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1 Introduction

The problem of Diophantus of Alexandria about tuples of integers {ai, as, as, ..., dy}
such that the product of each distinct two of them plus 1 always results in an integer
square has already quite a long history (see [8]). It is easy to see that there are infinitely
many such sets with m = 2 since {a, b} = {r — 1,r + 1} is a Diophantine pair for every
r > 2. One of the main questions was, how many such Diophantine m-tuples exist for a
fixed m > 3. Already Euler proved that there are infinitely many Diophantine quadruples,
demonstrating it with the family

{a,b,a+b+2vab+1,4(a+ Vab+ 1)(b+ vab+ 1)yVab + 1}

for a and b such that ab + 1 is a perfect square. For {a, b} = {r — 1, r + 1} Euler’s extension
reducesto {a, b, ¢, d} = {r — 1, r + 1, 4r, 16r® — 4r}. Much later Arkin, Hoggatt and Strauss
[5] proved that every Diophantine triple can be extended to a Diophantine quadruple.
More precisely, let {a, b, c} be a Diophantine triple and

ab+1=7r% ac+1=s% bc+1=4¢%

where 1, s, t are positive integers. Define

di:=a+ b+ c+2abc+ 2rst.
Then {4, b, c,d} is a Diophantine quadruple. Dujella proved in [9], that there are no
Diophantine sextuples and also that there are only finitely many Diophantine quintuples.
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This result is even effective, since an upper bound of the form log,,(log;,(max{a;})) <
26 was given on the members of such a quintuple. It is conjectured, that there are no
quintuples at all and, even stronger, that if {4, b, ¢, d} is a Diophantine quadruple and
d > max{a, b, c}, then d = d. The “weaker” conjecture has recently been settled by He,
Togbé and Ziegler (cf. [19]), whereas the stronger conjecture still remains open.

Now it is an interesting variation of the original problem of Diophantus to consider
a linear recurrence sequence instead of the sequence of squares. So we ask for bounds
m on the size of tuples of integers {ay, a2, as, . . ., a;,} with a;a; + 1 being members of a
given linear recurrence for 1 < i < j < m. We shall call this set a Diophantine m-tuple
with values in the linear recurrence (or a Diophantine m-tuple in the recurrences, for
short). Here, the first result was due to Fuchs, Luca and Szalay, who proved in [12] that
for a binary linear recurrence sequence (u,),>0, there are only finitely many Diophantine
triples, if certain conditions are met. The Fibonacci sequence and the Lucas sequence
both satisfy these conditions and all Diophantine triples with values in these sequences
were computed in [22] and [23]. Further results in this direction can be found in [2,20]
and [21]. Moreover, in [1] it is shown that there are no balancing Diophantine triples; see
also [3] for a related result. In [4] it is shown that there are no Diophantine triples taking
values in Pellans sequence.

The first result on linear recurrence sequences of higher order than 2 came up in 2015,
when the authors jointly with Irmak and Szalay proved (see [13]) that there are only finitely
many Diophantine triples with values in the Tribonacci sequence (T},),>0 given by

To=T1=0, To=1 Tys3=Tpro+Tpy1+ T, forn=>0.

In [17] it was shown that a Tribonacci Diophantine quadruple does not exist. A related
result can be found in [18]. One year later in [14], this result was generalized to k-
generalized Fibonacci sequences: For any integer k > 3, define (F,(,k))nzo by Fék) =...=
Flgli)z =0, FIEI:)I =1land

® _ p®
Fn+k - Fn+k—1

+---+F,(,k) forn > 0.

Then for any fixed k, only finitely many Diophantine triples with values in {Fy(,k); n > 0}
exist. None of these results are constructive, since the proof uses a version of the Subspace
theorem. It is not clear, whether there are any Diophantine triples with values in those
sequences at all.

The result in this paper deals with a significantly larger class of linear recurrence
sequences:

Let (Fu)n>0 be a sequence of integers satisfying a linear recurring relation. Assume
that the recurrence is of Pisot type, i.e., that its characteristic polynomial is the minimal
polynomial (over Q) of a Pisot number. We denote the power sum representation (Binet
formula) by F,; = fiof + -+ + fro/. Assume w.l.o.g. that « = o is the Pisot number;
i.e., a is a real algebraic integer of degree k satisfying « > 1 and if «y, ..., o; denote
the conjugates of « over Q then maxf{|oa|, ..., |ok|} < 1. We remark that by a result of
Mignotte (cf. [24]) it immediately follows that the sequence is non-degenerate, and that
the characteristic roots are all simple and irrational.

We show that there are only finitely many triples of integers 1 < a < b < c such that

1+ab=F, 1l+4+ac=F, 1+bc=F

if at least one of the following conditions holds:
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+ Neither the leading coefficient fi nor fix is a square in K = Q(ay, . . ., o).
o k > 2and « is not a unit.
o k>4,

The previously treated k-generalized Fibonacci sequences satisfy this Pisot property and
neither their leading coefficient fi nor fi«; is a square. However, the new result in this
paper helps us to obtain finiteness for many more linear recurrence sequences.

For example, let us consider the irreducible polynomial X3 — X — 1, which has the Pisot
property. Its Pisot root 6 := 1.3247179572 ... is the smallest existing Pisot number by [6].
This number is also known as the plastic constant. Its corresponding linear recurrence
sequence (Fy),>0, given by F,13 = F,q1 + Fy, is of Pisot type. If the initial values are not
Fy = 6, F} = =9, F; = 2, then neither the leading coefficient nor the leading coefficient
times @ are squares in the splitting field of X — X —1 over Q. So the theorem can be applied
and we obtain, that there are only finitely many Diophantine triples with values in this

sequence. However it is yet not clear, what happens in the case F) = 6, F} = —9, F, = 2.
Another example for which the theorem can be applied is the polynomial
2k
x2k+1 _ X7 - 1'
X-1

This polynomial defines a Pisot number of degree 2k + 1 by a result of Siegel (see [25])
and its corresponding linear recurrence sequence is of Pisot type. Independently of its
initial values, the result applies to all k > 2 since the degree is sufficiently large. The same

applies to
X2k+1 B X2k+2 -1
X2-1"’

for k > 2.

Furthermore, all polynomials of the form
XFx2—-x-1)+Xx2+1

are known to define Pisot numbers. So, again for k > 2 the theorem applies.

