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Abstract

Modelling complex electromagnetic devices incorporating inhomogeneous magnetic fields
typically requires computationally intensive solutions based on numerical methods. Simple
magnetic path problems are often solved using less computationally intensive analytical techniques
such as equivalent circuit approximations. Deciding upon which model to use depends on device

complexity and involves a tradeoff between accuracy and computational efficiency.

By expanding upon existing magnetic circuit theory, considering stored magnetic energy and
vector analysis, it is possible to use magnetic circuit analysis to accurately model complex
electromagnetic devices. The focus on energy facilitates the ability to incorporate inhomogeneous
magnetic fields into magnetic circuit analysis that would traditionally require the use of numerical
methods. This thesis derives closed form equations to describe electromagnetic device
characteristics for a toroid, solenoid and a case study induction machine. By considering stored
magnetic field energy, this approach allows the relationship between electrical, magnetic and
Kinetic energy to be quantified and analyzed in ways that allows improved accuracy compared
with conventional magnetic circuit modeling methods. This thesis also provides insights into how
geometric parameters impact energy transfer and operational characteristics of electromagnetic

devices.
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Chapter 1

1 Introduction

1.1 Introduction

Choosing a modeling technique to predict the operational characteristics of electromagnetic
devices often involves a tradeoff between computational complexity and required accuracy. High
level abstract models such as electrical and magnetic equivalent circuits require relatively minimal
computational time as they can be solved using closed form equations. When modelling complex
electromagnetic interactions or when a high level of accuracy is required, more computationally
intensive techniques such as numerical methods are commonly used.

One significant factor in the discrepancy between computational efficiency of different modelling
techniques is the ability to derive closed form equations. Closed form equations such as those used
by equivalent circuits can be solved with considerably less computations than arrays of linear or
differential equations such as those used by numerical methods. Due to this, much of the current
electromagnetic device modelling research involves achieving an optimum balance between
accuracy and computational efficiency.

The research presented in this thesis considers derivation of magnetic circuit parameters for non-
homogenous magnetic field distributions in complex geometries. Magnetic circuit analysis
focused on stored energy is used to describe the operational characteristics of electromagnetic
devices without the need for empirically derived parameters. This also allows electromagnetic
devices incorporating spatially varying material properties, complex magnetic field distributions
and constituent motion to be modelled without computationally intensive numerical methods.

Vector applications of energy based magnetic circuit equations are used to model electromagnetic
devices incorporating circular motion. This allows magnetic flux-based models to be developed
that describe the relationships between electrical, magnetic and mechanical parameters of
electromagnetic devices incorporating circular motion.



1.2 Literature review

The research presented in this thesis covers areas of electromagnetic theory relating to modelling
the characteristics of electromagnetic devices. Considerable research has been conducted in these
fields over for over a century resulting in a vast body of knowledge upon which the analytical
techniques are developed in this thesis.

1.2.1 Electrical Equivalent Circuits

Equivalent models provide a simple and intuitive technique to analyze the operation of an
electromagnetic device. One common equivalent circuit technique involves electrical circuit
equivalents comprised of networks of linear passive elements such as resistors, inductors and ideal
transformers. Simple electromagnetic devices such as inductors and transformers can be
effectively modeled using these techniques that account for their non-ideal characteristics.
Electromagnetic devices incorporating constituent motion such as linear actuators and rotating
machines can also be modeled using electrical equivalent circuits. This is achieved by making
component parameters a function of the position and velocity of individual components.

Electrical equivalent circuit are often used to model electrical motors. This allows for simple
implementation of control using either open loop or closed loop control algorithms. The simplest
electrical equivalent model assumes that the motor is series parallel L and R circuit representing
magnetization, copper losses, core losses and a Back Electro-Motive Force (Back-EMF) [1]. A
common application of this technique is for simple open loop voltage frequency control of an
induction motor [2].

A more comprehensive circuit equivalent model for the induction motor is the Steinmetz
equivalent circuit model. This model was first proposed by Charles Proteus Steinmetz in 1897 by
analyzing an induction motor as a rotating transformer [3]. Since then, this model, also called the
T equivalent circuit, has become such a common model in textbooks that it is referred to as the
“Universal Induction Motor Model’ [4]. The circuit consists of resistive and inductive elements
with the resistor RL in figure 1.1 being a function of the rotor speed and synchronous frequency.

R1 L1 R3 L3

AA AAA
VW VWA~

<R2 <RL

Figure 1.1, A Steinmetz equivalent circuit of an induction motor



This circuit with appropriately chosen parameters can be used to plot the characteristic speed
torque curve of an induction motor with sufficient accuracy to enable basic control and simulation
[5]. It is also possible to add additional capacitors and resistors into this circuit to improve its
accuracy at higher frequencies [4]. However, it oversimplifies the operation of the induction motor
and can be improved upon using more complicated equivalent circuits. To achieve this more
complex networks of electrical components are used with more complex component parameters

[6].

1.2.2 Magnetic Equivalent Circuits

Magnetic equivalent circuits are the oldest technique used to analyze electromagnetic devices. The
foundations for this analytical technique date back to June 1828 when Joseph Henry demonstrated
that there was a relationship between the magnetic field strength of an electromagnet and the
number of electrical turns [7]. This discovery paved the way for the practical invention of the
telegraph. In 1885 John Hopkinson in his article “Magnetization of Iron” published by the Royal
Society demonstrated the relationship between current and magnetic flux in an electromagnet [8].
This allowed the development of a simple linear model called Hopkinson’s law linking the
Magneto Motive Force (MMF) to magnetic flux. The value used to scale the magnetic flux as a
function of MMF was first referred to as reluctance by Oliver Heaviside [9].

This linear model between MMF, reluctance and magnetic flux offers a simple method to analyze
magnetic path problems in a technique that is analogous to using Ohm’s law for electrical circuits.
For example, consider the simple magnetic circuit path problem as shown in figure 1.2.

...................................................

Figure 1.2, A simple magnetic circuit path

In figure 1.2, the MMF will be the product of winding current i and the number of turns N. The
magnetic path reluctance R can be calculated to be equation (1.1) where [ is the average path



length and A, is the cross-sectional area of the magnetically permeable material and p,. is the
relative permeability of the magnetic material.

__ b (L.1)
Hollr X Acsa

The equation (1.1) value of reluctance can be substituted into Hopkinson’s law to calculate the
relationship between the electric current i and the magnetic flux .

in = R® (1.2)

Magnetic equivalent circuits are useful for analyzing simple magnetic path problems as shown in
figure 1.2. This linear model is only an approximation as it does not account for the non-linear
magnetization properties of the material and it assumes a uniform magnetic flux distribution
throughout the material. Despite these limitations, the simplicity and relative accuracy in simple
magnetic path problems has kept this model relevant [10].

1.2.3 Equivalent Models for Rotating Fields

Alternating Current (AC) motors operate on the underlying principle of a rotating magnetic field.
Mathematically describing the properties of a rotating magnetic field is therefore an important
factor in describing the operations of AC machines. Scientific study into rotating magnetic fields
first started in 1824 when Francois Arago demonstrated that a rotating copper disc could have a
magnetizing effect on a magnetized needle [11]. This effect would cause the needle to rotate in the
same direction as the copper disc when placed near the spinning copper disc. Although there were
many theories proposed to explain this motion, it was eventually shown by Michael Faraday in
1831 to be caused by eddy currents in the copper disc caused by electromagnetic induction [11].
Despite the interest of the academic community, rotating magnetic fields caused by
electromagnetic induction had no practical applications at the time and therefore no significant
research was undertaken for the next few decades.

The first workable rotating magnetic field was demonstrated to the physical society of London on
28th June 1879 by Walter Baily. In his paper “A mode of producing Arago’s rotation” he
demonstrated how to use two batteries and a hand cranked communicator to produce a rotating
magnetic field that could cause a copper disc to rotate [12]. This model was improved upon by
Galileo Ferraris who in 1885 used two alternating currents energizing two separate coils with an
angular displacement of 90° to generate a rotating magnetic field capable of rotating a copper disc
[13]. Ultimately it was Nicola Tesla’s design of producing a rotating magnetic field using
alternating current, patented in 1888 that was commercially successful [14].

Although Tesla described the induction motor and rotating magnetic fields in detail in his patent,
his analysis was more descriptive than mathematical. It was no until 1929 that Robert H Park first



described how to analyze a rotating magnetic field caused by a poly phase induction motor that a
mathematical description of a rotating magnetic field was derived [15]. Park used a rotating frame
of reference to view the magnetic field that allows a complicated AC circuit to be analyzed like a
DC circuit of reduced complexity. The Clarke transformations (also known as Alpha — beta
transformations) as first described by Edith Clarke can also be used to model a rotating magnetic
field albeit from a stationary frame of reference.

A combination of the Park and Clarke transformation are used to implement a model called the
Direct Quadrate (D-Q) model for analyzing rotating magnetic fields. The D-Q allows an AC motor
incorporating a rotating magnetic field to be analyzed using a similar technique to that used for
Direct Current (DC) motor analysis.

There are two specific parameters required to be measured using the D-Q model. These are flux
producing currents and torque producing currents. Flux producing currents are referred to as direct
and are at in phase with the stator flux. Torque producing currents are referred to as quadrate and
are at right angles to the stator flux [16].

To control a motor using the D-Q model, the required torque and flux needs to be calculated. Then,
either Field Oriented Control or Direct Torque Control can be used to adjust the motor voltage and
frequency. Measuring the stator voltage, current and rotor speed then allows the controller to
estimate the actual magnetic flux and torque. This is compared to the pre-set values and the output
voltage can be adjusted to minimize the error between the required and measured values of flux
and torque. Independent equivalent circuits made up of resistors, inductors and voltages sources
are used to calculate the torque and flux based on output measurements [17].

1.2.4 Lumped Parameter Model

Numerical methods involve dividing the geometry of the electromagnetic device into many
discrete elements. One common technique used to achieve this is the Lumped Parameter Model
(LPM). LPMs involve representing a physical system as an interconnected spatially distributed
mesh of discrete elements that approximate the behavior of each individual elemental component.
When applied to the analysis of electromagnetic devices, LPM typically involves using many
sources of MMF and reluctance elements distributed within the geometry of the device to form an
interconnected mesh.

LPM is a natural progression of basic magnetic circuit analysis as it allows more complex magnetic
field distributions to be modeled using the underlying concepts of reluctance, magnetic flux and
MMF. This reduces the approximations and assumptions inherent to the application of basic
magnetic circuit analysis to practical situations that inevitably incorporate complex geometries and
non-uniform magnetic flux density distributions



LPM has seen many variations in its application to modelling electromagnetic devices. Common
LPM techniques used today include Reluctance Mesh Modelling (RMM) [18] and Magnetic
Equivalent Circuits (MEC) [19]. Both techniques involve analyzing the electromagnetic device as
being comprised of many interconnected reluctance components and sources of MMF. Basic
implementations of LPM can only model linear behavior of magnetic fields. However, variations
of RMM and MEC can be used to simulate and detect faults in rotating machines [20] and account
for the nonlinear behavior of magnetic fields under specific circumstances [21].

As with all LPM models, they require detailed knowledge of the construction of the individual
motor being controlled and are more computationally intensive that electrical equivalent circuits.
The underlying assumptions of LPM make it inherently difficult to model complex magnetic field
behavior such as saturation, leakage and skewing effects [19]. Therefore, simulation results
obtained using other modelling techniques or from direct measurements are required to accurately
simulate complex electromagnetic devices.

1.2.5 Finite Element Modelling

Finite Element Modelling (FEM) is a numerical method that involves directly solving Maxwell’s
equations as partial differential equations at the boundaries of each elemental component. As such,
it is similar to LPM in that the electromagnetic device is represented as an interconnected mesh of
elementary components. However, FEM does not require the use of linear modelling
approximations to calculate the state of each elementary component as is the case for LPM. This
results in a highly accurate model capable of modelling magnetic fields in complex geometries
and accommodating a wide range of magnetic field behaviors.

FEM as a mathematical analysis technique was first proposed by Richard Courant in 1943 for
solving engineering problems [22]. Due to the computational complexity required to solve
engineering problems, it was not until the late 1950°s that computers became fast enough to make
this technique viable. In 1965 Alan Winslow was the first to apply FEM to simulating magnetic
fields within a magnetically permeable material [23]. This paved the way for greater uptake of
FEM to analyze electromagnetic devices during the 1970’s [24]. Due to the computational power
of modern computers and many CAD implementations, FEM is considered the industry standard
magnetic field modelling technique used today [19].

Although FEM is usually considered the most accurate magnetic field modelling technique
available, it still has some limitations. The major limiting constraint preventing the universal
uptake of this model is its computational complexity [25]. This primarily restricts it use to design
purposes only, as solving the complete FEM model for real time control of a device is not practical
with available computing power. To apply FEM for use in real time control applications typically
involves combining it with other modelling techniques or using a partial or low-resolution
implementation [26].



Another observed limitation of FEM is its accuracy when modelling force and magnetic losses
[19]. These limitations mean that an FEM simulation cannot be used to definitively prove the
behavior of a magnetic field without experimental evidence to confirm its predictions. Despite
these limitations, the overall high level of accuracy of this model makes it a useful benchmark
when assessing the accuracy of other modelling techniques such as that which is presented in this
thesis.

1.2.6 Research Gap

The electromagnetic device modelling techniques described thus far can be broadly classified as
either numerical methods based, or closed form equation based. Generally, numerical methods-
based models will result in high accuracy at the expense of high computational intensity relative
to closed form equations. Deriving a model that has a high level of accuracy with moderate or low
levels of mathematical computations is a desirable goal of current electromagnetic research due to
the applications of such models to real time control and optimization.

Numerical methods are often used instead of reduced complexity models when an electromagnetic
device incorporates in-homogeneous magnetic flux distributions and time varying reluctances.
The research presented in this thesis demonstrates how existing magnetic circuit theory can be
extended using energy and vector-based equations to derive closed form solutions for these
situations. In doing so it is possible to calculate the dynamic behavior of electromagnetic devices
that would typically require the use of numerical methods.

The analytical technique presented in the thesis will also be applied to electromagnetic devices
incorporating rotating magnetic fields. Magnetic flux-based models, such as the D-Q model seek
to achieve an optimal balance between accuracy and computational intensity. Despite the D-Q
model incorporating greater detail than simple magnetic circuit path models, it is still requires a
high level of abstraction. This is due to the requirement to convert AC parameters to their DC
equivalent where only selected currents either produce flux or experience torque.

The proposed magnetic circuit modelling technique uses vector-based relationships between
rotating magnetic fields to simplify their analysis. This simplifies the analysis of an induction
motor without the need for converting AC circuit parameters to their DC equivalent such as occurs
with the D-Q model. Using these vector-based relationships also allows for magnetic flux based
models of rotating magnetic fields to be derived where all electric currents contribute to the
magnetic flux and experience torque.



1.3 Research Questions

1.3.1 Research Question 1. How does magnetic circuit modelling of a
stationary magnetic device consisting of an inhomogeneous magnetic
field distribution compare to Finite Element Modelling?

Traditional applications of magnetic circuit theory to electromagnetic devices assume a uniform
magnetic flux density and uniform material permeability. In simple magnetic path problems this
can yield satisfactory results. However, as magnetic field distributions and material magnetic
properties become more varied these assumptions result in reduction in accuracy.

Accounting for variations in magnetic flux density and relative permeability when deriving
magnetic circuit parameters results in improved accuracy. It also allows magnetic circuit equations
to more accurately describe the relationship between electric current and magnetic fields over a
wide range of geometric parameter variations. This increase in accuracy can be achieved without
incurring any significant increase in computation times.

In this thesis, magnetic circuit equations that model dynamically stored energy will be used to
calculate the magnetic reluctance of a simple electromagnetic device accounting for the non-
uniform distribution of the magnetic field and inhomogeneous material properties. FEM
simulations are then used as a benchmark to assess the accuracy of results obtained with and
without accounting for inhomogeneous field distributions.

1.3.2 Research Question 2. How can magnetic circuit modelling be applied
to the transient analysis of variable reluctance devices incorporating
iInhomogeneous magnetic field distributions?

Magnetic circuit analysis in its basic implementation is usually applied to simple magnetic path
problems. Deriving transient electrical, magnetic and mechanical electromagnetic device behavior
usually requires more complex modelling techniques such as LPM. An example of such a situation
involves the transient modelling of a linear actuator such as a solenoid.

Existing magnetic circuit analysis can be used to calculate force experienced by the armature as a
function of armature position and winding current for simple solenoid configurations. However,
practical solenoids incorporate diverging magnetic fields and complex B-H field relationships that
can be difficult to model using conventional magnetic circuit modelling techniques. Due to this,
computationally intensive FEM is usually required for real world transient simulation of a
solenoids electric and magnetic characteristics.



A compromise between accuracy and computational intensity can be achieved by considering
dynamic stored energy in the magnetic circuit to model solenoid transient behavior. This is because
energy based magnetic circuit equations can account for changes in reluctance and the effect of
non-aligned B-H fields on magnetic field energy.

