Hindawi Publishing Corporation

Game Theory

Volume 2014, Article ID 276489, 9 pages
http://dx.doi.org/10.1155/2014/276489

Research Article

Hindawi

A Theory of Farsightedness in Committee Games

Alphonse Fodouop Fotso,' Joseph Armel Momo Kenfack,' and Bertrand Tchantcho"?

! MASS Laboratory, The University of Yaoundé 1, PO. Box 47, Yaoundé, Cameroon
? THEMA Laboratory, University of Cergy Pontoise, 33 Boulevard du Port, 95011 Cergy-Pontoise Cedex, France

Correspondence should be addressed to Bertrand Tchantcho; btchantcho@yahoo.fr

Received 11 October 2013; Revised 17 December 2013; Accepted 31 December 2013; Published 3 April 2014

Academic Editor: Jacqueline Morgan

Copyright © 2014 Alphonse Fodouop Fotso et al. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

We study the committee decision making process using game theory. A committee here refers to any group of people who have to
select one option from a given set of alternatives under a specified rule. Shenoy (1980) introduced two solution concepts, namely, the
one-core and a version of bargaining set for committee games. Shortcomings of these solutions concepts are raised and discussed in
this paper. These shortcomings are resolved by introducing two new solutions concepts: the farsighted one-core and the bargaining
set revised, inspired by an idea of farsightedness initially defined by Rubinstein (1980). It is shown that the farsighted one-core
is always non-empty and is better than the one-core. In a well-specified sense, the bargaining set revised is also better than the
bargaining set as defined by Shenoy (1980) and it is always non-empty for simple committee games with linear preferences. Other

attractive properties are also proved.

1. Introduction

Our game model is the one considered by Shenoy [1], com-
mittee game that generalizes the voting model introduced
by von Neumann and Morgenstern [2] under the name of
simple game. A committee game consists in any finite group
N of persons who have to pick one option from the finite
given set of outcomes A through a voting rule v by which the
committee arrives at a decision. The rule v is designed such
that the decision of the committee will consist of a unique
outcome. Any player is allowed to suggest any alternative for
consideration by the committee and players get their payoffs
only when the committee has made a decision. In such a
social choice context, the question generally asked is how a
player should behave or should vote when solicited to join
a coalition in order to decide over a status quo. Another
relevant issue is to determine what could be a suitable choice
of a given player i if he is given the opportunity to introduce
a motion.

The core is a solution concept in which any player is
recommended to vote for x against y whenever he strictly
prefers x to y (ie, u;(x) > u;(y)) (u; is the player
utility function; instead of considering utilities vectors one
could consider that each member of the committee has a

preference relation which is a weak order on the set of all
outcomes, thus yielding a preference profile) if x is opposed
to y. Furthermore, a committee member should propose an
outcome x if it is the (or one of his) best element in the
core. An outcome x belongs to the core if it is undominated,
that is, there does not exist another outcome y, a coalition
S powerful on y and all members of which are strictly
better off at y than at x. This behavioral pattern of the
core has been criticized by Shenoy [1] who argued that a
player who is making a proposal does not cooperate in
any effort to dominate the proposal. In other words such a
player cares about undominated outcomes via coalitions not
containing him and picks only maximal ones. This yields the
definition of the one-core. Unfortunately, the one-core might
be empty even if players’ preferences are strict. Furthermore,
we show through a simple example of 3-person committee
game that players are not farsighted while making proposals
under one-core behavioral pattern. We resolve this lack of
farsightedness by introducing another solution concept, the
farsighted one-core for committee games. It is shown that this
new solution concept is better than the one-core. Moreover,
when preferences are strict orders, the farsighted one-core of
any simple committee game is always nonempty.



Another contribution of Shenoy [1] is the introduction
of a bargaining set for committee games. The concept of
bargaining set was first introduced by Aumann and Maschler
[3] in the context of games with side payments. They
defined several kinds of bargaining sets. These sets were
generalized for games without side payments and studied by
Peleg [4], Billera [5, 6], D’Aspremont [7], and Asscher [8].
Since then, several other modifications of the bargaining set
have been studied in different contexts. The bargaining set
introduced by Shenoy [1] is relevant for committee games.
Like other bargaining sets, it is based on objections and
counter-objections. A proposal is said to be M-stable if every
objection has a counter-objection. Let M be the set of all
M-stable proposals. A M-stable proposal (i,x) is said to
be maximal if x is at least as good as y for all y such
that (i,y) € M. The bargaining set ./ is the set of all
maximal M-stable proposals. The Shenoy bargaining set can
be empty. We revise this solution concept by introducing
the revised Shenoy bargaining set which is proved to be
better than the latter. Moreover, when indifference is not
allowed in individual rankings, the farsighted bargaining
set of any simple committee game introduced herein is
nonempty.

The rest of the paper is organized as follows. Section 2
is devoted to the model and preliminaries. In Section 3,
we define the farsighted one-core and we prove that it is
better than the one-core. Moreover, we prove that the far-
sighted one-core of any committee game is always nonempty,
provided that individual preferences are linear orders. A
comparison of the farsighted one-core with other solu-
tion concepts is conducted therein. In Section 4, we revise
Shenoy bargaining set by reconsidering the definition of
objection and counter-objection. It is shown that the new
bargaining set improves on the latter defined by Shenoy for
committee games. Conclusion, which is Section 5, ends the

paper.

