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Abstract. Some attempts to establish a link between point-free geometry and the
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1. Introduction.

The aim of point-free geometry is to give an
axiomatic basis to geometry in which the notion
of point is not assumed as a primitive. The first
example in such a direction was furnished by
Whitehead’s researches [8,9] where the
primitives are the regions and the inclusion
relation. Later, Whitehead proposed the
topological notion of connection instead of the
inclusion [10]. More recently, in [2, 3], Gerla
proposed a system of axioms in which regions,
inclusion, distance and diameter are assumed as
primitives.

In this note we expose some attempts to
establish a link between point-free geometry and
the categorical approach to fuzzy sets theory as
proposed by Hohle in [6]. More precisely,
Section 2 is devoted to give some preliminary
notions. In Section 3, starting from the definition
of pointless metric spaces, we introduce the
pointless ultrametric spaces. In Section 4, we
define the semi-metric spaces and the semi-
similarities, and we verify the relations between
these two structures. In particular, we focus on
semi-ultrametric spaces and the semi-similarity
with the Godel t-norm, called G-semi-similarity.
In Section 5, we give a characterization of G-
semi-similarities by the notion of semi-
equivalence. In Section 6, we examine the
relations existing between pointless metric
spaces and semi-metric spaces, and, in
particular, between pointless ultrametric and

semi-ultrametric spaces. Besides, we verify the
connection of G-semi-similarities with pointless
ultrametric spaces. In Section 7, we organize
the class of pointless ultrametric spaces into a
category and we define two functors to relate
such a category with Hohle’s category. Finally,
in Section 8, we exhibit an example of G-semi-
similarity . Some final remarks are given in
Section 9.

2. Preliminaries.
We introduce some basic notions in multi-
valued logic.

Definition 2.1. A continuous triangular norm (t-
norm), is a continuous binary operation ® on
[0,1] such that, for all x,x1, x5, ¥1, ¥2,€[0, 1]
e ®is commutative,
e  ® is associative,
e @ isisotone in both arguments, i.e.,
XIS Xyp = X190x< XX,
VIS V2 = XY 1< XQ)s,
o Jex=x=xol and 0 ex=0=xe0.

The most important continuous ¢-norms are

minimum (or Gédel t-norm), product and

Lukasiewicz conjunction defined by setting

a®b = max(0, a+b-1).

Definition 2.2. Let ® be a continuous z—norm.

The residuation is the operation —, defined by
a—e b= Sup{x : a® x< b}



It is immediate that

a®x< b < x<a—e b.
As an example, if ® is the Gddel t-norm then the
residuation operation is the Gédel implication
—G

1 ifa<bh

a%Gb:{b Fh<a @.1)

Definition 2.3. A continuous ~norm ® is called
Archimedean if, for any x, y € [0,1], y # 0, an
integer n exists such that x"’< y, where x is
defined by x” =xand x"""=x"ex.

The Archimedean
because they are
functions.

t-norms are important,
characterized by some

Definition 2.4. An additive generator of a
t-norm ® is a continuous, strictly decreasing
function £: [0,1]—[0,%], such that f{/)=0 and

xoy =" (),
where /£ : [0,00]—[0,1] is defined by

e [ S0) i e (o)),
f o= .
0 otherwise

and it is called pseudoinverse of f.

Proposition 2.1. 4 function : [0,11*—[0,1] is a
continuous Archimedean t-norm iff it has an
additive generator.

The product #-norm and Lukasiewicz ¢-norm are
examples of Archimedean t-norms and their
additive generators are f, (x) = -lnx and
fi(x)=1- x, respectively. The Gédel t-norm is not
Archimedean.

Observe that, if an additive generator exists for a
t-norm ®, then

x=ey =1 (S ().

Now, let S be a nonempty set. We call fuzzy
subset of S any map s: S — [0,1]. For any x€ S,
the value s(x) is interpreted as the membership
degree of x to s. Given Ae [0,1], the closed
A-cut of s is the subset C(s,A) = {xe S : s(x)>A4}
of S. A fuzzy relation in S is a fuzzy subset of
SXS§, ie, a map r: SxS—[0, I]. We are
interested to the following properties for a fuzzy
relation 7 :

1) r(xx)=1

(i) r(x,y) @ r(y,z2)<r(x,z)

(reflexivity)
(transitivity)

(antisymmetry)
(symmetry)

(ii1) r(x,y)= r(y,x)=1 = x=y
(iv) r(x,y) = r(y,x)

forevery x, y, z €.

