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Abstract—Coordinated motion of Unmanned Aerial Vehicles
(UAVs) has been a growing research interest in the last decade.
In this paper we propose a coordination model that makes use of
virtual springs and dampers to generate reference trajectories
for a group of quadrotors. Virtual forces exerted on each
vehicle are produced by using projected distances between the
quadrotors. Several coordinated task scenarios are presented
and the performance of the proposed method is verified by
simulations.

Index Terms—UAYV, Quadrotor, Formation Control

I. INTRODUCTION

Quadrotor helicopters have become very popular in the last
decade. Nowadays these vehicles are used for both civil and
military applications which are dull, dirty and dangerous for
humans. Some civil and military applications of quadrotors
are traffic and millitary surveillance, search and rescue in
disasters, law enforcement and border patrol [1]-[6]. On the
other hand, these applications require several robots to achieve
tasks in a coordinated fashion because individual vehicles can
sense changes in the environment, exchange information with
each other and may go into action together. This problem has
received significant attention over the last years.

In the literature there are several approaches to the group
coordination problem such as behavior based, leader follower,
graph theory and virtual structure [7], [8]. Convenience of
these approaches are highly application specific. In behavior
based approach, behavioral control is decomposed into sub-
problems which are behaviors or tasks. In [9], authors propose
Null-Space based behavioral control which aggregate the out-
puts of single behavior to compose a complex behavior. Using
this approach different tasks such as obstacle and collision
avoidance, and group centering have been performed. In leader
follower based control some of the agents are designated as
leaders. These leaders can transmit location and orientation
information to other agents. However, leader does not receive
any information from other agents. On the other hand, some
of the agents which are designed as followers can transmit
and receive information [7]. In [6], authors propose leader
follower formation method for quadrotors. This method based
on spherical coordinates and desired position of the follower
quadrotor is designed using desired seperation, angle of in-
cidence and bearing. Another approach to the coordination
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problem is the graph theory. In [10] authors assume that each
robot is a node of a graph. Their aim is to achieve development
of information exchange strategies that has direct role on
improvement of performance and stability and robustness to
variation in communication topology. In [11], the framework
which is developed in [10] is applied with robust controller to
the formation flight of quadrotors. The last approach is virtual
structure which is a formation type that behave like single rigid
entity. Each agent in the swarm moves in a certain direction
and orientation by keeping rigid geometric relationship among
the swarm [12]. In [13], coordinated motion of non-holonomic
mobile robots are designed based on virtual structure consist-
ing of virtual springs and dampers. Authors proposed adaptable
springs for achieving coordinated tasks. In a later work [14],
movement of a group of robots is achieved by virtual springs
and dampers which adapt to the change in the shape of the
environment.

In this paper, we propose to use a virtual reference model
which is composed of point masses connected with springs
and dampers to generate reference trajectories for each aerial
vehicle in the group. Thus, we extend some of our earlier
work ( [13], [15], [16]) to the formation control of quadrotor
type UAVs. In the proposed method, we utilize orthogonally
projected distances on a virtual plane to define virtual spring
and damping forces that quadrotors exert on each other. As
a result, coordination of the aerial vehicles is achieved on a
plane while altitude reference generation for each vehicle is
designed independently from this projected coordination.

The rest of this paper is organized as follows: Problem
formulation is given in Section II. Modeling and control of
a single quadrotor is detailed in Section III. Virtual reference
model to generate reference trajectories for each quadrotor in
formation is developed in Section IV. Simulation results and
discussions are provided in Section V. Concluding remarks and
planned future works are given in Section VI

II. PROBLEM FORMULATION

Let Q1,Q2,...,Q,_1 and @,, denote the swarm of n
quadrotors. T represents the target object for the group.
We assume that quadrotors know the position of the target,
before they start their task and perceive the environment using
their onboard sensors. Conditions that must be satisfied for a
successful coordinated task scenario are as follows
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Fig. 1. Coordinate systems and forces/moments acting on a quadrotor frame

o« Q1,Q2,...,Qp_1,Q, should form a circle of radius
dtargetr With T' at the center.

o The quadrotors should be uniformly distributed on the
final formation.

o Each (); should locate itself towards 7' once it keeps
a desired distance d;yorq from its closest neighbors and
dtarget from T.