2. The Setting and Preliminaries

2.1. The Model. Throughout the paper the set of players, that
is, the committee, is denoted by N = {1, 2, ..., n}; the finite set
of candidates or outcomes is A. It is assumed that A has at least
three elements. Nonempty subsets of N are called coalitions
and the set of all coalitions of N is denoted by 2N |T| stands
for the cardinality of any set T'. The preference relation of any
player on A is a weak order (reflexive and transitive relation).
If >; denotes the preference of player i and a and b are two
outcomes, a>;b means that, according to i, a is at least as good
as b. a>;b means that i strictly prefers a to b and a~;b means
that i is indifferent between a and b. A profile R is a collection
of individual preferences, R = (R');cn-

The rules by which the committee members arrive at
a decision are called the characteristic function which is
a mapping v 2N 5 P(A), where P(A) designates
the set of subsets of A. For any coalition S, v(S) denotes
the subset of outcomes that coalition S can realize if the
decision is unanimous in S. This means that, at any time,
an outcome x becomes the final outcome of the game,
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whenever a coalition S such that x € v(S) asks for the
adoption of x. It is assumed that v satisfies the following
conditions:

(C1) forall §,,8, € 2N, 8, € S, = ¥(S,) € (S,),
(C2) ¥(N) = A,
(C3)

vS,,S, €2V,

$,nS, =0

v(S,) £0,0(s,) 20 — Y8 =7(S),

[v(S)] =1.
1)

Condition (Cl) is the well-known monotonicity condi-
tion; (C2) means that the whole committee members can
enforce any alternative. Condition (C3) ensures that the
committee decision consists of at most one outcome. The
tuple I' = (N, A, v, R) is called an (ordinal) n-person com-
mittee game. R could also be replaced with a utility vector
u = (ui), where ' A — R denotes the real-valued
ordinal utility function of player i. Here, utility is assumed to
be nontransferable and interpersonal comparison of utilities
has no meaning.

The committee aims at choosing one option from the
set A of outcomes. The members of the committee are
considered to be situated in one room. As in Shenoy [1], we
are primarily concerned with small committees that arrive
at a decision after lengthy deliberations. In this respect the
model considered here differs fundamentally from the theory
of elections where the decision makers (the players) are
numerous and spread out extensively. Let us remark that
the committee game model fits very well into the more
general model of social environments. A social environment
is described by a tuple (N, Z, (= g)ge,ns (X)ien)> where N
is the set of players, Z the set of outcomes, and {— g}
are effectiveness relations defined on Z. The relation —
represents what coalition S can do; a — b means that, if a
is status quo, S can make b the new status quo. It does not
mean that S can enforce b no matter what anyone else does.
After the move of S to b another coalition T might move
to ¢ and so on. Social environments have been considered
in many works in the literature including Chwe [9], Xue
[10, 11], Suziki and Muto [12], Béal et al [13], and Kenfack
and Tchantcho [14]. In a committee game, if b € ¥(S) then
S can enforce b. Note on the other hand that committee
games generalize the model of simple games. In this respect,
a committee game I' = (N, A,v,R) is said to be simple if
VS € 2N, w(S) = 0, or v(S) = A. Ifv(S) = O then Sis a
losing coalition and if v(S) = A, S is a winning coalition. In
a simple committee game, a coalition is a minimal winning
coalition if it is a winning coalition and if every proper subset
of S is a losing coalition. In such a game, the set of winning
coalitions is denoted by % while the set of minimal winning
is denoted by 7. Player i is said to be a dummy player if
i ¢ Useqn S

It is assumed that a particular outcome say 4, is the initial
status quo. a, will be the decision of the committee if it cannot
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agree on any other outcome or if it specifically picks g, to
be the final decision. There is no agenda (a linear order on
A specifying in which order candidates are confronted) and
any member i of the committee is allowed to suggest any
alternative x at any time for consideration by the committee
in the form of a proposal (i, x). The game ends at an option
a” such that there is no credible contestation. Such an option
is said to be stable.

2.2. Recall of Dominance Relations. We give below the def-
inition of 1-dominance that is suitable for committee games.
This is a transposition for committee games of the dominance
introduced by Rubinstein [15] for social decision systems.
According to 1-dominance, a player i should participate in the
elimination of motion a for b only if any subsequent deviation
from b to c by another coalition L does not worsen the utility
of i relative to a.

Definition 1. LetT' = (N, A, v, (¥;);cn) be a committee game,
a,b € A, and S a coalition.

(1) a 1-dominates b via S denoted by a 1-domg b ifa €
v(S), foralli € S, a>;b,and forallc € A,c dom a =
cxbforallies.

(2) a 1-dominates b denoted by a 1-dom b if there exists
a coalition S € 2" such that a 1-domg b.

