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ABSTRACT

In this thesis, we define codes based on the Phan geometry of type A,,. We
show that the action of the group SU,1(¢) is not irreducible on the code.
In the rank two case, we prove that the code is spanned by those apartments
which only consist of chambers belonging to the Phan geometry and obtain

submodules for the code.
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INTRODUCTION

We are concerned with defining error-correcting codes on group geometries
and buildings. The theory of error-correcting codes is a branch of Engineering
and Mathematics which deals with the transmission and storage of data in
a reliable way. In practice, absolute reliability of information media is not
certain and so when information is being transmitted over a medium, data
may become distorted due to noise (any form of interference or disturbance)

in the communication channel.

The aim of an error-correcting code is to encode the message to be communi-
cated, by adding some form of redundancy, so that the received message may
be decoded by the decoder into a message resembling, as close as possible,
the original message if (not too many) errors have occurred, or at least the
presence of errors can be detected. The degree of resemblance will depend
on how good the code is in relation to the channel in question.

In recent years, finite geometries have played a significant role in the theory
of error-correcting codes. More specifically, finite geometries acted upon by
groups have been found to provide spaces on which codes can be defined, and
these codes have generally been found to have high error-correcting capabil-

ities. Two examples of such codes are the Hamming code and the Golay



code. These are error-correcting codes which have desirable properties in
the sense that they are relatively short and can correct errors quickly. This
is partly due to the fact that they are highly symmetric, i.e., they admit
large automorphism groups. One related observation is that the codewords
in each code have some natural meaning in the defining geometry for the
automorphism group of the code. For example, in the case of the Hamming
code, its automorphism group is the group L3(2) whose natural geometry is
the rank 2 Projective geometry over Fy = {0, 1}. We identify the codewords
with the lines of this projective space. The points and lines of this projective

geometry are an example of a classical building of rank two.

For the purpose of this introduction, we define a building to be a simplicial
complex consisting of a family of subcomplexes called apartments which sat-
isfy certain axioms that we shall describe later in Chapter 1. Jacques Tits
introduced buildings in order to provide a systematic approach for the geo-
metric interpretation of semisimple complex Lie groups and also semisimple
algebraic groups over an arbitrary field. Buildings played a significant role in
the classification of the finite simple groups because these geometries allow

certain abstract groups to be identified as groups of Lie type.

We obtain codes from buildings by using elementary algebraic topology fol-
lowing S. D. Smith and S. Yoshiara [14]. Their method involves defining
homolgy groups on buildings which may be viewed as (linear) codes; and
so codewords are just cycles in the homology group. An advantage of this
construction is that, we can use the geometric information of the building to

determine those cycles which have the smallest possible weight. This weight



is called the minimal weight of the code and determines its error correction
capability. There are other geometric implications of such a construction. In
the particular case of a building associated with a simple Chevalley group,
minimal cycles are given by apartments. Furthermore, the (top dimensional)
homology group provides a natural construction of the irreducible complex
Steinberg module. So, just as in the case of the Hamming and the Golay
codes, this code is also very symmetric. It is therefore reasonable to ask if

such a construction exists for other group geometries.

A subclass of Tits buildings are the buildings coming from Phan geometries.
These geometries are named after Kok-Wee Phan who proved several results
in [10] and [11] which played significant roles in the classification of the
finite simple groups. Our interest lies with the Phan geometry of type A,.
The Phan geometry I' = T'(n, q) of type A, is the simplicial complex whose
vertex set consists of all the proper non-degenerate subspaces of the unitary
space V' = V(n,q) for the unitary group SU,;1(q). This geometry was
instrumental in the revision of Phan’s first theorem which states that, for
q > 4 and n > 3, the group SU,1(q) is the universal completion of the

amalgam of its fundamental subgroups having rank one and two.

It was M. Aschbacher [2] who first observed that, using standard geometric
results, simple connectedness of this geometry would imply Phan’s first the-
orem. He and K.M. Das [8] did some work towards a new proof of Phan’s
theorem and Das proved that I' is simply connected for ¢ odd, ¢ # 3. Later,
C. Bennett and S. Shpectorov [5] gave a complete proof of Phan’s theorem,

which partially generalizes to the cases ¢ = 2 and ¢ = 3. The significance



of this geometry in the revision of Phan’s theorem makes it an important

geometry for the group SU,.1(q).

We define (linear) codes based on this geometry I' and investigate some of its
properties. The main motivation for our research was to obtain codes which
would have properties analogous to those of the Hamming and Golay codes,
and also possess some nice geometric properties. We employ the methods of
Smith and Yoshiara [14] in defining linear codes based on the geometry I" and
refer to the code obtained in this way as the Phan code. Utilizing information
about the code based on the projective geometry A for the unitary space V,
and the action of the unitary group G = SU,+1(q) on the geometry I', we
obtain the following result regarding the length and minimal weight of the

Phan code.

Theorem 0.0.1. The Phan code has length |G : G¢| and minimal weight

(n+ 1)!, where G¢ denotes the stabilizer of a chamber C' in T

In [9], Devillers et al proved that if ¢ > 2"7'(,/g + 1) the Phan geometry I
is Cohen-Macaulay, that is, reduced homology vanishes from top dimension.

This enables us to determine the dimension of the Phan code.

Theorem 0.0.2. Let I'; denote the set of i-dimensional simplices in I' and

suppose q > 2”_1(\/5—1— 1). Then the dimension of the Phan code is given by

X)) =) (=)L,

=0

We further obtain a recursive formula for the dimension of the Phan code,

more on this can be found in Chapter 5.
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We investigate the properties of the Phan code and prove that unlike the
Hamming and Golay codes given above, the action of the group G on the

Phan code is not irreducible.

Theorem 0.0.3. The Phan code is not irreducible.

In the rank two case, we obtain a basis for the Phan code and show that it is
spanned by the set of codewords corresponding to apartments which consist

only of chambers in I'.

The structure of the thesis is as follows. In Chapter 1, we introduce Buildings
and BN-pairs and collect some relevant results. We also give a description
of the building of type A,,. Homology and Simplicial complexes are covered
in Chapter 2. In Chapter 3, we describe linear codes and how they can be
obtained from homology. We also define codes on buildings using the method
of Smith and Yoshiara. Chapter 4 is dedicated to the unitary space and the
unitary group. The main results of this thesis can be found in Chapter 5.
In addition, we investigate the properties of the code in the rank two case in

more detail.



CHAPTER 1

BUILDINGS

In this chapter, we collect some results on Chamber systems, Coxeter groups,
groups with BN-pairs and Buildings which we will use in later parts of this

thesis.

1.1 Chamber systems

In this section, we explore the concept of a chamber system. A more detailed

description can be found in [1], [12] and [17].

Definition 1.1.1. A chamber system over a set I is a nonempty set C to-
gether with a family of equivalence relations (~;)ie; on C indexed by I. The
elements of C are called chambers and the equivalence classes with respect
to ~; are called i-panels, a panel being an i-panel for some i € I. Two
chambers C' and D are i-adjacent, written C' ~; D, if they lie in the same
1-panel, and we say they are adjacent if they are i-adjacent for some i € 1.

We require further that each panel contains at least two chambers.

A chamber system is said to be thin if every panel contains exactly two

chambers and thick if every panel contains at least three chambers. For
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any set I, let M; denote the free monoid on I, that is, the set of all words
in the alphabet I including the empty word, with multiplication given by

concatenation.

Definition 1.1.2. Let C be a chamber system and let C, D € C. A gallery
of length k connecting C' and D is a sequence v = (Cy,...,Cy) such that
Co=C, Cy =D and Cj_1 ~;; C; for some i; € I. The type of the the

gallery ~v is the word iy - - -1, € Mj.

A chamber system C is said to be connected if any two chambers C, D € C
can be connected by a gallery. The distance d(C, D) from C to D is defined
to be the length of a shortest gallery from C' to D if such a gallery exists,
and oo otherwise. A gallery from C to D is said to be minimal if it has
length d(C, D). The diameter of C denoted diam(C) is the supremum of the
set {d(A,B) | A, B € A}. We say that two chambers C' and D are opposite
if d(C, D) = diam(A) < oo.

1.2 Coxeter groups

In this section, we shall be concerned with finite groups W having a gener-
ating set S of involutions (elements of order 2) subject to certain relations.

We make reference to [1], [6] and [7].

Definition 1.2.1. Let S be a set. A Coxeter matrix of type S is a square
symmetric array M = (m(s,s'))sses such that m(s,s’) are positive integers

or +00 satisfying the following relations:

o m(s,s)=1 forallse S

11



e m(s,s') >2 foralls#s €8S.

A Coxeter group W is a group having a presentation

(se€ S| (ss)™=) =1 for all 5,5 € S).

The set S is called the generating set for W and we call the pair (W,S) a

Coxeter system.

Observe that the condition that m(s,s) = 1 for all s € S implies that the
elements of S are involutions. Furthermore, if m(s,s’) = 2, then ss’ = §'s,
that is, s and s’ commute. If W is a finite Coxeter group, then m(s,s’) < oo

for all s,s" € S.

Definition 1.2.2. We define the Coxeter diagram of a Coxeter matrix M =
(m(s,s"))s.ses to be the graph with vertex set S and edge set consisting of
all unordered pairs {s,s'}, such that m(s,s") > 3 together with the labeling
which assigns the label m(s,s’) to each edge {s,s'}. The rank of a Cozxeter

diagram is the cardinality of its vertex set S.

Let (W,S) be a Coxeter system and let II be the corresponding Coxeter
diagram. Then we say (W, S) is a Cozeter system of type I1. We remark that
two vertices s and s’ are adjacent in II if and only if they do not commute.
A Coxeter system is said to be irreducible if the underlying graph of its
corresponding Coxeter diagram is connected. From now on we consider only

finite Coxeter systems.

Definition 1.2.3. Let (W, S) be a finite Coxeter system. For w € W, we

define the length l(w) of w (with respect to S) to be the least integer k such

12



that w is a product of k elements of S. A word in the generating set S (called
an S-word) is a finite sequence s = (s1,Sa,...,8k) of elements of S. It is
said to be reduced if the corresponding element w = s1S9--- S, has length

l(w) =k, and we say that s is a reduced decomposition of w.

By convention the empty word is reduced and the corresponding product is
1 € W. The elements of the generating set S are the only elements having
length 1. We collect some results on the length function [ of the Coxeter

group W.

Proposition 1.2.4. Let (W, S) be a finite Coxeter system and w,w’ € W.

We have the following:
(i) l(ww') < I(w) + U(w'),
(it) l(w™") = l(w),

(iti) [I(w) = {(w")] < l(ww'™).

Proof. This is Proposition 1 in Chapter IV of [6]. O

We have an important assertion about Coxeter systems known as the ex-

change condition.

(E) (The Exchange Condition)
Let (W, S) be a finite Coxeter system and let w € W and s € S such
that l(ws) < l(w). If (s1,...,s,) is any reduced decomposition of w,

then there is an integer j such that 1 < 5 < ¢ and

Sj41...8¢5 = SjSj41-..5¢q-

13



Similarly, we also have

881 - - .5].71 = 81" 'Sj718j7

if {(sw) < l(w).

Proposition 1.2.5. Let (W, S) be a finite Cozeter system. Let s € S, w €
W and s = (s1,...,84) be a reduced decomposition of w. Then one of the

following holds.
(a) l(sw) =l(w)+1 and (s,s1,...,5,) is a reduced decomposition of sw.

(b) l(sw) = l(w) — 1 and there is some integer j, 1 < j < q such that

(815, 8j—1,5j41s - - -, Sq) 1S a reduced decomposition of sw and

(S, S1y--458j—1,Sj4+1y- - - ,Sq)

15 a reduced decomposition of w.

Proof. Let w' = sw. Then by Proposition 1.2.4 (iii),

[1(w) = ()] < l(ww'™)

=l1(s)=1.

If I(w') > l(w), then |l(w) —l(w’)| = 1 which implies l[(w') = l(w)+1=qg+1
and (s, s1,...,5,) is a reduced decomposition of w’.

If [(w") < l(w) = ¢, then by the exchange condition, there exists j €
{1,...,q} such that

w:ssl...sj_lsj_"_l...sq’

14



and so w' = sw = 81+ 5j_15j41 - Sq. Thus g—1 < [(w’) < ¢ and since {(w")
is an integer, we must have that [(w') = ¢ — 1. So (s1,...,8j-1,8j41,-- -, 5¢)

is a reduced decomposition of w'. O

Let V be a finite dimensional real vector space endowed with a symmetric
positive definite bilinear form (, ) taking values in R. Let O(V') denote the
set T of linear transformations from V' to itself such that (7'(u), T'(v)) = (u,v)
for all u,v € V.. A reflection is an element s € O(V') such that s # 1 and s

fixes every vector in some hyperplane in V.

Definition 1.2.6. A subgroup of O(V') generated by reflections is referred to

as a group generated by reflections.

Our main aim is to describe finite Coxeter groups as groups generated by

reflections.

Definition 1.2.7. A root system A in V is a finite set of vectors having the

following properties.
1. 0 ¢ A and A spans V.

2. If a € A, then —a € A; moreover if ca € A for some ¢ € R, then

c= *£1.

3. For each a € A, we have s,A = A, where s, is the reflection firing

the hyperplane {a)*.

The group W = W(A) generated by the reflections {s, | « € A} is the sub-
group of O(V') associated with the root system A. The next result shows that

Coxeter groups can be identified with finite groups generated by reflections.

15



Theorem 1.2.8. Let (W, S) be a finite Coxeter system with generating set
S ={s1,...,8.}. Let V be a vector space of dimension n over R with basis

{e1,...,en}. Define the bilinear form B :V xV — R by

B(@i, 6j) = — COS W/mij

1 <4,5 < n, where my; is the order of s;s; in W. For each s; € S define a

linear transformation T(s;) on V' by

T(s;)e; =e; —2B(e;, ej)e;, 1 <j<n.