We quickly discuss the main shape of the recurrences we study in this paper. Let (F,,) >0
be a recurrence of Pisot type as described above. Let us denote K = Q(«y, . . ., o). Since
F, € Z it follows that each element of the Galois group of K over Q permutes the
summands in the power sum representation of F,,. Moreover, each summand is a conjugate
of the leading term fi o] over QQ and each conjugate of it appears exactly once in the Binet
formula. Therefore F, is just the trace Trx,g(fiaf). Since fi might not be integral, we
write fi = f/d with d € Z and f being an integral element in K. Thus, conversely starting
with a Pisot number «, an integer d € Z and an integral element f in the Galois closure K
of a over Q such that dF, = Trx,g(fa”) for every n € N, we can easily construct further
examples for which our result applies.

The proof will be given in several steps: First, a more abstract theorem is going to be
proved, which guarantees the existence of an algebraic equality, that needs to be satisfied,
if there were infinitely many Diophantine triples. This works on utilizing the Subspace
theorem (cf. [10]) and a parametrization strategy in a similar manner to that of [14]. If
the leading coefficient is not a square in Q(«y, . . ., @x), we obtain the contradiction quite
immediately from this equality. In a second step, we will use divisibility arguments and
algebraic parity considerations in order to show that this equality can also not be satisfied
if the order k is large enough. Let us now state the results.
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2 The results
We start with a general and more abstract statement which gives necessary conditions in

case infinitely many Diophantine triples exist. It is derived by using the Subspace theorem
(cf. [10]).

Theorem 1 Let (F;,),>0 be a sequence of integers satisfying a linear recurrence relation of
Pisot type of order k > 2. Denote its power sum representation as

Fy =fia] + - + fray.

If there are infinitely many positive integers 1 < a < b < ¢, such that
ab+1=F,, ac+1=F, bc+1=F, (1)

hold for integers x,y, z, then one can find fixed integers (ry, ra, 13, S1, 82, S3) With 11,12, 13
positive, gcd(ry, ro, r3) = 1 such that infinitely many of the solutions (a, b, ¢, %, y, z) can be
parametrized as

x=rl+s1, y=ril+s, z=r3l+s3

Furthermore, following the parametrization of x, y, z in {, there must exist a power sum c(£)
of the form

k

_ it

() = a§ ri+ra+r3)l+n eo +§ :ej I |a;’z/
jele  i=1

withn € ZU (Z + 1/2), ] an index set, e; being coefficients in Q(ay, . . ., ox) and integers
vij with the property that vij > 0ifi € {2,...,n} and vij < 0ifi =1, all independent of (,
such that

(Fe — 1)e(€)” = (Fy — 1)(F; — 1).
Similarly there are a(€) and b({) of the same shape with
(F, = Da(0)* = (F, = 1)(F, — 1) and (Fy — 1)b(¢)* = (F; — 1)(F; — 1).

The proof is given in Sect. 4.

This theorem looks quite abstract. However, it can be applied to a huge family of lin-
ear recurrences. Firstly, it can be applied to all linear recurrences, in which the leading
coefficient is not a square:

Theorem 2 Let (F,)n>0 be a sequence of integers satisfying a linear recurring relation
Fyikx = A1Fyix—1 + A2 Fyik—o + -+ - + Ax Fy of Pisot type of order k > 2, that is, the
characteristic polynomial

Xk—Ale71—A2Xk72—-~-—Ak=(X—051)(X—O(2) (X—Olk)

is an irreducible polynomial of degree k, has integer coefficients A;, and has roots satisfying
a1 > 1 and max{|ay|, ..., |lag|} < 1. If furthermore neither fi nor fio; are squares in
Qa1 . . ., o), then there are only finitely many Diophantine triples with values in {F,; n >
0}.

The proof of this theorem is given in Sect. 5.
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Another consequence of Theorem 1 applies to linear recurrences of sufficiently large
order. Namely if k > 4, the existence of such a c(€) leads to a contradiction. The same
holds already for k = 2, 3, if we assume that the Pisot element «; is not a unit in the ring
of integers of Q(«y, . . ., ax). Thus, we obtain the following result.

Theorem 3 Let (F,)u>0 be a sequence of integers satisfying a linear recurring relation
Fop = A1Fp 1+ A Fyig—o + - + Ax F, of Pisot type of order k > 2, that is, the
characteristic polynomial

Xk—Ale_l—Asz_Z—-“—Ak:(X—Oll)(X—Olz) (X—Olk)

is an irreducible polynomial of degree k, has integer coefficients A;, and has roots satisfying
a1 > land max{|ay|, ..., |ak|} < 1. Then there are only finitely many Diophantine triples
1<a<b<cwith

ab+1=F,, ac+1=F, bc+1=F,
with values in {F,; n > 0} if one of the following conditions holds:

(i) k > 2 and oy is not a unit.
(ii) k > 4.

This theorem is proved in Sect. 6.
Before we give the proofs we first start with several useful lemmas that will be used in

the sections afterwards.

3 Some useful lemmas
Assume that we have infinitely many solutions (x,7,z) € N3 to (1) with1 < a < b < c.
Obviously, we have x < y < z. First, one notices that not only for z, but for all three

components, we necessarily have arbitrarily “large” solutions.

Lemma 1 Let us assume, we have infinitely many solutions (x,y, z) € N> to (1). Then for
each N, there are still infinitely many solutions (x,y, z) € N> with x > N.

Proof It is obvious that we must have arbitrarily large solutions for y and for z, since
otherwise, 4, b, c would all be bounded as well, which is an immediate contradiction to
our assumption.

If we had infinitely many solutions (x, y, z) with x < N, then there is at least one fixed
x which forms a solution with infinitely many pairs (y, z). Since Fx = ab + 1, we have a
bound on these two variables as well and can use the same pigeon hole argument again to
find fixed a and b, forming a Diophantine triple with infinitely many ¢ € N.