To assess the accuracy of energy based magnetic circuit modelling, a FEM simulation of a solenoid
will be used to establish a benchmark against which predictions can be assessed for their accuracy.
An effective MMF and reluctance can be calculated by analyzing the contribution of each segment
of the solenoid to their respective parameter. This analytical technique allows for a single source
of MMF and reluctance to be used to derive transient equations to describe electric current,
magnetic flux and force as a function of winding voltage.

1.3.3 Research Question 3. How can magnetic circuit modelling be applied
to the analysis of rotating magnetic fields incorporating
iInhomogeneous magnetic field distributions?

Electromagnetic devices incorporating rotating magnetic fields are inherently difficult to describe
using simple modelling techniques. This is because these devices comprise of multiple materials
with different electrical and magnetic properties that form complex geometries. When electrical
equivalent circuits are used to model electromagnetic devices incorporating rotating magnetic
fields such as that in an induction machine, parameters are either derived using numerical methods
such as the finite element model or via direct measurements. One reason for this is that electrical
circuit elements were originally derived to describe electrical components with no internal motion.
It is therefore necessary to make the properties of these electrical components a function of a
motors electromagnetic structure.

An alternative to this technique is to describe the operation of an induction motor using a vector-
based application of magnetic circuit theory. Electrical currents in both the rotor and stator induce
a magnetic field that can be represented in vector form. By representing the net magnetic flux and
its time derivative as rotating vectors, it is possible to relate all electrical currents and induced
voltages to these quantities. This allows operational parameters such as efficiency, torque, power
factor and supply current to be calculated.

The main advantage of this technique is that closed form equations can be derived to model the
operation of the induction motor. Closed form equations are known to result in reduced
computation times relative to numerical method techniques. Such an advantage is necessary when
using a model for real time calculations. Existing commonly used models for real time control
include the Steinmetz model and the Direct Quadrate model. The Steinmetz model is an inherently
abstract model as it is comprised of equivalent electrical circuit components. Even though the
Direct Quadrate model is more detailed than the Steinmetz model, it still incorporates a high-level



of abstraction as it assumes that only some currents contribute to magnetic flux while others
contribute to torque.

Predictions made by the proposed vector based magnetic circuit model are benchmarked against
those derived using FEM. As FEM is usually considered the most accurate simulation model of
magnetic fields, this comparison will provide useful insights into the accuracy of vector based
magnetic circuits.

1.4 Contribution of Research

The research presented in this thesis contributes to the analysis of electromagnetic devices by
providing an alternative analytical technique that aims to achieve an optimal balance between
computational efficiency and accuracy. This contribution is summarized in the following dot
points.

e Modelling of electromagnetic devices incorporating non-uniform magnetic flux
distributions.

Traditional magnetic circuit analysis assumes uniform magnetic flux densities for simple
magnetic path applications. More complex field distributions typically require the use of
numerical methods such as lumped parameter models. The analytical technique presented
in this thesis demonstrates how energy based magnetic circuit analysis can be used to
calculate magnetic circuit parameters for complex field distributions.

e Using magnetic circuit analysis to calculate electrical, magnetic and mechanical
properties of a time varying reluctance device.

Calculating the time varying characteristics of electromagnetic devices incorporating
constituent motion is usually achieved using numerical methods. This is due to the inherent
difficulties encountered when modelling complex field distributions and time varying
reluctances. The research in this thesis presents an analytical technique using energy based
magnetic circuit equations that allows closed form equations to be derived for time varying
electrical, magnetic and mechanical parameters.

e Describing the properties of rotating magnetic fields using vector based magnetic
circuit analysis.

Modeling rotating magnetic is commonly achieved using high level equivalent circuits or
with computationally intensive numerical methods. An alternative analytical technique can
be achieved using vector applications of magnetic circuit equations. This allows for
simulation parameters to be derived directly from the unique geometry of the rotating
machine without the need for numerical methods. In doing so, it is possible to derive closed
form equations without the need for empirical data or correction factors.
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1.5 Basis of the Research

In this thesis magnetic circuit analysis focusing on stored energy will be used to derive closed form
equations that describe the operational characteristics of electromagnetic devices. This analytical
technique can be used to apply magnetic circuit analysis to non-uniform magnetic field
distributions in geometrically complex devices. To demonstrate the advantages of energy based
magnetic circuit analysis, this technique will be applied to three separate situations. These involve
electromagnetic devices with both constant and time varying reluctances including circular
motion.

To achieve the stated outcomes for this thesis, the energy based magnetic circuit equations used
must be expressed in vector form. These equations can be derived by analyzing the geometry of a
torus. A torus is the volume enclosed by a circle that is swept around an axis. The distance between
the center of the swept circle and the axis is known as the major radius R; while the radius of the
swept circle is the minor radius ;. Figure 1.3 shows an example of torus made of a magnetically
permeable material with electric current carrying conductors passing through its center.

11



Figure 1.3. Torus geometry

The magnetic flux density at the major radius R, can be calculated using Amperes law to be
equation (1.3) by solving Ampere’s law for the red dotted line as shown in figure 1.3. In equation
(1.3), i is the winding current, n is the number of current turns and u,- is the relative permeability
of the material.

ng.dl = Uolrin

_ Hotrint (1.3)
2mR,

Multiplying the magnetic flux density at the major radius by the area of the radial cross section of
the torus allows the approximate value of the magnetic flux @ to be calculated.

_ #Ol“l"r'inrtz (14)

P
2R,

Hopkinson’s law relates the Magneto Motive Force (MMF) which is defined to be the winding
current multiplied by the number of turns, with the magnetic flux. For this application,
Hopkinson’s law can be expressed as shown in equation (1.5).

ni = RP (1.5)

Substituting the equation (1.4) value of magnetic flux into Hopkinson’s law as stated to be equation
(1.5) allows the approximate value of magnetic reluctance to be calculated.
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ni ~ HolrINTy
2R,

2R,

R = 5
HolrTe

(1.6)

Equation (1.6) is only an approximation as the magnetic flux density within the torus was assumed
to be constant to derive equation (1.4). However, the magnetic flux density within the torus as
described by equation (1.3) decreases with radial distance. The difference between the maximum
and minimum magnetic flux density within the torus as shown in figure 1.3 can be calculated using
Ampere’s law to be equation (1.7).

_ HUoly inrt (17)

Bmax - Bmin n_(th — th)
The difference between the maximum and minimum magnetic flux densities as described by
equation (1.7) only becomes zero when the minor radius r, becomes zero. Therefore, the equation
(1.6) value of magnetic reluctance that was derived based on the assumption on uniform magnetic
flux density only becomes exact when the minor radius r, becomes zero. This can be expressed
mathematically as shown in equation (1.8).

R = lim (1.8)

2
=0 oy Ty

Equation (1.8) cannot be directly evaluated as setting the minor radius to zero results in an infinite
value of reluctance. This problem can be overcome by describing the energy stored in the torus as
the minor radius approaches zero. The magnetic field energy within the torus can be described by
integrating the known formula for magnetic field energy density in terms of the magnetic flux
density B and the magnetic field strength H over the volume of the torus.

U=%JUB-HdV (1.9)

As the minor radius approaches zero, the magnetic flux density becomes constant allowing
equation (1.9) to be solved by simply multiplying the magnetic field energy density by the volume
of the torus. The magnetic field strength H can also be expressed in terms of the magnetic flux
density B using the relationship B = uou,H. This allows the energy within the torus to be
calculated to be equation (1.10).
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Rt gy (1.10)

Magnetic circuit equations are usually expressed in terms of the magnetic flux as opposed to the
magnetic flux density as shown in equation (1.10). The magnetic flux flowing through the torus @
can be calculated by multiplying the magnetic flux density B by the cross-sectional area of the
torus.

b= BT[T'tZ (111)
Substituting equation (1.11) into equation (1.10) allows equation (1.12) to be derived.
: Ry
U= lim > (P - D) (1.12)
Te=0 Uo Uy Tt

Equation (1.8) and equation (1.12) both contain a .2 term. Therefore, it is possible to express
equation (1.8) in terms of 7,2 and substitute the result into equation (1.12) thereby eliminating the
dependence on both the minor radius r, and the major radius R,. This allows the all geometric
specific parameters of the magnetic circuit in equation (1.12) to be eliminated resulting in the
generic magnetic circuit equation (1.13).

U= %IR((D . ©) (1.13)

In equation (1.13), the magnetic flux is represented as a vector quantity while the magnetic
reluctance is a scalar quantity. Differentiating energy with respect to time allows an expression for
power as represented by the variable P to be derived. This is achieved by assuming both magnetic
reluctance and magnetic flux are implicit functions of time and using the product rule for vector
quantities.

_1fdR

9
P=5 E(¢-¢)+:R<E(cb-q>)>

ody 1dR 114
P—R(CD-E)+§E((D-CD) (1.14)
Equation (1.14) allows the rate energy is transferred to a magnetic circuit to be calculated due to
changes in magnetic reluctance and flux. Another relationship that can be derived from the
equation (1.13) value of magnetic circuit energy is its implications for magnetic reluctance.
Magnetic reluctance is defined to be the value magnetic flux must be scaled by to equal the MMF.
To understand the implications this has on magnetic circuit analysis, consider the simple magnetic
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circuit as shown in figure 1.4 where [ is the length of the enclosed volume and A, is the area
when represented in vector form is parallel to the direction of the magnetic flux density.

B field direction

e

Lentgh =1 e Area = Acgq

Figure 1.4. Simple magnetic circuit geometry

Applying the conventional definition of magnetic reluctance to the analysis of the enclosed volume
in figure 1.4 that has a constant magnetic flux density and magnetic permeability results in the
equation (1.15) value of reluctance.

l

— (1.15)
HolrAcsa

R

Equation (1.15) is the commonly used definition of magnetic reluctance as applied to magnetic
circuit analysis. This definition as is usually mentioned in textbooks, is derived using Hopkinson’s
law and Ampere’s law. The reluctance of a magnetic circuit can thus be calculated by breaking it
down into individual components and solving equation (1.15) for each elemental component. This
technique is often applied to the derivation of lumped parameter models. Although this works in
some situations, it is inaccurate where the H and B fields are non-aligned. This can be demonstrated
by equating the equation (1.9) value of magnetic circuit energy to the derived magnetic circuit

energy equation (1.13).
1RCI> P —1fﬂB Hdav
FR@ @) =5

o J/B-HAV (1.16)
-

By evaluating the total magnetic circuit energy, it is possible to calculate the value of reluctance.
An alternative way to view equation (1.16) it to describe the contribution each volumetric element
dV contributes to the total reluctance as shown by equation (1.17).
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R _B-H (1.17)
av o-o

Integrating equation (1.17) over the entire volume will allow the reluctance to be calculated. In a
situation where the magnetic flux is not known or is difficult to calculate, the MMF can be used
for the reluctance calculation instead. This is achieved by substituting Ampere’s law for the MMF
term in Hopkinson’s law as shown in equation (1.18).

fH v dl = RD (1.18)

Equation (1.18) can be substituted into equation (1.16) to eliminate its dependence on the magnetic
flux. Performing this substitution results in equation (1.19):

- ($H-dy* (1.19)
[[B-Hav

The contour integral of the H field along a path that encloses all current loops as shown in equation
(1.19) represents the net motion of charge within the system. Therefore, equation (1.19) states that
magnetic reluctance is the ratio of the square of the net motion of charge to the resulting energy
caused by this motion. Defining magnetic reluctance this way has implications for how magnetic
circuit analysis can be interpreted relative to the laws of physics describing motion and
electromagnetic interactions.

The following chapter demonstrates how the equations derived in this chapter and the underlying
principals can be applied to magnetic circuit analysis. This is achieved by first applying these
equations to the analysis of a static magnetic field. It is also necessary to demonstrate that this
form of analysis is compatible with existing magnetic circuit analysis. This will be achieved in
the next chapter by modelling a toroid to demonstrates the implications of inhomogeneous
magnetic field distribution on magnetic reluctance calculations.
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Chapter 2

2 Modelling Magnetic Circuits with Fixed Reluctance

To demonstrate the ability of magnetic circuits to describe the operation of electromagnetic devices
incorporating inhomogeneous magnetic flux densities, the magneto static properties of a torus will
be analyzed in this chapter.

2.1 Calculation of Reluctance of a torus with consideration of
iInhomogeneous magnetic fields

A torus is the volume enclosed by a circle that is swept around an axis. The distance between the
center of the swept circle and the axis is known as the major radius R, while the radius of the swept
circle is the minor radius r;. This geometry was chosen due to its ease of mathematical modelling
and FE simulation.

In the previous chapter, the reluctance of a torus was calculated for the case where the minor radius
was much less than the major radius.

Figure 2.1. Torus geometry

The approximate value of the torus reluctance based on the assumption of homogeneous cross
section magnetic flux density as calculated in the preceding chapter was calculated to be
equation (2.1).

2R,

~ (2.1)
Holkr Tt?
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To determine the a more accurate value of magnetic reluctance, the non-uniform nature of the
magnetic flux needs to be accounted for. This can be calculated by considering the cross section
of the torus as shown in figure 2.2. In figure 2.2, a small rectangular cross section of the torus is
shown in red at a distance of r from the central axis with a width of dr.

central axis

Figure 2.2. Torus cross section

The magnetic flux density was calculated in the preceding chapter to be equation (1.3) using
Ampere’s law. This was a function of the distance from the central axis which is represented in
figure 2.2 with the variable r. Using the dimensions shown in figure 2.2, the value of the
magnetic flux density within the torus becomes equation (2.2).

_ Holrin (2.2)

B
27mr

Multiplying the magnetic flux density by the area shown in figure 2.2 allows the magnetic flux
for this region of constant magnetic flux density to be calculated. Integrating this value over the
entire cross section of the torus as shown in figure 2.2 allows the total magnetic flux to be
calculated.

Rt+Tt Ln
D = f Holtr

— \/th —(r—Ry)*dr

Re—1¢

& = pop,in (Rt — RS2 - rt2> (2.3)
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Hopkinson’s law can be used to calculate the torus reluctance by divining the MMF by the
equation (2.3) value of magnetic flux.

R = (2.4)
Holky (Rt - th - Tt2>

It is also possible to derive this same reluctance value by calculating energy stored in the
magnetic circuit. Consider a small volume of the torus enclosed by the area depicted in figure 2.3
at a distance of r from the central axis, swept around a small angular rotation of de.

Figure 2.3. Small volume inside torus with constant magnetic flux density

The dimensions of the small enclosed volume from figure 2.3 are shown in figure 2.4.

<,

22 = (r =Ry’

Tl

rde r

Figure 2.4. Dimensions of small volume inside torus with constant magnetic flux density



The stored energy within this small volume as represented by the differential equation term dU
can be calculated by substituting the equation (2.2) value of magnetic flux density into the
equation for magnetic field energy density for a small volume dV.

BZ
dUu = dv
2oty
Hoptr (in)? 2.5)
dU = ————d '
v 8m2r? v

Substituting the volume of constant magnetic flux density from figure 2.4 into equation (2.5) and
integrating over the volume of the torus allows the total magnetic field energy to be calculated.

popy (in)?

dU = P — ———n2—(r—R)?dedr
Ri+1t 2m ( )2
in
j j liol;; 2 —(r—Ry? depdr
Rt Tt
N2
U= %(R _ [z ) (2.6)

Magnetic reluctance can be calculated using magnetic circuit stored energy by substituting the
equation (2.6) value of energy and the equation (2.3) value of magnetic flux into equation (1.13).
As the magnetic flux vector is parallel to itself, the dot product from equation (1.13) can be
replaced with multiplication. Performing these operations allows the equation (2.7) value of
magnetic reluctance to be calculated.

20
R

1

R =
Hollyr <Rt - th - Tt2>

(2.7)

The magnetic reluctance of a torus calculated using both the conventional approach and the stored
energy method results in the same equation as demonstrated by equation (2.4) and (2.7).
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2.2 Simulation study on modelling inhomogeneous magnetic
fields in a torus with uniform permeability

The advantages of accounting for the non-uniform distribution of the magnetic flux density when
using magnetic circuit analysis can be demonstrated by comparing predictions made using
magnetic circuit analysis with those obtained using FEM. This can be demonstrated using a FEM
simulation of a torus to calculate its magnetic reluctance and then comparing the results to
predictions made by equation (2.4) and equation (2.7). The FEM simulated torus has the following
parameters.

e Relative Permeability p. = 4000
e Major Radius Ry = 45mm

e Minor Radius ry = 15mm

e MMF = 10At

A cross section of the simulated torus is shown in figure 2.5 with the magnetic material shown in
grey and the path for the current shown in light brown.

