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A mesoscale finite element material model is proposed to analyze structures that fail by 

the fiber kinking damage mode. To evaluate the assumptions of the mesoscale model, the 

results were compared with those of a high-fidelity micromechanical model. A direct 

comparison between the two models shows remarkable correlation, indicating that the key 

features of the fiber kinking phenomenon are appropriately accounted for in the mesoscale 

model. The mesoscale model is applied to structural analysis cases to demonstrate the 

capabilities of the model. A verification study is conducted with an unnotched compression 

specimen and preliminary validation is demonstrated with a notched compression specimen. 

The results show that the model is successful at representing the kinematics of fiber kinking 

while at the same time highlighting the need for further verification and validation. 

I. Introduction 

HERE is a need for more accurate progressive damage analysis (PDA) codes for predicting failure in fiber 

reinforced polymer (FRP) laminates, especially when loaded in compression.1 One factor limiting the accuracy 

of predictions by many state-of-the-art mesoscale PDA codes when fiber kinking is active is that most of the physical 

characteristics of the fiber kinking process are ignored. The conventional continuum damage mechanics (CDM) 

approach uses the same phenomenological model in longitudinal compression as it does in longitudinal tension despite 

differences in the failure process.2,3 The constitutive law is typically bilinear or trilinear with a fully damaged material 

point reaching a traction free state. Such models are not reasonable for compression failure modes in FRP laminates 

since compressive failure does not result in traction-free conditions. Instead, it is intuitive that, as long as the material 

remains in contact with itself, some residual stress state will exist through the failure process. 

 In typical CDM models, the stress-strain response is regularized using a fracture toughness. Although some authors 

have reported values for the longitudinal compressive fracture toughness determined experimentally,4–8 the range of 

values covers a factor of nearly two for nominally identical materials. Furthermore, in conventional CDM models, 

rotations associated with the fiber kinking process are ignored. 

 Recently, developers of mesoscale PDA methods have recognized the deficiencies of the conventional CDM 

approach for representing fiber compression failure and have proposed alternative approaches. Iarve et al.9 prevented 

a traction-free state by adding a constraint based on change in volume. Joseph et al.10 used a residual stress approach 

where the stress was set to a crush stress level after the failure criterion for fiber compression was met. Although 

practical, both approaches are unsatisfying because they lack a physically-based representation of the fiber kinking 

process. 

 The fiber kinking theory introduced by Budiansky offers a physically-based model for kink band initiation and 

propagation.11–13 Fiber kinking theory identifies the relevant mechanisms in kink band formation as a combination of 

an infinitely-wide band of initially misaligned fibers, nonlinear shear stress-strain behavior, and large fiber rotation. 

Fiber kinking theory produces the characteristic constitutive law shown in Fig. 1a where, once the strength, 𝑋𝐶, is 

reached, the stress drops unstably to a residual “crush stress” level. The kink band is idealized, as shown in Fig. 1b, 
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with a fiber misalignment angle, 𝜑, kink band angle, 𝛽, and kink band width, 𝑤kb. If the shear nonlinearity follows a 

Ramberg-Osgood14 behavior, 𝛾12 = (𝜏 + 𝛼𝜏12
𝜂

)/𝐺12, fiber kinking theory predicts the strength as 

𝑋𝐶 =
𝐺12

1 + 𝜂𝛼1/𝜂 (
𝐺12𝜑0

𝜂 − 1
)

𝜂−1
𝜂

 
(1) 

where 𝐺12 is the in-plane shear modulus, 𝛼 and 𝜂 define the shape of the shear stress-strain curve, and 𝜑0 is an initial 

fiber misalignment. 

 
Figure 1. The (a) characteristic constitutive response predicted by fiber kinking theory and (b) idealization of 

the kink band. 

  

 Budiansky13 also addressed the crushing (residual) stress, 𝜎𝑟, by considering the behavior at large fiber rotations 

to derive the expression 

𝜎𝑟 =
2𝜏𝐿

sin 2𝛽
 (2) 

where 𝜏𝐿 is the shear stress associated with large rotations. While 𝜏𝐿 is somewhat arbitrary and no expression is given 

to determine 𝛽, by selecting 𝜏𝐿 and 𝛽 based on experimental data, Eqn. (2) provides an approximate value for the 

nonzero residual stress after a kink band has developed. 

 Recently, two similar constitutive models for fiber compression have been proposed that are a significant departure 

from the conventional CDM approach. Bergan and Leone proposed a model based on fiber kinking theory that uses 

the deformation gradient decomposition method to account for the coupling between longitudinal splitting and fiber 

kinking.15 The model predictions show that large rotations and shear nonlinearity dominate the response. Likewise, 

Gutkin, Costa, and Olsson recently introduced a constitutive model based on fiber kinking theory and a physically 

based constitutive law.16–18 The model includes consideration for fiber misalignments and nonlinear shear stress-strain 

behavior. The authors demonstrated that the model is capable of predicting the compression strength and crush stress. 

However, neither of these models have been thoroughly validated so far. 

 Validation of models for fiber kinking is a challenging undertaking due to the instability of the fiber kinking 

process. Most experimental configurations exhibit unstable failure or interaction of kinking with other damage 

mechanisms yielding limited data for model validation. In the absence of detailed experimental investigations of fiber 

kinking, computational micromechanics has much utility in providing an alternative basis for evaluating the 

assumptions of models derived at the mesoscale. Recently, high-fidelity three-dimensional (3-D) computational 

micromechanical models of fiber kinking have been introduced19–23 and have shown promise as a source of insight 

into the fiber kinking process. 

 In this paper, the mesoscale fiber kinking model proposed by Bergan and Leone15 is further developed with the 

end goal of generating an accurate simulation of a compressive failure in a notched specimen. The constitutive 

formulation and implementation details are discussed in Section II. In the following section, the computational 

a) b)
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micromechanical model proposed by Naya et al.23 is adapted for use in evaluating the assumptions of the mesoscale 

model. Section IV describes a direct comparison between the mesoscale and micromechanical models, highlighting 

the efficacy of the mesoscale model. Finally, in Section V, the mesoscale model is applied in two cases: verification 

with an unnotched compression specimen, and validation with a notched compression specimen.  

