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ABSTRACT

Stiffness at very small strains Go is commonly assessed via laboratory and field methods and
used to design a wide range of infrastructure. When stiffness is inferred from field
measurements, its value depends on the soil suction and state of saturation at the time of the
measurement, and models are needed to infer Go at varying suction and degree of saturation.
When stiffness is measured on saturated specimens in the laboratory, models are needed to
extrapolate the laboratory 'saturated’ stiffness to the field 'unsaturated' stiffness. This paper
presents an experimental investigation of Go of unsaturated sand using the hanging water column
method and the bender element technique. Experimental results revealed that wave propagation
velocity and, hence, stiffness is not controlled by the product ‘suction times the degree of
saturation’. A microscale-based model was formulated to interpret the experimental results, and
to elucidate the mechanisms underlying different patterns of Go in unsaturated materials
observed in the literature. According to the proposed model, the evolution of Go is controlled by
the evolution of the suction/degree of saturation-induced intergranular stress during drying-
wetting cycles. The breadth of the water retention curve and the magnitude of the intergranular
stress due to the presence of the menisci were found to be responsible for the different patterns of

Go.
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1. INTRODUCTION

The shear modulus of soil at very small strain levels (less than 0.001%), typically denoted as
Go, IS a stiffness parameter commonly assessed via laboratory and field methods. It is a
fundamental parameter for a wide range of geotechnical problems and it is used for the
prediction of soil response under both static and dynamic loading conditions. For shallow
geotechnical infrastructure interacting with the atmosphere, the unsaturated condition of the soil
should be taken into account in both the interpretation of field measurements and the selection of
design parameters. When stiffness is inferred from field measurements involving shallow
unsaturated layers, its value depends on the state of saturation at the time of the measurement.
Since the state of saturation may change over time, the variation of stiffness with the degree of
saturation should be predicted in order to analyse the geotechnical structure over a realistic range
of scenarios. On the other hand, when stiffness is inferred from laboratory measurements on
saturated specimens, models are needed to extrapolate the ‘saturated’ laboratory stiffness to the

‘unsaturated’ stiffness in the field.

For the case of small-strain stiffness of soil in saturated state, a large number of models have
been proposed over the past decades. The effect of variables such as confining stress, void ratio,
overconsolidation ratio, and strain rate have been widely investigated (Hardin & Richart, 1963;
Hardin & Black, 1968; Hardin & Drnevich, 1972; Hardin, 1978; Iwasaki, et al., 1978; Viggiani
& Atkinson, 1995a; Stokoe, et al., 1995; Rampello, et al., 1997; Sorensen, et al., 2010). Under
saturated conditions, Go is usually fitted by empirical power functions of the aforementioned

variables.

For the case of small-strain stiffness of soils in unsaturated state, a number of models have
recently been proposed to quantify Go over a wide range of degrees of saturation (Mancuso, et

al., 2002; Mendoza, et al., 2005; Ng, et al., 2009; Sawangsuriya, et al., 2009; Khosravi &
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McCartney, 2012; Oh & Vanapalli, 2014; Wong, et al., 2014; Dong & Lu, 2016). Go is
recognised to be affected by both suction and degree of saturation, which may vary
independently because of the hydraulic hysteresis and the dependency of the void-ratio on the
water retention behaviour. A key question is how these two variables control the small-strain

stiffness and whether they can be combined into a single variable.

A common approach adopted by several authors (Sawangsuriya, et al., 2009; Khosravi &
McCartney, 2012; Oh & Vanapalli, 2014) is to derive empirical or semi-empirical relationships
for Go using the product between suction and degree of saturation as a stress variable (Jommi,

2000), often referred to as Bishop’s effective stress for unsaturated soils:

6 ' =0—u;+S,-s 1

where o is the total stress, s is the suction, and S, is the degree of saturation. An implicit
assumption in this approach is that, at the same suction, the product S, -s increases with an
increase in degree of saturation. Since the degree of saturation along a drying path is higher than
the degree of saturation along a wetting path, one would expect Go to be higher along a drying
path. Although an evidence of this has been observed experimentally (Khosravi, et al., 2016), a
number of experimental investigations show an opposite trend, i.e. the soil is observed to be
significantly stiffer along a wetting path (Khosravi & McCartney, 2011; Ng, et al., 2009; Ng &

Xu, 2012).

Inspection of experimental data also reveals that the change of Go with suction or degree of
saturation occurs in either a monotonic or non-monotonic fashion. Qian et al. (1993) showed the
effect of degree of saturation on Go of unsaturated sand specimens tested from a dry condition to
complete saturation (wetting path only) in a resonant column apparatus, obtaining a non-

monotonic variation of Go with degree of saturation. Similar results have been confirmed by
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other researchers (Marinho, et al., 1995; Senthilmurugan & llamparuthi, 2005; Weidinger, et al.,
2009). Data presented by Khosravi et al. (2016) seem to suggest that this type of response is
linked to the stiffness behaviour along a water retention hysteresis loop. When Gg increases
monotonically with suction, stiffness appears to be higher along a wetting path. When Go varies
non-monotonically with suction, stiffness appears to be lower along a wetting path. Ideally, a
stiffness model should be capable of capturing the interplay between these two aspects.