Figure 2.5. FEM simulated torus cross section
Performing the simulation using the parameters listed above allows the non-uniform distribution

of the magnetic flux density to be measured. The magnetic flux density for a cross section of the
magnetic material of the torus is shown in figure 2.6.
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Figure 2.6. FEM simulated magnetic flux density within cross section of torus

It can be observed from figure 2.6 that the magnetic flux density varies as a function of distance
from the central axis. Accounting for this effect should result in a more accurate value of magnetic
reluctance. This difference in accuracy was calculated by using the FEM simulation as a
benchmark against which the reluctance values obtained using a constant and variable magnetic
flux density were measured. Figure 2.7 shows the results of the FEM simulated torus reluctance
compared to the equation (2.1) reluctance equation derived assuming a constant magnetic flux
density and the equation (2.7) reluctance equation assuming non-uniform magnetic flux density.

The simulated and predicted results were compared for different values of the minor radius. The
MMF, major radius and relative permeability we the same values used for the figure 2.5 torus
while the minor radius was varied over a range of 37.5mm to 11.25mm. To plot these results, the
torus aspect ratio is used which is the major radius R, divided by the minor radius 7.
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Simulated and Predicted Reluctance Values
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Figure 2.7. Simulated and predicted reluctance values

The percentage difference between the FEM simulated reluctance and reluctance values obtained
using a fixed and variable magnetic flux density is shown in figure 2.8 for different aspect ratios.

Percentage Difference Between FEM and Predicted Reluctance
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Figure 2.8. Percentage difference between the predicted reluctance and the FEM simulated reluctance
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Figure 2.8 demonstrates that when the minor radius is large relative to the major radius, as
represented by a low aspect ratio, not accounting for the variable distribution of the magnetic flux
density results in significant errors in calculating reluctance. This error is reduced relative to the
FEM predicted reluctance value as the minor radius is decreased relative to the major radius. The
reluctance value calculated by accounting for variations in magnetic flux density remains within
0.5% of the FEM simulated value for all aspect ratios simulated.

The advantages of factoring in the effect of non-homogenous magnetic field distributions for a
torus with a low aspect ratio can be quantitively compared in table 2.1. Table 2.1 lists the FEM
simulated reluctance of the torus and the predicted values using both a homogeneous and non-
homogenous field distribution. The percentage difference between the predicted reluctance values
and FEM simulated values are also shown.

Torus FEM Homogeneous Magnetic Non-Homogeneous
Aspect Ratio | Simulated Field Reluctance Magnetic Field Reluctance
Reluctance
(H?) Value (H!) | % Difference | Value (H') | % Difference
1.1 20,651 20,667 0.08% 29,178 41.29%
1.2 24,814 24,713 0.41% 31,831 28.28%
1.3 28,277 28,259 0.07% 34,484 21.95%
1.4 31,588 31,563 0.08% 37,136 17.57%
1.5 34,760 34,723 0.11% 39,789 14.47%
1.6 37,895 37,786 0.29% 42,441 12.00%
1.7 40,894 40,780 0.28% 45,094 10.27%
1.8 43,865 43,723 0.32% 47,746 8.85%
1.9 46,790 46,626 0.35% 50,399 7.71%
2.0 49,676 49,498 0.36% 53,052 6.80%

Table 2.1. Simulated and predicted reluctance values

It can be observed from table 2.1 that reluctance values calculated using a non-homogenous field
distribution becomes closer to the FEM simulated value the larger the aspect ratio becomes. This
is because the difference between the largest and smallest magnetic flux density decreases as the
aspect ratio increases. Reluctance values calculated accounting for the non-homogenous nature of
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the magnetic field remain closely aligned with the FEM simulated value even for small aspect
ratios.

Although this example has demonstrated that using energy based magnetic circuit analysis is a
valid analytical technique, it also required more calculations to derive the reluctance of the torus
compared to only using Hopkinson’s law based on the magnetic flux. For more complex magnetic
path problems such as those that incorporate materials with varying magnetic permeability this is
not the case.

2.3 Simulation study on modelling inhomogeneous magnetic
fields in a torus with permeability that varies axially

To demonstrate the modelling of materials with varying magnetic permeability, consider a torus
with an angular dependent relative permeability that varies axially. This can be achieved by
varying the fill grade of the material. Figure 2.9 shows a cross section cut perpendicular to the
central axis of such a torus, where increased relative permeability of the material is shown as a
darker region within the torus.

Y Axis

X Axis

Figure 2.9. Cross section of a variable fill grade torus cut perpendicular to the central axis

The magnetic permeability of the torus is a function of the angle ¢ as shown in figure 2.8 and
defined by equation (2.8).

Magnetic permeability = pou, (1 + £ sin(p)) (2.8)

In equation (2.8), u, is the average relative permeability and ¢ is the fill grade modulation index
which is a number between 0 and 1. If the fill grade modulation index is O then the material
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permeability will be a constant. As the fill grade modulation index increases, so does the axial
variations in material permeability.

To calculate the magnetic reluctance of the torus using the same geometric parameters as shown
in figure 2.1, the relationship between the B and H field must be defined as stated in equation (2.9).

B = teqH (2.9)

Equation (2.9) will be true for the variable fill grade torus as the B field will still be assumed to be
linearly proportional to the H field for magnetic circuit analysis. Amperes law can be used to
calculate the H field value at a distance of r from the central axis using the figure 2.1 torus
geometry. This value of the H field can be substituted into equation (2.9) to calculate the magnetic
flux density at a distance of r from the central axis inside the torus to be equation (2.10).

g - Heal? (2.10)
2nr

Integrating the equation (2.10) value of magnetic flux density over the radial cross section of the
torus as shown in figure 2.2 allows the magnetic flux to be calculated to be equation (2.11).

Re+1t in
D = f Heq Jre2 — (r—Ry)2dr

Re—T¢ nr

D = peqin (Rt — |R2 - rt2> (2.11)

Hopkinson’s law cannot be used to calculate the reluctance of the torus using only the magnetic
flux in this case as the value of ., is unknown. One way to find the value of p,, is to calculate
the total energy within the torus caused by magnetic flux. The energy of a small segment of the
torus dU with a volume of dV can be calculated using the equation for magnetic field energy
density.

BZ
dU = _ dav (2.12)
2pop (1 + € sin(e))

Inserting the equation (2.10) value of magnetic flux density into equation (2.12) and integrating
over the volume of the torus allows the total magnetic field energy to be calculated.

N2
- (egi) V12 — G —R)?
A2 o, (1 + € sin(e))

dr do
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(heain)” (e o =)
J_ (2.13)

2.“0#1’ V1 — g2

Substituting the equation (2.13) value of energy and the equation (2.11) value of magnetic flux
into the equation for magnetic circuit energy allows the magnetic circuit reluctance to be
calculated.

2U
T P2

R = 1 (2.14)

2uoprV1 — €2 <Rt - 1/th - Tt2>

Hopkinson’s law can now be used to calculate the equivalent permeability value ., using the
equation (2.11) value of magnetic flux and the equation (2.14) value of magnetic circuit reluctance.

Heq = HolrV 1—¢? (2.15)

Equation (2.14) can be verified by comparing its reluctance predictions to those calculated using
a FEM simulation of a torus with a variable material permeability as defined by equation (2.8). To
simulate this situation, a torus was divided into 100 segments with material permeability defined
by equation (2.8). The resulting torus as rendered by the FEM simulation software is shown in
figure 2.10.
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Figure 2.10 - Simulated torus with angular variation of permeability

For this simulation the magnetic and geometric following parameters were used.

e Major Radius Ry = 45mm

e Minor Radius ry = 15mm

e Magneto Motive Force = 10At

e Average relative permeability p, = 2500

e Fill grade modulation index 0 < € < 0.6

By setting the average relative permeability to 2500 and the maximum fill grade modulation index
€ to 0.6, the maximum simulated relative permeability will be 4000 and its minimum value will
be 1000. This keeps the relative permeability to within realistic values, thereby ensuring the
simulated data is limited to describing practical situations. Based on these values, the fill grade
modulation index of the torus from figure 2.10 was simulated over a range of values between 0
and 0.6. The simulated reluctance values and those predicted using equation (2.14) are shown in
figure 2.11.
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Torus Magnetic Reluctance vs Fill Grade Modulation Index
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Figure 2.11 - Simulated and predicted torus reluctance as a function of fill grade modulation index

The simulated and predicted reluctance values are within 0.5% of each other for the range of fill
grade modulation index values simulated. This demonstrates that the equation (2.14) value of
magnetic reluctance yields results comparable to that obtained using FEM simulation.

2.4 Conclusion

In this chapter of this thesis, it has been demonstrated how stored energy-based analysis of
magnetic field can be used to model inhomogeneous magnetic field distribution in devices such as
a toroid. Although due to the simple geometric nature of the torus being analyzed, there was no
significant advantage of using stored energy-based analysis compared to conventional methods.

Further advantages of energy based magnetic circuit analysis can be observed when analyzing
more complex magnetic field distributions with nonaligned B and H fields. In a torus, the B and
H fields are aligned throughout the entire volume resulting in the same outcome using conventional
and energy based magnetic circuit analysis. In the next chapter, a more geometrically complex
situation will be considered involving time varying reluctance and nonaligned B and H fields to
demonstrate advantages of using energy based magnetic circuit analysis compared to conventional
techniques.
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Chapter 3
3 Modelling Magnetic Circuits with Variable Reluctance

and Inhomogeneous Magnetic Field Distribution

In this chapter, stored magnetic energy-based analysis is applied to a case that exhibits
inhomogeneous magnetic field distributions and variable reluctance. A solenoid is an example of
a time varying reluctance magnetic circuit as the magnetic reluctance will be a function of armature
displacement. Although a simple solenoid can be analyzed using magnetic circuit analysis, the
transient analysis of a more complex solenoid would typically require the use of LPM or FEM. In
this chapter, a transient analysis of a solenoid incorporating diverging magnetic fields will be
analyzed and the modelling results compared to those obtained using FEM.

3.1 Mathematical Analysis of Magnetic Circuits with Variable
Reluctance

For a transient analysis of a variable reluctance magnetic circuit, it is necessary to define the rate
of energy transfer to a magnetic circuit as a function of reluctance and magnetic flux. The magnetic
circuit energy and the rate of energy transfer to the magnetic circuit was derived in the introduction
(equations (1.13) and (1.14)). For the case of a solenoid, the magnetic flux of the magnetic circuit
will not change its orientation during operation. As the magnetic flux does not rotate, the magnetic
flux and its time derivative will be parallel to each other. Therefore, the dot product of the magnetic
flux with its partial time derivative can be replaced with the multiplications of the magnetic flux
with its time derivative and the dot product of the magnetic flux with itself can be replaced by the
square of the magnetic flux. Applying these simplifications to the vector equations (1.13) and
(1.14) results in the equation (3.1) for energy and the equation (3.2) for power as:

1
U= E3zc1>2 3.1)
P—Rcbdq)+1<1>2dJQ (3.2)
B dt 2 dt '

Equation (3.2) consists of two product terms. The first term describes the rate of energy transfer
to the magnetic field and the second term describes that converted into kinetic energy. This
statement can be verified by considering a tightly wound conductive helix with n turns. Faraday’s
law of induction can be used to calculate the change in magnetic flux caused by an externally
applied voltage v:
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dd
= (3.3)
v ndt

Multiplying both sides of this equation by the current flowing in the coil i, the power transferred
to the magnetic field to be calculated as:

dod
vi =ni— (3.4)
dt

Using Hopkins law to replace the MMF term ni from equation (3.4) and replacing the product of
voltage and current with pOWer Pp,qgnetic rieta allows the calculation of the rate of energy transfer
to the magnetic field as:

Pmagnetic_field = RO E (3.9)

Since no electrical losses were considered, all the energy transfer as described by equation (3.5)
must be transferred to the magnetic field, thereby identifying the power transfer described by the
first product term of equation (3.2).

To determine the function of the second product term from equation (3.2), it is necessary to
consider a magnetic circuit in motion. If the magnetic reluctance is path dependent, a change in
position will result in a change in reluctance. This will impact the energy stored in the magnetic
field. To calculate the change in energy caused by a change in position, consider the derivative of
the equation (3.1) value of energy with respect to reluctance while keeping the magnetic flux
constant.

U—1R¢2
2

EQ=1¢2 (3.6)
dR 2

Assuming reluctance is a continuous function of displacement, there will be a defined derivative
of reluctance as a function of position. Multiplying both sides of equation (3.6) by the derivative
of reluctance with respect to position allows the chain rule to be used to calculate the derivative of
energy with respect to position:

v 1 _,dR

dx 2 dx S
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where the displacement is represented by the variable x. Equation (3.7) describes the derivative of
energy with respect to position. This is the definition of force. Therefore, equation (3.7) can be
used to calculate changes in motion. If the magnetic circuit is in motion, the change in kinetic
energy can be calculated by multiplying the force by velocity. This allows equation (3.8) to be
derived by multiplying equation (3.7) by velocity, as represented by the time derivative of the
magnetic circuit’s position.

av _dx 1 ,dR dx
—_— X — == —_— X —
dx dt 2 dx dt
1 _dR
Preluctance = E P? E (3.8)
As the power transfer described by equation (3.8) was calculated by only accounting for changes
in position, it can be concluded that it describes energy transferred into kinetic energy.

3.2 Modelling of a Solenoid with inhomogeneous magnetic fields
and variable reluctance

A solenoid consists of a moving rod called the armature and a stationary frame for the return
magnetic flux called the yoke. Both the armature and yoke will form a cylindrical shape around a
central axis in this example as this will result in a non-uniform magnetic flux within the yoke and
the air gap between the armature and yoke. A cross section of this solenoid as it appears above the
central axis that has not been drawn to scale is shown in figure 3.1 showing relevant dimensions
from the central axis.
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Figure 3.1 — Solenoid cross section

In figure 3.1, the blue lines represent the boundaries of the yoke and armature and the black arrows
define the dimensions used. Magnetic flux will travel through the armature and form a closed loop
by returning through the yoke. To complete this path, the magnetic flux will need to pass through
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two air gaps. The left air gap in figure 3.1 will be referred to as air gap 1 and the right air gap as
air gap 2.

The armature forms a cylindrical shape and is shown in figure 3.2 in its left most position. In this
position, air gaps 1 and 2 have the same depth of A. When the solenoid is energized, the armature
will move to the right for a maximum distance of 4A resulting in the length of air gap 2 to be 5A.
The armature is long enough to ensure that air gap 1 has a constant length. This motion will result
in a reduction in magnetic path reluctance caused by air gap 2 resulting in a magnetic circuit with
an armature position dependent reluctance.

Magnetic circuit analysis will be used to analyze this solenoid with the results being compared to
a FEM based computer simulation. The cross section of this solenoid is shown in figure 3.2 that
will be used to for FEM simulations.

Figure 3.2 — Computer rendered cross section of solenoid

In figure 3.2, the red area is the solenoid windings, the dark grey area is the armature and the light
grey area is the yoke. Rotating this geometry around the central axis results in a cylindrical shaped
solenoid as shown in figure 3.3.

Figure 3.3 — 3D Computer rendered image of solenoid
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This solenoid can be modelled as a magnetic circuit comprising of a source of MMF and the series
connection of reluctances due to the yoke, armature and two air gaps. To calculate the reluctance
of the armature, it is necessary to break it into 3 segments as shown in figure 3.4.

[

Segment 1

Segment 3

Figure 3.4 — Solenoid armature divided into segments

3.2.1 Stored energy in armature segment-1

The first segment is the section of the armature parallel to air gap 1. The magnetic flux density in
this section is not a constant as magnetic flux is leaving the armature and flowing into the yoke.
Assuming the magnetic flux leaving the armature in this section has a constant magnetic flux
density, the integration variables can be shown as depicted in figure 3.5.

central axis

a

Figure 3.5 — Cross section of armature segment 1

Magnetic flux remaining in this segment will be linearly proportional to the depth a. The magnetic
flux density within segment 1 of the armature at a depth of a will be equation (3.9).

a
Magnetic flux at depth a: = & 1 (3.9)

Equation (3.9) can be used to calculate the magnetic flux present in the armature segment at a
distance of a as shown in figure 3.5. Assuming the magnetic flux is not a function of radial distance
from the central axis, the magnetic flux density can be calculated by dividing the equation (3.9)
value of magnetic flux by the grey cross-sectional area shown in figure 3.5. This results in the
equation (3.10) value of magnetic flux density.
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a® (3.10)
mr2A

Magnetic flux density =

The energy due to the equation (3.10) value of magnetic flux density can be calculated using the
magnetic flux energy density as:

BZ
du = av
2oty
N CLL) (3.11)
2uouy (mrry 2A)?

Integrating the equation (3.11) value of energy over the volume of segment 1 allows its total energy
to be calculated. To perform this integration, cylindrical coordinates will be used where r is the
radial distance from the axis, a is the distance parallel to the axis as per figure 3.5 and 6 is the
rotational angle around the axis. The region enclosed by a small change in these three variables is
the volume enclosed by solid blue lines shown in figure 3.6.