According to the 1-dominance, a coalition will refrain
from blocking an alternative, say b, by voting for a, if a may be
blocked later on by another coalition voting for, say, c against
a, if it turns out that ¢ is worse than a for some of its members.
It is obvious that with respect to behavioral purposes, the
l-dominance improves the (classical) dominance recalled
below.

Definition 2. LetT = (N, A, v, (>;);cn) be a committee game,
a,be A.

(1) a dominates b via S denoted by a domg b if a € v(S)
and for alli € S, a>;b;

(2) a dominates b denoted by a dom b if there exists S €
2V such that a domg b.

It follows from this definition that the rational behavior
underlying the core prescribes that a player should vote for an
alternative a against another alternative b whenever he prefers
atob.

As a comparison between these two dominances, one
could verify that for any a,b € A, if a 1-dom b then a domi-
nates b but the converse is not true. In the next section, we
will use the I-dominance to build our first solution concept:
the farsighted one-core.

3. The Farsighted One-Core of
a Committee Game

We introduce this section with the definition of the farsighted
one-core, based on the behavioral considerations captured by
the 1-dominance relation. Let us denote by

3
pP= {(i,x) : i € N, x € A} the set of all proposals,
S = {(i,x) € P : x is not I-dominated via a coalition
SSN\{it, N
§'={@i,x) €S : xx;yforall (i, y) € §'}.

S represents the set of proposals made by i that are not
1-dominated assuming player i’s noncooperation in any effort
to 1-dominate his proposal and S' represents the maximal
proposals in the set S'.

Definition 3. LetI' = (N, A, v, (>;);cn) be a committee game.
The farsighted one-core of I' denoted by (') is defined by

F() = UiEN 3

Intuitively, the farsighted one-core consists of all (max-
imal) proposals which are not 1-dominated assuming that
the player who makes the proposal does not cooperate in
any effort to 1-dominate the proposal. For obvious reasons,
assuming all proposals in §' to be equally stable, player i picks
only the maximal ones.

Before giving some properties of the farsighted one-core,
we shall prove through a simple example that the farsighted
one-core overcomes a myopic shortcoming observed in the
Shenoy one-core. Before that, let us recall the definition of
the one-core as introduced by Shenoy [1].

The core was initially studied explicitly by Gillies [16] and
Shapley [17] for transferable utilities games. It is defined as
follows.

Definition 4. LetT = (N, A, v, (>;);cn) be a committee game.
The core of T is the set of all undominated outcomes; that is,
CT)={be A : not (dae A adom b)}.

With respect to the core behavioral pattern, a member i of
the committee to whom it is given the opportunity to make
a proposal should propose the candidate of the core which
guarantees a maximal satisfaction. The main shortcoming of
the core is its existence, many interesting committee games
have empty cores.

The one-core is a solution concept introduced by Shenoy
[1] that results from a small modification in the definition
of the core. The modification is motivated by behavioral
considerations. Indeed, being in the core means not being
dominated. The modification provided by Shenoy [1] is that
it is better for such a player to propose, instead of that core
candidate, a (maximal) proposal which is not dominated
assuming that the player himself does not cooperate in any
effort to dominate the proposal. Formally, for each i € N,
define the following.

C' = {(i,x) € P : xis not dominated via anyS € N\
{i}}, the set of proposals made by i that are undominated
assuming player i’s noncooperation in any effort to dominate
his proposal, and C' ={Gl,x)eC : xz;y for all (i, y) € ch,
the set of maximal (best) proposals in C'.

Definition 5. Let ' = (N, A, v, (>;);cn) be @ committee game.
The one-core of I' denoted by €,(I) is given by €,(I) =

UieN Ci'



FIGURE 1: Domination graph of Example 6.

The one-core consists of all (maximal) proposals which
are undominated assuming that the player who makes the
proposal does not cooperate in any effort to dominate the
proposal.

Example 6. Let us consider the following 3-player committee
game I' = (N,A,v,(>))ien)> Where N = {1,2,3}, A =
{a,b,c,d}, v(1) = v(2) = v(3) = v(12) = 0, v(13) = {d},
v(23) = {c}, v(123) = A, and the profile (>;) = (badc, cbad,
dacb).

A simple computation gives St = {(1,b)}, § = {(2,b)},
§* = {(3,d)}, and thus F(I) = {(1,b), (2,b), (3,d)}. As well
the core is {a,d} and the one-core €,(I') = {(1,a);(2,b);
(3,d)}, meaning that, if it is given to 1 the opportunity to make
aproposal, he shall propose candidate a. This happens indeed
because C' = {(1,a), (1,¢), (1,d)} and a is the best of the three
proposals, according to 1. However, we claim that proposing
a is not the best strategy for player 1 as we explain in Figure 1.
Assume that player 1 proposes b.

(i) If ¢ is proposed (either by 2 or by 3), then both ¢ and
b will be put to vote with the players voting for one of
the two motions. It is not in the interest of 2 to vote
for c. Indeed, if ¢ becomes the new status quo 1 and
3 will certainly enforce the adoption of d as the final
outcome. But d is the worst candidate for 2. Thus even
if ¢ is opposed to b, ¢ will not win.