II. Mesoscale Constitutive Model 

A mesoscale constitutive model based on Budiansky’s fiber kinking theory11–13 with 𝛽 = 0 is formulated in this 

section with the aim of representing the fiber kinking phenomenon using geometric nonlinearity and shear 

nonlinearity. The model includes the kinematics of the fiber kinking process by tracking fiber misalignment 

throughout loading. The characteristic constitutive response shown in Fig. 1a is not directly prescribed in the model. 

Instead, the response is a result of the shear nonlinearity and large rotation of the fiber direction. The model is 

formulated in the context of continuum damage mechanics and integrated into the existing code CompDam,24 which 

is a NASA user-subroutine for predicting damage in carbon fiber reinforced polymer laminates. The deformation 

gradient decomposition (DGD) method25 is used for accurate representation of the kinematics of the kink band and 

fiber misalignments. 

A. Constitutive Model Formulation 

The material model computes the stress state given the current deformation, state variables, and material properties 

as follows. Consider a material point with a reference frame, 𝑿𝑖 . An initial fiber misalignment angle, 𝜑0, is assumed 

such that a fiber-aligned reference frame, 𝑿𝑖
′ , is defined with rotation, 𝑹, as 

𝑹 = [

cos 𝜑0

sin 𝜑0

0

−sin 𝜑0

cos 𝜑0

0

0
0
1

] (3) 

For a given deformation, 𝑭, the Green-Lagrange strain, 𝑬, is calculated as 

𝑬 =
1

2
(𝑭𝑻𝑭 − 𝑰) (4) 

Shear nonlinearity is accounted for in the 𝑿1
′ − 𝑿2

′  plane using a one-dimensional (1-D) plasticity model based on the 

Ramberg-Osgood stress-strain law as follows 

𝑬′ = 𝑹𝑻𝑬𝑹 −
𝛾12

𝑃𝐿

2
[
0 1 0
1 0 0
0 0 0

] (5) 

where the plastic portion of the shear strain, 𝛾12
𝑃𝐿 = 𝛾12 − 𝛾12

𝐸𝐿, is found iteratively using 

𝛾12 =
1

𝐺12

[𝜏12 + sign(𝜏12)𝛼|𝜏12|𝜂] (6) 

where 𝜏12 is the shear stress and 𝐺12, 𝛼, and 𝜂 are the material properties that define the Ramberg-Osgood curve. The 

second Piola-Kirchoff stress in the fiber-aligned reference frame, 𝑺′, is calculated using the elastic stiffness tensor, 𝐂 

𝑺′ = 𝐂: 𝑬′ (7) 

with 

𝐂 = 𝐇−𝟏 (8) 
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H  (9) 

using the typical elastic constants. Fiber nonlinearity is accounted for following Le Goff et al.26 as 

𝐸1
∗ = 𝐸1(1 + 𝑐𝑙𝜀11) (10) 

where 𝑐𝑙 is the nonlinearity coefficient for the ply and is an additional material property to be obtained from test data. 

In the reference frame, 𝑿𝑖 , the second Piola-Kirchoff stress is 

𝑺 = 𝑹𝑺′𝑹𝑻 (11) 

Finally, the Cauchy stress is calculated. 

𝝈 = 𝑭𝑺𝑭𝑻|𝑭|−𝟏 (12) 

 This model has been implemented in Abaqus/Explicit27 as a VUMAT. The following sub-sections include practical 

considerations for implementation as a finite element user-subroutine. 

B. Initial Misalignment Angle 

The initial misalignment angle, 𝜑0, accounts for fiber misalignments and other manufacturing anomalies that may 

contribute to fiber kinking initiation. The initial fiber misalignment is calculated by rearranging Eq. (1) as  

𝜑0 =
𝜂 − 1

𝐺12

(
𝐺12 − 𝑋𝐶

𝑋𝐶𝜂𝛼1 𝜂⁄
)

𝜂
𝜂−1

 (13) 

such that 𝜑0 is fully defined in terms of material property inputs. Some authors have suggested that 𝑋𝐶 is not a material 

property due to the variation in measured values for 𝑋𝐶 with specimen size and test configuration.28,29 The dependence 

of the present model on 𝑋𝐶 as a material property input could be eliminated by considering experimentally measured 

fiber misalignments. A first step towards using experimentally measured fiber misalignments is investigated by 

considering the spatial variation of 𝜑0 in Section V.  

C. Decomposition 

Material models that exhibit strain-softening behavior are susceptible to mesh sensitivity when strain localizes. In 

conventional CDM models, this deficiency is often addressed with Bažant’s crack band theory30 in which the 

dissipated energy is scaled by the element size. In the present model, there is no crack surface on which traction goes 

to zero and therefore the crack band theory is not applicable. Nonetheless, there is an inherent mesh sensitivity since 

the model includes a strain-softening response leading to strain localization in a band of elements after the strength is 

reached. Recently, Costa et al. identified this mesh sensitivity as it relates to modeling fiber kinking and recommended 

two options for ensuring mesh objectivity.17 In the first method, the strain in the element is decomposed into a kink-

band component and an elastic component. In the second method, the strain in the kink band is smeared over the 

element. The method used herein is analogous to the strain decomposition method by Costa et al.17 and follows 

previous work by Bergan and Leone.15 

When the plastic strain becomes non-negligible the decomposition is performed. In the decomposed element, shear 

nonlinearity is enabled in the kink band region, whereas in the undamaged material region the shear response is linear. 
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The kink band width, 𝑤kb, is assumed to be smaller than the element size in the 1-direction, 𝑙1. When 𝑤kb/𝑙1 ≤ 0.95, 

the element is decomposed into an undamaged region and a kink band region, as shown in Fig. 2, in order to preserve 

mesh objectivity. When 𝑤kb/𝑙1 > 0.95, the kink band width is close to the element size, so the material model 

described in the previous sections is applied directly without decomposition of the element. When the element is 

decomposed, the DGD approach15,25 is used to enforce continuity and equilibrium between the undamaged and kink 

band regions as follows. 

 
Figure 2. Schematic representation of the model: decomposition into the kink band and undamaged regions. 

 

Consider a rectangular continuum of fiber-reinforced material where the fiber direction is initially aligned with the 

reference 𝑋1-direction. The reference configuration is defined as 

𝑿 = [

𝑙1 0 0
0 𝑙2 0
0 0 𝑙3

] (14) 

where the nonzero diagonal components are the undeformed dimensions of the continuum. The current configuration, 

𝒙, is a function of 𝑿 and the deformation gradient, 𝑭 

𝒙 = 𝑭𝑿 (15) 

𝑭 is decomposed into a deformation gradient for the undamaged material, 𝑭𝑚, and a deformation gradient for the kink 

band, 𝑭kb. In the fiber direction, compatibility of the deformations requires 

𝒙(1) = (1 − 𝜔kb)𝒙𝑚
(1)

+ 𝜔kb𝒙kb
(1)

 (16) 

where the superscript (1) indicates the first column of 𝒙 and 𝜔kb = 𝑤kb/𝑙1. Substituting Eqs. (14) and (15) into Eq. 