Figure 3.6 — Integration volume used for cylindrical coordinates integration

Integrating the equation (3.11) value of energy over the entire volume of armature segment 1 using
the integration variables as shown in figure 3.6 allows the total armature segment 1 energy to be
calculated as:
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A T 2w

Armat t1 fff (a®)” do dr d
rmature segment 1 energy = r rda
s &y 2popy (rry 2A)?
00 0
Ad?
Armature segment 1 energy = —— (3.12)
8 &y Loy TTT >

3.2.2 Stored energy in armature segment-2

Segment 2 of the armature as shown in figure 3.4 has a constant radius and depth. No magnetic
flux enters of leaves this segment resulting in a constant magnetic flux density throughout the
segment. Therefore, the energy of this segment can be calculated by multiplying the magnetic field
energy density by the segment volume.

central axis

Figure 3.7 — Cross section of armature segment 2

The magnetic flux density in the armature segment 2 is the magnetic flux & divided by the cross-
sectional area of the armature as shown in grey in figure 3.7.

)
Magnetic flux density = —3 (3.13)
1

The energy density can be calculated using the equation (3.13) value of magnetic flux density and
the magnetic field energy density equation.

BZ
dU = dv
2oty
CDZ
dU =———dV (3.14)
2oty (mt11%)?

Multiplying the energy density of segment 2 of the armature by its volume allows its total energy
to be calculated.
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Armature segment 2 volume = 3Amr,?

3AP?

Armature segment 2 energy = ——
2oy Ty ?

(3.15)

3.2.3 Stored energy in armature segment-3

The third segment of the armature is a cylindrical shape where the magnetic flux is transferred
from the armature to the yoke. The depth of this segment is initially A and increases by the distance
the armature is moved to the right x. Figure 2.16 shows this segment of the armature with the
integration variables.

central axis

Figure 3.8 — Cross section of armature segment 3

It will be assumed that the magnetic flux density of air gap 2 is constant as the gap between the
armature and yoke is constant. Therefore, the magnetic flux remaining in the armature will
decrease linearly with depth, reducing to zero by the end of the armature. Based on this assumption,
the magnetic flux passing through the armature at a depth of a as shown in figure 3.8 can be
calculated as:

(3.16)

Armature segment 3 magnetic flux = ®
A+x

The magnetic flux density at a depth of a within segment 3 can be calculated by dividing the
equation (3.16) value of magnetic flux by the cross-sectional area of the armature.

ad
Magnetic flux density = AT D (3.17)
1

The energy density due to the equation (3.17) value of magnetic flux density within this segment
of the armature can be calculated using the magnetic field energy density equation.
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BZ

= dv
2oy

du

(a ) (3.18)

dU = dv
2pop, (mr )% (A + x)?

Integrating the equation (3.18) value of energy density over the entire volume of the armature
segment 3 as shown in figure 3.8 allows the total energy of this segment to be calculated. This
integration is performed using cylindrical coordinates as shown in figure 3.6.

A+x "1 2@

(ad)?
A t t3 = do dr d
rmature segment 3 energy f f f P DA T )2 r rda
0o 0 0
(A + x)®?
Armature segment 3 energy = ———— (3.19)
8 &y bUoM,TT1?

Magnetic energy within the yoke can also be calculated using a similar process by dividing the
yoke into segments. These five segments are shown in figure 2.17.

C . |
Segment £

Segment 5—3= | " Segment 4

Figure 3.9 — Cross section of yoke with labeled segments

3.2.4 Stored energy in yoke segment-1

In segment 1 of the yoke, magnetic flux will enter via the armature with a uniform magnetic flux
density. As the magnetic flux travels outward and towards segment 2, the area it flows through
increase thereby reducing the magnetic flux density. While it is possible to model this using
lumped parameter approximations, the reluctance of this segment with diverging fields can be
calculated simply using energy based magnetic circuit equations. To quantify these values,
consider the labeled dimensions in figure 3.10 which will be used for integration.
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central axis

Figure 3.10 — Cross section of yoke segment 1

In segment 1 of the yoke, the magnetic flux will enter at the radial distance of r, and travel
uniformly outwards towards segment 2. As such, the magnetic flux density will only be a function
of the distance from the central axis as represented by the variable r in figure 3.10. Magnetic flux
density will not be a function of the distance parallel to the central axis as represented by the
variable a in figure 3.10. This means the magnetic flux density as a distance of r from the central
axis in figure 3.10 ca be calculated to be equation (3.20).

o
Segment 1 Magnetic flux density = —— (3.20)

2nrA

The magnetic field energy due to the equation (3.20) magnetic flux density can be calculated using
the magnetic field energy density formula.

BZ
du = av
2oty
CI)Z
au = av 3.21
2uour(2mrA)? (321

Integrating the magnetic field energy over the volume of segment 1 allows its total energy to be
calculated. This integration is performed using a cylindrical coordinate system as shown in figure
3.6.

T

A
Segment 1 energy = f f
0

T2

21

rdo da dr

f zﬂo.ur(zm”A)z
0

o2 T,
Segment 1 energy = mloge (r—4) (3.22)
oMr 2
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3.2.5 Stored energy in yoke segment-2

When calculating the magnetic field energy within segment 2 it will be assumed that the magnetic
flux density is constant. This means that only the volume of segment 2 is required to be known.
To calculate this volume, consider the cross section of segment 2 as shown in figure 3.11.

94 R

central axis

Figure 3.11 — Cross section of yoke segment 2
The volume of segment 2 is given by:
Segment 2 volume = 91A(rs% — r,%) (3.23)

To calculate the magnetic flux density inside segment 2 of the yoke, consider a cross section of
the yoke as viewed along the central axis as shown in figure 3.12.

Figure 3.12 — Cross section of yoke segment 2 as viewed along the central axis

Assuming the magnetic flux density is constant within this segment, the magnetic flux density can
be calculated by dividing the magnetic flux by the cross-sectional area of the yoke as shown in

figure 3.12.
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'y

Segment 2 magnetic flux density = R (3.24)
Ts™ — T4

The segment 2 magnetic field energy density can be calculated using the equation (3.24) magnetic
flux density and the formula for magnetic field energy density.

BZ
 2Uoly

du av

2
¢ (3.25)
2uour 2 (1r5* — 142)3

Segment 2 energy density =

Multiplying the equation (3.25) value of magnetic field energy density by the volume of segment
2 allows the total energy of segment 2 to be calculated.

9AD?
Segment 2 energy = o — D) (3.26)

3.2.6 Stored energy in yoke segment-3

Segment 3 of the yoke has a similar geometry to segment 1. The only difference is that it has a
minimum radius of r; instead of r,. This means the energy of segment 3 can be calculated to be
equation (3.27).

P2 T,
Segment 3 energy = W—Mloge (T—4) (3.27)
oMr 3

3.2.7 Stored energy in yoke segment-4

Segment 4 of the yoke will have a constant magnetic flux density. Its energy can therefore be
calculated similarly to segment 2. The only significant difference is that the length of segment 4
depends on the position of the armature. This is shown in the cross section of segment 4 in figure
2.21.
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4A — x

central axis

Figure 3.13 — Cross section of yoke segment 4
The volume of segment 4 can be calculated using Pappus centroid theorem to be equation (3.28).
Segment 4 volume = (44 — x)(r3% — r,?%) (3.28)

The magnetic flux density can be calculated to be equation (3.29) by dividing the magnetic flux
by the cross-sectional area of segment 4 perpendicular to the direction of the magnetic flux.

o

- - 3.29
m(r3? — ;%) ( :

Segment 4 magnetic flux density =

The segment 4 energy density can be calculated using the equation (3.29) value of magnetic flux
density and the magnetic field energy density equation.

BZ

au =
2oy

dv

dU = * dv (330)
2uop % (r3% — 15%)?

Multiplying the equation (3.30) energy density by the volume of segment 4 allows its total energy
to be calculated.

(44 — x)D?
Segment 4 energy = Ao — 17 (3.31)
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3.2.8 Stored energy in yoke segment-5

Segment 5 of the yoke is the segment where magnetic flux is transferred between the yoke and
armature. The dimensions of this segment are shown in figure 3.14.

A+x

7

L)

central axis

Figure 3.14 — Cross section of yoke segment 5

Assuming the magnetic flux leaving the armature is uniformly distributed along the air gap, the
magnetic flux in segment 5 will increase linearly with depth. Therefore, the magnetic flux within
segment 5 at a depth of a as shown in figure 3.14 can be calculated to be equation (3.32).

a (3.32)
A+x

Segment 5 magnetic flux = &

Dividing the magnetic flux by the cross-sectional area of segment 5 perpendicular to the direction
of the magnetic flux allows the magnetic flux density to be calculated.

ad (3.33)
(A + x)(r3% — r,2)

Segment 5 magnetic flux density =

The magnetic field energy density due to the equation (3.33) value of magnetic flux density can
be calculated to be equation (3.34).

BZ

= av
2oty

du

(ad)? (3.34)

dUu = av
2oty 2 (A + x)2(r3% — 1,2)?

Integrating energy density due to the magnetic flux density defined by equation (3.34) over the
volume of segment 5 using the cylindrical coordinates defined in figure 3.6 allows the total
segment 5 magnetic field energy to be calculated.
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3 A+x 21

(a®)?
Segment 5 energy = f f f T2 A+ D2 — 1522 rdO da dr
T2 0 0

(4 + x)P?

(3.35)
6o, Tt (r3? —152)

Segment 5 energy =

3.2.9 Stored energy in Air gap-1

The energy in air gap 1 and 2 is more complicated to calculate due to the magnetic flux lines not
being parallel to the H field caused by current in the windings. Using energy-based analysis allows
this effect to be accounted easily.

To demonstrate this, consider the reluctance of air gap 1 as shown in figure 3.15 where the blue
shaded areas are the yoke and armature and the red dotted region is the air gap.

A
A 4

central axis

Figure 3.15 — Cross section of air gap 1

The air gap is narrow compared to the armature and yoke, it will have a much greater reluctance
due to the absence of high magnetic permeable material. Therefore, magnetic flux will use the
shortest possible route to travel through this gap resulting in magnetic field lines at an angle to the
central axis. Magnetic flux will travel radially outward from the armature with magnetic flux
density only being a function of distance from the central axis. As such, the magnetic flux density
at a distance of r from the central axis can be calculated to be equation (3.36).

o
Air gap 1 magnetic flux density = - (3.36)

Integrating the energy due to this magnetic flux using the scalar magnetic field energy density
formula results in the equation (3.37) value of energy in air gap 1.
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N

A
CI)Z
Airgaplenergy=fff Wde da dr
rn 0 0

1

2
Air gap 1 energy = CD log (r_z) (3.37)
AmpugA  °° \nry

Equation (3.37) can be used to calculate reluctance using the relationship between energy and
reluctance.

2U
T P2

log, (T_z> (3.38)

Ai 1 reluct =
ir gap 1 reluctance = 7 -

Uy A
Due to the position of the windings, the H field at this point will be close to parallel with the central
axis. As there is no material in the gap containing magnetic dipoles that can be aligned with the
magnetic flux, the only magnetic energy within this region can be calculated using the vector-
based energy density equation shown in equation (3.39).

au = %B. Hav (3.39)
The maximum amount of energy within the field would occur when the B and H fields are parallel.
This cannot happen as no magnetic flux could be transferred between the yoke and stator if the B
field was parallel to the central axis. Perpendicular B and H fields results in no energy within the
air gap. A good approximation for the average magnetic flux angle (angle of 45°) in the air gap
and will be used to for calculating air gap energy for the remainder of this analysis.

Assuming the angle between the B and H fields is 45°, the energy calculated to be equation (3.40)
needs to be divided by v/2 to factor in the effect of nonaligned B and H fields:

2
Air gap 1 energy = cp;loge (T—Z) (3.40)
42 p A &1

The energy in air gap 2 can be calculated using a similar process as that considered for air gap 1.
Air gap 2 is a function of the distance the armature has moved to the right as represented by the
variable x. Figure 3.16 shows the dimensions of air gap 2 used in integration.
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Figure 3.16 — Cross section of air gap 2

The length of this air gap will increase with position of the armature. Taking this into account, the
magnetic flux in air gap 2 as a function of distance from the central axis as:

P
2nr(A+x+1r,—1)

(3.41)

Air gap 2 magnetic flux density =

The energy density within air gap 2 can be calculated to be equation (3.42) taking into account the
45° angle between the B and H fields.

i (3.42)
Air gap 2 energy density = :
8ap &y Y 8V2um2r2(A+x + 1, — 17)?

Integrating the equation (3.42) value of energy over the volume of air gap 2 results in the equation
(3.43) value of energy.

Ty A+X+12—-71 211

CI)Z
Air gap 2 energy = J J j rdf dadr
8ap &y ) J 8V2uem2r2(A + x + 1, — 17)?
T

d? T
Air gap 2 energy = lo (—) (3.43)
8ap 8y 4 2uem(A+x+1, — 1) Se n

The reluctance of each component of the solenoid can be calculated using equation (3.1) to
calculate reluctance based on energy and magnetic flux. This results in a total armature reluctance
of equation (3.44).

134+ x
Armature reluctance = ———— (3.44)
3loHyTtTy

46



The total yoke reluctance can be calculated to be equation (3.45).

1 1 7.2 94 134 — 2x
Yoke reluctance = (ﬂ log, ( x ) + ) (3.45)

+
HolrT 213 (rs2 —74?)  3(rs? —132)

The total air gap reluctance can be calculated to be equation (3.46).

Total Air gap reluctance = ! log (r_z) (1 + ! ) (3.46)
2\/27'[’“0 e T1 A A+X+T2—T1

The total reluctance of the solenoid magnetic circuit can be calculated by summing together the
reluctance of the armature, yoke and air gaps.

3.3 Validation of the model using finite element results

To assess the accuracy of these magnetic circuit equations, a FEM simulation was performed of a
solenoid to determine the magnetic circuit reluctance. This creates a benchmark against which
these proposed magnetic circuit equations can be measured. For this simulation, the following
parameters of the geometric variables have been used.

r, = 0.008m

r, = 0.0085 m
r; = 0.012m
r, =028m
rs = 0.03m
A=001m

A computer rendering of both the B and H fields is shown in figures 3.17 and 3.18 using the above-
mentioned geometric parameters.
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3.6324e-001
3.3737e-001
3.1151e-081
2. 8564e-0@1
.~ 2.5977e-081
2.3390e-001
2,0804%e-001
1.8217e-001
1.5630e-001
1.3843e-001
1.8456e-001
7.8697e-002
5.2829e-002
2.6961e-002
1.8938e-003

Figure 3.17 — FEM simulated solenoids magnetic flux density vector field

H[A_per_meter]

2. 4462e+002
2. 2941e+082
2. 1420e+002
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1.8378e+002
1. 6857e+002
1.5336e+002
1.3816e+002
1.2295e+082
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9. 2529e+0081
7. 7321e+081
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4, 6993e+001
3. 1694e+001
1. 6486e+001
1. 2770e+000

Figure 3.18 — FEM simulated solenoids magnetic field strength vector field
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3.3.1 Validation of Reluctance Calculations

Using these parameters, the FEM simulated reluctance values and those predicted by summing
together equations (3.44), (3.45) and (3.46) as a function of armature displacement is shown in
figure 3.19.

Simulated and Predicted Reluctance VS Displacement
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Figure 3.19 — Simulated and predicted reluctance vs displacement of the solenoid

Predicted values using energy based magnetic circuit analysis as shown in figure 3.19 are on
average within 0.99% of those predicted using FEM simulation for this solenoid. As the
differences between FEM and energy based magnetic circuit analysis are similar to the expected
error of FEM for this example, it can be concluded that the derived magnetic circuit reluctances
are valid for the analysis of this solenoid.

3.3.2 Validation of Transient waveforms

Both FEM and magnetic circuit analysis can be used to simulate the transient behavior of
electromagnetic devices. An advantage of lumped parameter magnetic circuit analysis is its ability
to model transient behavior of electromagnetic devices faster than using FEM. A common tradeoff
is that FEM is considered to be more accurate than lumped parameter. This difference in accuracy
needs to be assessed to determine whether an application is suitable for lumped parameter.

It is possible to assess the compatibility of magnetic circuit analysis with that of FEM by
performing a transient analysis of the solenoid modeled in this chapter. For this example, the only
losses to be accounted for will be resistive losses in the solenoid windings. The armature will be
modeled as travelling at a constant velocity so no energy is converted into Kkinetic energy.
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Therefore, energy supplied to the circuit will either be transferred to the magnetic field or
dissipated as thermal energy in the windings due to resistive losses.

A step voltage will be applied to the solenoid windings at time t = 0 in the simulation with no
initial winding current and an initial armature displacement of x = 0. The following transient
parameters will be used in addition to those stated for the reluctance calculations.

¢ Winding voltage = 12V

¢ Winding resistance = 20(}

e Armature velocity = 2ms™!

e Number of turns = 200

To calculate the winding current and the force experienced by the armature using magnetic circuit
analysis it is necessary to solve the conservation of energy equation for the solenoid. Each
individual energy transfer that will occur in the solenoid and the equation that describes it are
stated below.