However, no models presented so far are capable of addressing this coupling.

This paper first presents an experimental investigation of the independent effect of suction
and degree of saturation on Gg along a full hydraulic hysteresis loop. An unsaturated sand
specimen was tested in a modified triaxial cell apparatus equipped with bender elements using
the hanging water column method. Then, a simple macroscopic model informed by existing
micro-mechanical models is proposed in order to interpret and predict the evolution of Go during
hydraulic hysteresis. The proposed model is then challenged to elucidate a range of different

responses observed in the literature.

2. MATERIALS AND METHODS

2.1.  Testing materials

A well-graded sand obtained by mixing different fine, medium and coarse grained sands was

used in this study. The mixture was prepared according to a modified Fuller equation:

D Do
Dio00 D100
1 —

P=——x100
D100

where P is the passing percentage, D is the anticipated sieve size, and D,,, and D, are the

sieve sizes corresponding to a passing percentage of 100 % and 0% respectively. Figure 1 shows



©CO~NOOOTA~AWNPE

AG Pagano, A Tarantino, V Magnanimo
‘A microscale-based model for small-strain stiffness in unsaturated granular geomaterials’
Submitted to Géotechnique

the grain-size distribution (GSD) of the tested specimen. The well-graded GSD allowed the
desaturation process to be gradual, resulting in a smooth water retention curve. Hence,
differences in the degree of saturation between the top and the bottom of the specimen could be

minimised. The physical properties of the soil specimen are shown in Table 1.

The high air-entry filter at the bottom of the specimen was prepared using a silty, crushed
quartz stone known by the commercial name of Silica (mean particle size of 25.2 um). The

physical properties of the filter are summarized in Table 2.

2.2.  Laboratory equipment

A triaxial test apparatus was modified for testing soil specimens under saturated and unsaturated
conditions, and for measuring the velocity of propagation of mechanical shear waves (bender

element technique). A schematic layout of the equipment is shown in Figure 2.

The specimen was tested along a full hydraulic hysteresis loop under constant isotropic
confining stress. Cell pressure was controlled via a device that allows the water pressure in the
cell to be maintained while also measuring the water volume changes occurring in the cell (P/V
controller 1 in Figure 2a). Pore-water pressure inside the specimen was controlled and measured
in two different ways depending on whether the specimen was tested under saturated or quasi-

saturated/unsaturated conditions.

In the former case, the base pedestal was connected to a second pressure/volume controller
device (P/V controller 2 in Figure 2a) used to impose the pore-water pressure. In the latter case,
the base pedestal was connected to a height-adjustable water reservoir, with the water mass
exchanged with the specimen continuously monitored using a balance (Figure 2a).
Positive/negative pore-water pressure was imposed by adjusting the height of the reservoir.
Water evaporation from the reservoir was determined by monitoring an identical reservoir placed

on a second balance.
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The top cap and base pedestal were modified to accommodate a pair of specially
manufactured double-layered piezoelectric transducers for transmission and measurement of
shear waves (bender element technique, Shirley & Hampton, 1978). A detailed scheme of the top
cap and pedestal is shown in Figure 2b. A computer-controlled function generator and
oscilloscope allowed the input signal to be sent and both input and output signals to be recorded
respectively. Two types of piezoceramic elements were used for the construction of the sensors:
a BIMS-N-PZT5A4-HT x-poled element (used as a receiver) and a BIMP-N-PZT5A4-HT y-
poled element (used as a source) by Morgan Technical Ceramics. The series-type bender element
was shielded with conductive paint and grounded in order to prevent crosstalk effects (Lee &

Santamarina, 2005).

2.3.  Testing procedure

Stage 1 — High air-entry filter preparation

The high air-entry filter was formed on the pedestal by consolidating a silt layer. The silt layer
allows the transmission of suction to the specimen while preventing the ingress of air into the
hydraulic system. Furthermore, it prevents the development of large pores at the specimen/filter

interface which is likely to occur in coarse-grained materials.

A filter paper disc was first placed on the base pedestal and a latex membrane was placed
around the pedestal and fixed with O-rings. A split mould was assembled around the pedestal,
the membrane stretched to the top of the mould and held open by applying a small vacuum. A
silt slurry (water content w = 500%) was then gently poured into the mould and allowed to settle
for 48 hours. Excess clear water was then drained out by connecting the hydraulic drainage to the
reservoir (valve B closed, valve A open in Figure 2a) and adjusting the reservoir height until its

water level was 1-2 millimetres above the top of the silt surface.
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The filter was consolidated by applying suction via the hanging water column method. The
water reservoir was lowered in steps, inducing a water flow from the silt filter to the reservoir.
The filter remained saturated during this stage. The pore-water pressure in the filter was then

raised back to zero suction by raising the water level up to the top of the filter.