(ii) If d is proposed (by 3), then it is obvious that it will be
eliminated since the only coalition able to enforce d is
13 and player 1, who made the initial proposal b, will
not vote for d; hence b will not be defeated!

(iii) For the same reason, if a is proposed it will be
defeated.

Finally, as we can see, if 1 proposes b, then b will be
elected. This shows that if 1 is given the possibility to propose
it will be better for him to propose b instead of a, as
recommended by the one-core.

Thanks to Example 6 above, it is obvious that neither the
farsighted one-core includes the one-core nor the one-core
includes the farsighted one-core.

In the following result, we prove that if (i,x) is in the
farsighted one-core, then x is better than whatever outcome
y such that (i, y) belongs to the one-core.

Proposition7. LetT = (N, A, v, (2;);cn be a committee game.
Then, for alli € N, forall x € A, (i,x) € F(I) = x>;y for all
y such that (i, y) € €,(I).
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Proof. Leti € N and x € A such that (i,x) € F(I). Let
y € A such that (i, y) € € (D). Since (i, y) € €,(I), then
(i,y) € C' and this means that y is undominated via S for
each S € N\ {i}. This latter implies y is undominated (with
respect to 1-dom) via S for each S € N\ {i}: thus, (i, y) € s
Moreover, (i, x) € F(I') implies (i, x) € §'; that is, xxy. O

The Condorcet solution was first defined by Condorcet
[18] and rediscovered independently by Dodgson [19]. It is
defined as follows.

Definition 8. Let I' be a committee game. A Condorcet
solution of T'isany a € A that dominates every other outcome
in A; that is, forallb € A\ {a}, adomb.

It is well known that if a Condorcet solution exists, it is
unique. Shenoy [1] showed that if in I the Condorcet solution
exists, say «, then €, (I') = {(1, a); (2, @);....; (n, )}

We show in the following result that if the Condorcet
solution exists, then, with respect to the farsighted one-core,
every player should propose it.

Proposition 9. Let I' be a committee game such that the
Condorcet solution o exists. Then the farsighted one-core is
given by F(I) = {(1,a), (2,q),..., (n, a)}.

Proof. Let T be a committee game such that the Condorcet
solution o exists. Then for each player i € N, « is
undominated with respect to the 1-dominance relation via
any coalition S € N \ {i}. Hence, (i,a) € S for each player
i € N. In addition, for each player i and for each proposal
(i, x) with x # o, if (i, x) € §', then o>;x.

Indeed, assume for some i € N and x € A that non
(a>;x). That is, x>;«, since preference relations are weak
orders. Then, « being a Condorcet solution implies that there
exists T € N such thatw 1-domy x and for each player j € T,
o> ix. Therefore, there exists a coalition T' € N such that« 1-
dom; xandi ¢ T. That is, (i, x) ¢ S'. Hence, S = {(i, )} for
eachi € N, and thus #(I') = {(1, a), (2, ), ..., (n, &) }. O

An important solution concept for social environments
in general and committee games in particular is the Chwe [9]
largest consistent set. It describes situations where deviating
coalitions anticipate the ultimate consequences of their initial
move.

Definition 10. LetT = (N, A, v, (>;);cn) be a committee game.

(1) Given a,b € A, b indirectly dominates a (denoted
by b > a) if there exists a sequence of outcomes
a=aa',...,af = b, and a sequence of coalitions
S',...,8? ¢ N such that @’ € v(S’) and b>ga’™" for
allj=1,...,p.

(2) A subset L of A is said to be consistent if for all x € A,

xeLeforall ye AforalSCN : yew(S), Iz ¢
L such that [z = yor z > y] and not (z>¢x).

(3) The largest consistent set LCS(I') is the unique consis-
tent set that includes any other consistent set.
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In order to compare the farsighted one-core and the
largest consistent set, let us consider the following example
due to Chwe [9, page 321].

Example 11. A committee game involves a set of players N =
{1,2,3} and a set of outcomes A = {a, b, c,d, e}. Preferences
which are linear are defined as follows: >, : cbeda, >,
dcabe, and >, eabdc. The characteristic function v is
the majority rule defined by v(S) = A if and only if
S| > 2.

According to the farsighted one-core the solution is
{(1,¢),(2,d), (3,e)} and according to the largest consistent set,
the solution is {(1, ¢), (2,d), (3, b)} (since LCS(T) = {b,c,d}).

With this Example 11, it is clear that neither the farsighted
one-core includes the largest consistent set nor the largest
consistent set includes the farsighted one-core. However,
when preferences are linear orders, the result below highlights
one advantage of the farsighted one-core over the largest
consistent set.

Proposition 12. Let I' = (N, A, v, (>),cn) Where [N| is odd
and v the majority rule. Then, for alli € N, for all x € A,
(i,x) € F(I') = x>,y forall y € LCS(I).

Proof. Itis known that when preferences are linear orders, the
set of not 1-dominated outcomes includes the largest consis-
tent set (see Chwe [9, Proposition 7, page 321]). Moreover,
for each i, the set § includes the set of not 1-dominated
outcomes. That is, LCS(I') ¢ §'(T) for all player i and the result
follows. [

Nonemptiness of the Farsighted One-Core. It is well known
that the Condorcet solution has a very strong stability
requirement. As a consequence of this, it does not always
exist.