3. Pointless ultrametric spaces.
In order to give a metric approach to point-free
geometry, Gerla in [2] defines the notion of
pointless metric space, briefly pm-space. A pm-
space is a structure (R, <, 9, | |), where
® (R,<)is an ordered set,
e J: RXR—[0,) is an order-reversing map,
. | | :R —][0, o] is an order-preserving map
and, for every x, y,z€ R :
(al) d(x, x)=0
(a2) 6(x, y) = 6(y, x)
(a3) S(x, )< S(x, 2) + (2 ) + | z|.
The elements in R are called regions, the
number J (x, y) the distance between x and y, |x|
the diameter of x.
In this paper we are interested to a particular
class of pm-spaces which is related with the
notion of ultrametric space.
Recall that in literature a pseudo-ultrametric
space is defined as a structure (M, d) such that:
- d(x, x)=0,
- d(x, y) =d(y, x),
- dx, y) <dx, z)v d(z, p)
where v is the maximum. Since

0(x, 2)vo(z, )< 0(x, 2) + O(z ),
any pseudo-ultrametric space is a pseudo-metric
space. This definition suggests the following
one in the framework of point-free geometry.

Definition 3.1. A pointless ultrametric space,
briefly pu-space, is a pm-space R=(R, <, 6, | |)
such that

(A3) d(x, ) £ &x, 2)VAz, y)V|z|.

Observe that, since

Ax, )V Az, YV ]| < O (x, 2) + 6(z, y) + [2],

(A3) entails (a3). A class of basic examples of
pm-spaces and pu-spaces is obtained by starting
from a metric space.

Proposition 3.1. Let (M, d) be a pseudo-metric
space and let C be a nonempty class of bounded
and nonempty subsets of M. Define 6 and || by
setting
O0X Y)=infld(x, y) :xe X, yeY} (3.1
|X| =sup{d(x, y) : x, y € X}. 3.2)
Then (C, <, 6, | |) is a pm-space. If (M,d) is a



pseudo-ultrametric space, then (C, C,0| |) is a
pu-space.

Proof. (al) and (a2) are immediate. To prove
(a3), let X, Y and Z be subsets of M, xe X, ye?Y,
z and z’€ Z; then
O(X Y)<d(x, y)

<dix, z)+dz z)+dz’,y)
<d(x,z)+diz, y)+ | Z].
Consequently,

SX. N<SWX, 2+8Z 1+ |zl
Assume that (M, d) is a pseudo-ultrametric
space. Then

OX, N<d(x, y)<d(x, z)vd(z z)vd(iz, y) <

dx, z)v d(z’, y) v |Z],
and therefore (C, <,4||) is a pu-space.

We call canonical the so obtained spaces.

4. Semi-metrics and semi-similarities.

We introduce a new class of structures satisfying
symmetry and a triangular inequality, but not
reflexivity.

Definition 4.1. A semi-metric space, briefly sm-
space, is a structure (R, d) where R is a set
whose elements are called regions and
d:RXR—[0,0] is a function we call semi-
distance, such that, for any x, y, z € R:

(bl) d(x, y) =d(y, x),

®2)d(x, y)<d(x, z) + d(z, y) .

Given a semi-distance d, we define a diameter
by setting:
x|z =d(x, x) . 4.1
Observe that by setting y = x and z = y in (b2),
we obtain that  d(x,x)< d(x,y)+d(y,x) and
therefore, by (b1), that d(x,x)< 2d(x,y). Likewise
we have that d(y, y)< 2d(x, y) and therefore it
results
b, b,
> Uld [ Mld
d(x, y) 2 > v > (4.2)
So we can have d(x, y) = 0 only in the case both
x and y have zero diameter. In literature it is
possible to find a duality between the notion of
metric and the notion of similarity (see for
example Hajek [5]). Likewise we can give the
next definition as a dual concept of semi-
distance.