Stage 2 — Specimen preparation

Once the silt filter had been consolidated, the sand specimen was prepared. The material was
oven-dried, mixed and placed into a purposely manufactured pluviator (Figure 3) to obtain a
specimen with level top surface. During pluviation, the drainage channels were kept open (valve
B closed, valve A open in Figure 2a) to prevent desaturation of the silt filter (i.e. water uptake by
the specimen due to capillarity). Water uptake occurring during pluviation was continuously
monitored by recording any water exchanges between the specimen and the water reservoir using
the balance. This allowed the degree of saturation of the specimen to always be known. After

pluviation, the top cap was placed on top of the specimen after interposing a filter paper.

Stage 3 — First wetting and first drying

A first wetting path was performed by raising the reservoir slightly above the top of the
specimen. The corresponding mass of exchanged water at equilibrium was used to calculate the
degree of saturation of the specimen, which reached a value of 0.85. With the split mould still in
place, the reservoir was lowered in steps (first drying) to make the specimen able to self-stand
and to allow grain rearrangements to take place when the height of the specimen could still be
measured directly. The water exchange was continuously monitored and the degree of saturation
was calculated at equilibrium for each step. The split mould was then removed and the triaxial
cell was assembled and filled with de-aired water. A cell pressure of 10 kPa was then applied

through the P/V controller (valve C open in Figure 2a).

Stage 4 — Re-wetting and back pressure application
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The specimen was re-saturated by raising the water reservoir up above the top of the specimen.
As for the first wetting path, the degree of saturation at the end of this stage didn’t reach unity.
Hence, a full saturation procedure was performed in order to reach a higher degree of saturation
(Sr> 0.95). The base pedestal was connected to the second P/V controller (valve B open, valve A
closed in Figure 2a) to apply step-by-step increments of pore-water pressure (back pressure) to
the specimen. During this stage, cell pressure was increased accordingly in order to keep the
effective stress of the specimen constantly equal to 10 kPa. Full saturation was considered to be
achieved when the change in pore-water pressure under undrained conditions associated with

change in cell pressure was greater than 0.98 of the change in cell pressure (B=0.98).

Stage 5 — Drying and wetting cycle with wave velocity measurements

The base pedestal was then reconnected to the water reservoir (valve B closed, valve A open in
Figure 2a), and the hanging water column method was adopted to apply suction to the specimen
and perform drying-wetting cycles. With valve D open, the reservoir was lowered/raised in steps
inducing a specimen-to-reservoir/reservoir-to-specimen water flow. The degree of saturation was
calculated at each step. Enough time was allowed for the pore-water within the specimen to
reach hydraulic equilibrium with the water in the reservoir, ranging from 30 to 2500 minutes.
Once equilibrium was reached for each suction step, a shear wave was triggered and recorded

using the function generator and the oscilloscope.

Stage 6 — Specimen last de-saturation and cell dismantling

At the end of the test, the specimen was de-saturated in a single step to make it self-standing.
The cell was emptied and dismantled, and the specimen’s final height, diameter and water

content were measured.
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3.  EXPERIMENTAL RESULTS

3.1.  Water retention characteristics of the soil specimen

Figure 4 shows the relationship between the average degree of saturation and the height of the
reservoir (intended as the distance between the top of the specimen and the level of water in the
reservoir) during first wetting and first drying (cell pressure equal to zero), re-wetting (cell
pressure equal to 10 kPa), full saturation (varying cell pressure), and final drying-wetting cycle
(cell pressure equal to 10 kPa). The degree of saturation at the end of the saturation procedure
(i.e. at the beginning of the drying-wetting cycle, point D) was back calculated from the water
content taken at the end of the test and was found to be equal to 0.96. The data points associated
with the first drying (AB) and main drying (DE) appear to lead to a similar air-entry value. This

implicitly suggests that negligible deformation occurred upon the first drying path.

The experimental data are shown in Figure 4 in terms of the average degree of saturation,
calculated from the measured overall mass of water within the specimen. However, suction and
degree of saturation vary along the height of the specimen (12.5 cm). A difference in suction of
1.22 kPa exists between the top and the bottom of the specimen and this may correspond to a

significant difference in degree of saturation.

In order to derive the water retention behaviour more accurately, an approach similar to the
one adopted by Stanier & Tarantino (2013) was followed. The water behaviour was modelled by
fitting the water exchanges over the height of the specimen rather than considering the average

values of suction and degree of saturation. This approach is described in detail below.