Power in = vi (3.47)
Mechanical energy in = F % (3.48)
Winding resistive losses = i?R (3.49)
Power to magnetic field = R® Ccll—(f (3.50)
1. 2dR (3.51)

N Lo,

Power to kinetic energy = 5 o I
Equating the electrical energy supplied to the solenoid is converted into resistive losses and energy
transferred to the magnetic field. Therefore, equating the electrical input power to equal the sum
of equations (3.49) and (3.50) allows a differential equation to be derived that describes the
magnetic flux as a function of time. As the resulting equation is required to describe magnetic flux,
Hopkinson’s law will be used to substitute the current term i with the product of flux and reluctance
divided by the number of turns n.

o do
vi =i*R+Rd—
dt
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(3.52)

As the armature is moving with a constant velocity, the armature’s kinetic energy is constant.
Therefore, the energy supplied to the system caused by the force applied to the armature must
equal the force term of the magnetic circuit power equation.

dx 1 _dR
F—==d?—
dt 2 dt
1 _dR

F=-¢p2—— (3.53)
2 dx

Using the parameters stated above, the FEM simulation of the winding current and force applied
to the armature was performed. Both equations (3.52) and (3.53) were solved iteratively using
discrete time stepping to calculate the armature force and magnetic flux using the reluctance data
shown in figure 3.19. Equation (3.52) was used to calculate the magnetic flux which can be
converted into current using Hopkinson’s law. Based on this data, the winding current predicted

using magnetic circuit analysis and the simulated winding current can be compared as shown in
figure 3.20.

Predicted and Simulated Winding Current vs Time
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Figure 3.20 — Simulated and predicted winding current vs time
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The simulated and predicted winding current as shown in figure 3.19 differ by 0.25%. This level
of similarity is to be expected as the simulated and predicted reluctances differ on average by less
than 1%, and the winding resistance is defined exactly in the simulation.

Force applied to the armature can be calculated using equation (3.53) and compared to the FEM
simulation. This comparison is shown in figure 3.21.
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Figure 3.21 — Simulated and predicted armature force vs time

Differences between the predicted and simulated force are more significant than between
reluctances and winding current. This is because the force is a function of the reluctance derivative
with respect to position. While the simulated and predicted reluctance values are close, any sudden
change in reluctance caused by local variations will have a large impact on force due to this
derivative term. These local variations are caused by differences in FEM mesh between samples
and the complex geometry of the solenoid resulting in small changes in reluctance that are difficult
to predict. Increasing the resolution of the FEM simulation and dividing the solenoid into more
segments for the magnetic circuit analysis will improve this. Although both options will increase
computational complexity.

Another way to compare the simulated and predicted armature force is to integrate the force with
respect to distance to calculate energy transfer. This integration reduces the impact of the
reluctance derivative term. Performing this integration results in a simulated mechanical energy
transfer of 2.214mJ and a predicted energy transfer of 2.216mJ to the armature. These values are
within 0.09% which demonstrates that the magnetic circuit model presented is accurate.
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An advantage of using closed form equations over numerical methods is they are inherently faster
to compute. A mathematical model such as the one used in this chapter can produces results within
milliseconds. The FEM solenoid model considered in this chapter consists of approximately
400,000 mesh elements and took 22 hours to compute. The mathematical model also provides
insight into the effect of parameter variations on other variables. Therefore, the proposed model
provides an advantage to design engineers to rapidly produce results for optimization.

3.4 Conclusion

This thesis chapter has demonstrated how accounting for non-uniform magnetic field distributions
and non-aligned B-H field configurations allows magnetic circuit analysis to yield results
comparable to those achieved using FEM.

In a solenoid, the magnetic field was always aligned with the central axis. Due to this, the magnetic
circuit energy and power transfer equations could be evaluated in scalar form. However, when
magnetic fields do not remain aligned to a single axis such as occurs during rotational motion, it
IS necessary to use vector applications of energy based magnetic circuit theory. Applying magnetic
circuit analysis to rotating magnetic fields requires different analytical techniques than what was
covered in this chapter. This will be explored further in the next chapter.

Modelling the solenoid in this chapter was sufficient to demonstrate the ability of magnetic circuit
equations to model energy transfers caused by changes in magnetic reluctance. However,
additional energy transfers can occur due to different sources of MMF being in motion relative to
each other. Vector based magnetic circuit analysis can be applied to this situation to calculate
energy transfers. This will also be considered in the next chapter by applying magnetic circuit
analysis from different frames of reference in an induction motor.
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Chapter 4

4 Modelling of Rotating Magnetic Fields Magnetic Circuits

with Inhomogeneous Magnetic Field Distribution

In this chapter, vector-based magnetic circuit equations will be used to determine the steady state
electrical, magnetic properties of an induction motor. To achieve this, the chapter is divided into
the following subsections:

1.

Properties of Rotating Magnetic Flux Vectors

This section describes how magnetic flux induced by electric currents in the rotor and stator
result in energy being converted into kinetic energy. The relationship between the net
magnetic flux and its time derivative are also defined in this section. This establishes the
underlying mathematical principals behind the derivation of the proposed induction motor
model.

Calculation of rotor and stator flux

This section describes and quantifies the induced magnetic flux due to currents in the rotor
and stator. A homogenized model of the rotor bar region of the rotor is used to calculate
the induced magnetic flux due to the presence of a rotating magnetic field. Magnetic flux
vector addition is used to calculate the total stator induced magnetic flux accounting for
the motor specific stator winding distribution.

Modelling of the induction motor flux path reluctance

The magnetic reluctance of the induction motor is required to transfer electrical quantities
such as current and voltage to magnetic circuit quantities such as magnetic flux and its time
derivative. Magnetic reluctance is calculated as a function of material properties and the
distribution of magnetic flux due to rotor and stator currents.

Evaluation of power transfer in the magnetic circuit

In this section, all the derived properties of magnetic flux and reluctance are combined
using the vector equations described in the first section. Current induced magnetic flux
vectors are used to define one set of equations and voltage dependent magnetic flux
derivative vectors define another set of equations. Combining these equations with the
vector properties of rotating magnetic fields allows energy transfer equations to be derived.

Finite element model-based validation

Results predicted using magnetic circuit analysis will be benchmarked against those
derived using FEM based simulations. Confirming that the derived magnetic circuit
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analysis predictions are comparable to existing high accuracy models will be used to
validate this analytical technique.

By undertaking these steps, magnetic circuit-based model of an induction motor has been
developed without the need for numerical methods. The resulting model describes the operation
of the induction motor at a fundamental level. In doing so, it is possible to describe how electrical,
magnetic and mechanical properties of the induction motor relate to each other.

4.1 Properties of Rotating Magnetic Flux Vectors

To analyze rotating magnetic fields such as those found in induction machines, it is first necessary
to define the mathematical relationship between the magnetic flux and its time derivative when
observed from a rotating frame of reference. In the previous example involving a solenoid, the
magnetic flux was always orientated in the same direction with only its magnitude changing.
Therefore, the scalar version of the magnetic circuit power transfer equation was sufficient. The
same is not true for rotating magnetic fields. To describe the unique properties of rotating magnetic
fields, consider the vector representation of a magnetic field as shown in figure 4.1 shown using
<i, j> vector notation.

..':(J)t + ¢

Figure 4.1 — Vector representation of a rotating magnetic field

In figure 4.1, the flux vector can be described mathematically as:
@ = |$| cos(wt + @) T + |6| sin(wt + @) J (4.1)

Differentiating equation (4.1) with respect to time allows the derivative of the magnetic flux to
be expressed in vector form. For the general case, both the magnitude |E5| and the phase ¢ will

be considered implicit functions of time and the radian frequency w will be a constant. Using
these definitions, the time derivative of equation (4.1) can be calculated as:

do _ (d|®|
dt -\ dt

. — de .
| sin(wt + ¢) + |<13| ((u + E) cos(wt + ga))]
4.2)

- doy . (d|®
cos(wt + @) — |Cb|(a)+E) sin(wt + @) |+ i
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Taking the vector cross and dot product of the magnetic flux and its time derivative are given by:
_ do® d

(4.4)

It is also possible to use the fundamental properties of the dot and cross product to derive an
equation that is independent of the angle between the magnetic flux and its time derivative. This
involves squaring both sides of equation (4.3) and equation (4.4), then adding them together
resulting in equation (4.5).

dd|”  (d[B]\" 2/ de\?

x| = (7) + [ (0 +55) 5)
If the magnitude of the magnetic field is constant, the derivative of its magnitude will be zero
irrespective of rotational frequency. In this situation, the right-hand side of equation (4.4) will
equal zero. As the magnitude of the magnetic flux and its time derivative will be non-zero, the
angle between these two vectors must be 90° for their dot product as described by equation (4.4)
to equal zero. If the phase variable ¢ is constant, then solving equation (4.3) for this situation
results in a value of the magnitude of the derivative of the magnetic flux to equal the product of
the magnetic flux and radian frequency. This relationship between the magnetic flux and its time
derivative is shown in figure 4.2 for a constant magnitude magnetic flux.

J

do
dt

- Blot

Figure 4.2 — Constant magnitude magnetic flux and its time derivative
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Although equations (4.3) to (4.5) can be combined with the vector power transfer equation to
describe variable reluctance and magnetic flux magnitude situations, for this analysis, only a
constant reluctance and magnetic flux magnitude will be analyzed.

An important observation that can be made from figure 4.2 is that the magnitude of the derivative
of the magnetic flux is a function of the rotational frequency. Observing this quantity from a
rotating frame of reference will change this value. Computing the magnetic circuit power transfer
equation from this rotating frame of reference will result in different value compared to a stationary
reference frame. To determine the effect of computing the magnetic circuit power transfer equation
from different frames of reference, consider the situation where magnetic flux induced by currents
in the rotor of an induction motor are combined with magnetic flux induced by currents in the

stator. This is shown in figure 4.3 where @, is the magnetic flux induced by rotor currents and @,
is magnetic flux induced by stator currents and are separated by an angle of ¢.

j

3

Rotor Flux @, Net Flux ®

. Direction of
Rotation

Stator Flux ®

Figure 4.3 — Stator and rotor magnetic flux vectors

Figure 4.3 is a graphical way to represent the magnitude and direction of magnetic flux caused by
electric currents in the rotor and stator of the motor. The magnetic flux caused by rotor currents

@, and stator currents CFS can be described in vector form as equation (4.6) and equation (4.7)
respectively from the stator’s frame of reference where wy is the rotational velocity and ¢ is time.

—

D, = |3; cos(wst + @)1+ |3; sin(wst + @) j (4.6)
stator
P, =[] cos(0rt) T+ [ sin(oy)] )

The magnetic flux induced by rotor and stator currents sum together to form the net magnetic
flux @ as described by equation (4.8).
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—

@ sin(wft))j'

(4.8)

sin(wst + @) + |3;

- (=

cos(wyt) + |3r)

cos(wst + (p)) i+ (|3;

stator

The time derivative of the net magnetic flux as observed from the stators frame of reference
0o

= can be calculated to as:

stator

oD . . . .
—_— = a)f(—|d>s| sin(a)ft) — |CDT| sin(a)ft + (p))i + wf(|d>s| cos(wft) + |d>r| cos(a)ft + (p))j

stator

(4.9)

Equation (4.9) is the derivative of the net magnetic flux as observed from the stator’s frame of
reference. The magnetic flux power transfer equation can be used to calculate power transferred
from the stator, from the stators frame of reference Pg.q.0 s USINg the equation (4.7) value of
magnetic flux and the equation (4.9) value of the derivative of the net magnetic flux. As the
reluctance is assumed to be constant, only the first product term of the magnetic circuit power
transfer equation is required.

— oD
Pstator s = :Rq)slstator ot
stator
Pstator s = _(Uleq)S”q)rl sin(¢) (4.10)

The same technique can be used to calculate power transferred to the rotor from the stators frame
of reference Protor s-

P = RO, | a®
rotor.s — r e
rotordt stator
Protor_s = wfgelas)”a:l Sil’l((p) (4.11)

Equation (4.11) has the same magnitude as equation (4.10), the only difference is that one value is
negative while the other is positive. This is because energy is transferred from the stator to the
rotor. Thus, solving the magnetic circuit power transfer equation from the stator's frame of
reference for both the rotor and the stator, allows the energy transferred to the rotor to be
calculated.

A discrepancy arises when using this analytical technique to calculate the energy transferred to the
rotor from the rotor's frame of reference. In the rotor's frame of reference, the magnitude of the net
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magnetic flux is the same, however its rotational velocity is different. The rotational velocity of
the magnetic flux from the rotor's frame of reference is the slip frequency wg which is the
difference between the synchronous frequency w; and the rotational frequency w,. Therefore,

evaluating the rotor’s magnetic flux vector from the rotor’s frame of reference results in equation
(4.12).

e

) sin(wst + @) J (4.12)

~ (@,

cos(wst + @)1 + |5r

r
rotor

Evaluating the time derivative of the net magnetic flux from the rotor’s frame of reference

—

oD

results in:
at

rotor

oD

= ws(—|3s)| sin(wgt) — |CF,:| sin(wst + @) + ws(|35)| cos(wst) + |¢Tr)| cos(wst + ¢))j

rotor

(4.13)

Using these definitions to solve the magnetic circuit power transfer equation from the rotor's
rotating frame of reference results in the equation (4.14) value of power transferred to the rotor as
represented by the variable P01

— do
Protor_r - R(:Drlrotor . E
rotor
Protorr = wsR|®s|| @, | sin(e) (4.14)

Equation (4.14) states that a stationary observer relative to the rotor's frame of reference, will
calculate a different value of energy being transferred to the rotor compared to a stationary
observer from the stator's frame of reference. The difference in power transfers evaluated from
different frames of references determines the rotor electromechanical power as:

Protor_s - Protor_r = wr:Rlas)l |31:| Sin(go) (4.15)

where w, is the difference between the synchronous frequency w, and the slip frequency wg and
is the rotational velocity of the rotor. P, , is therefore the rotor losses incurred at a given slip
ws. It can be demonstrated that the power transfer referred to in equation (4.15) describes
electromechanical power conversion. This can be achieved by calculating the torque required to
change the rotor's angular position. To calculate torque, consider the energy stored in the net
magnetic field using magnetic circuit analysis from the stator’s frame of reference.

2
U=

1 -
E:R |CD|stator
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1 — — 2 — — 2
U=35R [(|CDS| cos(wrt) + || cos(wst + @) + (|| sin(wst + @) + || sin(wft)) ]
(4.16)

Rotor torque T, can be calculated using the derivative of energy with respect to rotor position.

dUu
Tr:%

T, = R|®,||®;] sin(p) (4.17)

Power can be calculated by multiplying torque by the rotational velocity, which in this case is w,..
Therefore, the power transfer caused by rotor torque Py in this example can be calculated to be
equation (4.18).

Pr = a)rfR|a;| |CFT| sin(¢) (4.18)

The equation (4.18) is equivalent to equation (4.15) and is therefore referring to electromechanical
power conversion.

This theory can be used to derive a magnetic circuit model of an induction motor which can be
verified using FEM based simulations. To use magnetic circuit theory to model an induction motor
it is necessary to calculate the relationship between stator currents and the magnetic flux they
induce in the rotor. Although there are numerous configurations of stator windings that can be
implemented, it is possible to derive a generic equation that can be used for all possible
configurations. Assuming the current in each AC phase has the same amplitude, and the motor has
been sinusoidal wound distributed winding configuration, the magnetic flux induced by stator
currents will be proportional to the amplitude of the stator phase current. If the stator phase current
amplitude is i then the stator currents induced magnetic flux is therefore given by:

|| = Kiis (4.19)
where K; is a motor specific constant.

The voltage induced in the stator windings due to the rotating magnetic field will be proportional
to the derivative of the net magnetic flux as per Faraday’s law of induction. Therefore, a generic
representation of the winding voltage is shown in equation (4.20) where V; is the stator winding
voltage and K, is a motor specific constant:

dd

—| =K 4.20
r V. (4.20)

v's
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4.2 Calculation of rotor and stator flux

4.2.1 Calculation of rotor flux

The rotor’s magnetic flux is caused by induced currents flowing through the rotor bars. To
calculate these currents, it is necessary to know the induced voltages due to a rotating magnetic
field and the resistance of the current path. For this analysis, a standard squirrel cage induction
motor rotor which consists of a magnetically permeable cylindrical volume with electrically
conductive rotor bars running parallel to the axis of rotation has been considered. Currents will be
induced in these rotor bars caused by the derivative of the net magnetic flux. These currents will
induce magnetic flux that needs to be quantified to calculate the operational characteristics of the
motor. To calculate the magnetic flux induced in the rotor caused by the rotating magnetic field,
consider the rotor as shown in Figure 4.4.