As said above, the core of a committee game might be
empty. If the core is nonempty, then C' is nonempty (implying
that the one-core is nonempty) for each player i. Furthermore,
any player i prefers y to x whenever x € C' and y €
€, (D). Shenoy [1] illustrated clearly the advantage of the one-
core over the core through a simple example and proved
that the one-core is nonempty for any n-person finite simple
committee game when n < 4.

Although the behavioral pattern is improved in the one-
core over the core, the problem of existence is still unsolved.
Shenoy [1] provides in Example 4.2, page 393, the following
5-player committee game with empty one-core.

Example 13. Consider N = {1, 2, 3, 4, 5}, A = {ay, a,, a,, as,
ay, as},

C[Aif|S]23
v(S) = { 0 if |S| < 3, 2)

and the payoff utility functions are shown in Table 1.

A calculation shows that S = {(, a,), (i,a,), (i,a5),
(i,a4), (1,as)} for each player i € N. Then, st = {(1,ap)},

5
TABLE 1
a, a, a, a, a, as
u, 0 1 2 3 4 0
u, 0 2 3 4 0 1
Uy 0 3 4 0 1 2
uy 0 4 0 1 2 3
Us 0 0 1 2 3 4

§* ={(2.a)}, 8> = {3, @)}, $* = {(4,a)}, and 8 = {(5,a5)}.
Hence, the farsighted one-core is given by #(I') = {(1,a,),
(2) a3)7 (3’ a2)$ (4’ al), (5) aS)}'

Thus, the farsighted one-core is nonempty. We prove next
that when indifference is not allowed in individual rankings
or utilities vectors are componentwise different the farsighted
one-core of every simple committee game is nonempty. But
before that, we need the following result that proves the
transitivity of the 1-dominance.

Proposition 14. The relation 1-dom is transitive over the set of
simple committee games when individual preferences are linear
orders. More precisely, for all a, b, ¢ € A, forall S, T € 2",
[a 1-domg b and b 1-dom; ¢] = a 1-dom; c.

Proof. Consider three distinct alternatives a,b,c and two
winning coalitions S and T such that a 1-domg b and b 1-
domy c¢. To show that a I-domy c it suffices to prove that
adomy c and for all z € A, (zdoma = z>c for all
ieT).

Since a 1-domg b then a domg b. In addition b 1-domy ¢
and adom b imply a>;c for all i € T. That is, a>;c for all
i € T since preferences are linear orders and this means
that a domy ¢, for the committee game, is simple. Next, let
z € A such that zdom a. Since a 1-domg b then, for each
i €S, zx;b. That is, z domg b. Moreover, b 1-dom; c. Thus,
for eachi € T, zxc; thatis, for alli € T, z>;c, or z domy ¢
since preferences are linear orders. O

Now we prove the main result of this section that deals
with the nonemptiness of the farsighted one-core of any
simple committee game in which preferences are linear
orders and the nonemptiness of the farsighted one-core of any
3-player committee game.

Proposition 15. For any simple committee game T where
preferences are linear orders, F (I') 0.

Proof. Let T = (N, A, v, (>));en); since F(I) = [J;en S, it is
enough to prove that for all i € N, S’ # 0. On the other hand,
by definition of S’ = {(i,x) € §' : x>,y forall (G, y) € §'},
again it is enough to prove that S’ # 0. Assume that for some
player i € N, §' = 0. Then there exists a sequence (Sk)o<kep
of coalitions with i ¢ S, for each 0 < k < p and a sequence
() o<i< » of candidates such that a;, l—domsk a,_, foreach k =
L,...,pand gy I-domg a,.



We have a, 1-domg, a, and a; 1-domg g, which imply
by transitivity of the relation I-dom that a, 1-domg  a,. By the
same way, we can show that for each k = 1,..., p and g; 1-
domyg ay, in particular, a, 1-domg a,. Thus, a, 1-domg, a,
and a, 1-domg a,. Since the committee game is simple and
a, € v(Sy), a, € v(S;) we have v(§)) = A = ¥(§)).
This implies by condition (Cj;) that S, N S; #0. Let i, €
So N'S;; then the following holds: ay>; a,>; a, and this is a
contradiction. O

For general committee games (that need not be simple)
we prove that if the number of players is three, then the
farsighted one-core is nonempty.

Proposition 16. For any 3-player committee game T,
F(T)#0.

Proof. Let I' = (N, A,v,(¥);cn) be a 3-player committee
game. Since F(T) = | J;cy S’ it is enough to prove that for all
i € N,§ #0. Assume that for some playeri € N, S’ = 0. Then
there exists a sequence (S;)ycy,, of coalitions with i ¢ S,
for each 0 < k < m and a sequence (a;)).,, of distinct
candidates such that a; 1-domg_a,_, foreachk = 1,...,m
and g, 1-domg, a,,.