Let us consider the schematic view of the specimen in Figure 5a. When lowering the
reservoir from position 1 to 2 (drying path), points A, B, C and D at different heights within the
specimen are all de-saturating from a saturated state. Therefore, they all move along a main
drying curve, and reach different degrees of saturation at equilibrium (Points A2 to D2 in Figure

9
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5¢). When raising the reservoir from position 2 to 3 (Figure 5b), points A, B, C and D will re-
saturate from the different states of saturation that they reached after main drying. Therefore,

they will move along different scanning wetting curves (points Az to D3 in Figure 5c).

To model the water retention behaviour, van Genuchten-type functions (van Genuchten,
1980) were considered for the drying path and the scanning wetting paths. In turn, the function
used to model a scanning path was assumed to be derived from the main wetting path by
‘scaling’ the main wetting curve via a fictitious residual volumetric water content. The following

functions were considered:

. . d 0d-og
Main drying: 64 =83 + A
am 3
1+(ad-s)"
: - QW — gw 0y’ ~ 0K
Main wetting: 6% = 6¢" + p— 4
{1+[aW-(s=s*)]""'}
Scanning wetting: 0% = 03¢ + 80 %% 5

{1+[aW-(s—s*)]nW}mW

where 6 is the (volumetric) water content, 85 is the residual water content, 6, is the water
content at suction lower than or equal to zero (pore-water pressure greater than or equal to zero),
s is the suction, a and n are fitting parameters (with m = 1 — 1/n), and the superscripts d, w

and sc refer to main drying, main wetting and scanning wetting path respectively.

For the main drying curve, the water content 8¢ was derived from the water content measured
experimentally at the positive pore-water pressure (back-pressure) of 500 kPa. The parameters
a?, n® and 82 were derived by matching the overall volume of water measured at each suction
step upon the drying path with the integral of the main drying retention function (Equation 3)
over the height of the specimen (a hydrostatic distribution of suction was assumed at
equilibrium).

10
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For the main wetting curve, the water contents 8y and 63 were assumed to be equal to the
ones associated with the main drying path (82 = 6} and 8¢ = 6Y). Since the experimental data
in Figure 4 showed an average degree of saturation slightly lower than unity when the reservoir
was level with the top surface of the specimen even after applying a back pressure, an additional
parameter s* was introduced in the van Genuchten equation representing the value of negative

suction leading to the water content 6;’.

For the scanning wetting curves, the fictitious residual water content 63° used to scale the
scanning wetting curve was derived by imposing that the scanning curve intersects the main

drying curve at the value of suction at the end of the drying path (level 2 in Figure 5a-b):

08 -0f oy

{1+[aW-(s—s*)]"W}mW

08 +

am®
1+(ad-s)" ]

1={14[a¥: (s—s)]*" " 6

SC
0z =

The specimen was divided into four slices (Figure 5a-b), each slice following a different
scanning path. The parameters s*, a", and n" were derived by matching the overall volume of
water measured at each suction step along the wetting path with the integral of the four scanning
retention functions over the height of the slice (Equation 5). The main drying, main wetting and
scanning wetting curves derived from this best-fitting using the least-square method are shown in
Figure 6, and the corresponding fitting parameters are reported in Table 3. For comparison, the
experimental data in terms of the suction at the mid-height of the specimen and the average

degree of saturation are also shown in the figure.

3.2.  Wave propagation results and interpretation

An input sinusoidal signal with a frequency of 5 kHz was triggered via the transmitter bender
element at each suction step. The selected input frequency allowed the output signal to be

detected easily during the whole test. The sinusoidal waveform was selected as it was observed
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to cause smaller ambiguity in arrival time than other types of waveform (Blewett, et al., 2000;

Leong, et al., 2005; Viana da Fonseca, et al., 2009).

Figure 7 shows the input signal and some of the output signals recorded during the test. Each
raw output signal was subject to filtering (Butterworth, low pass filter of order 1) and base-line
correction prior to travel time interpretation, in order to remove the undesired effect of
background noise without affecting the signal characteristics. The velocity of propagation of the

shear wave V; through the specimen was then calculated as:

where L, is the travel length, and t is the travel time of the wave. The value of V; for each
suction step was calculated as the average of three measurements. The difference between the
minimum and maximum shear-wave velocities in the triplicate measurement was found to be

less than 1.5 % of the average value.

The travel length L, was taken as the tip-to-tip distance between source and receiver bender
elements (Dyvik & Madshus, 1985; Viggiani & Atkinson, 1995a, Fernandez, 2000). Since the
cell pressure was kept constant during the drying-wetting cycles, volume changes occurring in
the cell and measured by the P/V controller 1 (Figure 2a) could be attributed to changes in the
volume of the specimen. Under the assumption of isotropic behaviour, the axial deformation and,
hence, the tip-to-tip distance could be inferred from the volume change. The total axial
deformation was found to be less than 0.37 % of the specimen height, resulting in a maximum

error on the shear-wave velocity AVs = + 0.35 m/s, which was assumed to be negligible.