The task scenario mentioned above can be a basis for the
coordinated simple tasks. For instance, for a fire extinguish-
ment scenario, 7' represents the fireplace where quadrotors
can be used to extinguish the fire in coordination. Due to
higher water load capacity, such a coordinated system would
enable us to suppress fire more quickly. Another application
of coordinated UAV control is search and rescue of injured
people in earthquake territories. In this case, T can be damaged
buildings and quadrotors need to decrease deoord and digrget
to achieve desired formation. Before continuing to next stage
of the task, @); might check if other quadrotors have succeeded
the current stage of the task.

III. QUADROTOR MODELING AND CONTROL

Before modeling quadrotor dynamics we should first intro-
duce appropriate coordinate systems. The Earth frame is the
inertial coordinate system defined by coordinate axes ., Y.
and z.. The body frame is attached to quadrotor’s center of
gravity and is defined by coordinate axes xp, y, and z; (Fig.
1). The rotors 1 — 4 are mounted to the body on +xp, +yp, -2
and -y, axes, respectively.

The orientation of the body frame with respect to the world
frame is expressed by the rotation matrix [17]:

cpcl  cpspsh — copsy  copcst + spsi
R = |cOs¥ copc) + spsipsd  cosipsd — cipso (N
—s0 cfs¢p coch

where ca and sa denotes cos(a) and sin(a), respectively.
The relation between the angular velocity of the vehicle and
time derivative of the Euler angles is given by the following
transformation:
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The gravitational force is in the -z, direction and the motor
thrust forces, Fj, are in the z;, direction. Dynamics of the
quadrotor can be written as

Ft:m‘/.;

. (3)
M; =1w+wx [w

where m denotes the mass and I denotes the inertia matrix of
the quadrotor. The total external forces acting on the quadrotor
are motor thrusts Fj, aerodynamic forces Fj.,., and gravity
force Fy,. Note that position dynamics is expressed in the world
frame whereas attitude dynamics in the body fixed frame.
Forces in the body frame can be transformed as follows:

Ft:R(Fm+Faero+Fg) (4)
where
0 mgs6
F, = 0 , Fy=|—mgchs¢ 5)
S F; —mgcoch

Propeller thrusts F{; 5 3 4) are modeled as
F; = kw? (6)

where w; is the motor rotational speed.

Moreover, total moment acting on a quadrotor are motor
moments M;, aerodynamic moments M., and gyroscopic
moments Mg; i.e.

My =" M;+ Maeyo + M, (7)

Finally, the equation of motion derived from the dynamic
model is given as [17]:

& = (cospsinbcosy) + sinqbsim/J)%Ul (8)
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where Uy, Us, Us, Uy are control inputs of the quadrotor and
Jp is the polar moment of inertia of the propellers around the
rotation axis. The control inputs are given as follows

Ur = k(w? + wi + w3 + wi)
Us = kl(wi — w?)

Us = kl(w? — w?)

Us = d(wf — wj + wi — wf)
Q= —w) +wy — w3+ wy

where k is the thrust coefficient and d is the drag coefficient.
The transformation matrix defined by Eq. (2) is the identity
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matrix at hover conditions, i.e. ¢ = 6§ = 0. It follows that
around hover conditions, we have p ~ qb G~ 6 and 7 ~ w
As a result, attitude dynamics can be rewritten as
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Flight controllers are divided into two parts which are
attitude and position controllers (Fig. 2). Attitude control is
the heart of the quadrotor control system, because it keeps
quadrotor at desired orientations in three dimensions. Attitude
dynamics of the quadrotor is faster than the position dynamics,
so position controller is used to generate reference angles for
attitude controller.

