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2. Higher-order theory for multilayered shells with seven

parameters

This section firstly elaborates upon a hypothesis
which refines through-the-thickness variation of dis-

placements by using a piecewise linear warping function,

the so-called zig-zag function. We then develop the

corresponding Green–Lagrange strain measures and

the stress resultants. Finally, a trial distribution of the

transverse shear stresses through a laminate thickness is

introduced, and the variational principle is used to relax

the constitutive equations and satisfy the interlaminar
equilibrium constraints.

2.1. Assumed displacements

An enriched kinematic field is developed with respect
to the Reissner–Mindlin kinematics in order to better

predict through-the-thickness variation of displacements

in laminated shells. To that end, the position vector

from the initial configuration

X n1; n2; n
� � ¼ X0 n1; n2

� �þ nT n1; n2
� � ð1Þ

is transformed into its counterpart at the deformed

configuration as

x n1; n2; n
� � ¼ x0 n1; n2

� �þ nt n1; n2
� �þ f nð Þw n1; n2

� �
ð2Þ

where the last term introduces a zig-zag variation of the

displacements through-the-laminate thickness. In (1)
and (2) n1; n2

� � 2 A are the curvilinear coordinates, A
is the domain of the shell middle surface parametri-

zation, n 2 ½�h=2; h=2� is the through-the-thickness co-

ordinate, h is the shell thickness, X0 and x0 are the

middle surface position vectors, T and t are the shell

directors, and w is the displacement vector related to the

wrinkling of the laminate cross-sections. We assume the

shell director vector to be of unit length

kTk ¼ ktk ¼ 1 ð3Þ
and perpendicular to the middle surface at the initial

configuration. Its motion can be then completely defined

by two rotations a1 and a2 (see e.g. [4] for different
possible choices) so that we can write

t ¼ t a1; a2
� � ð4Þ

Function f nð Þ in (2) is a zig-zag (piecewise linear)

function which is at layer K 2 1;N½ � (N is the total
number of layers) given as 1

f ðnKÞ ¼ ð�1ÞK nK
hK=2

ð5Þ

where nK 2 ½�hK=2; hK=2� is a local through-the-thick-

ness coordinate and hK is the layer�s thickness. Relation

between nK and n coordinates is

n ¼ nK þ nK0 ð6Þ
where nK0 is the value of n in the middle of the layer K

(i.e. at nK ¼ 0). We assume that layer 1 begins at n ¼
�h=2.

The above concepts, which are illustrated in Fig. 1 for

a four-layered laminate, can be viewed as a direct re-

finement of the first-order shear-deformation theory as
shown by Brank and Carrera [6].

2.2. Strains

When defining strains it is suitable to locally replace

curvilinear coordinates n1 and n2, introduced in (1) and

(2), with Cartesian coordinates x̂x1 and x̂x2. To that end we

1 The zig-zag function defined in (5) is in general having different

slope at different layers depending on the layer�s height. It is also

possible to define zig-zag function with slopes remaining the same in all

layers (see e.g. [11]). Fig. 1. Warping function and displacements ~ww1 and ~ww2.



define on the middle surface point 2 at the initial con-

figuration a local Cartesian basis ei such that

e3 ¼ T; e1 ? e3; e2 ? e1 ð7Þ
Transformation from the curvilinear coordinates n1 and
n2 to the local Cartesian ones has the following form (see

e.g. [3])

o
ox̂x1
o
ox̂x2

( )
¼ X0

;n1 � e1 X0

;n1 � e2
X0

;n2 � e1 X0

;n2 � e2

" #�1 o
on1
o
on2

( )
ð8Þ

where ð�Þ;na are partial derivatives with respect to the

coordinate na. Note that x̂x3 ¼ n.
The choice of displacements (2) leads, with transfor-

mation (8), to the following vector basis in the shell

deformed configuration

aa ¼ x;a ¼ x0
;a þ nt;a þ fw;a

a3 ¼ tþ gw
ð9Þ

where ð�Þ;a ¼ oð�Þ=ox̂xa and g is derivative of f, see (5),

with respect to the n coordinate

g ¼ df
dn

) for layer K we have gK ¼ ð�1ÞK2=hK ð10Þ

The base vectors at the initial configuration follow from

(1) as

ga ¼ X;a ¼ X0
;a þ nT;a

g3 ¼ T
ð11Þ

The Green–Lagrange strains with respect to the local
Cartesian frame are then defined as