The determination of the travel time is more controversial. Although many researchers have
proposed different approaches for travel time interpretation (Dyvik & Madshus, 1985; Viggiani
& Atkinson, 1995a; Viggiani & Atkinson, 1995b; Jovicic & Coop, 1997; Santamarina & Fam,

1997), there is still no agreement about the most reliable method. In this study, the travel time
12
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was chosen as the time interval between the first main peaks of the input and output signals,
which is a simple alternative to more complex methods such as cross-correlation or cross-power
of the transmitter and receiver signals (Viggiani & Atkinson, 1995a). Although the resulting
absolute values of Vs might be slightly less accurate, changes in stiffness during the test can be
determined accurately as long as the choice of the arrival time is consistent throughout the

analysis of the data (Viggiani & Atkinson, 1995b).

3.3.  Small-strain stiffness calculation

Interpretation of bender element tests is based on the assumption that the soil behaves as a linear

elastic material at very small strain. The shear modulus can then be determined as:

where p is the soil density. Figure 8 shows the evolution of Go with the height of the reservoir. It
appears that Go increases significantly with suction, and the soil appears to be stiffer upon a

wetting path rather than a drying path.

4. MICROSCALE-BASED MODEL FOR Gy IN UNSATURATED SOILS

The approach followed in this paper to model the independent effect of suction and degree of
saturation on the small-strain shear modulus Go consists of linking Go to an unsaturated
intergranular stress o;, which depends in turn on both suction and degree of saturation. The
intergranular stress is derived from equilibrium considerations at the particle-scale by assuming
that water at the inter-particle contacts is present in the form of either bulk or meniscus water.
The functional form that links the small-strain shear modulus to the intergranular stress is then
derived on the basis of simplified micro-mechanical models. The different steps to derive Go as a

function of g; are schematically illustrated in Figure 9.
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Macroscopic intergranular stress of unsaturated packings

The degree of saturation/suction-induced intergranular stress, o;, may be formulated by
considering an idealised packing of equal spheres in an ordered structure. Let us consider the
idealised unsaturated packing as shown in Figure 10, and let us assume that the contact area of
each pair of spherical particles is a point. The two-phase fluid can be described as the
coexistence of a region fully occupied by bulk water (saturated region) and a region occupied by
the menisci alone. Boso et al. (2005) derived an expression of the intergranular stress o; of the

unsaturated packing as:

Sr—S S —S
rm rm

where S, is the total degree of saturation, S,.,, is the residual degree of saturation (degree of
saturation of the region occupied by the menisci alone), o is the total stress, o is the
intergranular stress in the bulk water region, and ;™" is the intergranular stress in the meniscus

water region.

The first term in square brackets takes into account the contribution of suction to the
intergranular stress in the saturated region, which is directly proportional to the suction (as o =
s). The second term in square brackets indicates the contribution of suction to the intergranular
stress in the meniscus water region. The two contributions of suction in Equation 9 are weighed
by functions of the degree of saturation based on the assumptions that i) the areal degree of
saturation equals the volumetric degree of saturation and ii) the variation of the volume occupied

by the meniscus with suction can be neglected.

To explore the nature of the intergranular stress at the meniscus contact, it is convenient to
examine the case of two rigid spherical particles with point contact. According to Fisher (1926),

a/™ is given by:
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2nrT
1+tan(6/2
o = % 10
nr

where 6 is the angle defining the position of the meniscus junction, r is the particle radius, and T

is the surface tension. The angle 6 is related to suction according to the following equation:

1 1
SZTr(l —1)_r(1+tan6—$) 1

cos6

By combining Equation 10 and Equation 11, the relationship between the suction s and the
intergranular stress ¢;™ in the meniscus water region can be derived. Figure 10b shows the
variation of g;™ with suction for the case of T = 0.072 N/m and r = 0.1 mm, with 6 ranging from
53° (roughly corresponding to zero suction) to 22°. For the purpose of comparison, the bulk
water intergranular stress o is also plotted. It can be seen that ¢;™ can be assumed practically

independent of suction.

Accordingly, the assumption made in the proposed model is that a;™ is independent of suction
even for the case of real, non-spherical particles. In this case, however, the value of ¢/ cannot

be derived using Equation 10 but has to be calibrated experimentally as described later on in the

paper.