Then the following hold.

(1) The map T : S — End V extends to a faithful representation T : W —

GL(V'), where End V' denotes the set of endomorphisms of V.

(ii) The bilinear form B is symmetric, positive definite and T (w)-invariant

for all w e W.

(iii) The group T(W) is a finite group generated by reflections, and the set
{T(s1),-..,T(sn)} can be identified with a set of fundamental reflec-
tions in T(W).

() If the Cozeter system (W,S) is irreducible, then the representation T
18 absolutely irreducible.
Proof. See Theorem 64.28 in [7]. O
We shall now consider a certain important family of subgroups of a Coxeter
group.

16



Definition 1.2.9. Let (W, S) be a finite Cozeter system, let J C S and
denote by W the subgroup of W spanned by J. The subgroups {W;};cs
are called standard parabolic subgroups of W. Their conjugates are called

parabolic subgroups of W.
We collect some results on parabolic subgroups of a Coxeter group.

Proposition 1.2.10. Let (W, S) be a finite Cozxeter system with length func-

tion [. Then the following statements hold.

(i) For each w € Wy, all reduced expressions for w have all their factors

m J.
(i) For each J C S, the pair (W, J) is a Cozeter system.

(iii) The map J — W;, J C S, is a bijection from the family of all subsets

of S to a family of subgroups of W.
(ZU) For all J,K g S, WJ N WK = WJQK.
(v) The set S is a minimal set of generators for W.

Proof. (i) is Lemma 64.33 in [7], (i7) follows from Proposition 64.36 in [7],
(7i) follows from (i) and the definition of parabolic subgroups, (iv) also

follows from (i), and (v) follows from Proposition 1.2.8 (i) and (iii). O

We now wish to collect some results on double cosets of the Coxeter group

W. First we require the following definition.

Definition 1.2.11. Let W be a group and U a subgroup of W. Then the

group U x U acts on W by (u,v/).w = vwu'"" for u,u’ € U and w € W,

17



The orbits of U x U on W are the sets UwU for w € W, and are called the
double cosets of W with respect to U. They form a partition of W and the

corresponding quotient is denoted by U\ W/U.

Note that if C,C" are two double cosets, then their product C'C" is a union

of double cosets.

Proposition 1.2.12. Let (W, S) be a Cozeter system and J, K C S. There
1s a unique element x of minimal length in every double coset W wWyg €
Wi\ W/Wg. Furthermore, each element in W;xWyx has an expression uzxv,

with uw € Wy, v e Wk and
Huzv) = l(u) + l(x) + (v).

Proof. See [7], Proposition 64.38. O

Observe that if J = (), then W;wWyx = wWp. Thus, by Proposition 1.2.12,
every left coset wWjg has a unique element of minimal length. Similar re-

marks hold if K = (.

Definition 1.2.13. An element x of minimal length in a double coset W\
W /Wy (as in Proposition 1.2.12) will be called a distinguished double coset
representative. We denote by Dk the set of all distinguished double coset

representatives for all the double cosets in Wy \ W/Wi.

1.3 BN-pairs

In this section, we collect some results on groups with BN-pairs. Most of

our results are taken from [7] and we also refer to [4] and [6].

18



We recall the definition of double cosets of a group as given in Definition

1.2.11.

Definition 1.3.1. A BN-pair (or Tits system) in a group G is a pair of

subgroups (B, N) of G, satisfying the following axioms.

(B1) G = (B, N).

(B2) H= BN N is normal in N.

(B3) W = N/H is a Coxeter group with generating set S = {s; |i € I}.

(B4) For any w € W and s € S we have BsBwB C BwB U BswB, and
sBs # B.

The group W is called the Weyl group of the BN-pair and the cardinality
|I| of I is the rank of the BN-pair. Any subgroup of G which is conjugate

to B is called a Borel subgroup.

Remark 1.3.2. Fvery element of W is a coset modulo H = BN N and is
therefore a subset of G. Thus, products of the form BwB make sense. In
particular, if m denotes the natural homomorphism from N to W = N/H
given by m(n) = nH, then the product BwB may be taken to represent each
BnB such that m(n) = w. For instance, (B4) may be rewritten as Bn;BnB C
BnBUBn;nB and n;Bn; # B for alln;,n € N such that w(n;) = s; € S and
w(n) = w € W. Additionally, for any subset A C W, we let BAB denote
the subset | J,,c 4 BwB.

19



Example 1.3.3. For G < GL,(q), take

B := G N upper triangular matrices
N := G N monomial matrices

H =GN diagonal matrices.

Then B and N form a BN -pair for G. For instance, take G = SLs(2). Then

B consists of matrices of the form

1 % *
0 1 =
0 01

The subgroup N in this case is just the set of permutation matrices (since
the only nonzero element in Fy is 1). So T = BN N = {1} and the Weyl

group W = N/T = Sj.

For the remaining part of this section let G, B, N, W and S be as in Definition

1.3.1. We collect some results on BN-pairs, proofs can be found in [7].

Proposition 1.3.4. Let w,w’ € W, then BwB = Bw'B if and only if w =
w'. Hence, there is a bijection w — BwB from W to B\ G/B. Furthermore,

forany s € S, if l(sw) = l(w) + 1, then BsBwB = BswB.

Proof. See Theorem 65.4 and Proposition 65.5 in [7]. O

As a consequence of Proposition 1.3.4, we have that G = |J, oy BwB =

BW B. This is called the Bruhat decomposition for the group G.

20



For any subset J C S, recall from the previous section that W is the sub-
group of W generated by J. Let P; denote the union BW ;B of double cosets
BwB, we W;. Then Py = B and Ps =G.

Theorem 1.3.5. Let J C S. Then Pj is a subgroup of G containing B. If

P < G contains B, then P = P; for some J C S.
Proof. See Theorem 65.13 in [7]. O

Definition 1.3.6. The subgroups {P;};cs of G which contain the (standard)
Borel subgroup B of G are called standard parabolic subgroups of G. A

parabolic subgroup of G is a conjugate of a standard parabolic subgroup.

Each P; contains a BN-pair with Borel subgroup B and Weyl group Wj.

We collect some properties of parabolic subgroups.
Proposition 1.3.7. Let I, J C S. The following hold.
(i) I C J if and only if Py C Pj.
(ii) Pr0 Py = Pny.

(iii) The map I — Pr gives a bijection from the set of subsets of S to the

set of standard parabolic subgroups of G.
Proof. See Proposition 65.17 in [7]. O
Corollary 1.3.8. The set S is a minimal generating set of generators of W.
Theorem 1.3.9. We have the following.
(i) For each parabolic subgroup P of G, we have Ng(P) = P.

21



(i) If P, and Py are two parabolic subgroups of G such that Py N Py is

parabolic, then gP g~ < Py if and only if P, < P» and g € P,.
Proof. See Theorem 65.19 in [7]. O

Corollary 1.3.10. Every parabolic subgroup of G is conjugate to a unique

standard parabolic subgroup of G.

The next result shows a connection between parabolic subgroups of G and

parabolic subgroups of W.

Theorem 1.3.11. Let J, K C S. There exists a bijection of double cosets
WJ\W/WKHPJ\G/PK

given by WrgwWiy <> BW;wWgB = PywPk.

Proof. This is Theorem 65.21 in [7]. O

1.4 Buildings

Throughout this section let I be a set and M be a Coxeter matrix over I,
let (W, S) be a Coxeter system of type M, where S = {s; | ¢ € I} and let
[ denote the length function of the Coxeter group W. Most of our work in

this section is taken from [1], and we also make reference to [12] and [17].

Definition 1.4.1. A building of type (W, S) (or M) is a pair (C,d), where C
is a chamber system over S and d is a function from CxC to W such that for
any pair of chambers C, D € C and any reduced S-word s = (81, S2, ..., Sk),

(C, D) = s18 -+ sg if and only if there exists a gallery of type s connecting
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C and D. The group W is called the Weyl group and the map d is called the

Weyl distance function of C.

Observe that the definition implies that any two chambers can be joined by
a reduced gallery in a building. For the ease of notation we shall denote a

building (C, d) simply by C.

Example 1.4.2. Let (W,S) be a Coxeter system and let ¥ = Xy be the
chamber system whose chambers are the elements of W. Two chambers x,y €

> are adjacent if and only if y = xs for some s € S. Then 3y together with

the map 6 = oy defined by

o(z,y) =2y

for all x,y € W is a building of type M.
The following result provides an alternative definition for buildings.

Lemma 1.4.3. Let A be a chamber system over S and let 6 be a map from
A XA toW. Then (A,6) is a building if and only if § satisfies the following

conditions.
(i) 5(C,D) =1 if and only if C = D.

(i) If 6(C,D) = w and C" € A is such that §(C',C) = s € S, then
5(C", D) € {sw,w}. Furthermore, if [(sw) = l(w) + 1, then 6(C", D) =

SW.

(i1i) If 6(C,D) = w, then for any s € S, there exists C' € A such that
6(C",C)=s and 6(C", D) = sw.
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Proof. See [1], Proposition 5.23. O
Proposition 1.4.4. Let A be a building. Then A is connected.

Proof. This follows from the definition since any two chambers can be joined

by a gallery of reduced type. [

Proposition 1.4.5. A gallery is minimal if and only if its type s is reduced.

Furthermore, if s is reduced, then a gallery of type s is unique.
Proof. See [12], (3.1). O

Recall the definition of the distance d(C, D) between two chambers C' and D

in a chamber system, defined in section 1.1.

Corollary 1.4.6. For any two chambers C, D in a building A, the following
hold:

1. 5(C,D) = §(D,C)".
2. d(C,D) = 1(5(C, D)).

Recall that if J C S the group W, = (J) < W is a Coxeter group of type J,
thus (W, J) is a Coxeter subsystem of (W, .S).

Definition 1.4.7. Let J C S. We say that the chambers C,D € A are
J-equivalent denoted C' ~; D provided 6(C, D) € W;. Observe that Lemma
1.4.5 wmplies that C' ~; D if and only if there is a gallery connecting C

and D of type (s1,82,...,s,) with s; € J for all i € [1,k]. It follows that
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J-equivalence 1s an equivalence relation. We call the equivalence classes J-
residues. Thus, for each chamber C € A there is a unique J-residue contain-

ing C. We denote this residue by R;(C). Hence

RJ(C) = {D eA | (5(0, D) € WJ}

A residue is a subset S of A which is a J-residue for some J C S. The set J
is referred to as the type of the residue S, and the cardinality |J| is referred

to as its rank. We also refer to the set S\ J as the cotype of S.

Observe that panels are residues of rank 1 (and type s for some s € S), a
single chamber is a residue of rank 0 (and type ), and the building A is the
unique residue of type S.

We now collect some results pertaining to residues. First, we fix some nota-

tion.

Definition 1.4.8. Let S, T C A. We define the Weyl function 6(S,7T) by
(S, T)={0(X,)Y)| XeSYeT}

Lemma 1.4.9. Given a J-residue R and a K-residue S of a building A,
J, K C S, the Weyl function 6(R,S) is a double coset of the form WwWy.
In particular, 5(R,R) = Wj.

Proof. See [1], Theorem 5.29. O

Corollary 1.4.10. Suppose R is a J-residue for some J C S. Then (R, d|rxr)
is a building of type (W, J).

Note that if J = (), then the J-residue R consists of a single chamber C' and
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6(C,S) = 6({C},S) is a left coset wWy. We obtain a similar result if K is
empty.

Let J,K C S and w € W. Recall that a double coset W ;wW has a unique
element of minimal length. We denote this element by min(W,;wWk), so
wy; = min(W;wWg) if and only if w; has minimal length in W;wWpg. Thus,
if R,S are any two residues, then we have a well-defined minimal element

w; = min(§(R,S)) € W. Set

d(R,S) =min{d(C,D) | C e R,D e S}.

Notice that for any C' € R and D € S satisfying d(C, D) = d(R,S), Corol-
lary 1.4.6 implies that {(6(C, D)) = d(R,S). In particular, §(C, D) is minimal

in 6(R,S) and so by uniqueness, we have that

d(C,D) =min(6(R,S)) = w;.

This gives us a characterization for the unique minimal element w; € 6(R,S).
We wish to study projection of chambers onto residues. In order to do this,

we require a technical result known as the gate property.

Lemma 1.4.11. Suppose A is a building and let R be a residue and D € A.
Then there exists a unique chamber Cy € R such that d(Cy, D) = d(R, D).

Furthermore, C1 has the following properties:
1. 6(Cy, D) = min(6(R, D)).

2. §(C, D) = §(C,C1)5(Cy, D) for all C € R.
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3. d(C, D) = d(C,Cy) + d(Cy, D) for all C € R.
Proof. A proof can be found in [1], Proposition 5.34. O

Definition 1.4.12. Let R be a residue in a building A and let D € A. We
call the unique chamber Cy € R at minimal distance from D the projection of
D onto R and denote it by projg (D). By Lemma 1.4.11(1), it is the unique

element in R satisfying

5(Cy, D) = min(5(R, D)).

Definition 1.4.13. Let A be a building. A nonempty subset C of A is said to
be convex if for any two chambers C, D € C, every minimal gallery connecting

C and D in A is contained in C.
Note that a convex subset C of a building A is necessarily connected.

Proposition 1.4.14. Let A be a building. Then all residues of A are convex.

Proof. Let R be a residue of A of type J C S and let A, B be chambers in
R. Let v be a minimal gallery connecting A and B. Suppose there exists
C € 7y such that C' ¢ R and let D = projzC. Then Lemma 1.4.11(3) implies
d(A,C) > d(A,D) and d(B,C) > d(B, D). Thus any gallery connecting A
and B passing through C' is longer than any gallery connecting A and B
passing through D. This contradicts the minimality of v and so v must be

contained in R. OJ

Definition 1.4.15. Suppose (A, ) is a building of type (W,S). Let C be a
subset of A and é¢c = 0lexe- If (C,d¢) is a building of type (W, S), then (C,dc)
is called a subbuilding of (A, ).
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A building (A, 0) is said to be thin (respectively, thick) if A is a thin (respec-

tively, thick) chamber system.