Eij ¼ 1
2
ðai � aj � gi � gjÞ ð12Þ

with their explicit forms given as

Eab ¼ 1
2
ðx0

;a � x0
;b � X0

;a � X0
;bÞ þ 1

2
nðx0

;a � t;b þ x0
;b � t;a

� X0
;a � T;b � X0

;b � T;aÞ þ 1
2
f ðx0

;a � w;b þ x0
;b � w;aÞ

þ 1
2
n2ðt;a � t;b � T;a � T;bÞ þ 1

2
nf ðt;a � w;b � t;b � w;aÞ

þ 1
2
f 2w;a � w;b ð13Þ

Ea3 ¼ 1
2
x0
;a � tþ 1

2
gx0

;a � wþ 1
2
fw;a � tþ 1

2
fgw;a � w

þ 1
2
ngt;a � w ð14Þ

E33 ¼ gt � wþ 1
2
g2w � w ð15Þ

The underlined terms in the above expressions are

nonlinear. In the following we will concentrate only on a

linear model, which is naturally based on linear strains.
It is therefore necessary to exclude all nonlinear strains

from (13)–(15).

To simplify the notation we define the following two

vectors

En ¼ ½E11;E22; 2E12�T

Es ¼ ½2E13; 2E23�T
ð16Þ

where each of them is composed as

En ¼ eþ njþ f ~jj

Es ¼ cþ g~cc
ð17Þ

The vectors e ¼ e11; e22; 2e12½ �T, j ¼ j11; j22; 2j12½ �T and

c ¼ c13; c23½ �T collect the linear membrane, the linear

bending and the linear transverse shear strains of the

classical Reissner–Mindlin shell model, while the vectors
~jj ¼ ~jj11; ~jj22; 2~jj12½ �T and ~cc ¼ ~cc13; ~cc23½ �T collect additional

linear strains due to enriched kinematics. Explicit strain

expressions follow directly from (13)–(15)

eab ¼ 1
2
ðx0

;a � x0
;b � X0

;a � X0
;bÞ

jab ¼ 1
2
ðx0

;a � t;b þ x0
;b � t;a � X0

;a � T;b � X0
;b � T;aÞ

ca3 ¼ x0
;a � t

ð18Þ

~jjab ¼ 1
2
ðx0

;a � w;b þ x0
;b � w;aÞ

~cca3 ¼ x0
;a � w

ð19Þ

It is further assumed that the refined displacement

vector w lies in a plane tangent to the middle surface,

which leads to

T � w ¼ 0 ð20Þ
Introducing ~wwi (components of w with respect to the

local Cartesian basis ei) and wi (their counterparts in the

global coordinate system), and noting from (20) and (7)

that ~ww3 ¼ 0, it can be concluded that the transformation

rule has a form

wi ¼ Qia ~wwa; ½Qia� ¼ e1; e2½ � ð21Þ
Eqs. (2), (4) and (21) indicate that the present model

has seven kinematic parameters: three displacements of

the middle surface (u0 ¼ x0 � X0) defined in the global

coordinate system, two rotations of the shell director 3

(a1; a2), and two displacements related to the warping of

the laminate cross-sections (~ww1; ~ww2) defined in a local
coordinate system

u ¼ u0; a1; a2; ~ww1; ~ww2

h iT
ð22Þ

We note again that this number is independent on the

total number of layers.

2.3. Stress resultants and constitutive relations

Having defined strains of the chosen model we can

proceed with the constitutive relations. For that purpose

let us first collect stresses (defined with respect to the

local Cartesian basis) in two vectors as

2 In the finite element implementation the local Cartesian frames

need only be constructed at the element nodes and at the numerical

integration points.