Definition 4.2. Let ® be a t-norm. A semi-
similarity is a fuzzy relation £ on R such that
(el) E(x, y) = E(y, x) (symmetry)
(€2) E(x, z) ® E(z, y) S E(x, y) (transitivity)
for every x, y, z €R. A similarity is a semi-
similarity such that

(e3) E(x,x)=1.

E(x,y) is regarded as truth-value of a statement
like x =z y. Semi-similarities are used to give a
general approach to fuzzy sets theory based on
the notion of category (see also M. Fourman and
D.S. Scott [1]). Semi-similarities are strictly
related with sm-spaces. We examine two cases
regarding Definition 4.2: the case of
Archimedean f-norms and the case of the Gédel
t-norm. In the first one we use, as in Gerla ([4]),

the notion of additive generator which
characterizes the Archimedean 7-norms.

Proposition 4.1. Let f : [0,1]> [0,0] be an
additive generator of an Archimedean  t-norm

® and let d be a semi-distance on a set R. Then
the fuzzy-relation E/(d) defined by

E(d)(x.y)~d(x.y)) (4.3)
is a semi-similarity with the t-norm ®.
Conversely, let E be a semi-similarity on R with
the t-norm ®, then the structure (R, d;(E)) where
d(E) is defined by

di(E)(x.y) = [ (E(x.y)), (4.4)
is a sm-space.

If the -norm is the Gddel t-norm, in Definition
4.2, the transitivity is given by
(€2*) E(x, z) A E(z, y) S E(x, y).
In such a case, a semi-similarity is called G-
semi-similarity and, setting y = x in (e2*), we
obtain that

E(x, z) A E(z, x) £ E(x, x)
and therefore that E(x, z) < E(x, x). Then

E(x, z) S E(x, x) A E(z, 2).
Observe that, since the Gddel t-norm is not
Archimedean, the Proposition 4.1 doesn’t hold
for it. But, in this case, we consider a subclass of
sm-spaces, shrinking the codomain of the semi-
distance and adding an axiom.

Definition 4.3. A semi-ultrametric space,
briefly su-space, is an sm-space (R,d), where the
semi-distance is a function d :RXR—[0,1], such
that, for any x, y, ze R:

B2)d(x, y)<d(x, z)vd(zy).



Obviously, (B2) entails (b2). Observe that by
setting y =x and z =y in (B2), we obtain that
d(x,x)<d(x,y)vd(y,z) and therefore, by (bl), that
d(x, x)< d(x, y). Likewise we have that d(y, y)<
d(x, y) and therefore it results

d(x, y) 2 xlg v[la- (4.5)
Now we are able to describe the relation
between the G-semi-similarities and the sm-
spaces.

Proposition 4.2. Let d be a semi-ultrametric on
a set R, then the fuzzy-relation E, defined by

Eix, y) = I-d(x, y) (4.6)
is a G-semi-similarity. Conversely, let E be a G-
semi-similarity on R, then the structure (R, dg),
defined by

dp(x.y) = I-E(x.y) 4.7)
is a su-space.

Proof. Define E; by (4.6). Then (el) is

immediate. To prove (e2*) observe that
Eix, y) A EAy, z) = (I- d(x, y)A (I- d(y, 2))

= 1-(d(x, y) v d(y, 2))< I- d(x, z)

= Ed(x, Z).
Now define dg by (4.7). Then (bl) is immediate.
To prove (B2) it is sufficient to observe that
d(x, y) = I- E(x, y) < (I-E(x, 2)) V(I-E(z, y))
=d(x, 2)vd(z, y) .

5. Characterization of the G-semi-similarities.
We can characterize G-semi-similarities in terms
of related cuts.

Definition 5.1. Let S be a nonempty set. A
(classical) relation R on S is called semi-
equivalence provided that is symmetric and
transitive.

Let denote by Dy = {xe S / there is an element
yeS : (x,y)e R} the domain of R. Then, if R is a
semi-equivalence relation, it results that if
x€ Dp,,then (x,x)e R. Then R is reflexive in Dy.
Therefore, every semi-equivalence relation R on
S is an equivalence relation on its domain Dp.
Viceversa, if R is an equivalence relation on Dy
and if it is symmetric on S, then R is a semi-
equivalence relation on S.