Lemma 1.4.16. Suppose A is a thin building. Then for oll C,D,E € A,
we have §(C, E) = 6(C, D)é(D, E).

Proof. See [1], Lemma 5.55. O

Definition 1.4.17. Let A be a building. An apartment A of A is a thin
subbuilding of A.

We now collect some properties of apartments.

Proposition 1.4.18. Let A be a subset of a building A of type (W, S). The

following are equivalent.
(i) A is an apartment.
(ii) A is thin and convex.

(iii) A is isomorphic to Xy, where ¥y, denotes the Coxeter chamber system

of W.
Proof. A proof can be found in [17]. O

Definition 1.4.19. For any subset X of W, define a map o : X — A to be

an isometry if it preserves the W-distance 6. Thus,

oale(z), a(y)) = dw(z,y) =z 'y

for all x,y € X, where 0o and oy denote the Weyl distance functions in A

and W respectively.
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Theorem 1.4.20. Any isometry of a subset X of W into A extends to an

isometry of W into A.
Proof. This is Theorem 3.6 in [12]. O
Corollary 1.4.21. Any two chambers lie in a common apartment.

Observe that an isometry o : W — A is uniquely determined by its image

A = a(W) and the chamber C' = a(1).

Definition 1.4.22. Let A be a building, fix an apartment A € A and a
chamber C' € A and let a be an isometry such that A = a(W) and C = a(1).

Let pca: A — A be a map defined by

pe.a(D) =a(6(C, D)) for all D € A.

Then pc.a is called the retraction of A onto A with centre C.

Recall that for a fixed chamber C' in an apartment A and every w € W, there
is a unique chamber D € A such that 6(C, D) = w. Thus the retraction map
pc,.A4 maps every chamber D in the building, at distance w € W, to the
unique chamber D" € A at distance w from C. In particular, pc_4(D) = D

for all D € A.

Lemma 1.4.23. Let A be a building. Any two apartments A; and Ay are
isomorphic. Moreover there is an isomorphism © : Ay — As such that

7(C) = C forall C € A1 N As.

Proof. See Corollary 5.68 in [1]. O
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Recall that residues are buildings, so we can talk about apartments of residues.

Proposition 1.4.24. Let A be a building and R a residue of A. The fol-

lowing hold.

(i) If Ao is an apartment of R, then Ay = ANR for some apartment A
of A.

(ii) Let C be a chamber of A and let projrC = D. Then D is contained in

every apartment of A containing C and some chamber of R.
Proof. See Proposition 8.14 and Theorem 8.21 in [17]. O

We shall be mainly concerned with spherical buildings (that is, buildings
having finite Weyl groups). The next result shows that every apartment in

a spherical building of rank n is a triangulation of an (n — 1)-sphere.

Theorem 1.4.25. A spherical building A of rank n is homotopic to a bouquet
of (n — 1)-spheres, where there is one sphere for each apartment containing

a fixed chamber C'.
Proof. See Appendix 4 in [12]. O

We now show the connection between buildings and groups with BN-
pairs.
Throughout the remaining part of this section let G be a group with a BN-

pair and let W be the corresponding Weyl group with generating set S.

Definition 1.4.26. Let A be a building and let G < Aut(A). We say G is

strongly transitive if it satisfies the following conditions.
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(i) For each w € W, G acts transitively on the set of ordered pairs of
chambers (C, D) such that §(C, D) = w.

(ii) There is an apartment A whose stabilizer in G is transitive on the set

of chambers of A (thus inducing the Cozeter group W on A).

The aim here is to show that a building A admitting a strongly transitive
group G determines a Tits system. Fix a chamber C' € A, the chambers in A
correspond to the left cosets gB where B = Stabs(C'). Thus, a double coset
BwB consists of those chambers which lie in the same orbit as wB under

the action of B.

Theorem 1.4.27. Let A be a thick building admitting a strongly transitive
group G of automorphisms, let A be as in 1.4.26(ii) and let W be the corre-
sponding Cozxeter group. Fiz C € A and let B = Stabg(C'), N = Stabg(A).
Then (B, N) is a Tits system, and

d(C, D) =w if and only if D C BwB

where D 1is taken to be a left coset of B.

Proof. See Theorem 5.2 in [12]. O

The next result also shows that a Tits system in a group G also defines a

building.

Theorem 1.4.28. Every Tits system (B, N) in a group G defines a building

(A,0), the chambers being the left cosets of B, with s-adjacency given by

gB ~¢ hB if and only if g~*h € B{s)B.
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Furthermore §(B, gB) = w if and only if gB C BwB, N stabilizes an apart-

ment and the action of G is strongly transitive.
Proof. This is Theorem 5.3 in [12]. O

Proposition 1.4.29. Let A, C, A and B be as in Theorem 1.4.27 and let
A be a face of C' of cotype J for some J C S. The stabilizer of A in G 1is

the parabolic subgroup

Py = U BwB = BW,B.

weW

Proof. This is Proposition 6.27 in [1]. O

1.5 The Building of type A,

Let V be an (n+ 1)-dimensional vector space over a field K. Let I' be the set
consisting of all the proper nontrivial subspaces of V. We call I" the projective
geometry of V' of dimension n. A sequence {Yi,...,Y;} of subspaces in I is
said to be nested if Y; C Y;4; for 1 <i < k — 1. We also call such a nested
sequence a flag. We define a chamber system C = C(T") by taking as chambers
the maximal flags {Y1,....Y,,} of ' with dimg Y; = ¢. Its index set I is the
set {1,...,n} and we say two chambers {Y7,...,Y,,} and {Y{,... Y/} are
i-adjacent if Y; = Y] for all j #iand Y; #Y/. Aset F = {L1, Lo, ..., Lni1}
consisting of 1-dimensional subspaces of V such that V =L & --- & L,
is called a frame in V. An apartment in C is given by a frame in V. Let
A = A(F) be an apartment given by the frame F = {Li,..., Ly11}. Then

A consists of all the subspaces of V' spanned by a proper subset of F, and all
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flags of such subspaces. The chambers of this apartment are all the maximal
flags consisting of subspaces of V' spanned by proper nonempty subsets of
F. The associated Coxeter group is the symmetric group S,,.1 on the set
{1,2,...,n+1}.

Let C' = {Y1,...,Y,} and C" = {Y/,..., Y} be two chambers of C and let
Yo=Y ={0} and Y, ;1 =Y, , = V. Set §(C,C") = o where 0 = o(C, (")

is obtained as follows.

o(i) =min{j € {1,...,n+1} | Y/ C Y, + Yj}.

for all i € [1,n + 1]. Thus,
(1) Y/ Y., +Y
(i) Y/nY; =/ \Y.,) Nn(Y;\Yj_1) is 1-dimensional.

Observe that if (i) = o(k) = j, then ¥; = Y;_1 + (v) and Y} = Y1 + (w)
where v,w € Y/ \ Y/ ;. Thus v can be written as v = Aw + u for some

U € Y;-'_l. So i < k for otherwise, we have that Y, C Y;_; and so

Yi= Vi 4+ (0) = Vi + () € iy + Y7,

a contradiction to the minimality of 5. By a similar argument, we also get
k < i and so o is injective and hence a bijection. Hence o is a permutation
of the set {1,2,...,n+ 1}. Its inverse is the map ¢’ = o(C’, C).

Now 6(C,C") = o if and only if for all 1 <i < n+1 there exists ¢; € Y;\Y;_1
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such that e; € Y]\ Y] | where o(j) = i. That is,

e = eo() €Y\ Y] .

Evaluating at each 4,5 € {1,2,...,n+ 1}, we get a frame

F = {<€1>7 <€2>, cee <€n+1>}

such that

Yi=(ex) + (e2) + -+ (&)

and

Y] = (o)) + (o)) + -+ (€a(i))-

In particular, the chambers C' and C” are contained in the apartment A(F)
given by this frame. Thus, we have shown that any two chambers lie in a
common apartment. This gives rise to an isomorphism ¢¢ r : 1 — A(F)
defined by

o C,

where Cy = {Lo(1), Lo(t) + Lo(2)s - - - s Lot) + Lo@) + -+ + Lo }- Its inverse
is the map ¢ 7 : A(F) — Sp41 defined by

D — 6(C, D).

Observe that ¢ r does not make any reference to F, only to C. It turns out

that if 7' is another frame whose apartment A(F) contains C, then ¢¢ =
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and ¢ 7 agree on A(F) N A(F'). It therefore follows that the map

be,F oo rF  A(F) = A(F)

is an isomorphism fixing the intersection A(F) N A(F’) pointwise. Hence,
(C,0) is indeed a building.

An i-panel (or residue of type i) in this building corresponds to the set of
1-spaces in a 2-space V;11/V;_;. More generally, if J = {ji,...,jx} C I, a

residue of cotype J (or of type I \ J) in this building corresponds to a flag

F={Yy, Y., Y5 }.

Denote this residue by Res(F). Its chambers are the maximal flags C' =
{Y{,..., Y}, such that Y] =Y for all j € J.
Let Cy = {Y{,...,Y] ,}, then C} is a chamber in the projective geometry

for the space Yj;,. Similarly, the flag

C2 = Y;'/l—l—l/y;i - Yj/1+2/Yj/1 - C }/}/2—1/}/;/1

is a chamber in the geometry for the space Y,/Y},. In general, the flag

is a chamber in the geometry for the space Y, . / Y, ;1 <m < k. Thus, each
chamber C' in Res(F) corresponds to a k-tuple (C, Cs, ..., Cy). Moreover,

Res(F) corresponds to the direct product A; x Ag X -+ X Ay where A; is
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the projective building on the space Y}, /Y;, |, 1 <1 < k. The stabilizer of
the flag F is the subgroup of the general linear group GL, (K) of dimension

n over K, consisting of the matrices of the form

Al x| x| #
0 | Ay % |
ool |« |
ool o]a,

where A; is an invertible matrix of dimension dim Y}, /Y;, |, for 1 <i < k.
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CHAPTER 2
HoMOLOGY AND THE STEINBERG

MODULE

2.1 Simplicial complexes

Definition 2.1.1. Let X be a set and A a collection of (finite) subsets of X,
with the property that if B € A and A C B, then A € A. Furthermore, every
singleton subset {x} of X lies in A. Then we say that A is an (abstract)

simplicial complex with vertex set X. The elements of A are called simplices.

A simplex B = {x¢,x1,...,x,} consisting of ¢ + 1 vertices is said to be ¢-
dimensional and we refer to B as a g-simplex. If A C B € A, then we say
A is a face of B. The codimension of A in B is given as |B — A|. If A has
codimension 1 in B, then we say A is a facet of B. The dimension of a

simplicial complex A is the largest dimension of its simplices. That is,

dim A = maz{dim A | A € A}.
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The relations A C B holding in a simplicial complex A are called the face
relations of A.

Two simplices A and B in A are said to be adjacent if they have a common
facet. A simplex A € A is said to maximal if A is not a proper face of
any other simplex in A. A simplicial complex A is said to be pure if it is
finite dimensional and every maximal simplex has the same dimension. A
subcomplex of a simplicial complex A is a subset Y of A which is a simplicial

complex with the face relations from A.

Example 2.1.2. Let A be a simplicial complex. For any simplex B € A,
the setlk B={A € A| AUB € A, AN B = 0} called the link of B is a

subcomplex of A.

Throughout the remaining part of this section let A be a simplicial complex

with vertex set X.

Definition 2.1.3. Let S be a finite subset of R™. An affine combination of
the points p; € S is a point x =Y \ip;, such that A\; € R and Y \; = 1. The
set S is said to be affinely independent if no point in S is an affine combi-
nation of the other points. A convex combination is an affine combination
with non-negative coefficients \;. The convex hull conv(S) of S is the set of

all convexr combinations of points in S.

Definition 2.1.4. Suppose X = {z1,...,x,}. Let e; be the i-th unit coordi-

nate vector in R™. For any subset A C X, define

|A| = conv{e; | z; € A}.
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So if A is a g-simplex in A, then |A| is called a geometric g-simplex in R™.

We define the geometric realization |A| of the simplicial complez A to be

Al=J 1Al

AeA

Thus |A| inherits from the topology on R™ the structure of a topological
space. If Y is any topological space homeomorphic to |A|, then we call A a

triangulation of Y.

Definition 2.1.5. Let A be a simplicial complex. Then A is a chamber

complex if it satisfies the following conditions.
(i) Every simplex is contained in a mazimal simplex.

(ii) For any two maximal simplices A, B € A, there is a gallery connecting

A to B.
The mazimal simplices in A are called chambers of A.

Observe that the maximal simplices in a chamber complex A all have the
same dimension. This follows from condition (ii) above. Thus, if A is finite

dimensional then A is pure.

Definition 2.1.6. Let S = (X, A) and &' = (X', A') be two simplicial com-
plexes. A morphism from S to S’ is a map from X to X' which takes simplices

to simplices.

Definition 2.1.7. Let G be a finite group. We say that G acts on A if G
acts on the vertices of A and if the action of G takes simplices to simplices.

We call A a G-complex in this case.
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2.2 Homology

Definition 2.2.1. A differential group is a pair (C,0) consisting of an
abelian group C' and an endomorphism 0 : C — C satisfying 00 = 0. The
endomorphism O is called the differential or boundary operator of the dif-

ferential group.

The elements of Kerd are called cycles and those of Im0 are called boundaries,
and the requirement that 00 = 0 implies Im0 C Kerd. The quotient group
H(C) defined by

H(C) = Kerd/Imo

is called the Homology group of C'. The elements of H(C') are called homology

classes, two cycles being homologous if they lie in the same homology class.

Definition 2.2.2. (Chain Complex) A chain complex C over a ring K
is a family {Cy,0,}, q € Z, of abelian groups C,; and homomorphisms 0, :
Cy — Cy—1 such that 0,0441 = 0.