(16) 

𝑭𝑿(1) = (1 − 𝜔kb)𝑭𝑚𝑿(1) + 𝜔kb𝑭kb𝑿(1) (17) 

then simplifying and rearranging yields an expression for 𝑭kb in the 1-direction 

𝑭kb
(1)

=
1

𝜔kb

𝑭(1) + (1 −
1

𝜔kb

) 𝑭𝑚
(1)

 (18) 

In the 2-direction, there is no decomposition, so compatibility of the deformation requires 

𝒙kb
(2)

= 𝒙𝑚
(2)

= 𝒙(2) (19) 

Substituting Eq. (15) into Eq. (19) and simplifying yields 

𝑭kb
(2)

= 𝑭𝑚
(2)

= 𝑭(2) (20) 
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Using Eqs. (18) and (20) with 𝑭 provided as an input, the quantities 𝑭𝑚 and 𝑭kb can be determined in terms of the 

unknown 𝑭𝑚
(1)

 using equilibrium as described in the following section. 

D. Equilibrium and Solution Procedure 

It is necessary to ensure that the tractions that arise in the kink-band region and in the neighboring undamaged 

material region are in equilibrium. Equilibrium in the current fiber direction, �̂�𝑓, is enforced between the kind-band 

region and the neighboring undamaged material region, where the current misaligned reference frame in the kink band 

is 

𝑹 = [�̂�𝑓 �̂�𝑛 �̂�𝑡] (21) 

where the unit vectors are defined as 

𝒆𝑓 = 𝑭kb [

cos 𝜑0

sin 𝜑0

0
] (22) 

𝒆𝑛 = 𝑭kb
−𝑇 [

−sin 𝜑0

cos 𝜑0

0
] (23) 

𝒆𝑡 = 𝒆𝑓 × 𝒆𝑛 (24) 

The current fiber misalignment is obtained from Eqns. (21) – (24) as 

𝜑 = tan−1 (
𝑅21

𝑅11

) (25) 

Cauchy’s stress theorem is used to obtain the stress vector acting on a plane defined by the fiber direction in the kink 

band 

𝒕kb = 𝝈kb ∙ �̂�𝑓 (26) 

where 𝝈kb is calculated from Eqs. (4) to (12). Likewise, in the undamaged material 

𝒕𝑚 = 𝝈𝑚 ∙ �̂�𝑓 (27) 

where 𝝈𝑚 is also calculated from Eqs. (4) to (12) with the exception that the second term in (5) is omitted. An iterative 

solution procedure is required to solve for the state of stress at equilibrium. A residual stress vector, 𝒕res, is defined in 

terms of the stress vectors in Eqs. (26) and (27) in the current misaligned coordinate system as 

 𝒕res = 𝑹𝑇(𝒕𝑚 − 𝒕kb) (28) 

Newton-Raphson iteration is used to solve Eq. (28) for 𝑭𝑚
(1)

. The iterations are determined to be converged when 𝒕res is 

less than a tolerance. Herein, 0.01% of the shear strength was used as the tolerance. 

E. Kink Band Width 

While the model includes fiber rotation, bending in the fibers is ignored. As a result of this assumption, 𝑤kb cannot 

be predicted by the model and so 𝑤kb is a required input. Average values of 𝑤kb reported in the literature are 

summarized in Table 1. Budiansky11 derived an expression for 𝑤kb by accounting for inextensional bending of the 

fibers and suggested a kink band width of about 12 fiber diameters. Herein, 𝑤kb = 0.1 mm was used, which is on the 

order of reported values for AS4/8552. 
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Table 1. Values of 𝒘𝐤𝐛 reported in the literature. 

Reference 𝑤kb [μm] Method 
Material 

System 

Svensson et al.31 200 Microscopy HTS/RTM6 

Zobeiry et al.32 50 Microscopy IM7/8552 

Laffan et al.6 25 Microscopy IM7/8552 

Hapke et al.33 55 Microscopy T700/977-2 

Jumahat et al.34 80 Microscopy HTS40/977-2 

Gutkin et al.35 50 Microscopy T800/924 

Pinho et al.4 70 Microscopy T300/913 

Soutis36 55 Microscopy T800/924C 

Bergan and 

Garcea37 
25 

In-Situ X-Ray Computed 

Tomography 

IM7/8552 

Bai et al.22 49 Micromechanical, FE AS4/3501 

Naya et al.23 120 Micromechanical, FE AS4/8552 

 

F. Element Deletion 

 Fiber kinking often occurs at or near collapse and may correspond with a substantial release of energy. As a result, 

difficulties including excessive mesh distortion, excessive deformation rate, or failure to find a converged solution to 

Eqn. (28) may occur in an analysis, especially for problems that fail by unstable collapse. When one of these errors 

occurs and the analysis terminates, the strength prediction is ambiguous because, while the analysis output indicates 

the type of error that occurs, no load drop is predicted. Consequently, it is unclear when structural failure occurs. To 

circumvent these runtime errors, element deletion can be enabled by specifying values for the following conditions 

|𝑭kb| ≤ 𝐹TOL (29) 

𝑛NR > 𝑛max (30) 

|𝛾12| > 𝛾TOL (31) 

where |𝑭kb| is the determinant of 𝑭kb, 𝑛NR is the number of Newton-Raphson iterations, and |𝛾12| is the absolute value 

of 𝛾12. When any of the conditions in Eqns. (29)–(31) is satisfied, the element is deleted. Element deletion is disabled 

in the analyses discussed in the subsequent sections unless where noted. 

G. Implementation 

The model described in the previous sections is implemented into the CompDam VUMAT for Abaqus and is 

available as an open source software.24 The present model augments the existing capabilities of CompDam for 

representation of matrix damage using the DGD method.25 The capability to include spatial variation of the initial 

fiber misalignment angle is included in the subroutine. The studies described in sections IV and V document the initial 

effort toward verification and validation of the CompDam code for longitudinal compression failure. 