Micro-mechanical model: from macroscopic intergranular stress to microscopic

intergranular force and stiffness

In order to derive the functional form linking the macroscopic intergranular stress o; in Equation
9 to the shear modulus Goa micro-mechanical model was used, based on the implicit assumption
that the pore- fluid is homogenous and at zero pressure (e.g. air). Existing micro-mechanical
models allow to derive general expressions of the macroscopic intergranular stress tensor,

(6 )ap, Of an idealised packing of discrete particles as a function of the microscopic
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intergranular force f developing at each particle contact, using different averaging techniques
(e.g. Liao & Chang, 1997; Kruyt & Rothenburg, 1998; Kruyt & Rothenburg, 2001). Using the
particle-in-volume averaging method, the following expression can be derived (Luding, 2004;

Luding, 2005):

N
1
(0 )ap = VZ Z lafs 12

peEV c=1

where V is an averaging representative volume within the packing, N is the number of contacts
contained in the averaging volume, [ is the component of the branch vector connecting the
centres of particles in contact, the apex c indicates the single contacts within V, p is the generic
particle occurring within V, and a, 8 are subscripts that indicate the combinations of the vertical
and horizontal directions. In this study, only the normal component of the intergranular stress

*

tensor was considered, i.e. (6;)qq = 0;":

1 N
=y 2T 13

PEV c=1

where f is intended as the normal component of the force between two particles in contact. In
turn, the force f can be derived as a function of the normal stiffness at the contact, k,,, and the

relative displacement in the normal direction, §:

f=f(kn, 8) 14

Following the Hertzian contact model (Figure 11), the force f can be derived as a non-linear

function of § (Love, 1927):

f = k63 15
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where k,, is a material constant depending on the characteristics of individual particles. In

this study, k,, is a model parameter determined experimentally as discussed later on in the
paper.

Using Equation 15 the incremental stiffness k,, can be written in terms of the force f and the

model parameter k,,, as:
3
kn=-<= _1{11061/2 = Ekn02/3fl/3 16

In order to calculate the shear modulus of the packing (as described in the following
paragraph), a tangential stiffness at the contact k, was also introduced. For the sake of simplicity,

the tangential stiffness k; was assumed to be equal to a fraction of the normal stiffness k,,:

2
k; = 7kn 17

Micro-mechanical model: from microscopic stiffness to macroscopic stiffness

The simplest approach to derive the macroscopic stiffness of idealised aggregates of identical,
randomly distributed spherical particles is based on the mean-field theory (e.g. Digby, 1981;
Walton, 1987). The theory assumes that individual particles move according to an external
uniform strain field. Starting from this assumption, the macroscopic stiffness tensor can be
derived (e.g. Liao & Chang, 1997; Kruyt & Rothenburg, 1998; Chang and Hicher, 2005; Luding,

2004; Luding, 2005):

N N
1
Capyp = VZ (kn Z(lz/Z) nfznf;nfxné + k; Z(ZZ/Z) n&tﬁnf,té,) 18

peEV c=1 c=1

where a, S, y, ¢ are subscripts that indicate the combinations of the vertical and horizontal
directions, and n and t are the components of the normal and tangential unit vector at contact

respectively, and kn and k: are non-linear stiffness given by Equations 16 and 17. The shear
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modulus is associated with the term C;,,, of the stiffness tensor, where 1 and 2 are the vertical
and horizontal direction respectively. Different expressions of C;,;, can be derived depending

on the particle configuration.

Micro-mechanical model: regular packings

A simplified approach for deriving C;,:, and o;" was followed in this study, i.e. the soil
aggregate was idealised as a packing of identical spherical particles in a regular structure. The
lattice-type geometry of the system allows to derive explicit expressions of the macroscopic
tensors. As an exercise, two different configurations (simple cubic, SC, and body centred cubic,
BCC) were selected in order to ascertain the validity of the model irrespective of the choice of

the particle configuration.

For the case of SC configuration (Figure 12a), the elementary averaging volume V is a cube
whose inscribed sphere is a single particle (or equally, a cube containing eight 1/8 of a particle,

whose corners are the centres of the particles):
SC: V=_2r)2=8r3 19

Thus, both ¢ and C;,,, can be calculated from Equation 12 and 18 respectively as an

average over 6 contacts, and are representative of the overall volume:

6
1 21 20
SC: o = —Z [°f¢=—
c=1
112 ¢ ¢ 2 2P
SC: o = ——(kn > ngngngng + ke, ) nitgnitg) =k =2k, 21
V2 i i V 7V

For the case of BCC configuration (Figure 12b), the elementary averaging volume is a cube

containing a total of 2 particles (one whole particle placed in the centre of the cube, plus eight
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1/8 of a particle placed in each corner of the cube), whose corners are the centres of the eight

particles surrounding the particle in the cube’s centre:

3 64

BCC: V = (%r) = ﬁr

3 22

Thus, both ¢/ and C;,4,, can be calculated from Equation 12 and 18 respectively as an
average over 8 contacts for each of the 2 particles within the averaging volume, and are

representative of the overall volume:

8
BCC *—122106—161 23
c=1
8 8
112 1% /8 16 88 (2
BCC: Crpnz = 55 |2 (kn anngngng +k, ant5n5t5>] - 7(6 Ky + ?kt> == 24
c= c=