The elements of C, are the g-chains of the complex. If C;, = 0 for ¢ < 0,
we say the complex is nonnegative. A free chain complex is a chain complex
in which Cj is free abelian for all ¢. Again the condition that 9,0,+1 = 0
implies Imd,+; C Kerd,. The homology group H(C') consists of the family
{H,(C) = Kerd,/Im0d, 1} of quotient groups.

We now turn attention to chain complexes defined over a simplicial complex.

Throughout the remaining part of this section, let A be a simplicial complex.
An ordered q-simplex of A is a sequence (vg,v,...,v,) of ¢ + 1 vertices

belonging to some g-simplex of A. If ¢ < 0 then no ordered g-simplex exists.
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Definition 2.2.3. An ordered chain complex C(A) of A is a family {C,(A), 0,},
where Cy(A) is the free abelian group generated by the ordered q-simplexes of

A and 0, is given by the equation

Oq(vo,v1,...,0,) = Z (=1)"(vo, .+, Dy -+, V),

0<i<q

where (vo, ..., 04, ...,0,) denotes the ordered (q—1)-simplex obtained by delet-

ing the it" vertex v;.

If ¢ < 0 then C,(A) = 0 and so the ordered chain complex is also a free
nonnegative chain complex. A chain complex C' = {C,,0,} is said to be
finitely generated if C is finitely generated for all ¢ and C; = 0 for all but
finitely many integers ¢. If C'is finitely generated then H(C') is also finitely

generated.

Definition 2.2.4. (Reduced Homology) We define the augmented chain
complex C(A) of A by setting Co(A) = Cy(A) for ¢ >0 and Cy(A) = Z for
q = —1. Define dy(v) = 1 for each vertex v. The reduced homology Hy(A) is
the homology of C*q(A).

We shall be interested in complexes which satisfy the well-known Cohen-
Macaulay property. Recall that the link 1k F' of a simplex F' in A is the
subcomplex lk F ={E € A| EUF € A, and ENF = (}. Let K denote

the ring of integers Z or a field F.

Definition 2.2.5. (Cohen- Macaulay) A simplicial complex A is said to be
Cohen-Macaulay over K if Hi(lk F, K) =0 for all F € A and i < dim(lk F).
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Definition 2.2.6. Let G be a finite group. We say that G acts on a chain
complex C' = {C,,0,} over K if each C, is a finite dimensional KG-module
and if 0; commutes with the action of G. If G acts on C' then the homol-
ogy spaces {H,(C)} are also KG-modules affording what we refer to as the

homology representations of G.

2.3 The Solomon-Tits Theorem

In this section, we collect some results on homology representation of groups
and the Steinberg module. We also state the well-known Solomon-Tits the-

orem as given in [7].

Definition 2.3.1. Let (W, S) be a finite Coxeter system with |S| > 2. Let T
be the partially ordered set (poset), referred to as the W-poset, consisting of
all the left cosets

{wW;|weW and J C S},

ordered by inclusion. We call I' the Coxeter poset, and the action of W on

[' is given by left translation. That is, for x € W,

wWy — xwWj,

forallw e W and J C S.

Definition 2.3.2. Let (W, S) be a finite Coxeter system. The sign represen-

tation € of W s the representation € : W — Q of degree 1, given uniquely

by
e(s) =—1 forall s € S.

42



We have the following results.

Theorem 2.3.3. Let V' be a finite dimensional vector space over the real field
R, let @ be a root system in'V and let (W, S) be the Cozeter system associated
with ®. Thus W = W(®) (see Theorem 1.2.8) and S is the set of reflections
associated with a fundamental system II C ®. Let n = |S| = dimV and

suppose n > 2. Then the following statements hold:

(i) The group W acts on the unit sphere S* ' ={v e V || v ||=1} in V

and there is a W -equivariant homeomorphism
| ~ St

where |U| denotes the underlying topological space of the Coxeter poset

[ associated with the Coxeter system (W, S).

(ii) The homology representation of W on H(I') over Q is the following:
H;(T") = 0 except in dimension 0 and n—1. Furthermore, Hy(T") affords
the trivial representation 1y, while H,_1(T") affords the sign represen-

tation €.
Proof. See Theorem 66.28 in [7]. O

Theorem 2.3.3 shows that S™~! is the geometric realization |I'| of the W-poset

I' and thus determines the homology representation of W on T

Corollary 2.3.4. Let € be the sign character of a finite Coxeter group W.
Then

e =3 (=) (1)

JCS
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Proof. See Corollary 66.29 in [7]. O

Proposition 2.3.5. The correspondence

gz an(le)W _)é: an(lpJ)G, ny € Z,

JCS JCS

defines a mapping of virtual characters of W to virtual characters of G that

preserves scalar product. Furthermore,
€ e IrrW = ££ € IrrG.

Proof. This is Proposition 67.9 in [7]. O

We shall now introduce the concept of a combinatorial building. Recall the

definition of parabolic subgroups as given in Definition 1.3.6.

Definition 2.3.6. The combinatorial building A of a group G with a BN -
pair of rank n > 1 is the poset of all proper parabolic subgroups P of G, called

G-poset, ordered by inclusion, with the G-action given by conjugation:
P — gPg™', forge G,PcA.

The statement of the well-known Solomon-Tits theorem which was first

proved by L. Solomon in [15] is as follows.

Theorem 2.3.7. (Solomon-Tits) Let A be the combinatorial building of a
finite group with a BN -pair of rank n > 2, and let H(A) = {H,(A) | ¢ > 0}

denote the homology of A with coefficients in Q. Then Hy(A) = 0 except
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in dimensions ¢ = 0 and ¢ = n — 1. In these dimensions, Hy(A) affords
the trivial representation, while H,_1(A) affords an absolutely irreducible

nontrivial representation.

Definition 2.3.8. Let G be a group with a BN -pair of rank n and let A
be the combinatorial building of G. The Steinberg representation Stg is the
nontrivial absolutely irreducible Q-representation of G afforded by the rational
homology group H, 1(A), if n > 1. If n = 1, it is the unique nontrivial
irreducible component of the permutation representation of G afforded by the

left cosets G/B.

We also denote by Stg the character of G afforded by the Steinberg repre-

sentation.

Theorem 2.3.9. The character Stg of the Steinberg representation of a finite

group G with a BN -pair is given by

Sto = > (-1)"I(15,)°,

JCS

Furthermore, Stg € IrrG, and deg St = |B : B N " B|, where wy is the

unique element of maximal length in W.

Proof. By Corollary 2.3.4, the sign character of W is given by

e = > =)™,

Jcs

By Proposition 2.3.5, we have that the character Sty is a virtual character

such that +Stg € IrrG. We now wish to calculate Stg(1) and we use the
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formula

Sta(1) = Z(‘UWG D Pyl

JCS
Let Dy; denote the set of distinguished double coset representatives in B\

G /Py (see 1.2.12). By Theorem 1.3.11,

G = UxeDmJB$PJ.

Furthermore, |BxP;/P;| = |B : BN*Py|, x € Dy;. So we have that

|G :Pj|= > |BxP;/Ps)l= > [B:BN"Py.

z€Dyy €Dy

Recall that P; = UweWJ BwB. We want to show that BN*P; = BN*B. It

suffices to show that
rBwBx ' NB =10, for 1 #w &€ Wy, x € Dyy.
This is equivalent to showing that
xBwB N BxB =0, for x € Dyy, we Wy, w#1.

By Proposition 1.2.12, [(xw) = l(x) + l(w) for all w € W, and « € Dy, thus
xBw C BxwB. This implies that tBwBN BxB = () for all 1 # w € W; and

x € Dyy by the uniqueness part of the Bruhat decomposition. So |G : P;| =
ZrGDw |B: BN B*|.
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Substituting for |G : P;| in the formula for Stg(1) we have

Ste(1) =Y (-1 >~ [B:BN*B|.

JCS !L‘ED@J

By Proposition 1.2.12 we have that x € W belongs to Dy, if and only if
[(xzs) > l(x) for all s € J. But this happens if and only if J C R(z) where
R(z)={s e S|l(xs) > 1(x)}. Also, if J =0, then Dyg = W. So

Ste(1) = (-1 |B: BN"B|

JCS Dy,
=> (Y. (-nhB:BN"B|.

zeW JCR(x)
Hence for each © € W, we have that | B : BN*B| appears in the formula for
St (1) precisely ZJQR(x)(_l)Ul times. Now if R(z) > 1, then the alternating
sum ) ;e R(w)(—l)u | has 2@l terms half of which are positive and the other
half negative. It therefore follows that ;- p (=1l = 0 in this case. Thus
we are left with the case R(x) = (). This happens if and only if x = wy where
wyp is the unique element of maximal length in W. The contribution of this
element to Stg(1) is |[B : BN "B, so Stg(1) = |B : BN "“ B| completing

the proof. O
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CHAPTER 3

CODES

3.1 Linear codes

Throughout this section, let IF, denote the Galois field with g elements, where
q is a prime power, and we write V(n, ¢) for the n-dimensional vector space
over [F,, where n is a positive integer. We shall write zz5 - - - z,, for the vector

(1,22, ...,x,) and consider linear codes defined over finite fields.

Definition 3.1.1. (Linear Codes) A linear code C over F, is a subspace of

V(n,q). Thus C' is nonempty and satisfies the following properties:
(i) for all z,y € C, v +y € C; and
(ii) for allx € C and A € F,, \x € C.

The elements of C are called codewords. The dimension of the linear code
s defined to be the vector space dimension of C' and the length of the linear
code is given as the dimension of V(n,q). If C is k-dimensional, then C' is

said to be a linear (n, k)-code.
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Example 3.1.2. Set V =V (3,2), then V consists of the eight vectors

000, 100, 010, 001, 110, 101, 011, 111.

Take C' to be the subspace of V' given by the basis {110,011}. Then C is a

linear (3,2)-code and consists of the four codewords

000,011, 110, 101.

Definition 3.1.3. The rate of a linear (n, k)-code is given as R = k/n and

the redundancy of the code is n — k.

The rate of the code measures the fraction of the information which is non-
redundant.
An important feature of a linear code C' is the minimum distance of the code,

which is an indicator of the error correcting capability of the code.

Definition 3.1.4. (Hamming distance) The (Hamming) distance between
two vectors x,y, € V(n,q) denoted d(x,y), is the number of places at which
x and y differ. Thus,

d(z,y) = [{i | zi # yi}|.

The minimum distance d(C') of a linear code C'is given as

min{d(z,y) | z,y € C}.

Example 3.1.5. Let V(3,2) and C be as in Example 3.1.2, then d(101,111) =
1 and d(C) = 2.
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Proposition 3.1.6. The Hamming distance is a metric on V(n,q). That is,

for all z,y and w in V(n,q), the following hold.
(i) d(z,y) >0 and d(x,y) = 0 if and only if x = y.
(ii) d(z,y) = d(y, z).

(iii) d(z,y) < d(z,w)+ d(w,y).

Proof. The first two conditions follow immediately from the definition. To
verify the third property, observe that d(z,y) is the minimum number of
changes required to change = to y. However, we may decide to change x to y
by first changing x to w (making d(x,w) changes) and then w to y (making

d(w,y) changes). It therefore follows that d(z,y) < d(z,w) + d(w,y). O

Definition 3.1.7. Let v = (vy,v9,...,v,) be a vector in V(n,q). The sup-
port of v denoted Supp(v) is the set {i | v; # 0}, and we define the (Ham-
ming) weight w(v) of v to be |[Supp(v)|. The minimum weight w(C) of a

linear code C' is the minimum of the weights of the non-zero codewords in C'.

It is obvious from the definition that w(v) = d(0,v) for all v € V and
w(v) = 0 if and only if v = 0. In fact, d(u,v) = w(u — v) = w(v — u) for all

u,v € V. This motivates the next result.
Lemma 3.1.8. Let C be a linear code, then d(C) = w(C).

Proof. Let z,y € C such that d(C') = d(x,y). Since x —y € C, we have

d(C) =d(z,y) = w(z —y) = w(C).
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Let = be a nonzero codeword in C' with w(z) = w(C). Then the vector 0 is

a codeword and so
w(C) = w(x) = d(z,0) > d(C).

The two inequalities yield the desired result. [l

Lemma 3.1.9. Let C be a linear code and let d = d(C'). Then C' can correct

up to | (d —1)/2] errors and detect up to d — 1 errors.

Proof. A proof can be found in [3]. O

3.2 Codes from Homology

Let A be a (pure) finite simplicial complex of dimension n. We consider the
reduced complex over A. Let A, denote the set of k-dimensional simplices
in A, —1 < k <n, where A_; consists of the single empty simplex. The kth
chain group Cy = Cy(A) is the free Z-module generated by the k-dimensional
simplices A;, of A. We restrict attention to the top dimension n of the
complex. Thus, C,(A) = Z(A,,) and the associated boundary map 0, maps
Cy(A) into C,_1(A). The cycle subgroup Z,(A) is the kernel of 9,. As we

are in the top dimension, 0,1 = 0, so the homology group H,(A) = Z,(A).

For linear codes, we wish to go from Z-modules to modules over some finite
field K. The modules defined in this way are in fact vector spaces over the
field K. We restrict attention to the case K = [Fy, the field with 2 elements,
and define the groups C,(A,Fs) and Z,(A,Fs) over Fy analogously. By

the universal coefficient theorem, we have that the groups over Fy can be
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obtained from the groups over Z by tensoring with Fy. Let C), and Z,, denote
the spaces over Fy obtained under this map. So, for instance, if x € C,,, then

T = Y en, Je(w) - ¢ with coeficients f.(r) € Z, and its image T in C), is

> cen, fe(x) - ¢, with coefficients f.(x) € Fs.