III. Computational Micromechanics Model 

A 3-D single-fiber computational micromechanical (CMM) model is used to interrogate the assumptions of the 

relatively coarse mesoscale model. The micromechanical finite element model is an extension of the single fiber model 

described in Naya et al,23 where it was demonstrated that a single fiber representative volume element (RVE) produces 

strength predictions in good agreement with a multi-fiber RVE. The 3-D single fiber model is used here since it is a 

good compromise between computational expense and accuracy. A trade-study between dozens of different models 

demonstrated that single-fiber and multi-fiber two-dimensional (2-D) models were less accurate than 3-D single fiber 

models. Multi-fiber 3-D models were not used due to convergence difficulties and computational expense. 

In this section, the micromechanical finite element model is described including the geometry, discretization, and 

material properties. Subsequently, a calibration study that was conducted to demonstrate equivalence between the 

shear behavior of the mesoscale and micromechanical models is described. 
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A. 3-D RVE for Fiber Kinking 

The RVE model, shown in Fig. 3, represents a single carbon fiber extruded in the longitudinal direction 𝑧, along 

the half wavelength of a sine curve. An initial misalignment is imposed according to 

𝑦(𝑧) = 𝐿
𝜑0

𝜋
(1 − cos (𝜋

𝑧

𝐿
)) (32) 

such that the initial misalignment varies along the length, 𝐿, of the fiber, with section definitions defined according to 

the local misalignment. The model length was set at 500 μm and periodic boundary conditions are imposed following 

Gutkin et al.38 

 
 

Figure 3. Illustration of the (a) single-fiber 3-D model, (b) detail of the mesh, (c) exploded cut view of the model, 

and (d) side view with detail of the longitudinal mesh and material orientation. 

 

The carbon fibers are assumed to behave as an elastic transversely isotropic material with the elastic constants 

defined in Table 2 for the AS4/8552 material system. Fiber nonlinearity is accounted for by using the same expression, 

Eqn. (10), as used for the CDM model, with the fiber nonlinearity coefficient denoted as 𝑐𝑓. The fiber diameter is 

7.09 μm and a fiber volume fraction of 65% was assumed. The matrix behavior is represented using the Lubliner 

damage-plasticity model included in Abaqus/Standard.27 This constitutive equation allows the material to behave as 

quasi-brittle when subjected to dominant tensile stress and models elasto-plastic behavior under pressure confinement 

and compressive loads. Hence, the tensile response is linear and elastic, with modulus and Poisson ratio, 𝐸𝑚 and 𝜈𝑚, 

respectively, until the tensile failure stress, 𝜎𝑡0, is reached. Beyond this point, a quasi-brittle softening is induced in 

the material, with 𝐺𝑡 being the matrix fracture energy. Under uniaxial compression, the response is linear up to the 

initial yield limit, 𝜎𝑐0. Then, strain hardening takes place until the ultimate stress value, 𝜎cu, is reached. Finally, the 

model includes a dilatancy parameter, Ψ, for the matrix. The matrix plasticity/damage model parameters used in the 

simulations are reported in Table 3 with the exception of Ψ, which is established in the following section since no 

experimental evidence for Ψ was available. Fiber-matrix interface failure is taken into account by using a cohesive 

crack approach. To this end, a cohesive interaction between the fiber and the matrix surfaces was defined. The cohesive 

interaction is governed by a mixed-mode traction-separation law where damage onset is controlled by a quadratic 

stress criterion with normal strength, 𝑁, and shear strength, 𝑆. Damage evolution is governed by a mixed-mode 

Benzeggagh-Kenane39 fracture law. Isotropic Coulomb friction with coefficient of friction, 𝜉, is included in the 

interaction definition and is activated after cohesive failure. The interface parameters used in the simulations are 

provided in Table 4. 

 

a)

c)

d)

b)
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Table 2. Material properties of AS4 carbon fibers.40 

𝐸1𝑓 

(GPa) 

𝐸2𝑓 

(GPa) 
𝜈12𝑓 𝜈23𝑓 

𝐺12𝑓 

(GPa) 

𝐺23𝑓 

(GPa) 

𝛼1𝑓 

(10-6 K-1) 

𝛼2𝑓 

(10-6 K-1) 

231.6 12.97 0.3 0.46 11.3 4.45 -0.9 7.2 

 

Table 3. Parameters for the matrix damage plasticity model.41 

𝐸𝑚 

(GPa) 
𝜈𝑚 

𝛼𝑚 

(10-6 K-1) 

𝜎𝑡0 

(MPa) 

𝐺𝑡 

(J/m2) 

𝜎𝑐0 

(MPa) 

𝜎cu 

(MPa) 

5.07 0.35 52.0 121 90 176 180 

 

Table 4. Properties of the fiber-matrix interface.42 

𝑁 

(MPa) 

𝑆 

(MPa) 

𝐺𝑁
𝑐  

(J/m2) 
𝐺𝑆

𝑐 
(J/m2) 

𝜂BK 𝜉 

57 85 7 81 1.2 0.4 

 

The model is discretized with 8-node solid elements in Abaqus/Standard.27 The matrix is meshed with fully 

integrated elements (C3D8) while the fiber is meshed with reduced integration elements (C3D8R). The in-plane 

element size is approximately 1 μm square and the element edge length in the longitudinal direction is 10 μm. A 

thermal step with a temperature drop, Δ𝑇, was applied prior to the loading step to consider the residual thermal stresses 

induced by the cool down from the curing temperature. The magnitude Δ𝑇 is not easily determined since the residual 

stresses accumulate nonlinearly during the cool down. As a result, the value used for Δ𝑇 is determined as described 

in the next section. 

B. Calibration of In-Plane Shear Response 

The mesoscale model utilizes a Ramberg-Osgood shear nonlinearity curve.14 Ideally, the parameters that define 

the shear nonlinearity are obtained from a test that isolates the behavior of a single ply subjected to large shear 

deformations. However, in the absence of such test data, the ASTM D3518 test of a ±45° laminate subjected to tensile 

loads43 was used to define the nonlinear shear behavior. The ±45° laminate test data smears a wide variety of damage 

mechanisms into a single response, including mechanisms such as large fiber rotations and delaminations, which are 

not intended to be included in the shear nonlinearity characterization. Nonetheless, the ±45° laminate is the best source 

of material input data available for the mesoscale model. Therefore, the micromechanical model was calibrated, in a 

similar fashion to the approach used by Yerramalli and Waas,19 so that the model produces an equivalent shear stress-

strain response using a representative RVE. This approach facilitates a one-to-one comparison of the mesoscale and 

micromechanical models for the fiber kinking. 