Using these fixed a4, b, we obtain from the other two equations in (1), that bF, — aF, =
b — a and therefore, the expressions bflai' and afiof (having the largest growth rate) must

be equal. So
-y b
z=y _ e
0=

which is a constant. Hence, z — y must be some constant p > 0 as well and we can write
z =y + p for our infinitely many solutions in y and z.
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Using the power sum representations in bF, — aFyy, = b — a, we get
b(ﬁa{ +- —i—fkozi) — a(ﬁa{” +- —i—fkafm) =b—a. (2)

So the terms with the largest growth rate, which are bf; a{ and af} a{ﬂ), must be equal and
this gives us b = ac} . Inserting this into (2) and cancelling on both sides gives us

af(fﬁa32/++ﬂai> _ (féa;/"‘p_i_,.._i_ﬁ(o({‘i'ﬂ) :af—l,

Now for y — oo, the left hand side converges to 0. The right hand side is a constant
larger than 0. So this equality can not be true when y is large enough. This contradiction
completes the proof. O

Next, we prove the following result, which generalizes Proposition 1 in [13]. Observe
that the upper bound depends now on k.

Lemma 2 Lety < z be sufficiently large. Then there is a constant Cy such that

k

ged(Fy — 1, F, — 1) < Craf . (3)

Proof Denote g := gcd(F, — 1, F, — 1). Observe here and below that the numbers F, —
1, Fy — 1, F; — 1 are positive integers. Furthermore, let us assume that y (and hence z) is
large enough such that

max{%aé’+~~+fkaz

,sza§+m+fka;

} < 1/2

Let « be a constant to be determined later. If y < kz, then
g <F—1<|filog <Ifilef” 4)

Now let us assume that y > kz. We denote A := z — y < (1 — «)z. Note that
glE -1 —ajF~1) in Qo).

Thus, we can write
gm = (F; = 1) —af(F, — 1),

where 7 is some algebraic integer in Q(«1). Note that the right-hand side above is not
zero, for if it were, we would get oc{‘ = (F; — 1)/(Fy — 1) € Q, which is false for » > 0. We
compute norms from Q(«;) to Q. Observe that

|(Fz = )= o (Fy = 1)
= (Ao} + -+ frof — 1) —af(fie] + -+ + fra, — 1)

= (1~ oo = - — i) = (1o} =+~ fie)|
- §Ol)" _l §Ot)‘ < §a(l—K)Z
=3 1 2 2 1 2 1
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Further, let o; be any Galois automorphism that maps o to «;. Then for i > 2, we have

|oi (F; — 1) — o (Fy — 1)) | = |(F; — 1) — &' (Fy — 1)
<FE,—1+4+F—1<|[filef + |filoe] — 1
< Al (1 —{—ot;l) af < G,

with C; being a suitable constant (e.g. C; = |fi| (1 + otf1>).
Altogether, we obtain

g5 < INg@,)/0lgn)l
< [Ng@/o((F: = 1) — of (Fy — 1))

k
= HUi ((F; = 1) — af(F, — 1))

i=1

3 - _
< Ea? K)Z(Czozf)k*1 = CgOl;k K)Z,

where C3 = 3C§71/2. Hence,

g< C4Ol§1_’(/k)z (5)

with Cy = Cé/k. In order to balance between (4) and (5), we choose k such thatx = 1—« /k,
giving k = k/(k + 1) and

jeadd e
g < max{[fl|, C4}a1+l - C1a1+1 )

where C; = max{|f1|, C4}, which proves the lemma. O

The next lemma states the irreducibility (over C) of a certain polynomial. This lemma
will be used in the proof of Theorem 3.

Lemma 3 Assume that k > 1. For n > 3, and non-zero complex numbers cy, . . ., ¢, the
polynomial
aXk4. texkecx,..., X,
is irreducible.
Proof For n = 2, we have the factorization ch{‘ + ch§ = ]_[lle(Xl — d;X3), where

dy, ..., dy are all the roots of Z+cy /c1 = 0. This polynomial is square-free, that is it does
not have multiple factors of degree > 1. In particular, for n = 3,

a1 XX + P(Xy, X3) € C[Xy, X3][X1],

is such that P(Xy, X3) = ché‘ + 03X§ is square-free. Let p be some irreducible factor of
P(X3, X3). Then the polynomial above is Eisenstein with respect to p (since p* does not
divide P(X>, X3)), so the polynomial is irreducible. Now for n > 4 we apply induction on
n noting that

aXk+P(Xy, ..., X,) € ClXy, ..., X,[X1),



X

Page 8 of 22 Fuchs et al. Res. Number TheoryR

where P(Xy, ..., X,) = ché‘ + o4+ c,,Xﬁf is irreducible for n > 4 (by the induction
hypothesis), so our polynomial is Eisenstein with respect to the prime p := P(X», . . ., X,,).
This proves the lemma. o

Corollary 1 Assume that k > 1. If n > 2, the polynomial ch{‘ + o+ c,,Xﬁf —1is
irreducible.

Proof Indeed, for if not, the homogenized polynomial
Xt + - eaXh — Xk
is reducible in C[X3, ..., X,41], which is impossible by Lemma 3. O

Now we need to deal with the case when we have a Laurent-polynomial which looks as
follows

P=cXf 4+ cuXy — curr /(X1 X)),

Clearing up the powers of X; from the denominators and calculating P — 1, it will be
necessary for the proof of Theorem 3 to look at

X1-- 'Xn)k(chf +-+ CnX,{f - 1) — Cn+1
which is a polynomial in C[X3, .. ., X,].

Lemma 4 Assume that k > 1. Let n > 3 and cy, .. ., ¢, be non-zero complex numbers.
Then

X1 XK (@ XE 4+ XK —1) = e
is irreducible.
Proof We rewrite the polynomial as
XP (1 - X)) + X{ XKz - X) (e2X5 + -+ + enXyy = 1) = urr = f(X]),
where
FOO =X (1 X)) + XX+ X (c2X5 + -+ + cnXf — 1) — cpp
By Capelli’s theorem, the given polynomial is irreducible if we succeed to show that:

(i) f(X)isirreducible over C[Xy, ..., X,];
(ii) If o is a root of f(X), then « is not of the form B9 for some element g €
C(Xy, ..., Xu)(@) and any g | k.

We consider it easier to work with the reciprocal polynomial

fHX) = X°f(1/X)
= —Cu1 X2+ X0+ X)) (2X5 + -+ X — 1) + e (Xa - X,

Additionally, since —c,+1f*(X) = g(—cn+1X), where

gX) = X2+ X(Xa - Xn)  (c2X5 + -+ cu Xk — 1) + { (KXo - X)),
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where ¢] = —c1¢u41, we can work with g(X) instead of f*(X). Note that (i) and (ii) hold
for f(X) if and only if they hold for g(X). So, let us check parts (i) and (ii). Part (i) is easy.
We just compute the discriminant of g(X):
Xz X)) K (X5 + -+ euXf — 1) — 4ci (X - Xu)
= 06 XK (0 X (X5 + -+ X — 1) — 4d)).