Again, the n-dimensional simplices A,, are the standard basis of the Fso-space
C,,. Since A is finite, A, is also finite and so C,, is finite dimensional. So,
in the language of coding theory, we may identify each element Z € C,, with
the vector of coefficients f.(z), a word in the alphabet Fy = {0,1}. As Z, is

a subspace of C,,, it follows that Z,, is a linear code. We call it the cycle code

of A. The following result is immediate from the definition of linear codes.

Lemma 3.2.1. The cycle space Z, is a linear code in C,, with length dim C,, =

|A,| and dimension dim Z,,.

In general, the dimension of the cycle code can be obtained by linear-algebraic
calculations involving the boundary map 0. However, if A is Cohen-Macaulay,
then the cycle code is given by the reduced Euler characteristic. Hence we

have the following result.

Lemma 3.2.2. Suppose A is Cohen-Macaulay. Then the dimension of the
cycle code is given by the reduced Euler characteristic
n+1
X(A) = (=1)]An,
i=0
where |A_1| =1 by convention.
Proof. Since A is Cohen-Macaulay, reduced homology vanishes away from

top dimension and this happens in the link of every simplex in A. Now
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P € A and 1k(()) = A, so we have dim H;(A) = 0 for all i < n. In particular,

Kerd; = Im0d;,; for 0 < i < n. Thus,

dim Z,, = dim C,, — dim Ima,,
=dimC,, —dimC,_; + dim Imo,,_;
=dimC, —dimC,_; + --- — dim Cy + dim Cy — dim Imao,

= [An] = [Ana| + - = [Ar] + Ao = [A]
n+1

= Z )1 ALi]

= x(A).

]

As with any code, an important feature of the cycle code is the minimal
weight. We may identify a chain vector z € C with the set of those chambers
c € A, such that the coefficient f.(Z) is non-zero. Then the Hamming weight
of T coincides with the size |Z| regarded as a set. Thus, we have the following

result.

Lemma 3.2.3. The minimal weight of the cycle code Z,, is given by

min |Z|.
0#2€ 7,
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3.3 Smith-Yoshiara

In [14], Smith and Yoshiara explore a byproduct of the action of groups
on geometries, namely the definition of the associated linear codes using
elementary topology. In this section, we take a close look at their method on

defining codes based on buildings and collect some results.

Let G = G(q) be an (untwisted) Chevalley group of rank n+ 1 over the finite
field F, with ¢ elements. It is a well known fact that G has a Tits’ system
(details can be found in [4]). Let B denote the Borel subgroup of G, and
let W be the associated Weyl group with generating set S and [ its length
function. By Theorem 1.4.28, this Tits’ system defines a building (A, ) with
chambers gB, g € . Furthermore, the Bruhat decomposition partitions
these cosets into double cosets: ¢B C BwB if and only if §(B,gB) = w. We

have the following results.
Proposition 3.3.1. For each w € W the number of cosets in BwB is ¢").

Proof. Let C' be the chamber stabilized by the Borel subgroup B. Consider
the set

A ={D e A|(C,D)=w}.

By Theorem 1.4.28, 6(C, D) = w if and only if D C BwB. Thus the number
of cosets in BwB is |AY|. Let w = s;---s, be a reduced decomposition of
w (so I(w) = n). Then, for each D € AY, there is a unique minimal gallery
of type s = (s1,...,8,) connecting C' and D by Definition 1.4.1 and Lemma

1.4.5(ii). Thus, |AY] is equal to the number of such minimal galleries.
Let I' = (Cy,...,C,) be a minimal gallery of type s connecting C' and D.
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Then C = Cy, C, = D and 6(C;_1,C;) = s;. Furthermore, I(sy---s;) >
I(s1-++s;—1) and so 6(Cy,C;) = s1---s; for all 1 < i < n (by 1.4.3). Now
each panel contains g+ 1 chambers, it therefore follows that there are exactly

q choices for each C;, 1 < i < n and so |AS| = ¢" = ¢'™). u

This gives us a formula for the length of the cycle code in terms of ¢ and W.

That is,

A, = Z ¢,

weW
In [15], Solomon describes the cycle space Z,, in the so called Solomon-Tits
theorem. In particular, the proof of that theorem shows that A is Cohen-
Macaulay. Thus the dimension of the code is given by the reduced Euler

characteristic.

Lemma 3.3.2. The dimension of the cycle code Z, is ¢™, where m = [(w)

and wq s the unique element of maximal length in W .

Proof. Since A is Cohen-Macaulay, the cycle code is given by the reduced

Euler characteristic by Lemma 3.2.2. Observe that if J C S, then

A= Y (6B

[J[=IS]—(k+1)

by the Orbit-Stabilizer theorem, since the action of G on A is transitive.
Thus we may rewrite Lemma 3.2.2 as ngs(—l)U']G : P;|. By Proposition
2.3.9,

> (-nYG: Py =|B:BN"™B|.
JCS

Observe that |B : BN "0 B| is precisely the number of left cosets ¢gB in the
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double coset BwyB. Hence
dimZ, =|B: BN"B| = ¢".

]

Let us identify the group B with the actual chamber in A,, it stabilizes. Then
an apartment is given by the set of Weyl group translates {wB | w € W}.
Denote this apartment by A. Then the apartment A is a subcomplex of A.

We shall show that the minimal weight of the code is given by apartments.

Proposition 3.3.3. Let A be as above and let z4 = Y., (—1)!WwB €

Cn(A). Then z4 € Z,(A).

Proof. Since the apartment A is isomorphic to the Weyl group W it is
enough to prove the result for z = >, 1 (=1)™w. We want 0(zw) =
> wew (—1D)®d(w) = 0. Recall that panels in W are of the form {w,ws}

forw e W and s € S. Let S = {s1,..., s}, then

k

O(w) = (=1){w, ws;}.

i=1

Now consider 0(ws;) = Z?Zl(—l)j{wsi, ws;s;}. At the point j = 4, d(w) and
J(ws;) coincide, and since W is a thin building, each panel {w, ws;} appears
exactly twice in d(zw ), once in d(w) and once in d(ws;). Furthermore, their

coefficients in d(zy ) have different signs and so the panel {w,ws;} in O(w)

and O(ws;) cancel out, yielding the desired result. O

Notice that |z4| = |W| implies that the minimal weight of our cycle code is
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at most |W]|.
Lemma 3.3.4. The cycle code Z,, of the building /A has minimal weight |W|.

Proof. We already know that the minimal weight of the cycle code is at most
|W|, it only remains to show that it is at least |W|. Pick z € Z,, such that
Z # 0. By the universal coefficient theorem, Z is the image of z € Z,,. Since
Zn 7# 0, there is some chamber C' in Z viewed as a set. By chamber transitivity
and on conjugating appropriately if necessary, we may assume C' = B. Thus,
f8(2) € 2Z.

Let o : W — A be an isometry given by w — wB, so in particular, a(1) = B
and a(W) = A. (Recall that 6(B, gB) = w if and only if gB C BwB.) The
retraction map p = ppa : A — A defined by p(¢9B) = «a(é(B, gB)) maps
all the left cosets in BwB to the coset wB, and so maps C,,(A) into C,,(A).
Furthermore, p is a morphism of the complexes A and A and so commutes
with the corresponding boundary maps 0 of A and A. In particular, p maps
Zn(A) into Z,(A). Now A is a triangulation of an n-sphere and so Z,,(A)
is one dimensional. By Proposition 3.3.3, z4 € Z,(A) and so must span
this space. We get similar results over Fy using the Universal Coefficient
theorem, in particular, m is one dimensional. Since p is linear on the
chain spaces, the coefficient of p(B) in the image p(z) is just fp(z) & 2Z, so
@ is a non-zero cycle in m Now Z4 is also in m and m is a
one dimensional Fy-space and so contains a unique nonzero element. Thus,
we must have that p(z) = Z4. Since Z is simply the sum of the chambers
wB of A, we must have that the original preimage z before retraction must

have at least one chamber in each double coset BwB, and hence [Z| > |W].
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completing the proof.
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CHAPTER 4
UNITARY SPACES AND THE

UNITARY GROUP

Throughout this chapter let F,2 denote the finite field GF(¢?) with ¢* ele-
ments, where ¢ is a power of a prime. The field F2 may be viewed as the
splitting field of the polynomial 27° — z. It is well known that the multiplica-
tive group F, = Fg2 \ {0} is cyclic.

Let V' be an n-dimensional vector space over the finite field F and let o €
Aut(FF) be an involution such that o(a) =@ = a? for all a € F. We say that
V is equipped with a hermitian form (, ):V xV — F if for all u,v,w € V

and « € F, w e have the following:
(1) (u +v, w) = (uv w) + (U, w)?

(i) (au,v) = a(u,v),

(i) (u,v) = (v,u).

We shall refer to (v,v) as the norm of v. A non-zero vector v € V is

said to be isotropic if (v,v) = 0. For any subspace W of V| we define
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Wt ={veV|(v,u) =0 for all u € W}. The hermitian form ( , ) is said
to be non-degenerate if Rad(V) = {v € V | (v,u) =0 for all w € V} = {0}.
It is said to be degenerate otherwise. A non-degenerate hermitian form is a
unitary form. A vector space endowed with a unitary form is called a unitary
space.

From now on, let V' be a finite dimensional unitary space over F and ( , ) be

the unitary form on V.

Proposition 4.0.5. There are non-isotropic vectors v € V.

Proof. Suppose not, then for all v € V| (v,v) = 0. Thus,
0= (u+v,u+v)

= (u,u) + (u,v) + (v,u) + (v,v)

= (u,v) + (v, u).

This implies

(u,v) = —(v,u) = —(u,v) (4.1)

for all u,v € V. Let « € A ={y € F |75 = —y}. Then for any a € T,

aa = aa = —aa = —ac if and only if a € F?. Let a € F\ F?. Using (4.1) we

have,
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Since a ¢ F?, we must have that (u,v) = 0 for all u,v € V, a contradiction
to the fact that V' is non-degenerate. Thus, there exists v € V such that
(v,v) = a # 0. Furthermore, a € F? since for all v € V, (v,v) = (v,v)

implies (v,v) € F°. O

Definition 4.0.6. The subset F” = Fix(0) = {a € F | @ = a} of F is called

the fixed subfield of the automorphism o.

It can be easily shown that the field GF(q) is the fixed subfield of F under

the action of . Thus, we shall simply refer to the field GF(q) instead of F.

Definition 4.0.7. The norm N : F — GF(q) is defined by N(a) = aa for

all v € TF.

Proposition 4.0.8. The norm function N satisfies the following properties:
(i) N(afB) = N(a)N(B) for all a, B € F;
(ii) N is surjective.

Proof. 1t is clear from the definition of the norm that (i) holds. Observe that
N(a) = 0if and only if & = 0, so we may consider the map N : F* — GF(q)*.

Property (i) implies that N is a group homomorphism. The kernel

Ker(N) = {a € F|aa = ot = 1}.

If « € Ker(N), then « is a root of the polynomial z4** — 1 = 0. Since
this polynomial has at most ¢ + 1 solutions, we have that |Ker(N)| < g+ 1.
Using the first isomorphism theorem, we have [Im(N)| = |F*|/|Ker(N)| >

2

‘IqT_ll = ¢ — 1. Since Im(NN) < GF(q)* which has g — 1 elements, it follows
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that |[Im(N)| = ¢—1 and |KerN| = g+ 1. Thus, Im(N) = GF(¢)* and N is

surjective. L]
Corollary 4.0.9. The field GF(q) = {aa | a € F}.

Proof. The result follows from Proposition 4.0.8 since

GF(¢q)" =Im(N) ={aa | a € F*}.

O

Corollary 4.0.10. For every o € [F*, there are precisely q + 1 elements
B € F* such that B8 = aa. In particular, for every A € GF(q)*, there are

precisely q + 1 elements B € F* such that N(S) = A.

Proof. Consider the homomorphism N : F* — GF(q)*. Let the isomorphism
¢ : T /Ker(N) — GF(q)* be defined by Ker(N) ~ 38 for all 3 € F*. Since
¢ is an isomorphism, it follows that a@ = 8§ for all a in the coset SKer(N).
Thus, the elements of the coset fKer(/N) are precisely the ¢ + 1 elements in
F* which have the same norm as 3. In particular, if 38 = A then a@ = \ for

all a € BKer(N). O

Definition 4.0.11. Consider F as a vector space over GF(q). The map

Tr: F — GF(q) defined by Tr(a) = a + @ is called the trace map.

Proposition 4.0.12. For every element A € GF(q), there are precisely q

elements a € F such that Tr(a) = A.

Proof. Observe that Tr is GF(g)-linear. Consider the Kernel of the map Tr.

If |[KerTr| = ¢, then we are done. Now, since ImTr < GF(q), We have that
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either Tr = 0 or Tr is surjective. If Tr = 0 then @ = —« for all « € F. By
the proof of Proposition 4.0.5, considering [F as a vector space over itself, we
have that this possibility @ = —a« for all a € F does not exist. Thus, Tr
is surjective. It follows that |F/KerTr| = ¢ which implies that |KerTr| = gq.
Hence, the g elements of a coset of KerTr all map onto the same unique

element in GF(q). O
Lemma 4.0.13. The unitary space V over F admits an orthonormal basis.

Proof. We first show that V' contains elements having norm 1. Let v € V be
such that v # 0 and (v,v) = a # 0. Then a € GF(¢) and for any o € F, we
have (av, av) = aa(v,v) = N(a)a. Since N is surjective, there exists o € F

such that N(«) = L. Fix such an «a and take u = aw, then (u,u) = 1.

We proceed by induction on the dimension of V. Again, choose a non-zero
vector v € V having non-zero norm. Without loss of generality, (v,v) = 1.
Since v is non-degenerate, (v)* is also non-degenerate. By induction, we
have that (v)!1 has an orthonormal basis. Thus, this basis together with v

yields an orthonormal basis for V. O]
Lemma 4.0.14. Suppose dimV > 2. Then V' contains isotropic vectors.