The RVE of a ±45° laminate shown in Fig. 4 was developed with the parameters and modeling approach described 

in the previous section. The two undefined input parameters, the dilatancy angle of the matrix, Ψ, and the temperature 

drop, Δ𝑇, were adjusted by trial-and-error to reproduce the experimentally measured stress-strain response.44 The final 

response produced from the ±45° micromechanical RVE, the experimentally measured response of a ±45° laminate, 

and the Ramberg-Osgood curve fit are nearly identical, as shown in Fig. 5. 

 

 
Figure 4. Micromechanical ±45° RVE mesh (a) and representative plastic strain field in the matrix (b). 

a)
b)
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Figure 5. Comparison of the shear stress-strain curves from experimental tests following ASTM D3518, the 

corresponding Ramberg-Osgood fit, and the ±45° RVE calibrated to match the test data. 

 

IV. Comparison of the Mesoscale CDM and Micromechanical Models 

The predictions from the micromechanical model were compared with the predictions from the mesoscale model 

to understand the role of simplifying assumptions in the mesoscale model. In both analyses, an end-shortening 

displacement in the longitudinal direction was prescribed. The mesoscale finite element model is composed of one 

cubic C3D8R element with an edge length, 𝑙𝑒 = 0.15 mm. The material properties used in the mesoscale analysis are 

provided in Table 5. The fiber nonlinearity parameters 𝑐𝑙 and 𝑐𝑓 are set to zero, except where noted. 

 

Table 5. AS4/8552 material properties inputs for mesoscale model44. 

𝐸1 

(MPa) 

𝐸2 

(MPa) 

𝐺12 

(MPa) 
𝜈12 𝜈23 

𝛼 

(MPa1−𝜂PL) 
𝜂 

𝑋𝐶 

(MPa) 

131,600 9239 4830 0.3 0.45 2.86 × 10-11 6.49 1480 

 

The predicted stress-strain curves indicate excellent agreement between the two models for a variety of initial fiber 

misalignments, 𝜑0 of 1.5°, 2°, 3°, and 4°, as shown in Fig. 6. The compressive stress 𝜎𝑐 is the nominal stress calculated 

as the reaction force divided by the original area, and the compressive strain 𝜀𝑐 is the end shortening divided by the 

original length. Both models predict the initial elastic response, strength, subsequent collapse, and finally a nonzero 

residual stress. Since the energy released during the instability is large for small values of 𝜑0, some vibrations are 

predicted by both models immediately after the instability. Rayleigh damping was added to the mesoscale model to 

limit the vibrations. The damping coefficient 𝛼𝑅 was set to 104 such that the vibrations were limited but the overall 

results remained similar to the undamped case. The transition from a strong instability (snap-back) to a smooth 

response occurs between 𝜑0 = 2° and 3°. The results shown in Fig. 6 illustrate that both models predict a dependence 

of the peak load on 𝜑0 whereas the predicted residual stress, 𝜎𝑟, is independent of 𝜑0, which is consistent with fiber 

kinking theory. A range of 𝜎𝑟 calculated using Eqn. (2) is superimposed on the figure showing very good agreement 

with the model predictions, where the shear strength at 5% strain 𝜏𝐿 = 95 MPa and 𝛽 = 12° to 16°, as reported from 

an experimental investigation, were used in Eqn. (2). The excellent agreement between the two models for strength, 

subsequent instability, and crush stress suggests that the most significant features of the kinking process are captured 

by the relatively simple mesoscale model. Further, the agreement between the two models demonstrates that ignoring 

fiber bending is a reasonable assumption for prediction of fiber kinking strength and crush stress. This assumption 

may not hold for large fibers (e.g. glass) or misalignments with short wavelengths as noted in the literature19,28. 

Nonetheless, ignoring fiber bending appears to be a reasonable assumption for relatively small carbon fibers with large 

wavelength misalignments. 
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Figure 6. Longitudinal stress-strain response for the mesoscale and micromechanical models. 

 

The effect of fiber nonlinearity (refer back to Eqn. (10)) is shown in Fig. 7 for the CMM and CDM models. The 

CMM uses 𝑐𝑓 = 18.4 obtained from single fiber tensile tests where it is assumed that the nonlinearity is the same in 

tension and compression. The CDM uses 𝑐𝑙 = 10 as obtained by regression using the data from Peterson and Murphy46 

for a different fiber (IM7/8552). Since this nonlinearity is a function of the fiber only (not the matrix), the two values 

for the fiber nonlinearity parameter follow approximately the rule of mixtures. The coarse assumptions used in 

determination of the fiber nonlinearity coefficients for the two models makes it unwise to draw conclusions from the 

quantitative correlation. Nonetheless, both models have the capability for accounting for fiber nonlinearity and show 

a pre-peak softening behavior.   

 

 
Figure 7. Effect of fiber nonlinearity on the longitudinal stress-strain response for the mesoscale and 

micromechanical models for 𝝋𝟎 = 𝟐°. 

 

The strengths from the two models and from Budiansky’s fiber kinking theory, Eqn. (1), are shown as a function 

of 𝜑0, in Fig. 8. It is observed that the CMM predicts the strength accurately, which is an indication that the model 

includes the relevant mechanisms of the kinking process. The overall excellent agreement between the models is 

attributed to the equivalence of the nonlinear shear response. 

The misalignment angle 𝜑 is shown as a function of longitudinal strain in Fig. 9 for 𝜑0 = 1.5° and 𝜑0 = 4°. Since  

𝜑 = 𝜑(𝑧) in the CMM, two definitions for 𝜑 are shown for comparison with the fiber rotation predicted by the CDM 

model, 𝜑CDM. The maximum fiber rotation in the CMM takes place at 𝑧 = 𝐿/2 and is denoted as 𝜑CMM
max . The average 
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rotation of the kinked fiber is calculated from the transverse deflection at the end of the fiber 𝑢𝑦, as 𝜑CMM
avg

=

tan−1(𝑢𝑦/𝐿). The value for 𝜑CDM is calculated using Eqn. (25). In all cases, the fiber misalignment shows slight 

rotation (𝜑 ≈ 𝜑0) prior to the strain at which the peak load is attained. When the critical strain corresponding to the 

peak load is reached, the fiber rotates rapidly into the kinked configuration, which is seen as the abrupt change in 𝜑 

in Fig. 9 at 𝜀𝑐 ≈ 1%. The rotation is much more rapid for small initial imperfections than for large initial imperfections. 