Figure 4.4 — Induction motor rotor with superimposed magnetic flux vector

In figure 4.4 the dark grey area is the magnetically permeable material and the rotor bars are light
grey. Electric current flowing through the red rotor bars in figure 4.4 will induce magnetic flux in
the direction of the induced magnetic flux vector shown. Faraday’s law of induction can be used
to determine the voltage around the current path enclosed by the red rotor bars from figure 4.4 by
calculating the dot product of the magnetic flux derivative vector and the surface normal vector.
Performing this operation results in the equation (4.21) value of voltage around the current loop
incorporating the rotor bars shown in red.

—

It cos(o) (4.21)

dd
Induced loop voltage = ‘—
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The current flowing through the two rotor bars shown in red can be calculated by dividing the loop
voltage by the loop resistance. Defining the loop resistance to be Ry, the current can be calculated

using ohms law to be equation (4.22).
do

Induced 1 t= =
nduced loop curren It

cos(o)

(4.22)

Rloop

Dividing equation (4.22) by the magnetic reluctance allows the amount of magnetic flux caused
by currents in the red rotor bars to be calculated. However, this process needs to be repeated for
each pair of rotor bars in an inhomogeneous magnetic field distribution. This process requires the
number of rotor bars to be known and the total induced magnetic flux caused by rotor currents to
be then determined by the vector sum of all flux components.

An alternative technigue to calculate magnetic flux independent of the number of rotor bars is to
express the rotor resistance in terms of ohm radians resulting in a homogenized representation of
the cage rotor.

4.2.2 Homogenized representation of the cage-rotor

A homogenized representation of the cage rotor is developed in this section and uses the concept
‘Ohm radians’ in a way to define the relationship between voltage and current when working in
cylindrical coordinates. To understand this concept and why it is useful, consider the figure 4.5
diagram of two opposite rotor bars from an induction motor connected by two end caps.

Figure 4.5 — Two induction motor rotor bars with end caps

The induced voltage around the conductive loop can be calculated using Faraday’s law of
induction. Ohms law can then be used to calculate the induced current based on the loop resistance.
Equation (4.22) allows the loop current to be calculated based on induced voltage due to the
changing magnetic flux flowing through the loop. However, to solve equation (4.22) it is necessary
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to know the number of rotor bars in the rotor. As this number is rotor specific, it would be useful
to define a parameter that allows the rotor current and magnetic flux to be calculated independent
of the number of rotor bars.

This parameter can be calculated by multiplying the loop resistance of two opposite rotor bars
Ry00p as shown in figure 4.5 by the angular displacement between each rotor bar. As there are 18

rotor bars in this example, their angular displacement will be 2 divided by 18. Therefore, the
rotor resistance in ohm radians will be equation (4.23).

T
Rotor resistance = 5 Rioop (4.23)

Now consider the case where the resistance of two pairs of opposite rotor bars is measured. These
rotor bar pairs are shown in figure 4.6 where one pair is colored red while the other pair is brown.

o - W
" 4 C7 ) \%

10N

Figure 4.6 — Rotor bar cross section

The parallel connected resistance of two pairs of rotor bars will be half that of a single rotor bar
pair defined previously to be R;,,,. However, the angular displacement of the two pairs of rotor
bars will be twice that of a single rotor bar pair. Therefore, the rotor resistance in ohm can be
calculated as:

Rotor resistance = (% Rloop) X (2?”) = gRloop (4.24)
Calculating the rotor resistance in ohm radians using two pairs of rotor bars resulted in the same
value as using only one pair of rotor bars. This is because measuring the rotor resistance in ohm
radians is only a function of the total rotor bar cross sectional area and length. Changing the number
of rotor bars while keeping the total rotor bar length and cross-sectional area constant will result
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in the same ohm radian resistance value. Therefore, multiplying the total resistance of two rotor
bar pairs by their angular displacement results in the same value.

By defining the rotor resistance in terms of ohm radians, it is possible to define equations to
calculate induced currents and magnetic flux using terms independent of the number of rotor bars.
This allows calculus to be used to derive an expression for the induced magnetic flux. To
demonstrate this, consider a segment of the rotor enclosed by a small angular displacement do at
an angle of o to the time derivative of the magnetic flux vector. Assuming the rotor resistance in
ohm radians is R,, the resistance of this current loop can be calculated by dividing the rotor
resistance in ohm radians by the angular displacement do.

do
Loop voltage = |E‘ sin(o)

R,
Loop Resistance = —-
0oop Kresistance o

do
dt vector

\4

Figure 4.7 — Rotor segment enclosed by a small angular segment do

The current enclosed by this small angular displacement can be calculated using ohms law by
dividing the loop voltage by the loop resistance.
do

Induced 1 t= =
nduced loop curren It

sin(o) (4.25)
R,

The magnetic flux caused by this current can be calculated using Hopkinson's law by dividing the
current by the magnetic path reluctance R.
d®

dt

sin(o) (4.26)
R.R

Induced loop magnetic flux =

Each angular segment of the rotor will produce magnetic flux that when combined, will constitute
the total rotor’s induced magnetic flux.
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4.2.3 Magnetic Flux Vector Addition

To calculate the total rotor induced magnetic flux consider the magnetic flux caused by a single
rotor bar as shown in figure 4.8.

X
ff*'(

Figure 4.8 — Rotor with superimposed magnetic flux lines

As shown in figure 4.8, the magnetic flux induced by currents in the rotor will be spread
approximately evenly across the air gap between the rotor and stator. Magnetic flux directions out
of the rotor is shown with purple arrows and magnetic flux returning to the rotor is shown with
black arrows. The magnetic flux will form this distribution as it naturally tracks the path of least
energy due to the presence of the magnetic flux. However, the rotor is comprised of multiple rotor
bars and the magnetic flux induced by some currents will be canceled out by other currents. To

illustrate this, consider the magnetic flux induced in the same rotor from figure 4.8 with two rotor
bars.
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Figure 4.9 — Rotor with superimposed magnetic flux lines

Figure 4.9 depicts rotor bars with equal current and the resulting induced magnetic flux. The
resulting magnetic flux will either have twice the magnetic flux density as a single rotor bar or
cancel out depending on the location. By limiting the range of the angle variable o to between 0

and % the total magnetic flux caused by a differential current pair will be given by:

4'isegment0' (4.27)

Differential pai tic flux =
ifferential pair magnetic flux -

Where is,gmen: IS the current flowing through each rotor bar shown in figure 4.9.

The current igegmen: as a function of the angle o was previously calculated to be equation (4.25).
Substituting the equation (4.25) value of current into equation (4.27) and integrating for all induced
currents in the rotor allows the total magnetic flux induced by rotor currents @,. to be calculated
as:

dd

40 sin(o)
——— do
dt

TRR,

T
2
@ =
0

4

o, =
" 7RR,

dd
dt

(4.28)
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As equation (4.27) was calculated using the rotor resistance in ohm radians, it is independent of
the number of rotor bars and is therefore valid for all rotors. However, the magnetic flux induced
by stator currents is dependent on the winding configuration. The following section studies an
example stator with a 2-pole winding configuration.

4.2.4 Calculation Stator Magnetic Flux

For this analysis, the magnetic flux induced by a 2 pole, 3 phase induction motor with 24 rotor
slots is considered as a case study. The stator winding configuration is shown in figure 4.10 with
phases labeled A, B and C.

Figure 4.10 — Stator winding configuration

Assuming all three stator phases have the same current amplitude of i and have n turns per phase
winding per stator slot, the combined current amplitude flowing through each stator slot will be
equation (4.29).

Stator slot combined current amplitude = v3isn (4.29)

The combined current amplitude flowing into slot 1 and 2 are equivalent as they contain the same
number of turns of the same phase windings. Each sequential group of two stator slots will have
the same combined amplitude. The phase difference of the combined current amplitude for each
group of two stator slots will differ by a phase angle of 30°. Based on this winding configuration,
the magnetic flux caused by a differential combined current pair for one quadrant (slots 7-12 and
slots 19-24) is shown in figure 3.10 when the net stator magnetic flux is aligned with the i axis.
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Figure 4.11 — One quadrant of induced magnetic flux vectors

Each quadrant will have the same magnitude of magnetic flux vectors as shown in figure 4.11
when the net stator induced magnetic flux is aligned with the i axis. The vector sum of all the flux
components result in the total magnetic flux @g:

b, = \/i;sn X (% cos(0) + %cos (g) + %cos (g) + gcos (g) + %cos (g) + %cos (g))

isn
O, ~ 8.3301% (4.30)

To calculate the value of the rotor and stator current induced magnetic flux it is necessary to
calculate the reluctance of the induction motor. This is undertaken in the following section.
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4.3 Modelling of the Induction Motor Flux Path Reluctance

Modelling of the induction motor flux path reluctance can be achieved using the same technique
as for the solenoid presented in the previous chapter. This involves calculating the amount of
magnetic field energy caused by the presence of magnetic flux. To achieve this, the induction
motor has been divided into 5 separate cylindrical segments as shown in figure 4.12.

Stator backplane

Stator slot region

air gap region

I. rotor bar region
\‘ inner rotor region

Figure 4.12 — Induction motor segments

Each segment of the induction motor will have a different magnetic field distribution and
therefore a different amount of magnetic field energy.

4.3.1 Energy stored in the inner rotor region

The first segment of the induction motor to be analyzed is the inner rotor region. This is the region
of the rotor where there are no rotor bars. Although in a practical rotor there will be a shaft made
of a low permeability material in this region, for this analysis the region will be assumed to be
homogenously filled with a high permeability material. This assumption has a negligible impact
on overall accuracy as this region does not contribute much to the total reluctance.

In this region, the magnetic flux will be assumed to be uniformly distributed with all magnetic flux
vectors pointing in a single direction. This region is cylindrical in shape with a radius of r; and a
length of [ as shown in figure 4.13 with blue superimposed magnetic field lines.
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Figure 4.13 — Induction motor inner rotor region

All the net magnetic flux ®@ will pass through the black dotted line shown in figure 4.13. Therefore,
the magnetic flux density of this region can be calculated by dividing the net magnetic flux by the
cross-sectional area of the inner rotor if cut along the black dotted line in figure 4.13.

¢ (4.31)

B: =
nner rotor
: ZT'l'l

Multiplying the energy density caused by the equation (4.31) magnetic flux density by the
cylindrical volume of the inner rotor allows the inner rotor energy to be calculated.

nd?
Buopurl

Inner rotor energy = (4.32)

4.3.2 Energy stored in the outer rotor region

The outer rotor area comprises of magnetically permeably material referred to as the rotor tooth
area and low electrical resistivity rotor bars referred to as rotor slot area. Magnetic flux will pass
through both the rotor slot and tooth area, although most magnetic flux will pass through the tooth
area. The ratio of the area of the rotor slot and tooth area of a cross section of the rotor in this
region needs to be defined as it will be rotor specific. Therefore, a new variable will be defined C,
which is the cross-sectional area of the rotor slot area in the outer rotor divided by the total cross-
sectional area of the outer rotor.

_ rotorslotarea (4.33)

" outer rotor total area

Using the variable C, a small angular section do of the outer rotor at a distance of r from the
central axis with a length of dl and an angle of o from the net magnetic flux direction can be
described as shown in figure 4.14.
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Net magnetic flux direction

>

Figure 4.14 — Induction motor outer rotor region segment

In figure 4.14, the area with the rotor slot is colored blue and the rotor tooth area is colored grey.
The boundary between the inner rotor and the rotor bar region occurs at a distance of r; as shown
in figure 4.12. At this boundary the magnetic flux enters at an angle of cos(a). Therefore, the
magnetic flux flowing through the rotor bar region as shown in figure 4.12 bounded by the small
angle do can be calculated using equation (4.31) to be equation (4.34).

Flux in rotor bar segment = ;cos(a) do dl (4.34)

Some of the magnetic flux entering the rotor bar region will travel through the rotor slot area and
some will travel through the rotor tooth area. The ratio of the magnetic flux passing through the
rotor tooth area compared to the rotor slot area can be determined by calculating the magnetic
reluctance of these respective regions. These two reluctance values will be connected in parallel
to form the total reluctance of the small angular segment shown in figure 4.14. Using this
reluctance model of the rotor bar region, the total magnetic flux passing through the rotor slot and
tooth region as shown in figure 4.14 can be calculated to be equation (4.35) and (4.36).

> C, cos(o) (4.35)

)]
Magnetic flux entering rotor slot area = (— do dl
8 8 Cr + .ur(l - Cr)

21

>:ur(1 - Cr) COS(U) (4.36)

)]
Magnetic flux entering rotor tooth area = (— do dl
8 8 G + .ur(l - Cr)

21

As the magnetic flux travels radially outwards in the rotor bar region, the amount of magnetic flux
for a given angular displacement remains the same. However, the cross-sectional area of the
angular segment increases as distance from the central axis increases, thereby decreasing the
magnetic flux density. Therefore, the magnetic flux density within the small rotor bar segment as
shown in figure 4.14 can be calculated to be equation (4.37) for the rotor tooth area and 4.38 for
the rotor slot area.
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® cos(o)
2lr(Cr + p(1—Cp))

Rotor slot magnetic flux density = (4.37)

®u, cos(o)

(4.38)
2Lr(Cr + (1 —C))

Rotor tooth magnetic flux density =

The magnetic flux density from equation (4.36) can be used to calculate the energy within the
electrical conductor of the rotor segment shown in figure 4.14. Integrating this energy over the
cylindrical volume of the rotor bar region allows the energy within the electrical conduction area
of the rotor bar region to be calculated.

L 2w 7o

®2 cos?(o) C,
Rotor slot energy = f f f 5> dr do dl
00 T 8.“012 r(CT' + ﬂr(l - CT))

T®2C T,
Rotor slot energy = d >log, (—0> (4.39)
8ﬂ0l(Cr + .ur(l - Cr)) i

The same process can be utilized to calculate the magnetic field energy within the rotor tooth area
of the rotor bar region. Integrating the magnetic field energy within the rotor tooth segment as
shown in figure 3.12 over the entire rotor bar region allows the total magnetic conductor energy to
be calculated.

L 2 To
@2 cos?(o) u(1 - C
Magnetic conductor energy = J J (@) kr r) s> drdodl
00 T 8/'[0l2 T(CT' + .ur(l - CT))

Magnetic conductor energy =

n®?u,(1-C,) log, (To) (4.40)

O —
2
8.“01(61” + .ur(l - Cr)) i

Summing together the rotor slot and tooth energy in the rotor bar region allows the total magnetic
field energy for the rotor bar region to be calculated as:

Rotor bar regi e 1 (’") (4.41)
Otor bpar reglon energy = Og — .
8.uol(Cr + ,ur(l - Cr)) ¢ T
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4.3.3 Energy stored in the air gap region

Energy in the air gap region between the stator and rotor can be calculated using a similar technique
to that used for the rotor bar region. To calculate the energy in the air gap region, consider the
small segment of this region bounded by the small angular displacement of do.

Net magnetic flux direction
Figure 4.15 — Induction motor air gap region segment

As the magnetic flux is travelling radially outward in this region, the magnetic flux bounded by
the angular displacement do in the air gap region will be the same as that bounded by the same
angular displacement in the rotor bar region. Therefore, the magnetic flux entering the segment in
the air gap region as shown in figure 4.15 will be the same as that defined by equation (4.34). This
allows the magnetic flux density of the segment shown in figure 4.15 at a distance of r from the
central axis to be calculated to be equation (4.42).

O
Air gap segment magnetic flux density = o cos(0) (4.42)

Integrating the magnetic field energy over the air gap region as shown in figure 4.15 allows its
total energy to be calculated.

Si 1 2m
A _ 3 ij @2 cos(0) o dl d
ir gap region energy = NG, o T
o 0 0
Ai i _ (Si) 4.43
ir gap region energy = 8ol 08, " (4.43)
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4.3.4 Energy stored in the stator slot region

Energy within the stator slot region can be calculated using the same technique used to calculate
magnetic field energy within the rotor bar region. In the stator slot region, the stator slot area is
where the stator windings are, and the stator tooth area is where the material with high magnetic
permeability is. As the ratio of these areas will differ from that of the rotor, a new variable needs
to be defined. This variable is C, and is defined to be the cross-sectional area of all stator slots
where the stator windings are located divided by the total cross-sectional area of the stator slot
region as defined in figure 4.12.

total stator slot area (4.44)

$ stator slot region total area

Using the variable C,, a small segment of the stator bounded by the angular displacement do is

shown in figure 4.16.
&Csr do

Net magnetic flux direction

—
>

Figure 4.16 — Induction motor stator slot region segment

In figure 4.16, the blue area represents where the stator slot area is, while the grey area represents
the area where the stator tooth is. If all the magnetic flux from the rotor bar region travels into the
stator slot region, the energy within this region can be calculated with the same method used for
the rotor bar region. This is because the magnetic flux from the inner rotor flows radially outwards
in the rotor bar, air gap and stator slot region. Therefore, the magnetic flux bounded by any given
angular displacement will be the same for all these regions.