We show that the polynomial in parenthesis is square-free. Assume p? is a divisor of it for
some irreducible polynomial p of positive degree. Putting

H:=02X§+~~~—|—C,1X£f—1
and taking derivatives with respect to Xy, we get that p divides

3
X,
= KX N X3 - X)RH? 4 2(Xs - - - X)FH (ko X5T)
= kX5 N (X3 - X)RH (H 4 2¢2X5).

(0 X H? - ac))

Clearly, since p is irreducible, it is coprime to X», ..., X, and H, so p must divide H +
ZCZXé( = (302))(£< + C3X§ 4.+ c,,X,/j — 1 and by Corollary 1, it must be associated to this
last polynomial since this is irreducible. Since #n > 3, the same argument using the partial
derivative with respect to X3 instead gives that p is associated to ché‘ + (BC3)X§ 4+ 4+
le — 1 as well, a contradiction. This proves (i).

For part (ii), note that

Xy X )XH + (X - - X)) K2V /A
2 )

o =
where
A= Xp - Xn) (Ko -~ Xn) H? — 4c)),

with r = k — 2|k/2] € {0, 1}. Further, from what we proved above, A is square-free as
a polynomial in C[Xj, ..., X,]. Let L :== C(Xy, ..., X)) and x = (Xo, ..., X;;). We need to
show that & is not of the form B7 for some prime g | k and B € L(«). Assume there is such
B and let it be

B =AX)+ Bx)vVA, where A(x),B(x)e L.

Since B? = «, it follows that B is integral over C[Xy, .. ., X,l[v/A], and since VA is
integral over C[Xy, ..., X}, it follows that g is integral over C[Xj, ..., X,;]. The same is
true for y = A(x) — B(x)v/A since y1 is the other root of g(X). Thus, 2A(x) = 8 + ¥
is integral over C[Xj, ..., X,,], and since A(x) € L, the fraction field of this last ring, it
follows that A(x) € C[Xa, .. ., X,,]. Now the element 8y = A(x)?> — B(x)?A is also integral
over C[X, ..., X,,], therefore so is B(x)?A. Thus, B(x)?A is a polynomial and since A is
square-free, it follows that B(x) is itself a polynomial.
Now assume g = 2. We then have

Xz Xp)*H + (Xo ... X)L/ A

> = (A(x) + BX)VA)?

= AX)? + B(x)2A + 2AX)Bx)VA,
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which gives
Xz - X H = 2A(x)% + 2B(x)%A,  (Xa--- X,) K2 = 44 (x)B(x). (6)

The right equation above shows that both A(x) and B(x) are non-zero monomials of
degree < |k/2] in each variable. Thus, degy, (Ax)?) < 2|k/2| < k and degy, (B(x)*A) >
degy,(A) > 3k > k > degy, (A(x)?), showing that

deg(2A(x)% 4 2B(x)?A) = deg(2B(x)?A) > 3k,

so the left equation in (6) is impossible since the polynomial on the left-hand side has
Xz-degree degy. (X3 - - - X,)XH) = 2k < 3k.

Assume next that g > 3. Taking the trace from L(+/A) to L in the relation o = B9, we
get

(X Xu)"H = (AX) + BE)VA) + (A(x) — BE)VA.

The right-hand side factors into (g + 1)/2 polynomials in C[Xy, ..., X,] as follows. For
2kmi

k € {l,...,q}, let { = e 7 . These are all the roots of 9 = 1. Further, ¢, = 1, and

Cg—k = ;“k_l fork=1,...,(g —1)/2. Thus,

(A() + BVA) + (A(x) — B)VA)
q
= [T (400 + BoOVA) + &(A) — Bx)VA))
k=1

(a-1)/2
=240 [] [] (4@ +BoVA) +cAw) - BxVA))
k=1 relgue ")
(q—-1)/2
=2400 [] ((2 o)A + (2 - 4 — gk—l)B(x)ZA) .
k=1

If degy, (A(x)*) # degy, (B(x)*A), then each of the polynomials in the above product on
the right has X;-degree exactly

max { degy, (A(x)?), degXZ(B(x)2A)} > degy, (A) > 3k,

and such a polynomial cannot divide (X; - - - X,,)¥H, a polynomial of X,-degree 2k. For
the above deduction we used the fact that B(x) # 0, which is clear. Assume next that
degX2 (A(x)?) = degX2 (B(x)2A) and let ag, bg be the leading X;-coefficients (as polynomials
in C[X3, ..., X,]) of A(x)? and B(x)?>A. Then the polynomial

2+ &+ ¢ A + (2 — & — & )BX)?A

has X,-degree degy, (B(x)2A) except if (2 + ¢ + Ek_l)ao =—-Q2—-¢ - g“k_l)bo. If that
happens then a/bo must be constant and determines uniquely the amount ¢ + ¢ e
2 cos(2km /q), and since k € {1, ..., (g — 1)/2}, this in turn determines k uniquely as well.
So, this shows that in this case there is at most one k in {1, ..., (g — 1)/2} for which the
polynomials from the product appearing in the right-most side of (7) can have X,-degree

less than degy, (A), while all the other (g — 3)/2 factors have degree at least degy, (A) > 3k
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but such polynomials cannot be divisors of the polynomial (X - - - X,)KH of Xo-degree 2k.
This shows that our equation is impossible for g > 3. Thus, g = 3 and we get

Xy ... X,)FH = 2A(x)(A(x)? + 3B(x)%A). (7)

Recall that H is irreducible by Corollary 1. If A(x) divides (X3 - - - X))k, it follows that
degy, (A(x)) <k, so degX2 (A(x)?) < 2k. Thus, we deduce that degx2 (A(x)% + 3B(x)%A) =
degy, (3B(x)2A) > 3k, and we get the same contradiction as before. Thus, H | A(x),
showing that

A(x)? + 3B(x)’A = aM,

where a is some non-zero complex number and M = Xg 2. X% is some monomial. We
also have the relation

A(x)z - B(X)ZA = ]\[L(\/K)/L(Ol)l/3 = Cll/(XZ e 'Xn)k/3 = CII/MI:

where ¢} = Y/¢| (some cubic root of ¢) and M is also a monomial. Further, since

3 _
K- X872 = B2V 9p3A()? + Bx?A),

V3

A

we see that B(x) is a divisor of (X3 - - - X,,) X/2J, so B(x) = Mj is also a monomial. Thus, we
get

A= aM — C/I/Ml‘
4M3

The right-hand side above is a polynomial and since M, M, M3 are monomials, it follows
that M% | M and M% | My. Thus, A = cM3 + dM, is a sum of two monomials with
some non-zero coefficients. However, this is impossible since a quick look at A shows that
as a polynomial in X it has non-zero coefficients for X23k+r, X22k+r, X§+r and X}, where
r =k —2|k/2] € {0, 1}. This contradiction finishes (ii); hence, the proof. m|

4 Proof of Theorem 1

The aim of this section is to prove Theorem 1.