3 Rotations are usually chosen such that they rotate around the

local e1 and e2 axes.



rn ¼ r11; r22; r12
� �T

rs ¼ r13; r23
� �T ð23Þ

where the in-plane stresses are collected in rn, and rs

contains the transverse shear stresses. In a layer K 2
½1;N �, which is made of an orthotropic material, we have

the following constitutive relations

rn ¼ CKEn

rs ¼ Cs
KEs

ð24Þ

where explicit expressions for matrices CK and Cs
K can

be found in the textbooks or e.g. in Brank, Peri�cc and
Damjani�cc [3]. They depend on six independent material

constants and the transformation from the material to

the local Cartesian coordinates.

The internal virtual work

dP ¼
Z
A

Z h=2

�h=2
rn � dEnð þ rs � dEsÞldndA

¼
Z
A

Z h=2

�h=2
½rn � ðdeþ ndjþ f d~jjÞ

þ rs � ðdcþ gd~ccÞ�ldndA
¼

Z
A
½ðn � deþm � djþ q � dcÞ þ ð~mm � d~jjþ ~qq � d~ccÞ�dA

ð25Þ
where dð�Þ ¼ Dð�Þ � du are variations of strains, provides
definition for the membrane, the bending and the

transverse shear forces. The differential element of the

shell volume, dV, is related to the differential element of
the shell middle surface, dA, as

dV ¼ ldndA ð26Þ
where l ¼ ffiffiffi

g
p

=
ffiffiffiffiffi
g0

p
, with g ¼ det X;a � X;b

� �
and

g0 ¼ det X0
;a � X0

;b

h i
. The following stress resultants are

identified as the membrane, the bending and the trans-

verse shear forces of the classical Reissner–Mindlin

model

n ¼
XN
K¼1

Z hK=2

�hK=2
rnldnK ; m ¼

XN
K¼1

Z hK=2

�hK=2
rnnldnK

q ¼
XN
K¼1

Z hK=2

�hK=2
rsldnK

ð27Þ
while the enrichment of the kinematic field produces

additional stress resultants

~mm ¼
XN
K¼1

Z hK=2

�hK=2
rnfKldnK ; ~qq ¼

XN
K¼1

Z hK=2

�hK=2
rsgKldnK

ð28Þ
Having defined stress resultants in (27) and (28), and

stress–strain relations in (24), we can proceed with de-

fining the laminate stiffness. It can be shown that the

following matrix relation can be obtained from (27),

(28), (24) and (17)

n

m

q
~mm
~qq

8>>>><
>>>>:

9>>>>=
>>>>;

¼

C0 C1 0 F10 0

C1 C2 0 F11 0

0 0 Z0 0 Z1

F10 F11 0 F02 0

0 0 Z1 0 Z2

2
66664

3
77775

e

j

c
~jj
~cc

8>>>><
>>>>:

9>>>>=
>>>>;

ð29Þ

The submatrices in (29) above are given as

CJ ¼
XNlay

K¼1

Z hK=2

�hK=2
CKn

JldnK

ZJ ¼
XNlay

K¼1

Z hK=2

�hK=2
Cs

KðgKÞJldnK

FIJ ¼
XNlay

K¼1

Z hK=2

�hK=2
CKn

I fKð ÞJldnK ; J ¼ 0; 1; 2; I ¼ 0; 1

ð30Þ
where FIJ , Z1 and Z2 appear due to enriched kinematics.

2.4. Reissner’s functional

In order to improve an effect of the transverse shear

deformation, to satisfy the continuity of the transverse

shear stresses across the layer interfaces and to avoid

usage of the transverse shear correction factors, we use

the Reissner�s functional in the following form

dPR u;rs;du;drsð Þ
¼
Z
A

de �n
h

þdj �mþdc �qþd~jj � ~mmþd~cc �~qq
i
dA

þ
Z
A

XN
K¼1

Z hK=2

�hK=2
drs � � Cs

K

� ��1
rsþ cþgK~cc

� �h i
ldnK

( )
dA

�
Z
A�
p� �du j�h=2 dA��

Z
Aþ
pþ �du jh=2 dAþ ¼0

ð31Þ
where we assume that the composite shell is pressured by

p� on its inner surface A� and by pþ on its outer surface

Aþ. Matrix ½Cs
K ��1

is part of the layer K compliance
matrix associated with the transverse shear defor-

mations.