Using the same technique used to calculate the rotor bar region energy, the stator slot region energy
as defined in figure 4.12 can be calculated to be equation (4.45).

Stator slot regi o’ ] (Sm> (4.45)
ator slot region energy = og. |— .
8.“0l(Cs + .ur(l - Cs)) ¢ Si
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4.3.5 Energy stored in the stator backplane region

Magnetic flux travelling out of the stator slot region will travel through the stator backplane region
before returning to the rotor via the stator slot region. In this region, the magnetic flux will be a
function of angular displacement from the direction of the net magnetic flux. For this analysis, it
will be assumed that the magnetic flux density in this region is not a function of radial distance
from the central axis or displacement parallel to the central axis.

Magnetic flux will enter the stator backplane at a distance of s,,, from the central axis as shown by
the grey area in figure 4.17 for a small angular displacement of do.

Net magnetic flux direction

'

Figure 4.17 — Induction motor stator backplane segment

The magnetic flux entering the stator backplane through this angular displacement of da will be
the same the magnetic flux leaving the inner rotor for the same angular displacement. This was
previously calculated to be equation (4.34). Magnetic flux entering the stator backplane through
this small angular displacement will add to the magnetic flux that entered the backplane at different
angles. Therefore, to calculate the magnetic flux in the stator backplane as a function of the angle
o, it is necessary to integrate the contribution of all angular segments to the total magnetic flux.
0
. ddl
Stator backplane magnetic flux = f =T cos(o)do

g
P
Stator backplane magnetic flux = 3 sin(o) dl (4.46)
The magnetic flux density in the stator backplane can be calculate by dividing the magnetic flux

by the cross-sectional area of the backplane. This cross-sectional area is shown as the grey area in
figure 4.18.
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Figure 4.18 — Induction motor stator backplane segment

The magnetic flux density in the grey area shown in figure 4.18 can be calculated to be equation
(4.47).

Stator backplane magnetic flux density = sin(o) (4.47)

2l(sy — S;m)

Integrating the energy due to the presence of this magnetic field over the entire stator backplane
region using cylindrical coordinates allows the total energy of this region to be calculated.

2m I So
d?r
Stator backplane ener =f f f sin?(o) dr dl do
P &Y 8.“0.“1”12(50 - Sm)z ( )
0 0 sm
T[cDZ(SO + Sm) (448)

Stator backplane energy =
8y 16popy (So - Sm)l

The contribution to total induction motor reluctance of each region can be calculated as per the
energy equation (1.13) by multiplying the region’s energy by 2 and then dividing by the square of
the magnetic flux. Performing this operation to the derived energy values for each region allows
the following magnetic reluctance values to be calculated.

/A

(4.49)
4poprl

Inner rotor reluctance =
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. T 7"0
Rotor bar region reluctance = log, (—) (4.50)
4#01(67‘ + .ur(l - Cr))

Ty
Air gap region reluctance = Lloge <i> (4.51)
4'.uOl To
T s
Stator slot region reluctance = log, (—m> (4.52)
4‘.“01(65 + /flr(l - Cs)) Si

(S, + Sm)

(4.53)
Blokr (So - Sm)l

Stator backplane reluctance =

The total induction motor reluctance can be calculated by summing together equations (4.49) to
4.53. These reluctance equations are expressed in terms of geometric and material properties that
do not change during motor operation. It is therefore possible to calculate this parameter without
knowing any time dependent variables such as the state of the magnetic or electric fields.

4.4 Evaluation of power transfer in the magnetic circuit

As the stator magnetic flux, rotor magnetic flux and motor reluctance have been defined, it is
possible to calculate the net magnetic flux. The net magnetic flux will be the sum of the rotor and
stator magnetic flux. As these are both vector quantities, their relative phase angle needs to be
accounted for when summing these two quantities together. The magnetic flux induced by both
the rotor and stator will be approximately sinusoidally distributed in the air gap region thereby
allowing vector addition to be used to calculate the net magnetic flux.

It was shown in figure 4.2 that the derivative of the net magnetic flux vector will be at a 90° angle
to the net magnetic flux. The rotor’s magnetic flux will have the same phase angle to the derivative
of the net magnetic flux as it is caused by induced currents. This can be observed from figure 4.7
and equation (4.26) that states the maximum induced magnetic flux will be in the direction of the
derivative of the net magnetic flux.

Based on this information, the relationship between the rotor magnetic flux @,., stator magnetic
flux @, and net magnetic flux @ is shown in figure 4.19 where A is the angle between the net and
stator magnetic flux.
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Figure 4.19 — Magnetic flux vectors

The rotor magnetic flux is perpendicular to the net magnetic flux and the sum of the rotor and
stator magnetic flux must equal the net magnetic flux. This vector relationship allows the equation
(4.54) relationship between the stator magnetic flux and net magnetic flux to be calculated.

® = by cos(4) (4.54)

Substituting equation (4.19) @, into equation (4.54) allows the equation (4.55) relationship
between the stator current amplitude i; and the net magnetic flux @ to be expressed as:

& = K;i  cos(A) (4.55)

It is also possible to represent the externally applied winding voltage in vector form. This stator
voltage vector is shown in figure 4.20 where 8 is the angle of this vector relative to the direction

of the net magnetic flux.

-
'

Net @ direction

Stator magnetic flux vector

Stator voltage vector

Figure 4.20 — Stator magnetic flux and voltage vectors

The voltage induced in the stator windings caused by the time derivative of the net magnetic flux
vector will equal the negative of externally applied voltage minus the current induced voltage as
per Faraday’s law of induction. This value will equal the stator’s voltage vector due to an externally
applied voltage minus the current induced voltage vector. The voltage drop in the stator winding
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due to electrical resistance can be calculated using ohms law to be i;R; where R is the stator
winding resistance.

In an AC circuit, the phase of the voltage and current are not necessarily aligned. The induced
voltage in the stator windings due to resistive losses will be in phase with the current, not the
voltage. Therefore, to calculate the derivative of the net magnetic flux due to the stator voltage, a
vector addition of the applied voltage and any induced voltages needs to be performed.

To convert voltages from the electrical domain into the magnetic domain requires the voltage to
be multiplied by K,, as per equation (4.20). To transfer current from the electrical domain to
magnetic flux in the magnetic domain requires current to be multiplied by K; as per equation (4.19).
Therefore, the stator voltage vector as represented in the magnetic domain has an amplitude of
K, V, where V; is the stator voltage amplitude and the voltage induced by stator currents has an

amplitude of K, i;R;. The voltage vectors in the magnetic domain must equal |5|w as per figure

4.2. This can be represented on a vector diagram shown in figure 4.21 from the stators frame of
reference when the rotational frequency is the synchronous frequency wy.

Net @ direction .

Figure 4.21 — Stator voltage vectors accounting for resistive voltages

Not all the magnetic flux from the stator windings will pass through the rotor as there will be some
leakage flux from the stator. These stray fields will act like an inductor placed in series with the
mutually coupled section of the stator’s windings. To incorporate these effects into the induction
motor model, the voltage and phase shift caused by these induced voltages in the stator windings
needs to be calculated. Assuming the stator winding current is sinusoidal with a magnitude of i
and frequency of w,, the magnitude of the voltage caused by resistive losses iR, and stray fields
inductance can be calculated as:

, 2
Stator winding resistive and inductive voltage = is |Rs* + (wsL) (4.56)
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where L is the stator winding stray inductance. The effect of leakage inductance will also change
the phase of the combined voltage caused by the resistive losses and stray fields. This change in
phase relative to a resistive only loss is represented by the variable p can be calculated to be
equation (4.56).

wrL

p = tan_l (L) (457)
R

Incorporating this information into the vector diagram from figure 4.21 allows the vector

diagram shown in figure 4.22 to be derived.

<K’V“COS(8) ...................... » @ Direction

A —>

: K,V sin(0)
y =AY S
x I}ls\/m Kvl{q
- ((U/'L)Z :
K, i, / Rs® + (wsL)" sin(1 + p)g
K,i fR + (wfL )2 cos(A + p)
Figure 4.22— Stator voltage vectors accounting for resistive and inductive voltages

The vectors geometry from figure 4.22 allows two important relationships to be calculated.

w

V. sin(0) = i /RSZ + (a)fL)z sin(A + p) + K—f(D (4.58)
v

V, cos(8) = i /RSZ + (wa)Z cos(1 + p) (4.59)

Using equation (4.58), equation (4.59) and the formula for AC power incorporating displacement
power factor, it is possible to calculate the rate of energy transfer from the voltage supply to the
motor i.e. Pg,pp,,. This is because the phase angle between the stator windings AC voltage and
current is the same as that between the stator voltage and current vectors as depicted in figure 4.20.

3
Psuppry = 2 Vsis cos(6 — 1) (4.60)



Substituting equations (4.58) and (4.59) into equation (4.60) allows the value of power supplied to
the motor P, 10 be expressed in terms independent of the angle 6.
3 3w

Poupply = 5is"Rs + 3 Kf i, ® sin(2) (4.61)
v

The equation (4.55) relationship between the net magnetic flux and stator winding current
amplitude i; can be used to express the second product term of equation (4.61) in terms
independent of i;.

— ;2
Psupply ==l R +

> T ®2 tan(1) (4.62)
v

Equation (4.62) contains the product of the scaling factors K,, and K;. These two scaling factors
are not independent of each other and their product can be calculated using the conservation of
energy. The magnetic circuit vector power transfer equation is very versatile and can be applied to
the vectors shown in figure 4.20. By equating the power supplied to the motor using electrical
circuit analysis to the value predicted using magnetic circuit analysis allows for the product of K,
and K; to be calculated. To equate the magnetic circuit parameters to electrical circuit paramteres,
the equation (4.19) value of stator magnetic flux and the equation (4.20) value of the derivitive of
the magnetic flux is used.

3 . do
EVSlS cos(8 — 1) = RO, I
3 . |d®
EV;lSCOS(H — 1) = R| D] o cos(6 — 1)

3
EVSiS = RK;i:K, Vs

3

kik, = o= (4.63)
Substituting equation (4.63) into equation (4.62) allows equation (4.64) to be derived.
3., )
Psupply = Els R + fRa)fCI) tan(/l) (4.64)

Equation (4.64) describes the energy transferred to the motor from an external power supply.
However, this equation is in terms of the angle between the stator’s current induced magnetic flux
and the net magnetic flux A and the net magnetic flux magnitude ®. These parameters cannot be
determined by an observer external to the motor. For an equation to have practical applications it
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will need to be expressed in terms of stator voltage amplitude V; and frequency w; and the rotor
slip frequency wy as these are externally observable quantities. The value of A can be expressed in
terms of known values by equating equation (4.64) with the total power transfers within the motor.
The first product term of equation (4.64) is the energy lost due to resistive losses in the stator’s
windings. Therefore, the second product term of equation (4.64) must equal inductive energy
transfers.

4.4.1 Consideration on magnetic losses

One component of inductive energy transfers are magnetic losses. The dominant component of
magnetic losses is eddy current losses. Eddy current losses can be modelled using the Steinmetz's
equation as being proportional to the square of both the magnetic flux and frequency. Using these
magnetic loss approximations, the stator magnetic losses P,,,, can be calculated to be equation
(3.65) where M., is the coefficient of stator eddy current losses.

P = Mgewp?®? (4.65)

The rotor magnetic losses B.,,, can be calculated using this same technique. The only difference is
that the observed rotational speed of the magnetic field will be proportional to the slip frequency
w, from the rotor’s frame of reference. This allows equation rotor magnetic losses to be derived
as:

P = M, ows?®? (4.66)

where M,., is the coefficient of rotor eddy current losses.

4.4.2 Consideration on rotor resistive losses

Rotor resistive losses can be determined by calculating the magnetic flux induced by electric
currents in the rotor bars. This can be determined by substituting the magnitude of the derivative

of the net magnetic flux as observed from the from the rotor’s frame of reference into equation
(4.28).

®. = 4wy P
" TRR,

(4.67)

The magnetic circuit vector power transfer equation can be used to calculate the power loss due to
rotor currents P, by substituting in the equation (4.67) value of magnetic flux and the derivative
of the net magnetic flux as observed from the rotor’s frame of reference. As the rotor’s magnetic
flux has the same phase angle as the derivative of the net magnetic flux, the dot product can be
replaced with magnitude multiplication operation as:
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dd

Po=RD, —
dt rotor
P, = 4 w2 P2 (4.68)
re 7TR7- S

The equation (4.66) and equation (4.68) rotor power loss equations have both been evaluated from
the rotor’s frame of reference. From this frame of reference, the magnetic flux rotational speed is
the slip frequency w,. However, to calculate inductive power transfer from the stator, the magnetic
circuit vector power transfer equation must be evaluated from the stator’s frame of reference. This
can be achieved by substituting the equation (4.66) and (4.68) power loss equations into the
magnetic circuit vector power transfer equation to calculate the impact these losses have on
magnetic flux. The resulting magnetic flux vector can then be substituted into the magnetic flux
vector power transfer equation and evaluated from the stator’s frame of reference.

Converting a power loss from the rotors frame of reference to the stator’s using the afore mentioned
technique results in the rotor losses being scaled by the synchronous frequency wy divided by the
slip frequency w;. Converting energy transferred to the rotor from the stator’s frame of reference
to the rotor’s can be achieved by multiplying by the slip frequency w, divided by the synchronous
frequency w;. This process is shown graphically in figure 4.23.

Rotor reference frame power loss Stator reference frame power transfer

Ws

Wr

Figure 4.23 — Converting power transfers between rotating reference frames

Applying this process to the total rotor power loss from equation (4.66) and (4.68) can be
calculated to be equation (4.69) from the rotor’s frame of reference and equation (4.70) from the
stator’s frame of reference.
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4
Prlrotor = O’JSZCI)2 ( + Mre) (4.69)

R,

4
P lstator = wsa)fCI>2< R + Mre) (4.70)

T r
The difference between the rates of energy transfer from the stator to the rotor minus the rotor
losses is the electromechanical power developed in the cage rotor. This power transfer due to rotor
torque P, can be calculated to be equation (4.71) where w, is the rotational speed of the rotor and
the difference between the synchronous and slip frequencies.

4
R,

P, = wsqu>2< + Mre) (4.71)

4.4.3 Complete power transfer equation

Equation (4.70) describes the inductive energy transfer to the rotor and equation (4.65) describes
the inductive losses in the stator. Equating these power transfers to the second product term of
equation (4.64) allows the angle between the stator’s current induced magnetic flux and the net
magnetic flux A to be calculated.

4
Rwp®? tan(d) = wswpd? (nR + Mre> + Mgewp 2 ?

T

Ws

4
tan(4) = R (7TR
T

Mse(l)f

= 4.72)

o)+

It is also necessary to express the net magnetic flux @ in terms of the stator voltage amplitude V.
This involves squaring both sides of equations (4.58) and (4.59) and summing them together to
eliminate their dependency on the angle 6.

2
V2 =i? (R + (wrL)") + %qﬂ + 20 [Re? + (wyL)’ sin(A + p)% (4.73)
v v

Substituting equations (4.55), (4.57) and (4.63) into equation (4.73) allows the stator current
amplitude term i, the phase angle p and the voltage scaling factor K,, to be eliminated.

2 2 z
- (%, +KEZ)f 2 )(tanZ(A) +1) +(

2RK;wr\* 4R
T) + ?wf(RS tan(4) + a)fL)

(4.74)
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Substituting the equation (4.72) value of tan(4) into equation (4.74) allows the net magnetic flux
® to be expressed in terms of known and observable variables.

Vsz
(G + (%L)Z) () + M) +1) (R (2 + ) + ) + 12+ )

(4.75)

Substituting the equation (4.75) value of net magnetic flux into the equation (4.71) rate energy is
converted into kinetic energy and dividing by the rotor rotational speed w, allows the rotor
torque T, to be calculated.

Ws (ﬂiRr + Mre)

<(%)2 + (wlgLr) <(% (niRr + Mre) + %wf)z + 1) + %wfz (RS (Z)’—; (niRr + Mre) + Mse) + LR+ %)

(4.76)

The equation (4.75) value of the net magnetic flux and the equation (4.72) value of tan(A) can be
used to determine parameters such as stator winding current amplitude and efficiency.

4.5 Finite element model based validation

4.5.1 Case study induction motor description

The equations and parameters derived in this chapter can be simulated using FEM to establish a
benchmark against which the accuracy of these equations can be compared. A computer rendering
of the induction motor simulated using FEM used to assess the accuracy of these equations is
shown in figure 4.24.
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Figure 4.24 — FEM simulation rendering of induction motor

Radius variables from figure 4.12 and 4.13 used in this simulation are listed below in meters. The
ratio of the rotor slot area to total area in the outer rotor region C, and the ratio of the stator slot
area to total inner stator region area C are also listed.

1; = 0.038m
7, = 0.05m
s; = 0.0508m
Sm = 0.075m
sp = 0.09m
[=012m

C, = 0.55

Cs = 0.45

Using these dimensions, the motor reluctance from equations (4.49) to (4.53) is as follows.