Under higher strains (in the strain regime that corresponds with the residual stress, 𝜀𝑐 > 1.5%) the fibers continue to 

rotate. The fiber rotation predicted by the CDM is bounded by the average and maximum 𝜑 from the CMM. It could 

be argued that 𝜑CDM should match 𝜑CMM
max  since both represent the critical or maximum fiber misalignment. The 

difference between 𝜑CDM and 𝜑CMM
max  is most likely due to consideration of fiber bending and periodic boundary 

conditions in the CMM, both of which affect the fiber rotation and were not included in the CDM. Nonetheless, the 

agreement between the two models is quite good, further highlighting the efficacy of the relatively low-fidelity 

mesoscale model at representing the large rotations associated with the fiber kinking process as predicted by the high-

fidelity micromechanical model. 

 

 

 

 
Figure 8. Strength vs. initial misalignment angle. 

 

 

 
Figure 9. Fiber misalignment as a function of longitudinal strain. 
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V. Verification and Validation of the Mesoscale CDM Model 

The mesoscale model was applied to predict the response of unnotched and notched coupon specimens. The 

unnotched specimen analysis was conducted as a verification study, and the notched coupon analysis was conducted 

as preliminary validation. In both studies, the IM7/8552 material system was used with the material properties given 

in Table 6.  

 

Table 6. IM7/8552 material properties inputs for mesoscale model.47 

𝐸1 
(MPa) 

𝐸2 
(MPa) 

𝐺12 
(MPa) 

𝜈12 𝜈23 
𝛼 

(MPa1−𝜂PL) 
𝜂 

𝑋𝐶 
(MPa) 

152,689 8703 5164 0.32 0.45 4.06 × 10-9 5.4 1731 

 

A. Unnotched Compression Specimen 

The unnotched configuration was chosen to resemble the gauge section of test specimens used to measure 

longitudinal compression strength. The unidirectional specimen has a 5-mm width, 14-mm length, and 6 plies for a 

thickness of 1.1 mm. Damage was disabled in the regions of the specimen near the ends to force failure in the mid-

section, as shown in Fig. 10a. The model was meshed with C3D8R elements with enhanced hourglass control enabled. 

Analyses were conducted with an Abaqus/Explicit step with a duration of 0.1 seconds. Automatic mass scaling was 

enabled with a target increment size of 10-6. Three mesh sizes, 0.05 mm, 0.1 mm, and 0.2 mm, were used to assess the 

mesh objectivity of the model prediction. On the top and bottom faces of the specimen at 𝑥 = 0 and 𝑥 = 𝑙, uniform 

end shortening was applied and displacements in the 𝑦- and 𝑧-directions are set to zero, as shown in Fig. 10b. End 

shortening is applied to both ends to reduce the overall dynamic energy in the model. 

 

 
Figure 10. Unnotched compression specimen (a) dimensions (all length dimensions are in mm), (b) boundary 

conditions, and (c) initial fiber misalignment for 𝒍𝒆 = 0.2 mm. 
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A difficulty in the progressive damage analysis of unnotched configurations is the need for a nonuniformity to 

trigger localization of damage. For fiber kinking, the initial fiber misalignment, 𝜑0, presents an interesting possibility 

to achieve a physically based spatial variation that will trigger damage localization in unnotched specimens. Sutcliffe 

showed the use of random fiber misalignments as an initiation mechanism while studying the role of spatially varying 

fiber misalignments using a 2-D plane strain finite element model.48,49 It should also be recognized that if the fiber 

misalignment in all elements is the same, an overall shearing occurs when the coupon is compressed due to the 

anisotropy induced by the misalignment. Such a response is a departure from reality since measured fiber 

misalignments have a random distribution with a net misalignment near zero.50,51 While implementation of a 2-D or 

3-D spatial variation of initial fiber misalignments is possible (although complex) using experimental measurements 

available in the literature38, a simple 1-D implementation is used herein. A 1-D variation of fiber misalignments has 

the advantages of simplicity and consistency with Budiansky’s infinite band assumption, which is useful for 

verification. Thus, a uniform random distribution of fiber misalignments in the interval [−𝜑0, 𝜑0] is applied, where 

Eqn. (13) and the properties in Table 6 are used to obtain 𝜑0 = 1.15°. The misalignment angle is assumed to vary 

only as a function of the longitudinal position, 𝑥, which is consistent with Budiansky’s infinite band assumption. No 

wavelength is associated with the fiber misalignment. One realization of fiber misalignments used for verification is 

shown in Fig. 10c for 𝑙𝑒 = 0.2 mm. All realizations satisfy 𝜑𝑚𝑎𝑥/𝜑0 ≥ 0.97 where 𝜑𝑚𝑎𝑥  is the absolute maximum 

misalignment in the model, and so it can be expected that the analysis should reproduce the input strength, 𝑋𝑐. 

The normalized applied stress, 𝜎𝑥𝑥/𝑋𝑐, versus end shortening, ∆, results are shown in Fig. 11a. It is observed that 

the model reproduces the strength accurately with all three element sizes. Without element deletion, the analysis 

crashes at the peak load due to excessive mesh distortion. Using element deletion with the tolerance values provided 

in Table 7 in Eqns. (29) – (31) enables capturing the load drops shown in Fig. 11. The evolution of plastic strain just 

before collapse is shown in Fig. 11b and indicates that damage localizes in the band of elements with the largest 𝜑0 

and rapidly propagates across the width of the specimen in a direction corresponding to a kink band angle 𝛽 = 0, 

which is consistent with the formulation of the model. The fiber rotation associated with the kink band is evident in 

the deformed mesh. 

 

 
Figure 11. Mesoscale model results for the unnotched compression specimen: (a) structural response and (b) 

evolution of plastic strain. 

 

Table 7. Element deletion tolerances used in UNC analysis. 