2.5. Transverse shear stresses

Functional (31) allows for an assumed distribution of

the transverse shear stresses through the laminate layers.

In this work we examine quadratic variation through
each layer, although other assumptions are also possible

(e.g. linear, qubic, etc.). The stress vector rs of layer

K 2 ½1;N � is then defined as

rs ¼ PKbK ð32Þ



where PK denotes a matrix of stress interpolation func-

tions

PK ¼ F0 0 F1 0 F2 0

0 F0 0 F1 0 F2

	 

ð33Þ

which are given as

F0 ¼ � 1

4
þ fK

2
þ 3

4
f2K

F1 ¼
3 1� f2K
� �
2hK

F2 ¼ � 1

4
� fK

2
þ 3

4
f2K

ð34Þ

and bK is a vector of six unknown stress parameters

bK ¼ r13;top
K ; r23;top

K ;R13
K ;R

23
K ; r

13;bot
K ; r23;bot

K

� �T ð35Þ
The subscripts �top� and �bot� in (35) refer to the top edge

(at nK ¼ hK=2) and the bottom edge (at nK ¼ �hK=2) of
layer K, respectively, and

Ra3
K ¼

Z hK=2

�hK=2
ra3ldnK ð36Þ

are the transverse shear resultants of layer K. Note that

nondimensional layer coordinate fK ¼ nK=ðhK=2Þ 2
½�1; 1� was introduced in (34).

Now assembling the unknown stress parameters

through a laminate thickness in a vector b

bð6�NÞ ¼
XN
K¼1

bK ð37Þ

concluding that c ¼ cðuÞ and ~cc ¼ ~ccðuÞ, and using the

underlined part of the functional (31) we may express

the stress parameters b as functions of the kinematic

parameters u

b ! Reissner’s functional ð31Þ ! bðuÞ ð38Þ
In this process the continuity of the interlaminar shear

stresses can naturally be satisfied by employing the fol-

lowing conditions

ra3;bot
ðKþ1Þ ¼ ra3;top

K if K 2 1;N � 1½ �
ra3;bot
K ¼ �rra3;bot if K ¼ 1

ra3;top
K ¼ �rra3;top if K ¼ N

ð39Þ

where �rra3;bot and �rra3;top are applied stresses at the bottom

and at the top surface of the shell, respectively. We end

up with a vector ~bbðuÞ
bðuÞ ! Equations ð39Þ ! ~bbðuÞ ð40Þ
which has dimension of 6þ ðN � 1Þ � 4. The transverse

shear stresses of a particular layer K

layer K : rsðuÞ ¼ PK
~bbKðuÞ ð41Þ

are then obtained by locating the corresponding stress

parameters in ~bbðuÞ

~bbðuÞ ! Identifying the terms related to layer

K ! ~bbKðuÞ ð42Þ

It can be shown (see [5]) that the integration of the

transverse shear stresses through a particular layer re-

sults in a sum of two partsZ hK=2

�hK=2
rsldnK ¼

Z hK=2

�hK=2
PK

~bbKðuÞldnK ¼ Q0
KcþQ1

K~cc

ð43Þ
whereQ0

K andQ1
K are variationally obtained constitutive

matrices following from the Reissner�s functional. Now

a new form of submatrices in (29) relating the transverse

shear forces q and ~qq with the transverse shear strains c

and ~cc are defined as

Z0 ¼
XN
K¼1

Q0
K ; Z1 ¼

XN
K¼1

Q1
K ; Z2 ¼

XN
K¼1

gKQ
1
K ð44Þ

Details of the procedure described in this section can be
found in [5].

2.6. Finite element interpolation and implementation

The above laminated shell model is transformed into

an isoparametric finite element in a usual way (see e.g.