Proof. By Lemma 4.0.13, there are non-zero vectors vi,v, € V such that

(Ui,Uj> = 044, Z,j € {1,2} Then
(avy 4 Bug, avy + fg) = ad + B3 =0

if and only if % = —1if and only if N(§) = —1. Choose § =1 and « such

that N(a) = —1. Set e = av; + vy, then (e, e) = 0. O

63



Definition 4.0.15. Let the unitary space V' be n-dimensional over F. Ifn =
2m for some m, then a hyperbolic basis for V is a basis {e;, fi}, 1 <i<m
such that (e;, f;j) = 6i;, and (e;,e;) = 0= (f;, f;) for all i, j.

If n =2m +1, then the basis is required to contain an additional element, g,

such that (g,e;) = (g, f;) =0 for all i, and (g,9) = 1.
Proposition 4.0.16. The unitary space V' over F admits a hyperbolic basis.

Proof. Let n =dim V. If n=1, there is nothing to prove. Suppose n = 2 and
let e € V such that e # 0 and (e, e) = 0. By Lemma 4.0.14, such an element
exists. Observe that (e)* # V since V is non-degenerate. Hence, there is
some non-zero vector v € V' such that (e,v) # 0. Without loss of generality,
(e,v) = 1. (Indeed, if (e,v) = a # 0, then (e, v) = 1.) Let u = ae + fv be

a non-zero vector. Then

(u,u) = (ae + v, e + Po)
= af + fa+ BB(v,v)

ﬁmg+%+wm»

B
—
= BB(Tx(5) + (v,v)).
Since Tr is surjective, there exists § € F such that Tr(§) = —(v,v). Set
u = ae+v where § = 1 and « is such that Tr(o) = —(v,v). Then (u,u) = 0.

Let (e,u) =t and set f = Zu, then (e, f) = 1 and (f, f) = 0. Thus, {e, f} is

a hyperbolic basis for V.

Now suppose n > 2, and let vy, vq, ..., v, be an orthonormal basis for V. Pair

off the basis vectors so that if n is odd, one is left over. Each two dimensional
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subspace thus formed is a unitary space and hence admits a hyperbolic basis

(by the above argument). This yields the desired result. O]

4.1 Unitary Groups

Let V' be an n-dimensional unitary space over the finite field F and let f
denote the unitary form on V. The general unitary group denoted GU,(q) is
the group of all non-singular linear transformations of V' which preserve the

unitary form. That is,
GU,(q) = {9 € GL.(¢*) | f(u?,v?) = f(u,v) for all u,v € V}.

Remark 4.1.1. Note that the underlying field of GU,(q) has ¢* elements

and not q elements.

Let {z1,22,...,2,} be a basis of V. The matrix A = (a;;) of f with respect
to this basis is given by a;; = f(z;,z;). So g € GU(n,q) if and only if
g'Ag = A. Taking determinants, we have that det(g)det(g) = 1. It follows
that the map

det : GU,(q) = Ker(N)

is onto, where Ker(N) = {a € F | aa = o™ = 1}, as described in the
previous section. The special unitary group SU,(q) is defined to be the Kernel

of this map and has index ¢ + 1 in GU,,(q). That is,

SU.(q) = {9 € GUy,(q) | det(g) = 1}.

We wish to determine the order of the groups GU,(q) and SU,(q). First, we
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need the following result.

Lemma 4.1.2. The unitary space V contains (¢" ' — (=1)" Y (¢" — (—=1)")

isotropic vectors and ¢" (¢ — (—1)") vectors having norm 1.

Proof. Let x, denote the number of isotropic vectors and y, the number of
vectors of norm 1 in V| where n = dim(V'). If v € V with f(v,v) = 1, then
flav,av) = aa = N(«). It follows that every non-zero norm vector is a
multiple of a vector of norm 1. Hence, if 8 € GF(q)*, then the number of
vectors in V' of norm f is y,,. Since there are ¢ — 1 possible values 3 can take,
we have that

Vi=¢"=1+z,+ (¢ — 1)y, (4.2)

Let v € V be a norm 1 vector and let u € v* and consider the subspace U

generated by {u,v}. The gram matrix of U is given by

10
0 f(u,u)

If f(u,u) = 0, then f|y is degenerate. It follows that there are as many
degenerate 2-spaces containing v as isotropic 1-spaces in v*. Hence number

of degenerate 2-spaces containing v is Z;ti. Furthermore, for a,b € F, f(av+

bu,av + bu) = aa = 0 if and only if a = 0. So the isotropic vectors in U are
the scalar multiples of u. Thus each degenerate 2-space has ¢®> — 1 isotropic

vectors.

If f(u,u) # 0, then U is non-degenerate. So there are as many non-degenerate

2-spaces containing v as non-isotropic 1-spaces in u®. If f(u,u) = 1, then
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flau,au) = aa. If a@ = 1 then there are ¢ + 1 choices for o (by Lemma

4.0.8). Thus number of non-degenerate 2-spaces containing v is yq’::f. Fur-
thermore, for a,b € F, we have f(av + bu,av + bu) = aa + bb = 0 if and
only if %% = —1. If z = ¢, then 27 = —1, so there are ¢ + 1 choices for x
and for each choice of x and each choice of b we get a = bx. So there are

(¢> — 1)(q + 1) choices for the pair (a,b). That is, there are (¢> — 1)(q + 1)

isotropic vectors in a non-degenerate 2-space containing v. Thus,

(" = 1)+ (6 = Dla+ 1)

=Tp-1+ (q2 - 1>yn71-

SO Tpy1 = Tp+(¢*—1)y,. Substituting for y, from (4.2) we solve the resulting

recurrence relation as follows:

Tos1 = (¢ = 1)(g+1) — qun
=@+ D@ - D@+ 1D —glg+ D"V = 1) + ¢z
= (@ = D@ +1) + ¢z
= (@ = D@+ )+ (@ + D@ = 1) = guns)

=(@+ (@ 2= 1) — ¢@zps.

Thus, z,41 = (¢ — (=1)F) (¢ * =D — (=1)kY) + ¢ka,_ 4y for all k < n.

Observe that xo = x1 = 0, so when k = n, we have

a1 = (¢" = (=1)") (g™ = (=1)"71).
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Thus z, = (¢" ' — (=1)""Y)(¢" — (=1)"). So substituting for z, in (4.2) we

get yp = ¢" Hg" — (=1)"). u

The group GU,(q) acts regularly on the set of ordered orthonormal bases of
V. Hence, the order of GU,,(q) is equal to the number of ordered orthonormal

bases of V', which is the product y,y,_1--y1. So
GUL(q)] = ¢2"" VI (¢ — (=1)").
Since the index of the group SU,(¢q) in GU,(q) is ¢ + 1, we also have that

ISU ()] = ¢2" " DIy (¢" — (—1)7).
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CHAPTER 5

TyrPE A,, PHAN CODES

Throughout this chapter, let V' be an (n + 1)-dimensional vector space over
the finite field F,» = GF(¢?), endowed with a non-degenerate Hermitian form
(, ). Let A be the A, building on V' (that is, the projective building on V)
viewed as a simplicial complex. Thus, the vertex set of A consists of all the
proper nontrivial subspaces of V', with incidence given by inclusion. Define

amap 7:A — A by
U =Ur={veV|(u,v)=0foralucU}.

Note that since V' is non-degenerate, for every non-degenerate subspace U of
V, we have V. =U & U". We recall that chambers are maximal simplices in

A. Let C =Y, C--- CY, be achamber in A. Then C" =Y C --- C Y/.

5.1 The Phan geometry of type A,

In this section, we describe and gather some results about the Phan geometry

of type A,.
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Definition 5.1.1. Let C =Y, C --- C Y, and C'" =Y/ C --- C Y, be two

chambers in A. We say that C and C" are opposite if and only if

YioY,, =V

Let I be the subcomplex of A whose vertex set consists of all the subspaces
U of V satisfying U & U™ = V. (This is equivalent to U and U” being
non-degenerate with respect to the form ( , ).) Thus, the vertex set of T
consists of all the non-degenerate proper subspaces of V. We also require
that {0} € I". Furthermore, we say a chamber C' € A belongs to I" if and
only if C' and C7 are opposite. (Note that the possibility C' and C™ are not
opposite does arise, for instance, when C' consists of degenerate subspaces of

V)

Definition 5.1.2. The subcomplex I" described above s called the Phan ge-

ometry of type A,.

Note that G = GU,41(q) acts transitively on the set of k-dimensional non-
degenerate subspaces of V' by Witt’s Lemma. Let U be a non-degenerate
subspace of V of dimension k. As V = U @ U™, the stabilizer Gy of U will
also stabilize UL. If {e1,eq,...,ex} is a basis for U, we can extend it to a
basis {e1, e, ...,e,:1} for V by choosing {egi1,...,e,11} to be a basis for

U~+. Then, Gy consists of matrices having the shape

A O
0 A
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where A; and A, are non-singular k x k and (n—k+1) x (n —k+1) unitary

matrices, respectively. Thus, Gy = GUg(q) x GU,_x1+1(q).

ftC=Y, CY, C--- CYj is asimplex of I' with dim Y}, = k;, then the

stabilizer G¢ of C' consists of matrices having the shape

A

1

Ay,

0 Ak’l+1

such that Ay, Ay, for 2 < i <[, and Ay, are non-singular k; x ki, (k; —
ki 1) % (ki—k;—1) and (n—k;+1) X (n— k;+ 1) unitary matrices, respectively.
So G = GUg, (q) X GUpy—ky (q) X -+ X GUpp_g41(q).

We summarize the above remarks about the stabilizers of a vertex and sim-

plex of T' in the following proposition.

Proposition 5.1.3. Let U be a vertex of I with dimU = k. Then its stabi-
lizer Gy = GUg(q) X GUp—41(q). Suppose C =Yy, C Yy, C--- C Yy isa

simplex of I', with dim Yy, = k;. Then its stabilizer

Geo = GUy, (q) X GUpryp, (@) X -+ X GUpgy—p,_, (@) X GUpp11(q)-

Bennett and Shpectorov showed in [5] that the unitary group SU,.1(q) acts
transitively on the set of chambers in I'. Thus, by the Orbit-Stabilizer theo-

rem, the following lemma is immediate.
Lemma 5.1.4. Let C be a chamber in I'. Then the number of chambers in
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I' is |G : Gel|, where G = SU,11(q) and G¢ denotes the stabilizer in G of C.

5.2 The Phan Code

As in the building case, we adopt the methods of Smith and Yoshiara in
defining linear codes based on I'. We restrict attention to the top dimension
n — 1 of I'. Let I'; denote the set of i-dimensional simplices in I'. The top
dimensional chain space C,_1(I") is the module Z[I',,_1] on the basis given
by the chambers I';,_; of T', the cycle space Z,,_1(I") is just the kernel of the

boundary map 0 = 0,_; and the homology group H, (I') = Z,_1(I"). We

also denote by Z,_1(I') and C,_1(I') the spaces in Fy obtained from those

over Z by tensoring with [F,.

Since the group SU,1(q) acts chamber transitively on I, it also acts on the
cycle space Z,,_1(I"). In fact, Z,_1(I") provides a representation for the group
SUpn+1(q) with respect to I'. We therefore refer to it as the Phan module. In
similar vein, we refer to the corresponding cycle code m as the Phan
code. This makes the cycle space Z,_1(I') an interesting module for the
group SU,+1(q). Our aim is to study the components of the Phan module

and hence the Phan code. First, we fix some terminology.

Terminology 5.2.1. We call a vertex x € A bad (for the geometry ') if
x & T'; we say x is good otherwise. Similarly, we call a chamber D € A bad
iof at least one of its vertices is bad, and we say D s good otherunse. Finally,
an apartment A € A will be called bad if A contains a bad chamber; we say

A is good otherwise.

With this terminology, we can say an apartment A belongs to I' if A is good.
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(Strictly speaking, I' does not contain any apartment as it is not a building.)
Lemma 5.2.2. Fiz a chamber C € I' and a (good) apartment A containing
C. Let ¢ = ¢c : A — S, 11 be the isomorphism given by

D~ 6(C,D) forall D € A.

The element ac =Y v 4 5gn(C")C" € Z,(I'), where

/ , +1, if ¢(C") is even
sgn(C) = sqn(6(C") =
_]-7 Zf QS(O/) 15 odd

Moreover, if C' € A then acr = *ac.

Proof. We first show that acr = Ha¢ for all C" € A. Let C’ be an arbitrary

chamber in \A. Then by Lemma 1.4.16,

5(C",C"y = §(C",C)5(C,C") for all C" € A.

Recall that 6(C,C") = §(C",C)~1, so §(C,C") and 6(C’,C) have the same
parity (that is, they’re either both even or both odd). Thus, if 6(C,C") is
even, then §(C’C") will be even provided 6(C, C") is even, and 6(C’, C") will
be odd if 6(C, C") is odd. So acr = ac in this case.

Similarly, if 6(C, C") is odd, then 6(C”, C") will be odd provided 6(C, C") is

even, and it will be odd if §(C, C") is even. Thus, acr = —ac in this case.
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Now 0(ac) = > e 59n(C")O(C”), and for each C" € A,

o(C") =Y [C": BB

B<C’

where 8 < C’ means f8 is a facet of C' and [C’" : 8] = (—1)" where S is
obtained from C” by deleting its ith vertex. Observe that two chambers are
i-adjacent if and only if they have a facet of cotype ¢ in common. Since A
is thin, for each 8 < (', there exists a unique chamber D € A having the
common facet § with C’. Thus, 9(C") and 9(D) agree at § and this § term
appears exactly twice in d(ac¢), once in 9(C’) and the other in 9(D), but

with different signs since sgn(C’) # sgn(D). To see this, observe that
s; =06(C", D) =06(C",C)6(C, D)
by Lemma 1.4.16. The map sgn : S, — {£1} defined by

+1, if o is even
sgn(o) =
—1, if o is odd
is a surjective group homomorphism and so sgn(6(C’,C))sgn(6(C, D)) =
sgn(s;) = —1, that is, sgn(C’)sgn(D) = —1 which implies sgn(C’) #
sgn(D). Thus, the 8 term in O(C") and J(D) cancel out. So d(ac) = 0
and hence ac € Z,(I). O

In [9], Devillers, Gramlich and Miihlherr proved a result on the sphericity of
the geometry I', analogous to the Solomon-Tits theorem. A statement of the

theorem is given below.
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Theorem 5.2.3. (Devillers, Gramlich, Muhlherr) Let F be an arbitrary
field and let o be an automorphism of F of order two. Let V' be an (n + 1)-
dimensional vector space over F endowed with a non-degenerate hermitian
form f. Furthermore, let I be the simplicial complex whose vertices are
the non-trivial subspaces of V' which are non-degenerate with respect to f,
with incidence given by inclusion. If F s finite of order q, assume q >
2" (/g +1). Then T is Cohen-Macaulay. In particular, |I'| is homotopy

equivalent to a wedge of (n — 1)-spheres.