𝐹TOL 𝑛max 𝛾TOL 

0.25 104 400% 

 

 The unique relation between strength and 𝜑0 given in Eq. (1) may lead to the conclusion that a spatial distribution 

of 𝜑0 is no different from spatially distributing strength. However, it should be recognized that fiber misalignment 

measurements can be used to introduce a length scale associated with the wavelength of misaligned fibers. Although 
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not addressed here, a length scale for material variability seems likely to be an important feature for overcoming the 

limitation of random distributions, where strong elements neighboring weaker elements prevent damage propagation, 

especially when considering 2-D and 3-D spatial variations. Furthermore, the spatial variation of misalignments has 

an important constraining effect, where gradients in misalignment arrest rotation of the most severely misaligned 

fibers, so that the strength is a function of the average misalignment instead of the maximum misalignment28. These 

features should be accounted for in order to predict accurately longitudinal compression failures. 

B. Double Edge Notch Compression Specimen 

A double edge notch compression (DENC) specimen configuration inspired by Catalanotti et al.7 was used for 

preliminary validation of the mesoscale CDM model. The specimen configuration and nominal dimensions are shown 

in Fig. 12. The layup is [(90/0)8/90/(0/90)8] using unidirectional IM7/8552 prepreg plies. The average cured laminate 

thickness was 6.141 mm such that the cured ply thickness was 𝑡ply = 0.186 mm. The specimens were loaded between 

hardened platens using displacement control applied quasi-statically at a rate of 0.1 mm/min. The loading platens were 

adjusted so that strain was evenly distributed front-to-back and left-to-right across the specimen. Two digital image 

correlation (DIC) systems were used to monitor strains on the front (𝑧 = 𝑡𝐿) and back surfaces (𝑧 = 0) in real time 

during the tests. A third DIC system was used to monitor the loading platens to characterize rigid body rotation, though 

the measured platen rotations were found to be negligible. 

A reduced thickness DENC specimen modeled with three plies was developed as shown in Fig. 13. The ply 

thicknesses are scaled proportionally so that the modeled laminate thickness is 𝑡𝑀 = 0.1𝑡𝐿 and the ratio of the 

thicknesses of the 0° and 90° plies (𝑡0/𝑡90) is the same in the test specimen and the model. Each ply was modeled 

with one layer of C3D8R elements with enhanced hourglass control. 

In a similar fashion as in the unnotched compression specimen model, damage is enabled only in the region near 

the notches where damage is expected to occur. The material properties given in Table 6 were used. Fiber nonlinearity 

was considered with 𝑐𝑙 = 10. Cohesive elements (COH3D8) were used at the two ply interfaces in the region where 

damage is enabled to allow for delamination during the analysis. The properties used for the cohesive elements are 

listed in Table 8. The model did not include progressive intralaminar matrix damage in the 0° plies. A simple study 

with splitting cracks inserted into the model a priori was done to help understand the role of splitting and is described 

in the following paragraphs. Damage in the 90° plies was ignored in the simulations based on the assumption that the 

0° plies dominate the response. Additional work is required to investigate the effects of accounting for matrix damage 

progression. 

 

 
Figure 12. DENC specimen configuration with nominal dimensions in mm. 
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Figure 13. DENC specimen mesh. 

 

 

Table 8. Properties for matrix damage.47 

𝑁 
(MPa) 

𝑆 
(MPa) 

𝐺𝑁
𝑐  

(kJ/m2) 
𝐺𝑆

𝑐 

(kJ/m2) 
𝜂BK 

80.1 97.6 0.24 0.739 2.07 

 

 

 An aligned mesh was used with a typical element size 𝑙𝑒 of 0.05 mm in the region where damage was enabled. 

This mesh size was chosen for mesh convergence of the axial stress field near the notch tip. Since this mesh size is on 

the order of the kink band width 𝑤kb reported in the literature for IM7/8552, and the model requires 𝑙𝑒 ≥ 𝑤kb, it was 

assumed that 𝑤kb = 𝑙𝑒 = 0.05 mm. Uniform end shortening was applied to the face where 𝑦 = ℎ and the opposite 

face was constrained in the 𝑦-direction. The surface 𝑧 = 0 was constrained in the z-direction to prevent buckling, 

which was required since the model had a reduced thickness. The node located at the origin was pinned to prevent 

rigid body translation. The analysis was performed using Abaqus/Explicit with a step with a duration of 0.1 seconds. 

Automatic mass scaling was enabled with a target increment size of 10-6.  

Three cases of spatially varying initial misalignments were considered in the 0° ply of the DENC model. The initial 

misalignments considered herein are shown in Fig. 14 where only the region inside in the dashed rectangle in the 

schematic is shown for each case in parts (a) – (c) of the figure. The first case, denoted ‘A’, simply alternates between 

+𝜑0 and −𝜑0 for each row of elements, as shown in Fig. 14a. The second initial misalignment case is a random 

uniform distribution denoted ‘RU’ as shown in Fig. 14b. The third case of initial misalignment was a modified random 

distribution, denoted ‘RM’ and considers the situation where the misalignments near the notch tip are small. The ‘RM’ 

realization is shown in Fig. 14c and was created by adding the condition |𝜑𝑖| ≤ 𝜑0 2 ⁄ : (ℎ − ℎ𝑛) 2⁄ ≤ 𝑦𝑖 ≤ (ℎ +
ℎ𝑛)/2 where 𝜑𝑖 is the misalignment at the material point with position, 𝑦𝑖 . The alternating approach ‘A’ produces a 

severe worst-case condition where large misalignments are located throughout the region of stress concentration. The 

other two cases ‘RU’ and ‘RM’ use a random distribution in a manner similar to that used for the UNC model where 

𝜑0 is varied in the loading direction. For the random initial misalignments, it is expected that the proximity of large 

misalignments to the stress concentration near the notch tip will have a significant effect on the predicted strength. 

Thus, cases of large and small misalignments in the proximity of the notch tip are considered. 

0  ply

90 ply
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Figure 14. Initial fiber misalignments considered in the DENC analyses: (a) alternating distribution, 

(b) uniform random distribution, and (c) modified random distribution where the region of interest is shown 

in the schematic in (d). Damage is disabled in the grey regions. 

 

The characteristic load versus displacement response from the test data and several analyses are shown in Fig. 15. 