From Equation 20 and 23, we have:

*

sc: =2y 25
21
Bee. f=Ily 26
161

By combining Equations 21 and 24 with Equation 16 and Equations 25 and 26, two possible
functional forms (one for each configuration) that link the shear modulus C;,;, Wwith
intergranular stress o;" can be derived. These functional forms were assumed to also characterise
the relationship between the small-strain shear modulus Go of the unsaturated soil specimen and
the suction/degree of saturation-induced intergranular stress, o;. In other words, C,,,, was
replaced by G, and o; was replaced by o; (the latter given by Equation 9), leading to the

following expressions:

2123 o \*"?* 2123 o, \1/3
SC: Gy = Ciap = 555 Hn™? <2—llv> = oo ko (Z—ZV) 21
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2 * 1/3 2 . 1/3
88123 2/3<al V) _88I23 () 28

BCC GO = C1212 = avz no 1_6l = — 1_6l

T 63V2 M0

5. CALIBRATION AND VALIDATION OF THE MODEL

5.1. Calibration against experimental data

The proposed model was calibrated and validated against the experimental results obtained in
this study. Two model parameters need to be identified, namely k,,, and ¢/™. In the macroscopic
model, these parameters should be intended as macroscopic parameters with an intuitive physical
micro-scale meaning. In particular, k,,, does not represent anymore a material property as in the
micro-mechanical model, but a model parameter that accounts for a number of characteristics of
the real soil packing including the particle stiffness, particle shape, particle size distribution,

particle arrangements etc.

A calibration procedure was devised to determine k,, and ¢;" against the small-strain shear
modulus at saturation, G§%*, and at residual saturation, G}, respectively. An equivalent particle
radius r = 1/2 = Dg,/2 was also selected (although it can be shown that the choice of the
equivalent particle radius does not affect the performance of the model, as it would just lead to

different values of k,, and o/™).

Calibration of k¢ at saturation
The measurement of G3%* was taken at the beginning of the drying path, after the saturation
procedure. In this case, the intergranular stress in Equation 9 equals the confining pressure (cell

pressure, acp) only:

o; = (Ui)sat =0—uy =0cp 29
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The model parameter k,, can therefore be derived by inverting Equations 27 and 28 with

GO = Ggat, O'i = O'CP, and l = 27'

3/2
14 r Ggat l 30

SC: ko = [? BT eI

3/2
t
28 r G 31

113 (;ﬁrz ch)1/3

BCC: k=

Table 4 shows the calibrated parameter k,,, for SC and BCC configurations.

Calibration of of" at residual saturation

The measurement of the second parameter needed for calibration, G§°°, was taken at the end of
the main drying path, where S, = S,,,,. In this situation, the intergranular stress o; in Equation 9
depends on the confining pressure og-p and on the (unknown) intergranular stress at meniscus

contacts o™, regardless of suction:
0; = (0)™ = 0" + ocp 32

The model parameter g/™ can therefore be derived by inverting Equations 27 and 28 with

Go = G§®,0; = 0" + acp,and | = 2r:

1 (14 rGesy
SC: o, = 27"2 ? . 2/3 — O¢cp 33
no

BCC: o" =

3v3/ 28 rGres\’
— O¢cp 34

2r2 \11v3 ky,y*/?

Table 4 shows the parameter ;" for both SC and BCC configurations. As a result of the

calibration procedure against the experimental data, the values of ¢/™ are identical.
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5.2. Validation against experimental data

The proposed model for the small-strain shear modulus Go of unsaturated soils was validated
against the results of the experimental investigation carried out in this study. It is worth noticing
that the macro-scale model was built upon a simple micro-mechanical model consisting of
ordered packings of mono-sized spheres. It was implicitly assumed that the macro-scale model
derived therefrom could be extended to non-ordered packing of non-round and rough spheres. In
particular, it was assumed that the stress tensor generated by the meniscus water and bulk water
is isotropic.

Once the parameter ¢/ was derived at residual saturation, the intergranular stress o; and
corresponding intergranular force were calculated along the drying and wetting paths (Equation
9 and 25 for SC and Equation 9 and 26 for BCC, with g; = g;"). From the value of k,,
previously calibrated, the stiffness values k, and k, were calculated for each combination of
suction and degree of saturation (Equation 16 and 17), and were used to derive C;,,, (Equation
21 and 24). As a consequence of the calibration procedure against experimental data, the values

of C;,,, for the two configurations were found to be identical.