Since a, # a, for each p,q € {0,...,m} with p#gq, then
0+ v(Sp) + v(Sq) # 0, which implies §,NS,#0 for each p,q €
{0,...,m} with p#q.

(i) If for each p € {0,...,m} ISPI = 2,then §, =
N\ {i}. Then, the following holds for some pl};yer
fy 1 Go>i Oy >i Gy >, " > B>, B>, 0 Which is a
contradiction.

(ii) If not, there exists p, € {0,...,m} such that |SP0|
L Let S, = {j}: since S, NS;#0 for each p,q
{0,...,m} with p#g; then S, NS, #0 for each q €
{0,...,m} with p, #q. Therefore, j € S, for each

m |l

q € {0,...,m}. For that player j, we have the
following: ay>;a,,> ;a,,_,>; -+ > ja,> ja, > ;0 which is
also a contradiction. O

4. The Bargaining Set Revised

Shenoy [1] defines a bargaining set that is relevant to the
context of a committee game and is presented as an extension
of the one-core. It is based, as all the well-known references on
bargaining set in the context of games with and without side
payments (Aumann and Maschler [3], Peleg [4], Billera [5, 6],
D’Aspremont [7], Asscher [8], and others), on objections and
counter-objections but is quite different from all of them. An
objection against proposal (7, x) is a triple (j,S, y) such that
jeSe2V, yeAitgs andydomg x. The rationale
behind the dominance is that a coalition S such that y €
v(S) and members of which prefer y to x should vote for y
against x whenever they are given the possibility to. But as
argued before, this is a myopic behavior. Our purpose is to
explore the consequence of replacing the dominance with the
more foresight dominance, the 1-dominance in the definition
of objection on one hand and on the definition of counter-
objection on the other hand.

Game Theory

Definition 17. LetT = (N, A, v, (>;);cN) be a committee game.

(1) An R-objection against a proposal (i, x) is a triple
(j»S, ) such that
jeSezN, yeA\({x},

y 1-domg x.

(3)
i¢s,

(2) An R-counter-objection against objection (j,S, y) to
(i, x) is a triple (k, T, z), where

keTe2", ze A\{x,y},

either k =i or x>y,
(4)

z 1-domy y, Z>1 X,

Jeec A : edomz, x> e.

i

(3) A proposal is said to be RM-stable if every R-
objection has an R-counter-objection. Let RM be
the set of all RM-stable proposals. An RM-stable
proposal (i, a) is said to be maximal if a>;x for all x
such that (i, x) € RM.

(4) The farsighted bargaining set # . is the set of all
maximal RM-stable proposals.

Below, we recall the Shenoy [1] definition of the bargain-
ing set.

Definition 18. LetT = (N, A, v, (¥;),cn) be a committee game.

An objection against a proposal (7, x) is a triple (},S, )
such that

: N

jeSe2r, yeA\{x},

y domg x.

()
i¢s,

A counter-objection against objection (j,S, y) to (i, x) is
a triple (k, T, z) such that

keTe2V, z e A\{x, y},
either k =i or x>y, (6)
z domy y, x> 2, ZxiX.

If (4, S, y) is an objection against a proposal (i, x), player
j expects the players in coalition S to vote for y which would
result in y winning against x. The counter-objection which is
a reply by player k is made either by player i or by a player
who stands to lose if the objection is carried out. If a counter-
objection does exist, there is a strong motivation for player
j to withdraw his objection. On the other hand, if there is
no counter-objection, then player j has a justified objection
and player i cannot expect to get his proposal accepted by the
committee.

Definition 19. (1) A proposal is said to be M-stable if every
objection has a counter-objection. Let M be the set of all
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M-stable proposals. A M-stable proposal (i,a) is said to be
maximal if a>;x for all x such that (7, x) € M.

(2) The bargaining set ./ is the set of all maximal M-
stable proposals.

First, let us reconsider Example 6 and compute the
bargaining set and the farsighted bargaining set. A simple
calculation shows that the set of all RM-stable proposals
RM(T) is given by RM(T) = {(1,a), (1,b), (1,¢), (1,d), (2, a),
(2,b), (2,d), (3,a), (3,b), (3,¢), (3,d)}.

Hence, Z4(I') = {(1,b),(2,b),(3,d)} while #(T) =
{1,a),(2,0),3,d)}.

Again, we can see that the farsighted bargaining set makes
a better prediction. While for the bargaining set player 1
should propose a, with respect to the farsighted bargaining
set, he should rather propose b, which is better in his point of
view.

We now show that the farsighted bargaining set can be
nonempty while the Shenoy bargaining set is empty.

Proposition 20. There exists a committee game T for which
the one-core €,(I') and the bargaining set M (T) are empty
meanwhile the farsighted bargaining set F M (L) is nonempty.

Proof. Consider the committee game defined in Example 13.
For that game, €,(I') and the bargaining set .#(T) are
empty. Meanwhile the farsighted bargaining set F./Z(T')
is nonempty and the computation gives F.#(I) =
{(1,a4), (2,a5), (3,a,), (4, ay), (5,a5)}.