The compressive displacement, Δ𝑐, is measured using the DIC systems between two far field points with an initial 

separation of 11.25 mm along the centerline of the specimen, 𝑥 = 𝑤, as shown in the schematic in the figure. The DIC 

data from the front surface (blue) and back surface (red) are shown as dashed lines. The test data deviates from the 

initial linear response (shown with a solid black line) at about 5 kN. Visual observations of fiber kinking accompanied 

by audible events initiated at 14.9 kN, and continued until the specimen collapsed. The specimen sustained a peak 

load of 15.6 kN, then subsequently failed. The analysis results for the three distributions of initial fiber misalignment 

angle are also shown in Fig. 15 as solid lines. The analysis results shown in Fig. 15 were obtained with the matrix 

damage capability disabled. There was more nonlinearity observed in the test data than in the analysis predictions, 

which could be due to underestimation of 𝑐𝑙 or other material nonlinearities not included in the model. The effect on 

the peak load of the initial fiber misalignment distribution is significant, with a 44% difference in predicted peak load 

between the three cases. While the three cases bound the potential effects of fiber waviness in the 1-direction, all of 

the analyses under predict the peak load measured in the test. The strength predicted in the ‘RM’ case is in relatively 

good agreement with the test (9.3% error). The correlation in load at which kinking occurs is also in good agreement 

(5% error). However, the ‘RM’ case represents an assumption of initial fiber misalignment that appears idealistic. As 

such, apparently other mechanisms not included in this model are required to obtain an accurate prediction.  

a) ‘A’

b) ‘RU’ c) ‘RM’

d) Schematic
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Figure 15. DENC structural response from test and analysis. 

 

 

The sequence of the failure process predicted in the 0° ply is shown in Fig. 16 for the alternating misalignment ‘A’ 

case where the contour plot shows the longitudinal stress in the 0° ply. The stress at the notch tip exceeds the strength 

since the neighboring 90° plies and stress gradient at the notch tip introduce a constraining effect52,53 and therefore 

limit the shear strain which delays damage initiation. This effect on damage initiation is a desirable behavior since it 

is well documented that the local constraints on the material have a large effect on measurements of compressive 

strength and therefore should play a role in model predictions29,48,49,52,53. Fiber kinking initiates at one notch tip, as 

shown by the arrow in frame ‘3’ in Fig. 16, probably due to small numerical differences between the stress states at 

the two notch tips in the otherwise nominally symmetric specimen. The kink bands are label as ‘kb’ in frames ‘4’ and 

‘5’ in Fig. 16 with white brackets showing the length. The location of fiber kinking is offset from the centerline of the 

notch (𝑦 = ℎ/2), as shown by the black arrow in frame ‘4’ in Fig. 16, which is consistent with observations in similar 

specimens.37 Delamination propagated along with the kink. As the specimen fails, the outer 90° ply begins to buckle. 

 The test revealed that there was an additional load capacity of 0.7 kN beyond the load level where fiber kinking 

is identified (14.9 kN). In contrast, the model predicts collapse very shortly after the kink band initiates as shown by 

the small increase in the load level from frame ‘3’ where kinking is first observed to the peak load, where the kink 

band propagates rapidly across the specimen. Apparently, the model prediction for kinking propagation is too brittle. 

 Matrix splitting has been identified as an important damage mechanism in longitudinal compressive failure20. 

Additionally, matrix splitting is important when considering failure at notches since splitting damage may blunt the 

notch tip stress concentration and thus increase the peak load. No detailed observations of pre-peak matrix damage 

were available from the DENC test, and no verification or validation has been completed for modeling the interaction 

of matrix damage and fiber kinking using the present model. However, a simple study was conducted to investigate 

the relative significance of matrix splits on the overall structural response as follows. Matrix splitting cracks of 

different lengths were pre-seeded at the notch tip by setting the associated damage variable to one in the initial 

conditions for the cracked elements. Delaminations at the ply interfaces above and below the splits were also pre-

seeded by deleting the adjacent cohesive elements. The analyses were run using the random uniform fiber 

misalignment (‘RU’) model. Three split lengths were considered: 0.5 mm, 1.0 mm, and 1.5 mm. The structural 

response is shown in Fig. 17 for the three split lengths, the model with no split, and the test.  It was observed that a 

relatively small splits of 0.5 mm reduces the peak load, which was not expected. While matrix splits blunt the notch 

tip stress concentration, splits also reduce the constraint on shear strain of the neighboring elements, increasing the 

propensity for kinking. Longer splits significantly increased the strength predicted by the model since the blunting of 
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the stress concentration becomes more significant than the reduction in local constraint. While the results suggest good 

correlation in strength for a split of about 1.5 mm, it should be noticed that the split does not account for the pre-peak 

nonlinearity observed in the test, suggesting that other significant mechanisms are not accounted for in the model. 

Although this study on splitting is simplistic, it demonstrates that accurate longitudinal failure prediction relies on 

accurate prediction of matrix crack kinematics, the resulting stress redistribution, and the interaction of matrix and 

fiber damage modes. 

 

 

 
 

Figure 16. Predicted failure process in the 0° ply for case ‘A’ in Fig. 14. 
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Figure 17. Effect of splitting cracks at the notch tip on the DENC structural response. 

 

VI. Concluding Remarks 

Recent developments towards a mesoscale constitutive model for fiber kinking were summarized in this paper. A 

mesoscale model is formulated with consideration for the kinematics of fiber kinking including shear instability and 

a post-peak non-zero residual stress. A high-fidelity 3-D micromechanical finite element model was used to assess the 

assumptions of the mesoscale model. The comparison between the results of the mesoscale and micromechanical 

models shows a remarkable correlation in strength, post-peak residual stress, and fiber rotation. The quality of the 

correlation indicates that the significant features of the kinking process are included in the relatively simple mesoscale 

model. 

The mesoscale model was verified through analysis of an unnotched coupon specimen. The initial misalignment 

angle was randomly varied in order to trigger localization in the model. Preliminary results for the unnotched specimen 

show that the model is capable of predicting initiation and propagation of a kink band. Analyses with three mesh sizes 

suggest that the model results are objective with respect to the mesh size. 

Preliminary validation of the mesoscale model was accomplished using a DENC specimen. Qualitatively, the 

model demonstrates several key features including: accurate prediction of kinking initiation location, effect of 

confinement at the notch tip, and shear deformation in the kink band. Quantitatively, the model shows that 

consideration for random fiber misalignments, accurate prediction of matrix splitting cracks, and delamination are 

needed to obtain good agreement with the test results. Future work is required to verify and validate kinking 

propagation and the limitations of ignoring fiber bending. The present model could be extended by considering 2-D 

or 3-D variations of initial fiber misalignments based on experimental measurements, out-of-plane kinking, the 

interaction fiber kinking and splitting, and structural size effects. 
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