Definition 5.2. A family (Rj)s[,; of semi-
equivalence relations on a set S is called order-
reversing if it results that

e RsCR, forevery a<f a fe [0,1];

° R():SXS.

Proposition 5.1. A4 fuzzy relation E is a G-
semi-similarity if and only if the cuts of E define
an order-reversing family (C(E, 1)) (0,11 of semi-
equivalences.

Also, any order-reversing family of semi-
equivalence relations defines a G-semi-
similarity.

Proposition 5.2. Let (Rj)c0y be an order-
reversing family of semi-equivalence relations.
Then the fuzzy relation E defined by setting

E(x, y)=Sup{A:(x,y) € R, } (5.1)
is a G-semi-similarity.

Proof. Condition (el) is immediate by the
symmetry of R,. To prove (e2*), let us consider
E(x, 2)=Sup{A:(x,2) e Ry} =
E(z y)=Sup{d:(z y)e Ry} =¢
E(x, y) = Sup{A:(x, y) € Ry} = 1.

Suppose 1 < & (likewise & < p). Since (Ry) 0.1
is an order-reversing family of relations, it
results R ¢ R, Therefore we have (x, z) € R,
and (z, y) € R, and then, by transitivity, (x, y) €
R,. But 7 =Sup{A :(x, y)¢ R; }, then n=>u
and, since ¢ &=, the condition (e2%)

E(x, 2) A E(z, y) S E(x, y)
is verified.

6. A connection between pm-spaces and sm-
spaces.

In order to establish a connection between pm-
spaces and sm-spaces, we observe that in
defining pm-spaces we can consider the
inclusion relation as a derived notion. In fact, as
proved in [2], the following holds true:

Proposition 6.1. Let (R, &, | |) be a structure
satisfying (al), (a2) and (a3) and define < by
setting x<y provided that

Ix|<ly| and &x,z)>Ay,z) for any ze R.
Then (R, 6, ||) is a pm-space.

In accordance with such a proposition, in the
following we denote by (R,é| |) a pm-space
whose order relation is defined as in Proposition
6.1. It is possible to associate any pm-space
with a sm-space.



Proposition 6.2. Let (R, 0| |) be a pm-space and
define ds by setting, for anyx, y €R,

ds(x, y) = &yﬁ”'ﬂ

Then the structure (R, ds) is a sm-space whose
diameter coincides with | |.

(6.1)

Proof. (bl) and the equality | |; = | | are trivial.
Besides,

_ I
dsx, y) = Axy)+ B} + 53
< Ax, 2)tdz M M
< Ax, L Y) FHz+ p +
o EL B

=ds(x, 2yt ds(z, ).

Conversely, we can associate any sm-space
with a pm-space.

Proposition 6.3. Let (R, d) be a sm-space and

define 0, by setting d(x,y)= d(x,y) — | | %
if d(x,y) 2 % +% and 9(x,y)=0 otherwise.

Then the structure (R, | |s), where | |4 is
defined by (4.1), is a pm-space .

Proof. Axioms (al) and (a2) are immediate. If

dxy )< e (a3) s trivial. Otherwise, by
(b2),
04X, y)=d(x,y) _% _% <
W, [y
< M, Pl
<d(x,2)+d(z,y) E : n

(II _IId 4, J_

= 0dx.2)+ ddzy) + |, -

Observe that the definitions of ds and J, in
Proposition 6.2 and in Proposition 6.3 are not
the unique possible ways to associate a pm-
space with a sm-space and viceversa. For
example, it is possible to associate any pu-space
(R, & | |) with a su-space (R, ds) by setting

ds(x, y) = &x, y)V] xvDl, (6.2)

forany x, y€ R

Proposition 6.4. Let (R, 6| |) be a pu-space,
then the structure (R, ds) defined by (6.2) is a
su-space whose diameter coincides with | |.

Proof. (bl) and the equality | |; = | | are trivial.
Besides,
dgx, z) = Ax,z)V x| Vv [2]
< Qxy)v Ay, )iVl vizl=
= (Ax VIV, 2)ViIvED=
=dyx, y)v ddy, z).