Indeed, the set of not 1-dominated outcomes of this game
is A\ {ay}. Thus, for each i € {1,2,3,4, 5}, the proposal (i, x)
with x € A\ {gq,} is RM-stable and since the farsighted
bargaining set is the set of all maximal RM-stable proposals,
then the result holds. O

Shenoy [1] shows that, if the Condorcet solution, say
«, exists, the Shenoy bargaining set is given by #(I) =
{(1,a); (2,®);. .5 (n, )}. We prove below that this result also
holds for the farsighted bargaining set.

Proposition 21. Let I be a committee game such that the Con-
dorcet solution, say a, exists. Then, the farsighted bargaining set
is given by F M) = {(1,«), (2,«),...,(n,«)}.

Proof. Obviously, (i,«) € F 4 (T) for each playeri € N.
Assume that there is a proposal (i, x) of some player i
such that (i,x) € FM() with x#a. Then, x~;a. But «
being a condorcet solution implies « dom x via a certain
coalition S and « is undominated, that is, « 1-domg x, and
since x~;«, then i ¢ S. Hence, for a player j € S,(j,S, )
is an R-objection to proposal (i,x) that does not have
a R-counter-objection since « is undominated. Therefore,
(i,x) ¢ F .M (T) which is a contradiction: hence, # #(I') =
{1, ), (2,4),...,(na)l ]

Farsighted One-Core and Shenoy Bargaining Set. The defini-
tion of the farsighted one-core and of the Shenoy bargaining
set seems a bit similar at a first sight, but these notions differ
significantly. The following result states that each player by

proposing his proposals from the farsighted one-core does as
good (if not better) as any outcome in the Shenoy bargaining
set.

Proposition 22. Let I' = (N, A,v,(x;),cn) be a committee
game. Then, for alli € N, forall x € A, (i,x) € F(I') = x>,y
for all y such that (i, y) € 4 (T).

Proof. Assume that there exists, for some player i, a proposal
(ip,x) € F(I) and another proposal (i;, y) € (I') with
y>; x. Since (i, y) € #(T) then (i, y) is RM-stable. That
is, either there is no objection to (iy, ¥) or each objection to
(iy> ¥) has a counter-objection.

(i) If there is no objection to (iy, y) then y is undomi-
nated or, for each S such that y is dominated via S,
iy € Sand y is undominated via S\ {iy}. Thus, (iy, ¥) €
C with ¥*>;,%, which means that (ip, y) € F(I') and
(ig, x) ¢ F(I). This is a contradiction.

(ii) If there exists an objection to (i, ¥), let (j,S,a) be
such an objection that admits a counter-objection
(k,T,z). Then i, ¢ S, a domg y and z domy a.
But from the definition of the counter-objection we
have y>;z. Thus, non (zx;y) for each player i €
S. Therefore, non(a 1-domg y) which means that
(iy> y) € S. Since (i, x) € F(I') we have xz; y which
contradicts the assumption y>; x. -

Proposition 23. (1) For all committee game I = (N, A, v,

(=)ien)> M(T) ¢ Uien S(D).
(2) The above inclusion may be strict.

Proof. (1) Let (i, x) be an M-stable proposal. Either there is no
objection or each objection has a counter-objection. If there is
no objection to (i, x), then (i, x) is undominated and therefore
is not 1-dominated. If not, let (j,S, y) be an objection and
(k, T, z) a counter-objection. We have x> .z, with y dom, x,
z dom y,and j € S. That is, (i, x) is not 1-dominated.

(2) In the Shenoy [1] Example 4.2, recalled here in
Example 13, the bargaining set is empty and the farsighted
one-core is nonempty. O

Farsighted One-Core and Farsighted Bargaining Set. The fol-
lowing result deals with the comparison of the farsighted one-
core and the farsighted bargaining set.

Proposition 24. (1) For each committee game I where prefer-
ences are linear orders, F M(T') = F(I).

(2) There exists committee
F M)+ F (D).

games  such  that

Proof. (1) Let T be a committee game. Assume that for all i, >;
is a linear order. According to Proposition 15, the farsighted
one-core % (I') is nonempty. It follows that 0 # ;. S' ¢ RM,
which implies #(T') ¢ F.(T).

Conversely, let (i,x) € FM() and assume there
exists an R-objection (j,S, y) against (i,x) that has an
R-counter-objection (k,T,z). Then the following holds:
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FIGURE 2: F A/ (T) and % (I') are different.

z 1-dom; y, y 1-domg x and by the transitivity of I-dom, we
have z 1-domg x. Since (k,T,z) is an R-counter-objection,
there exists e € A : e dom z and x> e. Since z 1-domg x,
e dom z,and j € §, it follows that e> X which contradicts
x> je. Therefore there is no objection to any proposal (i, x) €
F M (T), meaning that F 4 (T') ¢ F(I).

(2) Consider the following committee game that
involves a set of players N = {1,2,3,4,5} and a set of out-
comes A = {a,b,c,d,e;,e,}. Preferences are as follows:
>,:(adc) (e;e,)b, =,:e,dblac)e;, =5:e,(ad)(be;)c, >,:e,cb
(da)e,, and =s:e,(ac)(be,)d. The characteristic function
v is defined by v(24) = {b}, v(145) = {c}, v(123) = {d},
v(345) = {e,}, v(235) = {e,}, v(S) = {b} if [S| = 3and 24 C S,
v(S) = A if |S| = 4 and v(S) = 0 elsewhere. The computation
of the dominance graph gives, as shown in Figure 2, the
following.