[3]). Convective coordinates n1 and n2 from the previous

sections are replaced with isoparametric coordinates of a

shell finite element. According to the isoparametric

concept, we use standard interpolation functions to de-

fine shell geometry within one element as

X0 ¼
Xnen
a¼1

Na n1; n2
� �

X0
a; T ¼

Xnen
a¼1

Na n1; n2
� �

Ta ð45Þ

where nen is the number of element nodes, Na : � ! R

are the corresponding shape functions, whereas ð�Þa are
the corresponding nodal values. Displacements are in-

terpolated as

u0 ¼
Xnen
a¼1

Na n1; n2
� �

u0a; w ¼
Xnen
a¼1

Na n1; n2
� �

wa ð46Þ

and the shell director at the deformed configuration is

given as

t ¼
Xnen
a¼1

Na n1; n2
� �

ta a1a; a
2
a

� � ð47Þ

Virtual quantities are interpolated in the same way and

derivatives of the interpolated quantities with respect to

the na coordinates are obtained trivially. To avoid the

shear locking we use the assumed natural strain (ANS)

method as suggested by Bathe and Dvorkin [1]. Ac-

cordingly, the transverse shear strains for nen ¼ 4 are

interpolated in n1, n2, n coordinates as



c13 ¼ 1
2
½ð1� n2ÞcB13 þ ð1þ n2ÞcD13�

c23 ¼ 1
2
½ð1� n1ÞcA23 þ ð1þ n1ÞcC23�

ð48Þ

~cc13 ¼ 1
2
½ð1� n2Þ~ccB13 þ ð1þ n2Þ~ccD13�

~cc23 ¼ 1
2
½ð1� n1Þ~ccA23 þ ð1þ n1Þ~ccC23�

ð49Þ

where the strains cð�Þi3 and ~ccð�Þi3 are evaluated at the point

ð�Þ in accordance with the expressions derived in the

previous sections. Positions of the mid-side points A, B,
C, D are X0;L ¼ 1

2
X0;M þ X0;N
� �

, where ðL;M ;NÞ 2
ðA; 1; 2Þ; ðB; 2; 3Þ; ðC; 3; 4Þ; ðD; 1; 4Þf g.

3. Numerical examples

In this section numerical results obtained by the

above described finite element formulation are com-

pared with exact analytical solutions.

3.1. Cylindrical bending of a shell panel

Consider a simply supported, three-layered, crossply

½90�=0�=90�� laminated cylindrical panel of infinite

length, loaded by sinusoidally distributed pressure
�qq ¼ q sinðpa=bÞ, where a 2 ½0; b�, over the top surface

(Fig. 2). The geometry is defined by R=b ¼ 3=p, where R
is radius of the panel and b is its arc length in the cir-

cumferential direction. The material properties are

E1 ¼ 25:0; E2 ¼ 1:0; G12 ¼ G13 ¼ 0:5;

G23 ¼ 0:2; m12 ¼ 0:25 ð50Þ
where 1 defines the fiber direction; 2 the transverse di-

rection; 3 the thickness direction and m12 the major

Poisson�s ratio. Analytical solution of this problem was
given by Ren [18].

The following nondimensional quantities are shown

in Figs. 3–13: normalized ‘‘in-plane’’ displacement v ¼
�uu2 ¼ u2ETh2=ðqa3Þ at a ¼ 0, normalized transverse dis-

placement w ¼ �uu3 ¼ u310ETh3=ðqR4Þ at a ¼ b=2, nor-

malized circumferential stress S2 ¼ �rr22 ¼ r22h2=ðqR2Þ at
a ¼ b=2 and normalized transverse shear stress S4 ¼
�rr23 ¼ r23h=qR at a ¼ 0. Finite element solutions (de-
noted as RMZC) are obtained with a mesh of 1� 40

elements for one-half of the structure. Figs. 3 and 4

show a convergence of numerical results. Figs. 5–13

show through-the-thickness distribution of displace-
ments and stresses. The RMZC prediction of v and w

displacements is close to the analytical solutions. Figs. 7,

10 and 13 show the transverse shear stresses calculated

from the constitutive equations without using shear

correction factors. The agreement of RMZC results with

analytical solutions is reasonable.