Conversely, we can associate any su-space
(R, d) with a pu-space (R,0; | |,) by setting, for
any x,ye R,

d(%)’) lfd ‘x‘d Md
d,(xy)= ,
0 ’fd( Xy ‘x‘d \y\d
(6.3)

Proposition 6.5. Let (R, d) be a su-space, then
the structure (R, 0, | |4) defined by (6.3) and
(4.1) is a pu-space .

Proof. Axioms (al) and (a2) are immediate.

To prove that

0d(x, Z)V Oz, YIVIzla 2 O4x, ¥),
assume that d(x,z)>d(z,y). Now, in the case
0/x,y) = 0 and in the case |z|; > d(x,y) such an
inequality is trivial. So, it is not restrictive to
assume that d(x,y) >|x|,v|v|s , and therefore that
0/x, y) = d(x, y) and that d(x,y)>|z|s. In such a
case, by (B2),
d(x,z) = d(x,z)vd(z,y)

2 d(x,y) >[xlavizla
and therefore
0i(x, )V O(x, 2)= Olx,z) =

=d(x,z)vd(z,y) = d(x,y) = d(x, y).
Likewise @ we proceed in the case
d(x,z)<d(z,y).

Besides, we can also set

dlxy) i dlxy)>[xl, v,
8, (x.y)= ,

0 ifx =y

(6.4)

instead of (6.3).
In accordance with Proposition 4.2, Proposition
6.4 and Proposition 6.5 any connection between

su-spaces and pu-spaces is also a connection
between semi-similarities and pu-spaces.



Proposition 6.6. Let E be a G-semi-similarity,
define | |E:R — [0,1] by setting

|x|s=1-E@ x) (6.5)
and O :RXR—[0, 1] by

alx ):{0 o
I -Hxy) i Ey)<Hx) Ay

(6.6)
for every x, y €R. Then (R, 0g,| |g) is a pu-space.
Conversely, let (R,0,]|) be a pu-space and define
Es5 | :RXR = [0,1] by setting

Esy(xg) = 1—(&xp)vhivb)  (6.7)
Then Es| is a G-semi-similarity.

This last proposition is useful to describe, in the
next section, the link of point-free geometry
with fuzzy sets theory by a categorical point of
view.

7. The categories of semi-similarities and of
pu-spaces.

In order to organize the class of semi-similarities
into a category, we refer to the category M*-
SET described by Hohle in [4]. Namely, while
Hohle defines this category for any GL-monoid,
we are interested only with the particular GL-
monoid in [0,1] defined by the Gédel t-norm. In
such a case we have the following simplified
definition.

Definition 7.1. The category of the G-semi-
similarities is the category GSS such that:

- the objects are structures (R,E) in which F is a
G-semi-similarity;

- a morphism from (R, £ ) to (R’,E’) is a map f:
R — R’ satisfying the axioms

(M1) E"(ftx), fix)) < E(x, x)

(M2) E(x, y) < E'(f(x), ()

foreveryx, ye X.

Observe that from (M2) we have that
E(x,x) £ E’(f(x),f(x)) and therefore, by (M1),

E(x, x) = E'(fx), f(x)).
The second category we consider is defined by
the class of pu-spaces.

Definition 7.2. The category PU of the pu-
spaces is the category such that

- the objects are pu-spaces;

- a morphism from (R, & | |) to (R, &’]|) is a
map f* R—R' such that

(1) &x, ) 2 §'(x) )

@) Ix| = o)

In both the categories the composition is the
usual composition of maps and the identities are
the identical maps. Proposition 6.6 enables us to
associate any G-semi-similarity with a pu-space
(R, 0| |g). This suggests the definition of a
suitable functor from GSS to PU.

Proposition 7.1. Define the map F from GSS to
PU by setting

* F((R, E)) = (R, . | |p)

* F(f)y=/f

Then F is a functor from GSS to PU.