Proof We first show that if there are infinitely many solutions to (1), then all of them can
be parametrized by finitely many expressions as given in (14) for ¢ below. The arguments
in this section follow the arguments from [13] and [14].

From now on, we assume w.l.o.g. that «; = |a1| > |aa| > -+ - > Jogl.

We assume that there are infinitely many solutions to (1). Then, for each integer solution
(a, b, c), we have

_ (Fx_l)(Fy_l) _ (Fx_l)(Fz_l) _ (Fy_l)(Fz_l)
a=|—n—— b= |[— " ¢c= [ —— ",
\ F,—1 E,—1 \ F,—1

Our first aim is to prove, that the growth-rates of these infinitely many x, y and z have
to be the same, except for a multiplicative constant. Let us recall that we trivially have
x < y < z and that, by Lemma 1, the solutions of x need to diverge to infinity as well. We
now want to prove that there exists a constant C5 > 0 such that Csz < « for infinitely
many triples (x, y, z).
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In order to prove this, we choose x (and hence y, z) large enough. We denote by g :=
gcd(Fy — 1, F, — 1). Then we use Lemma 2 to obtain

F,—1 F,—-1 F,—-1 zZ_2
filg > F -1zt Eol Bl Jilei-
“ ¢ g ClaF
Zlﬁ' k+1 lf| k+1 Ce
G
and hence
z
x> —— —C
k+1  °°©

which implies x > C;z for a suitable new constant C; (depending only on k) and x, z being
sufficiently large.
Next, we do a Taylor series expansion for ¢ which was given by

(Fy — 1)(F, — 1)
F,—1 ’

Using the power sum representations of Fy, F, F,, we get
¢ :\/ﬁaiforerz)/z
x (14 (=1/fi)a ™ + (h/fegar ™ + - + (i /f)ega ™)
y —y\1/2
x (14 (1 + (plfger” + - + (i)
- - —\1/2
x (1+ (=1/f)ay® + (R/f)edar + - - + (fi/fi)ofa; ®) 2,

We then use the binomial expansion to obtain

1/2

(1 +(—1/f1)a"‘ B 4 (/o)

Jj
_ Z (lj 2) (( U)o + (o/fieder™ + -+ (fk/fl)aza;x)

j=0

+ O(C(I_(T+1)x),
where O has the usual meaning, using estimates from [15] and where T is some index,
which we will specify later. Let us write x := (x,,2). Since ¥ < z and z < x/C5, the

remainder term can also be written as O(al_T“x”/C7), where |x|| = max{x, y,z} = z.
Doing the same for y and z likewise and multiplying those expressions gives

-1/2
_ —1+§k:focx
c=fioy Hﬁzm-[lqt—” 2

fieq
1/2 P . 71/2
w14 1+Z oy 1+—1+Z,:2fytx,
f1051 frof
- 2
=\/f>105§ x+y+z)/

T

YYY Y S Y dage M

»1=04q1=0 r1=0 po+p2+--+pr=p1 q0+q2++qr=q1 ro+r2+--+rr=r1
T C
+0 ( IIxIl/ 9)
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in terms of
IPREY 11
d _ ( )I’1
Pr — 1
(3 -p)! (3 611) (3 —n)
__1)Po+qo+r0 p2+q2+r2 Pk Tk Tk
(—1)pord -n—q1—q1J2 fk
Tagolro! 7L 1ol 1ol Vgl 7!
bo-qo-To- p2-q2:12: Pr gk Tk
and
—P1X—q1y—T1Z _prx+qay+raz Pix+qry+riz
Mp,qr = oy ap SR 7%

where p = (po,p1, .. pk), 4 = (o, q15-- ., qk), and r = (ro,r1, ..., 7g) are vectors of
non-negative integers satisfying

potp2t-+pk=pPL, qotqt--tq=4q, To+ra+--+re=ry,

and ||pll, lqll, Izl < T. Since there are only finitely many such vectors, we may label
the coefficients d, q,r and monomials Mp g as do, d1, ..., dy—1 and Mo, My, ..., M;,_1,
respectively, where we choose dy = My = 1. In summary we have

n—1
¢ = VAT 3 dimy | + O TV, )
j=1

where the integer # depends only on T, d; are non-zero coefficients in the field K =
Q(ay, . .., ax), and M; is a monomial of the form

k

Lij(x)

Mj = Hai S
i=1

in which L;;(x) are linear forms in x € R? with integer coefficients which are all non-
negative if i = 2,...,k and negative if i = 1. Set ] = {1,...,n — 1}. Note that each
monomial M; is “small”, that is there exists a constant ¥ > 0 (which we can even choose
independently of k), such that

|Mj| < e forall jeJ (10)

This follows easily from the following fact: By the Pisot property of F,, we can write
a1 = |a1| > 1+ ¢ for a suitable ¢ > 0 (a conjecture of Lehmer asserts that ¢ can be
chosen to be an absolute constant). Using this notation and a suitable «, we have

M| = loea [ - Jora P20 oy P40
<140 .1..1
<=1+

<e ¥ for all jel

Our next aim is to apply a version of the Subspace theorem given in [10] to show that
there is a finite expansion of ¢ involving terms as in (9); the version we are going to use
can also be found in Section 3 of [16], whose notation - in particular the notion of heights