Figure 13a shows the comparison between the values of Go obtained experimentally and the
simulated stiffness C;,,,. In order to take into account the variability of the degree of saturation
within the specimen, bounding values of C;,;, were estimated. To this end, the specimen was
considered homogenous and characterised by values of suction and degree of saturation
corresponding either to the top or the bottom of the specimen, as schematically shown in Figure
13b-c. The model gives an accurate prediction of the small-strain shear modulus during
hydraulic hysteresis. The variation of Go with suction is well captured at a qualitative and

quantitative level.
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6. DISCUSSION

The proposed model was used to elucidate the mechanisms behind different patterns of small-
strain response in unsaturated granular materials. Two key responses were explored: soils have
been observed to exhibit a stiffer behaviour along either a drying or a wetting path, and the
mechanisms leading to either behaviour are still unclear; furthermore, Go has been observed to
vary in either a monotonic or non-monotonic fashion. Again, the mechanisms behind either

response have never been expounded.

6.1. Influence of the breadth of the water retention curves on the variation of Gg

Let us consider two ideal soils, soil A and soil B. Let us assume that the soils show the same
small-strain shear modulus at saturation (G3**) and residual state (GJ°). Therefore, the

parameters of the proposed model, k,, and o™, will be the same for the two soils.

Let us now assume that the breadths of the main water retention curves are different for the
two soils. The water retention behaviour of soil A develops over a narrower range of suction than
soil B, as shown in Figure 14a. Let us also assume that the two soils reach the same residual

degree of saturation, S;".

The small-strain stiffness returned by the model is shown in Figure 14b. Soil A appears to be
stiffer upon a wetting path and shows a monotonic variation of Go with suction. On the other
hand, soil B is stiffer upon a drying path and exhibits a non-monotonic variation of Go with

suction.

The reason for this behaviour lies on the evolution of the suction/degree of saturation-induced

intergranular stress of the two soils. Figure 14c shows the intergranular stress in the bulk water
region (o, saturated contact) and in the meniscus water region (o/™, meniscus contact) versus

suction. For soil A, the stress o never exceeds o/™, i.e. the whole water retention behaviour is
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contained in a range of suction where the contribution of the menisci to the intergranular stress
of the packing o; is always higher than the contribution of suction at the saturated contact. Since
the effect of the menisci is more significant along the wetting path (i.e. where the degree of

saturation is smaller), the soil exhibits a stiffer behaviour upon wetting.

For soil B, the stress o becomes higher than ¢/ as suction increases. As a result, the soil
becomes stiffer upon a drying path because the degree of saturation is higher and the region
occupied by the bulk water is larger than the region occupied by the menisci. In this case, the
variation of Go with suction becomes non-monotonic. This is associated with the intergranular
stress initially being dominated by the intergranular stress in the bulk water and then controlled

only by intergranular stress associated with the menisci at high suction.

6.2.  Influence of meniscus intergranular stress on the variation of Go

Let us now consider the case of soils C and D, having the same water retention characteristics
(Figure 15a), the same small-strain shear modulus at saturation (G§**) but different values of
small-strain shear modulus at residual saturation (G;®°). In this case, the parameter k., will be

the same for the two soils, whereas ;" will assume two different values.

Figure 15b shows the evolution of the simulated shear modulus. Soil C (¢/* = 30 kPa)
exhibits a stiffer behaviour upon wetting, with a monotonic variation of Go with suction. Soil D

(a/™ = 5 kPa) is instead stiffer upon drying, with a non-monotonic variation of Go.

For soil C, the intergranular stress ¢ remains smaller than /™ for the whole range of suction
(Figure 15c), causing the soil to be stiffer upon a wetting path and Go to vary in a monotonic
fashion. For soil D, the intergranular stress o becomes higher than ¢/™ within the explored
suction range, causing the soil to become stiffer upon a drying path and Go to vary in a non-

monotonic fashion.
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7. CONCLUSIONS

The paper has presented a simple macroscopic model for the small-strain shear modulus of
unsaturated granular soils based on a micro-mechanical approach. The model accounts for the
independent effect of suction and degree of saturation on soil stiffness. It is based upon the
knowledge of the soil water retention curves, and on two parameters that can be easily calibrated
against the small-strain stiffness measured at saturation and at residual state. The performance of
the model was assessed against experimental data on an unsaturated sand specimen. The soil
behaviour observed experimentally was successfully reproduced both at a qualitative and
quantitative level. The model captures the higher stiffness observed along a wetting path that the

stress variable obtained as the product ‘suction times degree of saturation’ fails to predict.

According to the proposed model, the evolution of Go is controlled by the evolution of the
suction/degree of saturation-induced intergranular stress during hydraulic hysteresis. It has been
shown that the breadth of the water retention curve and the intensity of the intergranular stress due
to the presence of the menisci have an effect on the evolution of Go. When the intergranular stress at
meniscus contacts is higher than the intergranular stress at saturated contacts and/or the water
retention curves develop over a relatively narrow suction range, soil is stiffer during wetting, and
the variation of Go is monotonic. When the intergranular stress at meniscus contacts becomes
smaller than the one at saturated contacts and/or the water retention curves develop over a relatively
large suction range, the soil becomes stiffer during drying, and the variation of Go is non-

monotonic.
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