One can observe on one hand that (1,a) ¢ %(I'). On the
otherhand, (1,a) € #(T'). Indeed, the only R-objections to
proposal (1,a) that can be made by players are (2,24, b) and
(4,24,b) by players 2 and 4, respectively.

If we consider (2,24, b), then (1, 145, c) is an R-counter-
objection since ¢ 1-dom, 45 b, a> b, c>,a, and e; dom ¢ with
a>,e.

As well consider (4,24,b); then (1,123,d) is an R-
counter-objection since d 1-dom,,; b, a>b, d>a, and
e, dom d with a>,e,.

Thus, proposal (1, a) is RM-stable and, since a is maximal
with respect to player 1 preference, it follows that (1,a) €
F M (T). O

The following result shows the advantage of the farsighted
bargaining set over the farsighted one-core.

Proposition 25. Let I' = (N, A,v,()),cn) be a committee
game. Then, for alli € N, forall x € A, (i,x) € FM({T) =
xz;y for all y such that (i, y) € F(I).

Proof. Let I be a committee game. Let (i, x) € F.#(T) and
(i, y) € F(I). Since (i, y) € F(I), there is no R-objection
to proposal (i, y). Therefore, (i, y) is an RM-stable proposal.
Moreover, (i,x) € F#(I') means (i, x) is a maximal RM-
stable proposal. Hence, x>; y. O

Game Theory

Nonemptiness of the Farsighted Bargaining Set. Shenoy [1]
proved that if I is a finite committee game with a nonempty
core, then

(i) the Shenoy bargaining set .Z(T') is nonempty;

(i) for any player i, there exists an option x such that
(i, x) € M(T);

(iii) any playeriis better off at any x than at y where (7, x) €
A (T)and y € C(T).

The above three items still hold with the one-core.

In general committee games, the nonemptiness of the
Shenoy bargaining set ensures the nonemptiness of the
farsighted bargaining set as we can observe in the result
below.

Proposition 26. Let T be a committee game such that
M(T) +0; then FM(T) + 0.

Proof. Let T' be a committee game. Assume that (I') is
nonempty. Let (i,x) € (D); then, (i,x) € RM(T). Indeed,
(i,x) € #(T') means that either there is no objection to (3, x)
or any objection to (i, x) admits a counter-objection.

(i) If there is no objection to (i, x) then (i, x) is a core
proposal or (i, x) € C* ¢ §° ¢ RM(I).

(ii) Assume that there exists an objection to (i,x).
Let (4,S,y) be an R-objection to (i, x). Then, y 1-
domg x with i ¢ S, which implies y domg x with
i ¢ S. Thus, (j,S,y) is an objection to proposal
(i, x). From the assumption that any objection has a
counter-objection, let (k, T, z) be a counter-objection
to (j,S,y). From the definition of the counter-
objection we have z domy y with x>;z. This implies
not (y 1-domg x) which contradicts the fact that
(j,S, y) is an R-objection to (i,x). Hence, there is
no R-objection to (i,x) and, therefore, (i,x) €
RM(D). In all cases, RM(T) is nonempty; hence

F M) +0.
O

If the committee game is simple and preferences are
linear orders, it follows from Propositions 15 and 24 that the
farsighted bargaining set is nonemptiness.

Proposition 27. For any simple committee game I' where
preferences are linear orders, & M (T) # 0.

For general (not necessarily simple) committee games, we
have the following proposition stating the nonemptiness of
the farsighted bargaining set (as well as the Shenoy bargaining
set) of any 3-player committee game.

Proposition 28. For any 3-player committee game T,
FAMT)#0.

Proof. Let T be a 3-player committee game. According to
Proposition 16, & (I') is nonempty. Let (i, x) € F(I); then,
there is no R-objection to (i, x) since it is not 1-dominated.
Hence (i, x) € RM(T) and the conclusion follows. ]
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5. Conclusion

We came back on the four different solution concepts studied
in relation to committee games by Shenoy [1] with emphasis
on the one-core and the bargaining set. After showing that
the one-core is subject to a lack of foresight, we introduce
another solution concept, the farsighted one-core which is
better than the one-core in terms of behavioral standard,
which is always nonempty when individual preferences are
linear orders, a property not shared neither by the one-core
nor by the Shenoy bargaining set. This latter set has also
been revised and we introduce a new bargaining set which is
also better than the latter for committee games and is always
nonempty when restricted to simple committee games in
which preferences are strict orders.

We prove furthermore that any 3-player committee game
has a nonempty farsighted one-core and we did not succeed in
giving a characterization of general committee games induc-
ing a nonempty farsighted one-core. Although the emptiness
of the farsighted bargaining set of a simple committee game
is guaranteed, the general study of the nonemptiness of this
Shenoy revised solution concept is still an open problem.
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