It is reasonable to give an example of n and ¢ for which ¢ satisfies the con-
dition given in Theorem 5.2.3. Take n = 3 and ¢ > 25, then ¢ satisfies this
condition.

Let us identify T' with the rank n of its maximal simplices (or chambers).
If ¢ satisfies the property given in Theorem 5.2.3, then the Cohen-Macaulay

property of I implies the next result.

Theorem 5.2.4. Suppose I' is Cohen-Macaulay. Then the dimension of the

Phan code is given by the reduced Euler characteristic

X(T) = x(n) = (1) Tpo1il.
=0
By convention, |I'_;| = 1.

Proof. Since I' is Cohen-Macaulay, the result follows from Lemma 3.2.2. [

Notation: Let a’,;‘“ denote the number of k-dimensional non-degenerate

subspaces in an (n + 1)-dimensional unitary space, let F;'t! be the set of all
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simplices in " whose smallest object has type k, and let T7"! = T; be the set

of all ¢-dimensional simplices in I'.

Theorem 5.2.5. Suppose q satisfies the condition in Theorem 5.2.3. Then

the following results hold.
(i) (77 = S p IO N A = 0 g P ] for 1< i< — 1

(ii) The dimension of the Phan code is given by
x(n) ==1=>"ai'x(n— k).
k=1

Proof. (i) Tt is clear that [[7| = Y70, [T N FH. It remains to show
that [P A 71 = a D,

Let F € T/t N F'. Then F is an i-dimensional simplex and its small-
est object V; has dimension k. Since V =V, @ V1, every non-degenerate
subspace U of V' properly containing Vj corresponds to a non-degenerate
subspace U NV, of Vi, which has dimension dim U — dim V;. Thus F
corresponds to an (i — 1)-dimensional simplex in the Phan geometry IV de-
fined on V;-. Thus, for each k-dimensional subspace Vj of V in T, there
are precisely |I"7~*| simplices of dimension i each of which have V; as its

+1 subspaces of dimension k in T, it

smallest object, and since there are a}
follows that

PP A = ap e
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Thus,

n

Dt = [0 n At

k=1

_ Z an+1 |F;7,_+117k‘ 7

for1<i<n-—1.
Now,
n—1

x(n) =) (=1)|ry*

i=—1

:_1_'_2 FnJrl‘

=1+ Z(—ni Zaz“\r?_*f*kr

n—1

:—1+Zan+lz

=0

—k

:_1_'_Zan+1 Z
k=1

=0

n—k

:_1+Zan+1z

=0

= —1+Za”+1

‘Fn-i-l k’

n—1

Fn+1 k‘—i- Z (_1)i|rgz_+llfk|

‘FnJrl k|

—k)).

77

i=n—k+1

S/

-~

=0



This holds since

n—k—1

X(n—k)= Y (=1 |7

i=—1

>

n—

= = 1,

i
o

Thus, x(n) = —1 - 1_ a} ' x(n — k). O

Remark 5.2.6. In [5], Bennett and Shpectorov showed that the Phan geom-
etry T is connected if (n,q) # (2,2). Suppose n = 2 and q > 3. Then the

(augmented) chain complex

Ci(I') — Cyp(I') — C_4(T") — 0

is exact, where C_1(I') = Z. This implies that Ker 0; = Im 0,41 fori = —1,0.
Hence, we deduce that the dimension of the Phan code m 18 again given
by the reduced Euler characteristic x(I') = x(1), and T need not satisfy the
Cohen-Macaulay property in this case. Again, in [5], Bennett and Shpectorov
showed that if (n,q) # (3,2) or (3,3), then I' is simply connected. This
implies that the fundamental group m = 0. That is, the homology group

H,(T') =0. So whenn =3 and q > 4, the dimension of the Phan code Z(I")

is also given by the reduced Euler characteristic x(T') = x(2).
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From now on, we work only in [Fy. For the ease of notation, we let Z, ;(T")

denote the homology group with coefficients in Fs.

Theorem 5.2.7. Let w,, denote the minimal weight of the cycle code Z, 1 (T).

Then wy, = (n+ 1)\

Proof. Since I' C A, we may view Z, 1(I') C Z,_1(A). By Lemma 3.3.4,
Zp-1(A) has minimal weight (n + 1)!. Thus, it suffices to show that a vector
2 € Zyp—1(A) of minimal weight belongs to Z,,_1(I'). Indeed, if 4 € A is a
good apartment, then the vector ay = > -, C" € Z,—1(I') by Lemma 5.2.2

and has weight (n + 1)!. O

5.3 Submodules

In this section, we take a close look at the composition of the Phan code

Zn1(I).
Definition 5.3.1. We say a good apartment A is special if A™ = A.
The following result gives a description of special apartments.

Lemma 5.3.2. Let C be a chamber in I' and suppose A is an apartment

containing C and C7. Then AT ={D" | D € A} = A.

Proof. Now C' and C” are opposite, so the apartment A containing them is
unique. As C,C7 € A we have C™,C™™ = C' € A". Hence by the uniqueness
of A, we have A™ = A. O

Proposition 5.3.3. A good apartment A is special if and only if A is given

by an orthonormal basis.
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Proof. Suppose A is a special apartment and let C' be a chamber in A. Then
CTe A Now,ifC=VicCcVoC---CV,, then

ct = Vv,cv,._,c---CcVf

= Vicvt, c---cVh

The apartment A is given by the basis {ej,es,...,e,41} where (e1) = Vi,
(ea) = Von Vit {e3) = Van Vit ... (en) = VN VL (engn) = Vo NVE =
an, where V,,,1 = V. Indeed, as V; is non-degenerate e; is non-isotropic.
Furthermore, es is non-isotropic since e; | ey and (e;,es) = V5 is non-
degenerate. By similar argument, we also get that es, ey, ..., e,, e, are all
non-isotropic. Without loss of generality, (e;,e;) =1 forall 1 <i < n+ 1.

Then {ej, €9, ...,e,.1} is an orthonormal basis of V' giving the apartment A.

Now suppose A is given by an orthonormal basis {ej, es, ..., e,11}. We want
to show that for all C' € A, C7 € A.

Let C = (e1) C (ey,e3) C -+ C {ey,e€9,...,e,). Then

C™ = (e, e9,...,e,)" C (e, €9,...,6,-1)" C---C {e1)"
= ey, e, ...,en) Cler,en, .. en 1)t C - C(e))*.
Since the basis {e1, e, ..., €,11} is orthonormal, we have
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<€1>J_ = <€2,€3,...,€n+1>
<61762>J_ = <€3,€4,...,€n+1>
k
<€1a62a"'76k>L = ﬂ<€i>L
=1
= <€k+1, ey en+1>.

Hence C™ = (e,11) C (€n,€nr1) C -+ C (€2,€3,...,€,11), which implies that
C™ € A. Thus A is special.
]

We remark that there are other good apartments A such that A" # A. We

illustrate this by means of an example in the rank two case.

Example 5.3.4. Let V be a three dimensional unitary space over the field
Fo = F3(i) and suppose {e1,eq,e3} is an orthonormal basis of V. Let A be
the apartment given by the basis {vy, vy, v3} such that vi = ey, vo = ey and

vy = (1 +1i)(es + e3). Its Gram matriz is given below.

1 0 0
0 1 1+:
0 1—2 1

From the Gram matriz of A, we see that all the vertices (vy), (v2), (vs),
(v1,v2), (v1,v3), and (vy,v3) of A are good but its basis {v1,ve,v3} is not

orthonormal. Thus, A is a good apartment which is not special.
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Lemma 5.3.5. Let A be a good apartment. Then for all g € G, A9 is special

if and only if A is special.

Proof. By Lemma 5.3.3, this is equivalent to proving that A9 is given by an
orthonormal basis if and only if A is given by an orthonormal basis. The

result then follows from the fact that G acts transitively on the set of bases

of V' and also preserves the form ( , ). That is, if {v1,v9,..., 0,41} is a
basis giving A9, then v; = uf where {uy,ug,...,u,11} is a basis giving A.
Thus (v;,vj) = d;; if and only if (u;, u;) = ;5. O

Recall that if A is an apartment, then the vector a4 = ., C".

Theorem 5.3.6. Let S = {a4 | A is a special apartment}. Then S is a
linearly independent set and the weight of every element of (S) is a multiple
of (n+1)!. Furthermore, (S) is a proper submodule of Z,_1(T") of dimension

|G : H|/(n+1)!, where H denotes the stabilizer of a chamber in T'.

Proof. Let A be a special apartment and suppose D € A. Since D and
D7 are opposite, the apartment A containing them is uniquely determined.
It therefore follows that for any two special apartments A; and A,, their

intersection

A NAy =0.
In particular, ZAAGE Aqaq = 0 if and only if A4 = 0 for all special apart-
ments A. Thus, the set S is linearly independent.

Note that since the special apartments are pairwise disjoint and each code-
word generating S has weight (n + 1)!, any linear combination of code-

words in § would have as weight an integral multiple of (n + 1)!. Let D
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be a good chamber and suppose A; and A, are two distinct good apart-
ments containing D. Suppose the codeword ay, + a4, has weight w, then
(n+1)! <w<2(n+1)!—2=2((n+1)! — 1) which implies that w is not an
integral multiple of (n+1)!. It therefore follows that (S) is a proper subspace
of Z,—1(I"). By Lemma 5.3.5, § is a G-set and so (S) is a proper submodule
of Z,_1(T"). Since special apartments are pairwise disjoint and each chamber
in I' lies in a unique special apartment, it follows that the dimension of (S)
is |G : H|/(n+ 1)!, where H denotes the stabilizer of a chamber in I'.

]

Remark 5.3.7. Indeed, if Cy and Cy are two good chambers which are not
opposite, then Cy and Cs lie in many good apartments. In particular, any
linear combination of the codewords {a4 | A is good and A > Cy,Cy} would
not have weight which is a multiple of (n+1)! (since every chamber that lies on

a minimal gallery from Cy to Cy would appear in each of these apartments).

Corollary 5.3.8. The Phan module Z,_1(T') is not irreducible.
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5.4 The Rank two case

Throughout this section V' is a 3-dimensional unitary space, so A is the
projective building of rank two. Chambers are point-line flags, that is, if D

is a chamber then D = Y; C Y5, where Y] is a point and Y5 is a line in A.

The objective of this section is to find a suitable basis for the Phan code in the
rank 2 case, and to establish that it is spanned by codewords corresponding

to good apartments.

Recall that by the axioms of a projective geometry, every point in A has

q? + 1 lines passing through it and every line in A contains ¢* + 1 points.

Proposition 5.4.1. Let [ be a non-degenerate line and p a non-degenerate

point in A. Then the following hold.
0 ere are ¢ — q non-degenerate points and q + 1 degenerate points in
i) Th 2 d t i d 1d t nts 4
l.
) ere are ¢ + 1 degenerate lines passing through the point p.
i) Th 1d te li ng th h th mit
(iii) If p is a point not on 1, then there are at least ¢*> —2q—1 non-degenerate
points on | which form a degenerate line with p.

Proof. Since [ is a non-degenerate line, it may be viewed as a 2-dimensional
unitary space on which the group G = GUs(q) acts. Now G acts transitively
on the set of non-degenerate points in [ (by Witt’s Lemma), so the number
of non-degenerate points in [ is given by |G : G,|. By Proposition 5.1.3,
Gp = GUy(q) x GUy(q). So

GGyl =qlg+ 1) —1)/(q+1)*=¢"—q
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Since [ contains ¢® + 1 points and ¢ — ¢ of them are non-degenerate, there

are ¢> + 1 — (¢* — q) = ¢ + 1 degenerate points in .

Now every degenerate point in pt forms a degenerate line with p, and so (ii)
follows from the proof of Lemma 4.1.2. Since | has ¢*> — ¢ non-degenerate
points and p has ¢ + 1 degenerate lines passing through it, if p is not in [,
then there are at least ¢> — ¢ — (¢ + 1) = ¢*> — 2¢ — 1 non-degenerate points

on [ which form a degenerate line with p. ]

Fix a chamber C' € I'; call it the fundamental chamber. Recall that Solomon-
Tits theorem tells us that the set D = {a4 | A > C} forms a basis for the

module Z;(A). Thus for each z € Z;(A),

z = Z fa(z)aq with fu(2) € Fo.

AcA
AsC

We say an apartment A is represented in z € Z1(A) if fa(z) # 0 € Fo,
we also say A is represented in Z;(A) if it is represented in some element
z € Z1(A). Indeed as Z;(I") is contained in Z;(A), each element z € Z;(I")
can be written as a sum of elements in D. Thus x can be written as a sum
of good and bad apartments in A. Furthermore, apartments containing bad
opposite chambers to the fundamental chamber C' cannot be represented.
We remark that a bad apartment A containing C' can only be represented
in Z(I") if and only if the opposite chamber C°PP to C'in A is good. Hence,
we only need to consider those apartments A containing C' such that C°PP in
A is good. The objective is to identify those apartments which are actually

represented and how they would appear. We need the following definition.