Position controller ensures to keep the quadrotor at a desired
position. Vertical motion is provided by motor thrusts, but
horizontal motion is provided by changing the thrust vector
direction into the desired motion direction. The motion along
X and Y axes can be achieved by pitching and rolling the
quadrotor, respectively. The outputs of the position controller
are reference roll angle, ¢4, reference pitch, 6; and the total
thrust, U;. Since both vertical and horizontal motion depend
on the total thrust, virtual control inputs are introduced and
they are designed as PID controllers, i.e. [17], [18]

t
=X+ Ky eo + K, /emdt +Kg e, (17)
0
t
po =Yg+ Kp ey + K, /eydt +Kgey  (18)
0

ps = Zg+ Kp.e. + K;, /ezdt + Kq.é. (19)

where position tracking errors are defined as e; = gq — ¢ for ¢
= X, Y, Z. In order to compute the total thrust, reference roll
and pitch angles, Eqns. (17)-(19) are utilized to solve dynamic
inversion approach. The total thrust, reference roll and pitch
angles can be computed as

Ur = my 2 + 2 + (1= + 9)? (20)
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Reference roll and pitch angles found by Eqns. (21)-
(22), are inputs to the attitude control system. Furthermore,
reference yaw angle can be set to any desired value.

Similarly, we design classical PID control for attitude
control of the quadrotor. Since attitude dynamics are fully
actuated, we do not need virtual control inputs, we can directly
design control inputs Us, Us, Uy as

t

Uy =Ky, eq + Ki, /e¢dt + Kg,é (23)
0

Us = Kp,e9 + K, /egdt + Ka,€0 (24)

Uy = prew +Kiw/€¢dt+deéw (25)

where position tracking errors are defined as e, = gq — ¢ for
q = ¢, 0, ¥. We should again emphasize that the reference
angles are computed by the position control system.

The primary goal in this work is to develop a formation
control framework rather than focusing on advanced control
techniques. Therefore, both position and attitude controllers
are designed using simple PID controllers.

IV. REFERENCE TRAJECTORY GENERATION

A virtual reference system is proposed where virtual masses
are connected with virtual springs and dampers for generating
reference trajectories for each quadrotor. Quadrotors in the
group are considered as point masses denoted by mi, ma,

., Myp—1, My,. Coordination is defined on the basis of forces
between quadrotors and the target. The reference trajectories
generated by virtual model are tracked by quadrotors using
onboard attitude and position controllers. At this point, vir-
tual reference generation can be considered as a high-level
controller whereas quadrotor onboard controllers (attitude and
position controllers) are low-level controllers (see Fig. 3).

Coordination scheme is provided by virtual bounds which
are built between each m,; and its closest two neighbors.
The two neighbors of m; exert forces on m; to keep the
desired distance between each quadrotor. This distance can
be considered as equilibrium length of the virtual springs and
dampers which produce virtual forces between robots. We
assume that m; is the closest neighbor and my, is the second
closest neighbor of the of the m;. The coordination force which
is exerted on m; from m; and my, is given in [13] as

_[kcoord(din - dcoord) +...
Ceoord((Xi — Xj) @ njoj)|nie; —

[kcoord(dz?k - dcoord) + Ccoord((Xi - Xk) 1 niQk)]niZk
(26)

Fcoord =
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where e denotes vector dot product, k.oorq and Ceporqd are
the coefficients of the spring and damper. d;2; is the signed
distance between m; and m; which is projected on to the X-Y
plane, d;o, is the signed distance between m,; and mj, which is
projected on to the X-Y plane. n;o; is the unit vector from m;
to mj, X; = [#; 9" is the velocity vector of virtual mass
mi. X; = [&; 9]t is the velocity vector of virtual mass m;,
Niok is the unit vector from m; to my. Xp = [#r k]t is the
velocity vector of virtual mass my. Moreover, d.oorq 1S the
coordination distance to be preserved among the masses.

Furthermore, target force that is exerted on each mass is
modeled as the sum of spring and damper forces. The target
force is defined as

Ftarg - [ktarg(di2T - dtarg) + Ctarg (X7. L4 niQT)]niQT (27)

where e denotes vector dot product, kiurg and ciqrg are the
coefficients of the spring and damper. d;or is the signed
distance between m; and target, X, = [#; ;]! is the velocity
vector of virtual mass m; and n;o7 is the unit vector from m;
to target. dy,rq is the distance to be preserved among the m;
and target.