Proof. We have only to prove that if fis a
morphism from (RE) to (R, E'), then f is a
morphism from (R, &,| |r) to (R, &, | |r)
Indeed, it is imm¢diate that

e = 1-E (fx) fix)) = 1-E(x,x) = |x]e
To prove that
Oe(x,y) Z O (flx)A1y)) (7.1)
it is not restrictive to assume that d(f(x).fy)) =0
and therefore that
E’(fx)./(»)) < E"(f(x), SODAE ((y), )

and o (f(x),Ay)) = I-E (f{x).f(y)). In such a case,
since
E(x.y) < E'(ftx) Ay))

< E'(fix), LOAE (f(y), fv)

= E(x,\)AE(y),
we have that dg(x,y) = I-E(x,y). So, (7.1) is a
trivial consequence of (M2).

Observe that in proving that F is a functor we
obtain that

O)le = Ixle. (7.2)
On the other hand, it is easy to find a morphism
h in PU such that [f{x)|z- < |x|z for a suitable
region. Then, the proposed functor is faithful,
but not full. We can consider the subcategory
PU’ of PU obtained by considering only the
morphisms f satisfying (7.2). Proposition 6.6
suggests a definition of a functor from PU" to
GSS.

Proposition 7.2. Define the map F’ from PU* to
GSS by setting

® F'((R, 6,1D)= (R Es))

*F(H=1.

Then F is a functor from PU" to GSS.



Proof- Let (R, 0, ||) and (R’, &, ||’) be two
pu-spaces, (R, E) and (R’, E') the structures,
where the semi-similarities £ and E’ are defined
by (6.7), and f a morphism from (R, J,| |) to
(R’,07,]]). Then ,

E'(f(x)(x)) = I-[fix)| = I-|x| = E(x.x).

Moreover,

E(x’y) = 1-(5(x,y)v|x|v[y|)
< I8 (flx) SV VIA)I)
= E'(f(x) /().

8. A class of examples.

Let X and Y be two nonempty sets and denote

by F(X, Y) the class of partial functions from X

to Y. If fe F(X, Y) we denote by D, the

domain of f'and by U, the complement of Dy, i.e.

the set of elements in which f'is not defined. Let

1, g be elements of F' (X, Y), then the equalizer of

fand g, is defined by

eq(f, @) ={xe X:xeDrND,, fix)=g(x)}.
The contrast between f and g is defined as the
complement of the equalizer, i.e.
contr(f,g) = - eq(f, g).
Observe that
contr(f,g) = CruUp U,
where
Cr={xeX:xeD;NDgand fix)+ g(x)}.

8.1

In other words, contr(f,g) contains the elements

on which f'and g “contrast” and the elements in

which either f or g is not defined. In particular

contr(f,f) = U

Definition 8.1.Consider a map irl:X—[0,1] we
call fuzzy subset of irrelevant elements. Then the
irrelevancy degree of a set S, is

Irl(S)= Inflirl(x) : x € S}. (8.2)
We interpret irl(x) as the “degree of irrelevancy”
of an element x and /r/(S) as a measure of the
degree of validity of the claim “all the elements
in S are irrelevant”. Trivially, we have that for
any pair S;, S, of subsets of X,

Irl(S,0US)) = IFI(S)HAIFI(Sy).

Proposition 8.1. Let X be a nonempty class of
partial functions and set

E(f, 2) = Irl(contr(f,g)).
Then E is a G- semi-similarity.

(8.3)

Proof. (el) is immediate. To prove (e2¥),
observe that for every f, g, h € X,

Cre € G CigVU
and therefore,
contr(f,g) < contr(f,h) U contr(h,g).
This entails

E(f,2)= E(f h)AE(h,g).

We interpret E(f,g) as a measure of the truth
degree of the claim “in all the relevant elements
fand g are defined and coincide”. Observe that
E(ff) = Ir(U)

and therefore E(ff) is the valuation of the claim
that f is defined in all the relevant elements. In
particular, if f'is total, then E(ff) is equal to 7, if
f1s totally undefined, i.e. U= X, then E(f, f) = 0.

9. Conclusions and future works.

This note is a first attempt to establish a link
between point-free geometry and fuzzy set
theory. In spite of some promising results, the
proposed functors are not yet satisfactory. Also,
it is an open question to give a geometric
interpretation of the objects of the category of
the fuzzy sets as suggested by the obtained
results. Future works will be addressed to this
aims.
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