gives rise to the cancellation of the terms proportional to p~2 y*.

[ii.] In the 1 massless and 2 equal massive case, there is no combination leading to the
cancellation and ¢ can show up only through G (4.36).

[iii.] In the 1 massless and 2 different massive case, the following combination

B [ES 59 p 1 5 5
Iu2[Y2Y3H2_Y32H3+2(M22—M§)Z1H2}
1v3—v2
2 1/§

1%
(1/22 — I/g) [9 Y3 + 72 Y1Yy3 8113 81)2 - Y1 Y2 81;23:| + O(:u) y (DZ)

DN |
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or, equivalently

oo o B R 1 S
M2|:Y'2}/3H3—Y22H2—|—2(M32—M22)Z1H3:|
1vi—vs
2 V%

N

1%
(v3 —13) [9 Y2 + 72 Y1 Y2 Oyy vy — Y1 Y3 332] +O(u), (D.3)

allow the cancellation of the dominant term proportional to =2 y*.

[iv.] In the 3 massive case, the following combination

Vi Zy + Yo Zo + Y3 Zs

2 2 2 2 2 2 2 2 2
va+vi—v Vs +vi—v. Vi +vy—v.
:g+ﬁ 1 avg 8v3+ﬁ Y2 av3 am"‘ﬁ Y3 8111 8UQ+O(N)’

(D.4)
does not contain the dominant term proportional to p~!y? 0,.

Notice that all resulting massless vertices that involve g are decorated with the contribu-
tions of the Stiickelberg fields.

E Cubic interactions of open strings in the first Regge trajectory

In this appendix we show that the string interactions encoded by (5.1) nicely fit in with
the classification we have provided in section 3.1. For simplicity, let us drop Chan-Paton
factors as well as the constant iv/Gy go/a/, and focus on the first term in (5.1). The latter
can be expanded as

1 o1+og+o3
K= —2a/ 2 L2 I3 2T 2 T2 273 E.1
(7-27- 01!0'2!0'3!7'1!7‘2!7‘3! ( ) yl y2 y3 1 2 3 ( )
where the spins of the fields are
s1=01+m+T13, So =09+ 711+ 173, §3 =03 +T1+T2. (EQ)

Concentrating on particular choices of (s1, s2,$3), we can extract consistent couplings for
each of the five different categories. In particular, defining the d-dimensional counterpart
h; of H; as

1
hi = vyi—1Yiy1 + 5 [M? — (M; 1 + M 1)?] 2, (E.3)

one ends up with the following five cases:

[i.] In the 3 massless case with (s1,s2,s3) = (1,1,1), one gets

3 1
K= (—20/) 2 <y1 Yo Y3 — 20/9) . (E4)
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[ii.] In the 2 massless and 1 massive case with (s, s2,s3) = (1,1, s), one has

1 5+2
K=y (F20) 07 b — s ). (E:5)

[iii.] In the 1 massless and 2 equal massive case with (s, s2,s3) = (1, s, s), one finds

S
— 1 N2 -k s—k—1, s—k—1 _k (S_k)
K_;)W(_2a) 2 Yo Ys 21\ Y1 Yy2Y3— B, (9—y121) ).
(E.6)
[iv.] In the 1 massless and 2 different massive case with (s1, s2,s3) = (1,s,5") with s < ¢/,
one gets
S
_ 1 / S/+275+1—k s—k—1, s'—k—1_k s'—k s—k
- % ARG ) vo s A e g ushs )

(E.7)

[v.] Finally, the 3 massive case trivially fits in with the classification.
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