The total force exerted on m; is given as

m; |:$z:| = Feoord + Ftarg (28)
Yi

The reference position for ); can be computed by double

integrating the desired acceleration in Eq. (28). On the other

hand, we may need to change the parameters which are given

above to perform the coordinated tasks. In our scenario we

divide coordinated motion into two stages:

i) Getting closer to 7' from the initial point.
ii) Forming circular distribution around 7' with radius
dtarget~

In the first stage, coordinated motion of quadrotors is the most
important issue. Until the end of first stage, Fi,,rq is dominant
for moving robots together. However, target force, Fiqrget, 1S
also important to move the robots toward 7". When any robot
in the group, @;, is close to T at a certain distance, dp,eqk, the
importance of target force increases. In other words, k¢oorq 1S
decreased to kyeqr, Which is smaller than k.4 for achieving

the final formation. Moreover, the equilibrium length of the
spring between the robots is changed from diporq 0 dneqr-
It follows from Law of Cosines that, d,eq., is given as (29)
for uniform distribution of n robot around a circle with radius
dtarget []3]

Anear = diargetv/2(1 — cos(2m/n)). (29)

Spring coefficient, k.o0rd, is changed as a continuous function
of d;or as in [13]:

kfar - knear
1 + exp(a(dbreak: - dz2T + 7))
where a > 0 and v > 0 are constants, 0 < kcporg < 1, dijor 1S

the signed distance between m; and the target, ko, and Ky eqr
are spring coefficients that are used in stage 1 and 2.

kcoord = knear + (30)

V. SIMULATION RESULTS

The proposed formation scheme for a group of quadrotors
was simulated for a coordinated task defined by a circular
formation around the target.

A. Coordinated motion of three quadrotors

In the first scenario, quadrotors were placed at different
corners of a room on the ground while 7" was placed at center
of the room. The trajectories of quadrotors are shown in Figs.
4 and 5. It can be observed that they approach each other and
move towards 7" in a coordinated manner. When they are close
to T, they keep a mutual distance of d ., then they spread
around the circle. Finally, the group reach desired formation at
5 meters above the target indicated as star in figures. Moreover,
attitude angles and positions of quadrotors are shown in Fig.
6. In light of these graphs, it is clear that quadrotors track the
references with very small tracking errors. More precisely, PID
controllers provide attitude and position tracking RMS errors
values less than 0.01 rad and 0.02 m, respectively.

Trajectory

Y [m] o X [m]

Fig. 4. Trajectories of UAV in 3-D view

B. Coordinated motion of five quadrotors

In the second scenario, five quadrotors are placed at differ-
ent corners of a room while T is placed at center of the room.
The trajectories of quadrotor are shown in Figs. 7 and 8. As
seen from these figures, five quadrotors move in a coordinated
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Fig. 5. Trajectories of UAV on X-Y plane
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Fig. 6. Each row in the figure depicts attitude angles and positions of
quadrotors.

manner until they come close to T" where they start to separate
to form en evenly spaced distribution around the circle at 5 m
altitude. Attitude angles and positions of each quadrotor are
shown in Fig. 9. It is clear from these figures that quadrotors’

low level PID controllers are quite successful to track the
desired trajectories. Moreover, these controllers are able to
keep attitude and position tracking RMS error values around
0.012 rad and 0.03 m, respectively.

Trajectory
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Fig. 7. Trajectories of UAVs in 3-D view
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Fig. 8. Trajectories of UAVs on X-Y plane

VI. CONCLUSION

We have presented a decentralized formation control ap-
proach for a group of UAVs by introducing a virtual reference
model that consists of virtual springs and dampers between
quadrotors. Coordination and target forces are defined in terms
of spring and damping forces where springs have adaptable
parameters.

Simulation results provided for three and five quadrotors
are quite promising. Quadrotors performed the coordinated
tasks without any problem. The number of quadrotors can be
increased without any significant difficulty since the proposed
method is highly scalable. However, performance of the pro-
posed formation control scheme was demonstrated with 3 and
5 quadrotors just to show the potential of our method.

As a future work, we plan working on the physical im-
plementation of the proposed coordination scheme. Moreover,
we plan designing quadrotor individual position and attitude
controllers using advanced control techniques that are robust
to external disturbances such as wind.
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