- we follow.
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We work with the field K = Q(«y, . . ., o) and let S be the finite set of places (which are
normalized so that the Product Formula holds, cf. [10]), that are either infinite or in the
set{v e Mg : laly # 1V -V |agly # 1}. Observe that we may choose «j, . .., o in C
and therefore view K as a subfield of C. We denote by | - | the unique place such that

1Bloo = 18] = VR(B)2 + I(B)? for all B € C. According to whether —x + y + z is even or
odd, we set € = 0 or € = 1 respectively, such that ag_xﬂ TR g By going to a still

infinite subset of the solutions, we may assume that € is always either 0 or 1.
Using the fixed integer # (depending on T') from above, we now define # + 1 linearly
independent linear forms in indeterminants (C, Yy, . . ., Y;—1). For the place co introduced

above, we set
n—1
lo,o(C Yo, ..., Y1) := C — [ fiaf Yo — | /fie} Zdej; (11)
j=1

where € € {0, 1} is as explained above, and
Lico(C Yo, ..., Yyo1) =Yy fori=1,...,n
For all other places v in S, we define
loy :=C, Liy=Y, fori=1,...,n
We will show, that there is some § > 0, such that the inequality

z |li,v( )
1_“_[ Iylyv

veS i=0

v < (l_[ | det(lo,v, .. ., ln,v)|v> : ,H(Y)_(n—i_l)_(S (12)

veS

is satisfied for all vectors

y= <C, ai—xﬂ—y-&—z—e)/z’ aﬁ—x-i-yﬂ—z—e)/ZMb o O[g—x+y+z—e)/2[\/1n_1)'

We shall use the notation'y = (¢, yo, - - ., yu—1) below. The use of the correct € € {0, 1}
guarantees that these vectors are indeed in K" 11,
First notice, that the determinant in (12) is given by

1 —,/fl Olf _«/fl Otf d - —,/fl Olf dn_1
0 0

0 1
det | 0 0 1 0
0 0 0 1
if v = oo and by
1 0 --- 0
01 --- 0
det
0 0 --- 1

if v # oo. Thus |det(lo,y, - - -, lnv)|v = |1]y, = 1 for all places v. Notice further, that

Hy) =[] =]Twh [T <]Tvh

veS veS vesS
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since for all v ¢ S we have |y|, = max{|c|y, [yole> - - -» [¥n—1]v} < 1, which is a consequence
of ¢ € Z and the remaining components Yo, ..., y»—1 of y being S-units (hence satisfy
lyily = 1 forall v ¢ S). It follows that

0<TITT= <my .

veS i=0 Iylv

Thus, for (12) it suffices to consider

TTT vl < 1y,

veS i=0

and the double product on the left-hand side can be split up into

n—1 n—1
c— sy —Jaes Y di| - [T dev- T el JT] T
j=1 VEMEK, o0, veS\Mg oo j=0 veS

00
V#00

Now notice that the last double product equals 1 due to the Product Formula and that
[T lebv=t
VES\MK; o0

since ¢ € Z. An upper bound on the number of infinite places in K is k! and hence,

k!
1_[ lely < <(FJ’ _Fi)(_le_ 1))

veMK oo
VF#00

k! k!
'/1af+---+fkali—1

< ‘ﬁa{-}----—kﬁ(az—l
2-k!
< (Lm - 1/2)

for y large enough such that [fzag + 4 fkaz| < 1/2. And finally the first expression is

just

>

- —6)/2
‘ fl()lfai x+y+z—e)/ Zdei

jzn

which, by (9), is smaller than some expression of the form Cgar; Tlixll/ 7 Therefore, we

have

n _ T(\j\xH I 2-k!
1_[1_[ |li,v(Y)|v < C8a1 ° ([fl|a1 - 1/2) .

veS i=0

Now we choose T' (and the corresponding #) large enough such that

_ Tlx]| _Tx|| Tx||

2-k!
[« 2C7 [Ix]I e
Csa, <a , ([fllal —-1/2 <oy .

Then we can write

Tx]

T Tl < e . (13)

veS i=0

X
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For the height of our vector y, we have the estimate

—x+yt+z—e \ " n—1
H(y) < Co-Hlc)- H (011 : ) - 1_[ HM;)
i=0

k! n—1

- C9<[f1|aﬂ"' _ 1/2> T ool
i=0

Ci1llx
< 05111” H,

with suitable constants Cy, Cjp, C1;. For the second estimate, we used that
H(M/) < ’]—[(al)Cal (X)H(az)c"‘Z(x) o H(Olk)c"‘k )

and bounded it by the maximum of those expressions. Furthermore we have
—x+y+z—€e \ 1 x|
2
H <Oll ) = o

which just changes our constant Cyj.
Now finally, the estimate

7
o 7 <

—-3C
o 1 lIxl

is satisfied provided that we pick § small enough.

So all the conditions for the Subspace theorem are met. Since we assumed that there
are infinitely many solutions (x, 3, z) of (12), we now can conclude that all of them lie in
finitely many proper linear subspaces. Therefore, there must be at least one proper linear
subspace, which contains infinitely many solutions and we see that there exists a finite set
Jc and (new) coefficients ¢; (for j € J;) in K such that we have

c= aifxﬂﬁ%)/z ey + Z ejM; (14)
jele

with monomials M; as before.

Likewise, we can find finite expressions of this form for  and b.
Next we use the following parametrization lemma:

Lemma 5 Suppose, we have infinitely many solutions for (1). Then there exists a line in

R3 given by
x(t)=rit+s1 yt) =rot +s2 z(t) =r3t +s3

with rationals ry, ry, 3, S1, S2, §3, Such that infinitely many of the solutions (x, y, z) are of the
Sform (x(n), y(n), z(n)) for some integer n.

Proof Assume that (1) has infinitely many solutions. We already deduced in Section 4
that ¢ can be written in the form

(—x+y+z—€)/2
c=uo eco + Z ec,ch,j
jE]c



Fuchs et al. Res. Number Theory K Page170f22 K

Le,;j(x)
i

with /. being a finite set, e.; being coefficients in K for;j € J.U{0} and M; = ]_[f;l o
with x = (%, y, z). In the same manner, we can write

b= aﬁx—y+z—s)/2 eno + Z eb,ij,j
j€lb
Since 1+ bc = F, = fiof + - - - + fra}, we get

fied + -+ fraf — of 7 | epo + Zeh’ij’j eco + Zec,ch,j =1 (15)
IS/ j€le

We now pick Bi,...,B¢ as a basis for the multiplicative group generated by
{or, ..., 05, —1}. We remark that each element in this group is an S-unit with the set
S defined in Sect. 4. We express each «y, . . ., o as a product of 81, . . ., B¢ and insert them
into (15). We obtain a new equation of the form

s =0, (16)

jel

where again / is some finite set, e; are new coefficients in K and L;; are linear forms in
x with integer coefficients. Note that the sum on the left hand side is not zero, since it
contains the summand —1. This is an S-unit equation.