3.2. Cylindrical shell

Ten-layered ½90�=0�=90�=0�=90��S cylindrical shell of

thickness h is defined by ratio a=R ¼ 4, where a is the

length of the cylinder and R is its radius (Fig. 14).

Thickness of each layer is h=10. The 0� layer fibers are

parallel to the longitudinal coordinate x. The cylinder isFig. 2. Shell panel: geometry and loading.

Fig. 3. Shell panel: convergence of displacements and stresses for

R=h ¼ 4.

Fig. 4. Shell panel: convergence of displacements and stresses for

R=h ¼ 100.



supported by the shear diaphragms at both ends and

subjected to the transverse pressure q distributed on the

shell internal surface as

�qq ¼ q sin
px
a

cos 4h ð51Þ

where x 2 ½0; a� and h 2 ½0; 2p�. Material characteristics

are

EL=ET ¼ 25:0; GLT=ET ¼ 0:5;

GTT=ET ¼ 0:2; mLT ¼ 0:25 ð52Þ

Analytical solution of this problem was given by Vara-

dan and Bhaskar [21].

Due to the symmetry only one-eight of the cylinder

(h 2 ½0; p=2� and x 2 ½0; a=2�) is discretized by finite ele-

ments. Discretization is done by 16� 40 elements, where

40 elements are used in the circumferential direction.

Boundary conditions are u1 6¼ 0, u2 ¼ u3 ¼ 0, where u1 is
longitudinal displacement, u2 is circumferential dis-
placement and u3 is transverse displacement.

Figs. 15 and 16 present nondimensional quantities

v ¼ �uu2 ¼ u210ELh2=ðqR3Þ at ðx; hÞ ¼ ða=2; p=8Þ, and

Szb ¼ �rr23 ¼ r2310h=ðqRÞ at the closest integration point

to ðx; hÞ ¼ ða=2; p=8Þ. The results obtained by the

RMZC finite elements are in reasonable agreement with

the analytical solution.

Fig. 6. Shell panel: normalized ‘‘in-plane’’ stresses for R=h ¼ 4.

Fig. 7. Shell panel: normalized transverse shear stresses for R=h ¼ 4.

Fig. 8. Shell panel: normalized through-the-thickness displacements in

the direction of the curvilinear coordinate a for R=h ¼ 10.

Fig. 5. Shell panel: normalized through-the-thickness displacements in

the direction of the curvilinear coordinate a for R=h ¼ 4.



Fig. 11. Shell panel: normalized through-the-thickness displacements

in the direction of the curvilinear coordinate a for R=h ¼ 50.

Fig. 9. Shell panel: normalized ‘‘in-plane’’ stresses for R=h ¼ 10.

Fig. 10. Shell panel: normalized transverse shear stresses for R=h ¼ 10.

Fig. 12. Shell panel: normalized ‘‘in-plane’’ stresses for R=h ¼ 50.

Fig. 13. Shell panel: normalized transverse shear stresses for R=h ¼ 50.

Fig. 14. Cylindrical shell: geometry and loading.



4. Conclusions

This work elaborated upon the composite shell for-

mulation with a zig-zag through-the-thickness distri-

bution of displacements and interlaminar continuity of
transverse shear stresses. First the theoretical issues were

clarified to provide a solid basis for the finite element

implementation. In numerical examples special attention

was given to comparison of the transverse shear stresses

calculated from the constitutive equations with the

available analytical solutions. A reasonable agreement

was found although the effect of through-the-thickness

deformation was not explicitly considered.
The model considered cannot predict without post-

processing neither the transverse normal stress nor an

unsymmetrical distribution of the transverse shear

stresses. It is believed, however, that by using recent

concepts of modern shell models (see e.g. [7]) the present

formulation can be extended to include an accurate

through-the-thickness description of both normal and

transverse stresses.
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Fig. 15. Cylindrical shell: normalized through-the-thickness displace-

ments for R=h ¼ 4.
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