Inner rotor reluctance = 1302 H™!
Rotor bar region reluctance = 794 vH™!
Air gap region reluctance = 82,674 H™1
Stator slot region reluctance = 922 H™?
Stator backplane reluctance = 7,161 H™?!

Summing these reluctance values together results in a total motor reluctance of 92,853H 1.

The simulated induction motor has the same winding configuration as shown in figure 4.10 with
50 turns per slot per phase. This allows the value of K; with units of Henry to be calculated as
defined in equation (4.19) by substituting the calculated motor reluctance and n = 50 into equation

(4.30).
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K; = 4.485628 x 103H 4.77)

4.5.2 Leakage inductance calculation

The only remaining parameter that needs to be calculated is the value of the stator leakage
inductance L. Calculating this value requires the magnetic flux induced by stator currents that does
not mutually couple with the rotor to be determined. This can be achieved using a lumped
parameter approximation of the stator slot and air gap region. To illustrate how the parameters of
this leakage model are determined, consider the magnetic path of the leakage flux from stator
currents as shown in figure 4.25.

N\

Figure 4.25 — Stator leakage magnetic flux

To calculate the reluctance the leakage magnetic flux encounters, the region around the air gap is
divided into 9 segments as shown in figure 4.26.

2 3

N TG

Figure 4.26 — Air gap and surrounding region labels

Each labeled region in figure 4.26 represents an area of magnetic reluctance through which leakage
magnetic flux can flow. The reluctance of the stator backplane and the inner rotor are considered
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too small to impact this model and will therefore be assumed to be zero. Using the region labels
as shown in figure 4.26, a reluctance mesh can be derived as shown in figure 4.27.

4
1 i
—

-
AMAN—T—AMAN—— WA

Figure 4.27 — Reluctance mesh for leakage induction calculation

Reluctance values 1 and 3 from figure 4.27 can be calculated using the conventional reluctance
formula, assuming the stator tooth has a width of 7.5mm, a height of 14mm, a length of 120mm
and relative permeability of 4000.

length

Reluctanceland3 = —
Holy X Area

0.014
4000p, X 0.0075 X 0.12

Reluctance 1 and 3 =

Reluctance 1 and 3 = 3094.7H! (4.78)

Region 2 and 7 from figure 4.27 have a width of 1.5mm, a height of 2.1mm and length of
120mm resulting in the equation (4.78) value of reluctance.

0.0015
o X 0.0021 X 0.12

Reluctance 2 and 7 =

Reluctance 2 and 7 = 4.737 x 10° (4.79)

Region 5 from figure 4.26 has a width of 1.5mm, a height of 0.8mm and length of 120mm
resulting in the equation (4.80) value of reluctance.

0.0015
1o X 0.0008 X 0.12

Reluctance 5 =

Reluctance 5 = 1.243 x 107 (4.80)
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Region 4 and 6 from figure 4.26 have a width of 11.59mm, a height of 0.8mm and length of
120mm resulting in the equation (4.81) value of reluctance.

0.0008
Ho X 0.0115 x 0.12

Reluctance 4 and 6 =

Reluctance 4 and 6 = 4.577 x 10° (4.81)

The reluctance value for areas 4 and 6 as calculated to be equation (4.81) is total reluctance of their
respective air gap region. This reluctance is divided into two equal values for the reluctance mesh
as shown in figure 4.27.

As shown in figure 4.10, each pole phase winding is spread over 8 stator slots. Four slots for the
current in one direction and four slots for the current in the opposite direction. This configuration
will result in the stray magnetic flux being canceled out in the stator teeth between windings of the
same phase and polarity. Only the magnetic flux flowing through the stator teeth adjacent to the
first and last winding of the same phase and polarity will not cancel out. This can be modeled by
inserting the MMF source into the reluctance mesh from figure 4.27 in series with reluctance
element 1 and 3 for the total value of the MMF per phase per pole. In this situation, there are four
stator slots with 50 turns each per phase resulting in an MMF of 200At.

The total leakage inductance as seen by the current flowing through 4 stator slots can be calculated
using the reluctance mesh shown in figure 4.27 with the reluctance values of equations (4.78) to
(4.81). This reluctance as seen by the source of MMF is 2.583 x 10°H~1 and the number of turns
is 200. Inductance can be calculated by dividing the square of the number of turns by the
reluctance.

: 2007
Stray inductance for 4 stator slots = 2583 X 10°
Stray inductance for 4 stator slots = 15.48mH (4.82)

Each phase winding for the two-pole motor being analyzed has four groups of four windings as
shown in figure 4.10 that result in stray magnetic fields. Summing the total of these inductances
together allows the equation (4.83) value of inductance caused by magnetic flux from the stator
not coupled to the rotor to be calculated.

L = 61.93mH (4.83)
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4.5.3 Rotor resistance calculation

Another parameter that needs to be calculated in the rotor resistance. Each rotor bar has a cross
sectional area of 7 x 10~°>m? and a length of 0.12m. Therefore, each aluminum rotor bar will
have a resistance of 4.543 x 10~°0. The rotor end ring has an average radius of 40mm and a
cross sectional area as seen by electric current to be 1 x 10~*m?2. Current flowing out of a rotor
bar into the end ring will flow via two paths to the opposite rotor bar. Therefore, the resistance of
the rotor end ring is half the resistance of a 180° segment of the rotor ring. In this situation, the
rotor end ring resistance will be 1.666 x 10751.

The electrical circuit for this current path is shown in figure 4.28.

....... Endcapl Rotor bars. o Endcap2
-5 E

0o o 454 x 10750 : " w
& & P4 &
X X : X X
= P : §r—\ =
& | : < <
) z : 3 &

S 4.54 x 10750 : S S|

‘‘‘‘‘
...................................................................................................

Figure 4.28 — Electrical circuit for current flowing through the rotor bars

The total resistance of this path will be 1.242 x 10~*0. Multiplying this resistance value by the
angular displacement between rotor bars, which in this case is 1—”2 radians allows the rotor

resistance R, to be calculated.
R, = 3.2515 x 10~°Qrad (4.84)

The remaining parameters needing to be calculated are listed below based on the simulation
settings and geometry.

e Stator winding resistance Rg = 2.54()

e Line to neutral voltage amplitude Vg = 325V

e Sychronous frequency ws = 100w rad s™1

4.5 .4 Finite element simulation results

A FEM simulation was undertaken to simulate the electrical, mechanical and magnetic
characteristics of the induction motor to be compared to those predicted using magnetic circuit
analysis. The simulated and predicted mechanical characteristics of the induction motor can be
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compared by simulating the output power of the induction motor as a function of rotor’s rotational
speed. This comparison is shown in figure 4.29 where the predicted values were obtained by
multiplying the equation (4.76) value of torque by rotational speed.

Output Power vs Rotor Speed
3500

3000
2500

2000
Predicted

values

1500

Power (W)

100 R eeseees simulated
values

500

0 50 100 150 200 250 300
Rotor's rotational speed (rad s1)

Figure 4.29 — Simulated and predicted induction motor output power

Figure 4.29 demonstrates that magnetic circuit analysis does result in values that are comparable
to those obtained using FEM simulations. The average difference between the FEM simulated and
predicted output power is 28.4W which is 0.97% of the maximum output power. Most of this
discrepancy between the FEM simulation and predicted values occurs for rotational speeds
between 150 rad s~* and 250 rad s~ with an average difference of 39.7W in this region. For
rotational speeds above 300rad s~ where the motor will most likely be operating in, FEM and
magnetic circuit analysis yield almost identical results.

To compare the electrical characteristics of the induction motor as predicted by FEM and magnetic
circuit analysis, the RMS stator phase current was simulated using FEM. This was then compared
to magnetic circuit analysis by solving equation (4.72) to calculate the angle between the stator
magnetic flux and the net magnetic flux A. This value was then substituted into equation (4.74) to
calculate the magnitude of the net magnetic flux and equation (4.55) to calculate the stator current
amplitude i . Figure 4.30 shows the comparison between the FEM simulated stator current and
that predicted using magnetic circuit analysis.
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Stator Phase Current vs Rotor Speed
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Figure 4.30— Simulated and predicted induction motor phase current

There is an average difference between the FEM simulated and predicted current of 0.054A over
the range of speeds simulated. The most significant observable difference occurs for rotational
speeds between 200 rad s~! and 270 rad s~! with and average difference of 0.080A in this
region. As was the case for output power, rotational speeds above 300 rad s~* FEM and magnetic
circuit analysis yield almost identical results.

Comparisons between both electrical and mechanical operational characteristics of the induction
motor can be observed when analyzing efficiency. This is achieved by dividing the output power
as shown in figure 4.29 by the predicted electrical input power from equation (4.64). Figure 4.31
shows the comparison between efficiency predicted by magnetic circuit analysis and that which
was derived using FEM simulation.
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Motor Efficiency vs Rotor Speed
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Figure 4.31 — Simulated and predicted induction motor efficiency

The magnetic circuit predicted efficiency is slightly greater than that predicted by FEM for most
rotational speeds with the discrepancy being greatest for rotational speeds above 300 rad s~ 1.
Average difference between the FEM simulated and predicted efficiency was 0.82% with a
difference of up to 9.8% at 313 rad s~. This was unexpected as both output power and stator
phase current calculated using magnetic circuit analysis was closest to FEM simulated values for
rotational speeds above 300 rad s~1. Despite this discrepancy, the overall difference between
both the FEM simulated and magnetic circuit results was only minimal with no significant
diverging trend.

In addition to electrical and mechanical motor operational characteristics, magnetic parameters
such as the angle between the stator and net magnetic flux. As this is not a commonly used
parameter for induction motor design, it’s value as a function of rotor speed cannot be readily
obtained using commonly used FEM design software. This value is however a critical component
of the magnetic circuit induction motor model presented in this thesis. It is also an important
parameter to quantify to understand the relationship between stator currents and torque. This angle
between the stator’s current induced magnetic flux and the net magnetic flux as represented by the
angle A and defined in figure 4.19 is shown in figure 4.32.
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Figure 4.32 — Magnetic circuit predicted angle between the stator’s and the net magnetic flux

Figure 4.32 shows that the angle between the stator’s current induced magnetic flux and the net
magnetic flux starts at close to 90° and reduces to 0° when the rotor’s rotational speed reaches the
synchronous speed. As the rotor’s current induced magnetic flux as shown in figure 4.32 is at a
90° angle to the net magnetic flux, the stator’s magnetic flux will be close to 180° out of phase
with the rotor’s magnetic flux for low rotational speeds. This means that the net magnetic flux will
be much less than the stator’s magnetic flux as much of the stators magnetic flux will be cancelled
out by to rotor’s magnetic flux.

Therefore, despite a large amount of stator winding current at low rotational speeds as depicted in
figure 4.30, the net magnetic flux will be at a minimum in this operating area. This can be verified
by plotting the net magnetic flux as a function of rotational speed as shown in figure 4.33.
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Figure 4.33 — Magnetic circuit predicted net magnetic flux magnitude

Figure 4.33 demonstrates that the net magnetic flux increases with rotational speed between
stationary and the synchronous rotational speed. However, it was demonstrated in figure 4.30 that
stator current which is directly proportional to the stators current induced magnetic flux decreases
as a function of rotational speed over the same range. This difference can be explained using the
figure 4.32 value of the angle between the stator’s current induced magnetic flux and the net
magnetic flux. As this angle decreases, less stator flux is canceled out by the rotor magnetic flux
resulting in a greater value of net magnetic flux.

4.6 Conclusion

This chapter of the thesis has demonstrated how it is possible to apply magnetic circuit analysis to
describe the operation of the induction motor without the need for empirically derived parameters.
By modelling the magnetic flux and the time derivative of the magnetic flux in vector form it is
possible to calculate both electrical and magnetic parameters. Combining this with the magnetic
circuit energy transfer equation results in a magnetic flux based induction motor model with
comparable accuracy to that obtained using FEM based simulations.

Modelling the rotor, stator and net magnetic flux as separate vectors, differentiates this magnetic
flux model from other magnetic flux models such as the D-Q model. The D-Q model states that
there should be two relevant magnetic flux quantities at right angles to each other without
justifying why this would be the case for an AC motor. This research demonstrates that the rotor
magnetic flux will be at right angles to the net magnetic flux under steady state operating
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conditions. This provides some justification to the underlying assumptions of the D-Q model,
although it is worth noting that this only occurs during steady state conditions. Another advantage
to this approach is that induction motor operational characteristics can be described using closed
form equations. As closed form equations can be solved in less time than numerical method
techniques, it is possible to use models based on this magnetic circuit analysis for both design
optimization and real time control.

Therefore, based on this research, the advantages of using vector applications of magnetic circuit
analysis can be summarized in the following points.

e |t can be derived from the geometry and material properties of the induction motor as
opposed to equivalent circuits where parameters need to be matched with empirical data.

e It has been derived at a lower level of abstraction relative to other magnetic flux models
such as the D-Q model.

e As closed form equations have an inherent computational speed advantage compared to
numerical methods giving this model and advantage relative to FEM and LPM

e The vector based magnetic circuit equations could match FEM predictions without the need
for additional empirical correction factors as is sometimes required for LPM induction
motor models.
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Chapter 5

5 Conclusion

This thesis has demonstrated how it is possible to use magnetic circuit analysis to model complex
magnetic path problems without the need for numerical methods. The presented analytical
technique allows for closed form equations to be derived directly from the electromagnetic
device’s geometry and material properties. This approach can expand the applications of magnetic
circuit analysis thereby reducing the need for computationally intensive modelling techniques in
some situations.

The magnetic circuit modelling was achieved in this thesis using an energy-based approach. This
allowed the contribution that individual components of an electromagnetic device to the total
magnetic reluctance to be calculated in the presence of non-homogeneous magnetic fields. As
energy based magnetic circuit analysis only required the magnitude of the magnetic flux to be
known, the direction of the magnetic flux in most situation was not required to be known.

It was demonstrated in this thesis that when the B and H fields do not align in an electromagnetic
device, the underlying assumptions need to be accurate or otherwise will result in significant
errors. By accounting for the difference in magnetic field energy in these situations, it was
demonstrated that magnetic circuit analysis can calculate results with high accuracy.

The energy based magnetic circuit equations presented in this thesis were calculated in vector
form. Combining these vector-based energy transfer equations with vector equations relating the
magnetic flux and its time derivative when experiencing rotation allowed an advanced model of
the induction motor to be derived. This model was derived without the need for high level
assumptions on the relative angles between magnetic flux vectors. In doing so it was possible to
define the relative angle between magnetic flux vectors as a function of the rotor’s rotational speed
and stator winding voltage.

To summarize the findings of this research, it was demonstrated that,

e Energy based analysis of magnetic field can be used to model inhomogeneous magnetic
field distribution and is compatible with existing magnetic circuit theory.

e Accounting for non-uniform magnetic field distributions and non-aligned B-H field
configurations allows magnetic circuit analysis to yield results comparable to those
achieved using FEM.

e Modelling the magnetic flux and the time derivative of the magnetic flux in vector enabled
electrical and magnetic parameters to be calculated with comparable accuracy to that
obtained using FEM based simulations.
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Overall, the energy based magnetic circuit modelling presented in this thesis offers a compromise
between computational intensity and accuracy relative to existing techniques. The application of
this theory requires the use of more complex equations compared to simple linear models derived
from traditional magnetic circuit analysis. However, these equations can model inhomogeneous
fields in complex geometries that would typically require the use of more computationally
intensive numerical methods. This research also presented an alternative way to calculate magnetic
reluctance based on the total amount of energy due to the presence of electric current. In so doing,
it was possible to use an alternative approach to calculate dynamic energy transfers due to changes
in magnetic reluctance and circular motion.

The magnetic flux model of the induction motor derived in chapter 4 of this thesis demonstrates
how to apply magnetic circuit analysis to inductive energy transfers due to rotating fields.
Therefore, only eddy current losses were included in the calculations. Future research could
improve on the magnetic loss section of the model to include non-linear losses such as hysteresis
losses. This research could also be used to derive the coefficients of eddy current losses directly
from the motor geometry.

Future research can also be conducted on transient behavior of the induction motor. The magnetic
flux vector equations were only used to derive the steady state solution in this thesis, although they
are versatile enough to be used for transient analysis. A transient analysis could result in
improvements to magnetic flux modelling compared to the D-Q model. This is because the rotor
magnetic flux and net magnetic flux will not necessarily be at a 90° angle to each other as is
assumed in the D-Q model.

In this thesis an induction motor model was derived to describe the characteristics of the induction
motor. However, this model has not yet been applied to deriving control algorithms for induction
motor operations. As this is a magnetic flux-based model, it would be possible to use it to
implement a flux vector control system or equivalent. This future research could be used to
determine any advantages this model possesses relative to existing models used for real time
control of rotating machines that operate on the principle of electromagnetic induction.
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