We may assume that infinitely many of the solutions x are non-degenerate solutions of
(16) by replacing the equation by a new equation given by a suitable vanishing subsum if
necessary.

We may assume, that (L1, ..., L) # (L1, - . ., Lyj) for any i # j, because otherwise we
could just merge these two terms.

Therefore for i # j, the theorem on non-degenerate solutions to S-unit equations (see
[11]) yields that the set of

L1iG)=L1j0)  Lei()—Lej(x)

51 : ﬂ(
is contained in a finite set of numbers. Now since i, . . ., B¢ are multiplicatively indepen-
dent, the exponents (L1; — L1;)(x), ..., (Lg; — Lgj)(x) take the same value for infinitely
many X. Since we assumed, that these linear forms are not all identically zero, this implies,
that there is some non-trivial linear form L defined over Q and some ¢ € Q with L(x) = ¢
for infinitely many x. So there exist rationals r;, s;, ¢; for i = 1,2, 3 such that we can

parametrize
x=rp+sigtt, y=rp+sqt+ty, z=rp+s3q+its

with infinitely many pairs (p, g) € Z2.

We can assume, that 7;, s;, ¢; are all integers. If not, we define A as the least common
multiple of the denominators of r;, s; (i = 1, 2, 3) and let po, go be such that for infinitely
many pairs (p, g) we have p = pp mod A and g = qp mod A. Thenp = po + Ar g =
qo + Ap and

x = (r A+ (s1A)u + (ripo + 5190 + t1)
¥y = (AL + (s2A)1 + (r2po + s2q0 + £2)
z = (r3A)A + (s3A)u + (r3po + 530 + £3).
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Since r;A, s;A and x, y, z are all integers, ripg + siqo + t; are integers as well. Replacing
ri by riA, s; by s;A and t; by ripo + siqo + ti, we can indeed assume, that all coefficients
ri» Sj, t; in our parametrization are integers.
Using a similar argument as in the beginning of the proof, we get that our equation is of
the form
Ze]{ﬁf/u(r) o IBZL}J(r) —o,
jel
where r := (A, 1), J is a finite set of indices, e/’. are new non-zero coefficients in K and
L j (r) are linear forms in r with integer coefficients. Again we may assume that we have
(L’Li(r), s Lii(r)) + (L’Lj(r), s L’&j(r)) for any i # j.
Applying the theorem of non-degenerate solutions to S-unit equations once more, we
obtain a finite set of numbers A, such that for some i # j, we have
L=l (Ly=Ly ) c

(
B 7 By

So every r lies on a finite collection of lines and since we had infinitely many r, there must

A.

be some line, which contains infinitely many solutions, which proves our lemma. ]

We apply this lemma and define A as the least common multiple of the denominators
of r1, 9, r3. Infinitely many of our # will be in the same residue class modulo A, which we
shall call r. Writing n = mA + r, we get

(69, 2) = (MA)m + (rr1 + s1), (R A)m + (rra + 52), (r3A)m + (173 + s3)).

Replacing #n by m, r; by r; A and s; by rr; + s, we can even assume, that r;, s; are integers.
So we have

—x+y+z—€ (—ri+ry+r3)m —s;+sy+s3—€
= + .
2 2 2
This holds for infinitely many m, so we can choose a still infinite subset such that all of

them are in the same residue class x modulo 2 and we can write m = 2¢£ + x with fixed

x € {0, 1}. Thus, we have
—x+y+z—c¢€
+ =(-ri+r+r)+n

wheren € Zorn e Z + 1/2.

Using this representation, we can write (14) as

c(l) = a§7r1+r2+r3)€+17 eo + Zeij
j€le
for infinitely many ¢, where

k

Lij(x)

M =]Te;",
i=1

and x = x(£) = ®(2¢ + x), y(2¢ + x), z2(2¢ + x)).

So for infinitely many solutions (x, y, z), we have a parametrization in ¢, such that ¢ is
a power sum in this £ with its roots being products of a1, . . ., a. This, together with (8)
gives the functional identity

(Fx — 1)c* = (Fy — 1)(F, — 1), (17)

which proves Theorem 1. O
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5 Linear recurrences with nonsquare leading coefficient
The aim of this section is to prove Theorem 2.

Proof We prove this result by contradiction: Suppose we had infinitely many Diophantine
triples in {F,;; n > 0}. Then we can apply Theorem 1 and obtain

o) = o N o 4 5 g, (18)
je

for infinitely many ¢, where

k

Lij(x)

M =]]e,"",
i=1

and x = x(£) = (x(2€ + x), y(2¢ + x)), (2L + x)).

First we observe, that there are only finitely many solutions of (18) with ¢(¢) = 0. That
can be shown by using the fact, that a simple non-degenerate linear recurrence has only
finite zero-multiplicity (see [11] for an explicit bound). We will apply this statement here
for the linear recurrence in ¢; it only remains to check, that no quotient of two distinct
roots of the form

afu(x(i)) . '“/fk‘i(x([))

is a root of unity or, in other words, that

n
my  my my —
(0{1 Oy =0ty ) =1

has no solutions in n € Z/{0}, m; < 0 and m; > 0 for i = 2,..., k. But this follows at
once from Mignotte’s result [24].

So, we have confirmed that c(¢) # 0 for still infinitely many solutions. We insert the
finite expansion (18) in £ for ¢ into (17). Furthermore, we use the Binet formula

Fy =fiof + - + frog (19)

and write Fy, F), F, as power sums in x, y and z respectively. We get an equation of the
form

(fla’f+-~-+fka,’§—1)

x a;xﬂﬂie (eg + 2epe10; " + Zeoezoz;y + 2epe30; © + e%afzx + - )

= (fwtjf + o+ frag — 1> (flaf + -+ freaf — 1),

Using the parametrization (x,%,z) = (rim + s1, rom + so, r3sm + s3) with m = 2€ or
m = 2{ + 1, we have expansions in £ on both sides of (17). Since there must be infinitely
many solutions in £, the largest terms on both sides have to grow at the same rate.

In order to find the largest terms, let us first note the following: If ey = 0 for infinitely
many of our solutions, then the largest terms were

+ytz—€ 2 —2x
fofo T elo ™ = fatfief, (20)
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or some even smaller expression on the left-hand side, if e; = 0 as well. Note that there
could be more than one term in the expansion of ¢ with the same growth rate, for example
if y and z are just translates of x and therefore we have o;” = a;* ¢ = Ca; ", but this
would only change the coefficient e; which we do not know anyway. From (20), we get

2 —2x+ytz—e y+z
ejo, =fio; .

Dividing by ai’“ on both sides, we see that the left-hand side converges to 0, when x grows
to infinity (which it does by Lemma 1), while the right-hand side is the constant f; # O.
This is a contradiction.

So we must have that ep # 0 for infinitely many of our solutions. Then eoa§7x+y tame)/2
certainly is the largest term in the expansion of ¢ and we have

fafey TG = fafiad.

for the largest terms, which implies that eg = fia]. But this is a contradiction, since we
assumed that neither f; nor fio; is a square in K. So, the theorem is proved. |

6 Linear recurrences of large order

We now prove Theorem 3.

Proof We follow the same notation as in the proof of Theorem 1. Supposing that we
have infinitely many Diophantine triples with values in {F,;; # > 0}, we get the functional
identity

(Fx = De(0)* = (Fy — D(F; — 1),

wherex = ril+s1,y = rol+s2, z = r3l—+s3, r1, ra, 13 positive integers with ged(ry, o, r3) =
1 and sy, s9, 53 integers.

We first handle (i) in the theorem. Therefore assume that « is not a unit. Then, by
Mignotte’s result [24], there is no multiplicative dependence between the roots and thus
(e.g. by using Lemma 2.1 in [7]), it follows that if we put X = (X3, ..., X§) and

k
Pi(X) = Zﬁajfxf —1€eK[Xy,..,X;] for i=123
j=1
then for each % € {1, 2, 3} putting i, j such that {/, i, j} = {1, 2, 3}, we have that

Pi(X)P;(X)

_ 2
) Qu(X)7, (21)

for some Qy(X) € K [Xlil, .4 kﬂ]. For this we have to identify the exponential function
1~ af by X1, £ — ozg by X, and so forth. Actually, Theorem 1 shows that Q;(X) €
KIXEYL, Xy, ..., X;]. Since the polynomial on the left-hand side of (21) has no pole at
X1 = 0 it follows that the Laurent-polynomial on the right-hand side is a polynomial in
X1 as well. This imposes some conditions on the degrees:

(P) Parity: r1 + rp + r3 = 0 (mod 2). This is clear from degree considerations since
2degy, (Qp) = degy, (P:) + degy, (P)) — degy, (Py) = ri + 17 — 1.

(T) Triangular inequality: r1 + ro > r3. It is clear that r; + rp > r3, otherwise
P (X)Py(X)/P3(X) has negative degree as a polynomial in, say, X1, so it cannot be a poly-
nomial in X7. To see that the inequality must be in fact strict, assume that equality holds.
Then Q3(X) = g3 € K[X;]. Hence,

P1(X)Py(X) = g2P3(X).
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In the left, we have the monomial X{' X, with non-zero coefficient fi oo &5*, whenever

r1 < ry. However, such monomials do not appear in the right above. Thus, we must have
r1 = ro, and since further we also have r3 = r; + ry and ged(ry, ro, r3) = 1, it follows that
(r1, 2, r3) = (1, 1, 2). In this case, the coefficient of X7 X in the left is

fle (ailazz + a;l(xi2>,
and this must be zero since X; X, does not appear in P3(X). This shows that

(a1/ap)t ™2 = -1,

s0 s] = sp. But then x = y, which is not allowed.

Observe now that by the corollary to Lemma 3 (proved in Sect. 3) we know that the
polynomials P;(X) are irreducible (as a polynomial in C[X]). We have that r; < ry < rs3.
From (21) for (i, j, 1) = (1,2, 3) it follows that P,(X) divides P;(X) or P;(X). By degree
considerations, P,(X) divides P;(X) (otherwise r; = r; = r3 and we can take them all to
be 1, which is impossible by (P)). So, again by degree considerations, P,(X) and P;(X) are
associated and P;(X) is a square which contradicts Lemma 3.

In case (ii) of the theorem, the identification with Laurent-polynomials (e.g. again via
Lemma 2.1 in [7]) does not work in the above form. But when « is a unit, then we have the
relation o - - - ax = %1, which allows applying a similar identification as we now explain.
We insist again that by Mignotte’s result [24] there are no other multiplicative relations
between «y, . .., @g. In particular, any k — 1 of these numbers (e.g. o1, &g, . .., af_1) are
multiplicatively independent. Hence, we may identify ¢ (xf by X1, £ — aﬁ by X, and
so forth, which implies that ¢ — oz/f must be identified with +1/(X; - - - Xx_1). Theorem
1 shows that if we put

k—1 S
_— Sy
_ 2 : . SiyTi k _ +1 +1
PZ(X)— ﬁa] X/ +m 1 EK[XI ,...,Xk_l]
j=1 -

fori = 1,2, 3, then for each & € {1, 2, 3} putting , j for the two indices such that {%, i, j} =
{1, 2, 3}, we have that

Pi(X)Pi(X) 9
hX Qu(X)5, (22)

for some Q;,(X) € K[X,, ..., X,ill]. We clear on each side denominators and put P;(X) =
PiX)(X1 - Xg_1) € K[X1, ..., Xs_1] fori = 1,2, 3. Then

P/(X)P.(X)
. (ridrj—ry)/2 2 _ i j
(X1 - Xg—1) QX)) = —P;(X) .

The left-hand side has no non-zero poles at X; while the right-hand side does not
have either a zero or a pole at X; = 0 for i = 1,...,k — 1, therefore we deduce that
Q,X) = (Xy-- Xp)HT2Qu(X) is a polynomial. By Lemma 4 the polynomials
Pi(X), P;(X), P, (X) are irreducible (as polynomials in C[X]). Repeating the arguments
from above leads again to the sought contradiction. o
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