85



Definition 5.4.2. Let C' = p' C I' be a chamber such that d(C,C") = 2. We

say C" is of type 1 if the minimal gallery v from C to C" has type (1,2) and

the point p' is bad but the line l' is good. Similarly, we say C' is of type 2

if the minimal gallery v from C to C' has type (2,1) and the point p’ is good

but the line I’ is bad.

Remark 5.4.3. Note that if C' = p' C l' is of type 1 and the fundamental

chamber C = p C 1, then p' C [. Similarly, if C" is of type 2, then p C I'.

Let A¢s denote an apartment containing the chamber C' and suppose CPP in

Ac is good. There are four types to consider:

(Type 1)

(Type 2)

(Type 3)

(Type 4)

The apartment Ac is bad; Ao contains a bad chamber C” of type
1 such that every bad chamber in Aq lies on the minimal gallery

v from C to C". (See Figure 5.1 (a).)

The apartment A¢ is bad; A contains a bad chamber C” of type
2 such that every bad chamber in A¢ lies on the minimal gallery

v from C to C". (See Figure 5.1 (b).)

The apartment A is bad; Ag contains a bad chamber C” of type
1 and a bad chamber C” of type 2, such that if - is the minimal
gallery from C' to C” and ( is the minimal gallery from C to C”,
then every bad chamber in Ag¢ lies in yU . In particular, the only
good chambers in A¢x are C' and CPP. (See Figure 5.1 (c).)

The apartment A¢ is good, that is, all the chambers in A¢s belongs

to I'. Then A¢ is definitely represented in Z;(I).
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(a) Copp (c) Cropp

% - Bad chamber % - Bad chamber = - Bad chamber

Figure 5.1: (a) Example of a Type 1 apartment, (b) Example of a Type 2
apartment, and (c¢) Example of a Type 3 apartment.

Definition 5.4.4. Let A; and As be two apartments of type 1 (respectively,
type 2) above. We say A; and Ay are C'-related if they contain the same C'

of type 1 (respectively, type 2), and we write Ay ~=cr Ay or simply Ay = As.

The relation =~ is an equivalence relation and partitions the apartments of
type k, k = 1,2, into corresponding equivalence classes.
Notation: We write Ap p for an apartment containing the chambers D and

D', such that D and D’ are opposite.

Proposition 5.4.5. Let C' denote a chamber of type k, k = 1,2. Suppose
A = Aco, = Acrop and Ay = Acc, = Acrcy are two apartments of type

k, such that Ay ~¢cr As. Then their symmetric difference

A DAy = Agy oy = Acyor = A

s a good apartment. In particular, as, + as, = a4.
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% - Bad chamber

Figure 5.2: Example of type 2 apartments A; and A,, such that A; ~qc As.

= - Bad chamber

Figure 5.3: Description of how the good apartment A is obtained from the
apartments A; and A,.

Proof. Let v = (C,Cy,C") be the minimal gallery from C to C’. Then ~
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lies in A; and Ay (see Figure 5.2). If k = 1, then v has type (1,2) and
Cy ~1 C" ~y Cy which implies C7 ~; Cy. Let C] and C) be the other
neighbours of C' in A; and Ay respectively. (That is, C] # Cy # C4.)
Then as C' ~; Cpy, we have C] ~y C ~y C}, which implies C] ~y CY.
Since A; N Ay = {C, Cy, C'}, we have that A; A Ay contains every chamber
in A; U Ay except the chambers C,Cy and C’. Note that C} and C! are
opposite (similarly, Cy and C]) and hence every chamber in A4;AA; lies on
some minimal gallery from C to C} (similarly, from Cy to C). Note that all

the chambers in A; AA, are good (see Figure 5.3). It therefore follows that

A1AA = Agy o = Acyop = A

We get similar results in the case k = 2.
Now the sum ay4, + ay, is in Z;(I') (with coefficients in Fy) and hence
chambers which appear an even number of times are eliminated. Thus,

as, t+a4, =ayu. ]

For each chamber C’ of type k, k € {1,2}, denote by X the C’-equivalence
class of type k apartments. Fix an apartment Ao € X, For any A € X
define

€A =as+aa,,.

Note that e4_, = 0. Similarly, for each apartment A of type 3, define

€A = A4, + a4+ A,
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where C’,C” € A are of types 1 and 2 respectively, and Ao and Agr are
the corresponding fixed apartments in X and X¢o» respectively. Finally, for

each apartment A of type 4, define e4 = a 4.

Theorem 5.4.6. Let A denote an apartment containing the fundamental
chamber C. The set B = {e4 # 0 | A is of type 1,2,3 or 4} forms a basis

for Zy ().

Proof. First observe that e4 = 0 if and only if A = Ag for some C of
type 1 or 2. Also note that for each apartment A of type 1,2,3 or 4, the
set {aq | eq € B} is a linearly independent set. This is due to the fact
that {a4 | e4a € B} C {ayq | A > C}, which is a basis for Z;(A) by the
Solomon-Tits theorem. It therefore follows that for each apartment A of
type k, k =1,2,3,4, ey is not in the linear combination of any of the others.
Thus, B is a linearly independent set. It now remains to show that B spans
Zy(1).

Suppose span(B) # Z;(I') and pick a codeword = € Z,(I") \ span(B). Then
x # 0 and by the Solomon-Tits theorem, x can be written as a linear com-
bination of the apartments containing the fundamental chamber C. That

is,

T = Z fa(x)aa, falz)e€F ()

AcA
AsSC

Consider the apartments represented in (*). If A is such an apartment, that
is fa(x) # 0 in (*), then A has type 1,2,3, or 4. If A has type 4, then

add e4 = a4 to x. We do this for each apartment of type 4 represented in

90



(*). So the resulting codeword z’ has no apartment of type 4 represented,
furthermore, 2’ € Z(I")\ span(B) since x & span(B) implies x+e4 & span(B)
for all apartments A of type 4 represented in x. Similarly, for any apartment
A of type 3 represented in 2’ add eq4 = a4, +aa+aa,, toz’. This eliminates
a4 but adds a4, and a4, to z’. Thus, the resulting codeword " only has
apartments of types 1 or 2 represented. Finally, for each apartment A of
type k represented in 2", k = 1,2, add e4 = aa+aa,, toz”. Again, this gets
rid of a4 but adds a4, to 2", for each A of type k. Note that for the fixed
~cr-class representatives Acr, eq,, = 0. Hence, the resulting codeword z" is
a sum of the A¢rs. Since these contain bad chambers, the only way they can
appear in Z1(I") is an even number of times, forcing 2" = 0. But this implies
that the codeword x we started with belongs to span(B), a contradiction to

the choice of z. O

Lemma 5.4.7. Let Acc» = A* be an apartment of type 3, where C* = p* C
I* denotes the opposite chamber to C' in A*. Let C' and C" be the neighbours
of C* in A* of types 1 and 2 respectively. Then, if ¢ > 5, there are at least
(¢* — 2q — 1)(¢* — 4q — 3) pairs of apartments A, € X and Ay € Xon,
such that the codeword aa, + aa~ + aa, can be written as a sum of three good

apartments.

Proof. A pictorial representation of the apartments A;, A* and A, is given
in Figure 5.4.

Pick A; € X and let Cy be the opposite chamber to C' in A;. Then C' and
C1 determine A;. Note that C'; and C* are 1-adjacent and so have the line

[* in common. Thus Cy = p; C [* for some good point p; € I*, p; # p*. To
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Cl=piCh

2

pCh

C=pcl

x - Bad chamber

Figure 5.4: Representation of a type 3 apartment

count the number of choices for A; is equivalent to counting the number of
choices for C (or p; to be precise) subject to the condition that (pi,p) is
a good line. Now there are ¢> — ¢ good points in [* (by Proposition 5.4.1),
and p* is one of them, so there are at most ¢> — ¢ — 1 choices for p; in [*.
We want (p1,p) to be a good line. There are ¢ + 1 bad lines through p (by
Proposition 5.4.1)and hence ¢ + 1 points which form a bad line with p. The
point p* is one of such points, so at most ¢ of the ¢*> — ¢ — 1 possible choices
for p; are bad. Thus, there are at least (¢> —q¢—1) — ¢ = ¢> — 2¢ — 1 choices

for p; and hence at least ¢*> — 2¢ — 1 choices for A;.

Let us fix A; (hence Cy = p; C I*) for the moment. We would like to count
the number of choices for A such that a4, + a4~ + a4, can be written as a
sum of three good apartments. Let Cs be the opposite chamber to C in A,.

Then Cy and C* are 2-connected (since Csy is 2-adjacent to C” which is also
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2-adjacent to C*) and so have the point p* in common. Thus Cy = p* C Iy
where [5 is a good line such that ls N1 is good. Again counting the number of
choices for A, is equivalent to counting the number of choices for Iy, subject

to the following conditions:
e py =[N is good

e (p1,p2) is good

e [, NI is good.

Now, Iy passes through p* which has ¢> — ¢ good lines through it. The line
[* is one of them, so there are at most ¢> — ¢ — 1 possible choices for l,. We
want [, N to be good. There are ¢+ 1 bad points on [/, so at most ¢+ 1 good
lines passing through p* intersect [ at a bad point and [* is one of them. So
there at least (¢* —q — 1) — ¢ = ¢*> — 2¢ — 1 choices for Iy such that I, N1 is
good. We also want (py, pa) to be good, where py, = Iy N 1. Observe that each
line l5 determines a unique point py. Thus, there are as many choices for p,
as there are for l,. For (p1,ps) to be good, ps cannot lie in the ¢ + 1 bad
lines through p;. If ps lies in a bad line through p;, then the line l5 yielding
it is unacceptable. So, there are at least ¢> —2¢—1— (¢+1) = ¢* — 3¢q — 2
choices for p, and hence at least ¢*> — 3¢ — 2 choices for l,. Finally, we want
lo Nly to be good. Again, at most ¢ + 1 good lines intersect [; at a bad
point, so the number of choices for I, such that Iy Nl; is good is at least
(> —3¢—2)—(¢q+1) = ¢* —4q — 3. Hence, for the fixed apartment A,
there are at least ¢ — 4¢ — 3 choices for the apartment 4,. Since A, has at

least ¢* — 2¢q — 1 choices, there are at least (¢* — 2q — 1)(¢* — 4¢q — 3) pairs of

93



apartments A;, A, such that the codeword a4, + a4+ + a4, can be written

as a sum of three good apartments. O]

Corollary 5.4.8. Let A*, C', C" and q be as in Lemma 5.4.7. Then for any
apartment A; € Xor and Ay € Xew, the codeword ay, + aa- + aq, can be

written as a sum of good apartments.

Proof. By Lemma 5.4.7, we can choose A; € X and Ay € Xen such that the
codeword a4, +a+ + a4, can be written as a sum of three good apartments.
Choose and fix such an A; € X¢ and Ay € Xev. Then for any A] # Ay €
Xcr and Aj # Ay € X we have,

ax +aa+ag = (ag +aa +ag,) + (an, +ag) + (aa, +aa).

By Proposition 5.4.5, there are good apartments A" and A” such that

(aa, +au) =ax and (aq, +ag,) = ar.

Let By, By, and Bs be three good apartments such that

ap + aax +aq, = ap, +ap, + ap;-

Then, a s, +aa-+au, = ap, +ap, +ap, +ax +aqr, completing the proof. [

Theorem 5.4.9. Suppose ¢ > 5. The set T = {a4 | A is a good apartment}
spans Z1(T).
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Proof. By Lemma 5.4.6, the set

B={es#0|A>C and A is of type 1,2,3 or 4}

forms a basis for Z;(I"). If A is of type k, k = 1,2, then by Proposition 5.4.5,
there is a good apartment A’ such that e4 = ax. If A is of type 3 then
by Lemma 5.4.7 and Corollary 5.4.8, e4 can be written as a sum of good
apartments. If A is of type 4, then A is good by definition and e4 = a4.
It therefore follows that every element in Z;(I") can be written as a sum of

good apartments. O]

Noting that good apartments can be defined for all ranks, a natural question

would be; can we find a basis for Z,,_; (I") consisting only of good apartments?

5.5 Submodules in Rank 2

Here, we obtain submodules for the Phan code in the rank 2 case.

Definition 5.5.1. We say an apartment A has k zeros, k > 0, if the gram

matriz of a basis of V' giving A contains k zeros.

Note that if the Gram matrix of a basis of V' giving an apartment .4 contains
k number of zeros, then the Gram matrix of any basis of V' giving A contains

k zeros.

Lemma 5.5.2. Let A denote a good apartment and for i = 0,1,2,3, let
B; = {A| A has 2i zeros}. Set V; = (aq | A€ B;). ThenV; is a submodule
of Z1(T'), for all 1.
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Proof. By definition, V; is a subspace of Z;(I"), for all 7. It remains to show
that V; is also a G-set. Suppose an apartment A € B; is given by the basis

{e1,€es,e3} for V. Then for any g € G, we have

(e, ef) = (e, ¢5).
It therefore follows that the apartment A9 given by the basis {ef, €5, e} has
the same gram matrix as A. Hence, for all ¢ and all g € G, A9 € B; provided

A € B;. In particular, V.¢ = V;. O

7

The next result shows that there is some overlapping of the submodules V;.

Lemma 5.5.3. Let V;, B; be as in Lemma 5.5.2, i = 2,3. Then for each
apartment A € Bs, the codeword a4 can be written as a sum of apartments

in By. In particular, V3 G V3.

Proof. Let A be a good apartment given by the basis {e;,es,e3} of V and
suppose (e;,¢;) = 1 for all i. We consider the different ways by which A may
be written as a symmetric difference of two good apartments A; and As.

There are three possibilities.

(I) The apartments A, A, are given by the bases {ey, s, ¢4} and {es, €3, €4}
respectively, with e, € (e1,e3) such that (es) and (e2,e4) are non-

degenerate.

(IT) The apartments .4;, A, are given by the bases {ej, ea,e4} and {ey, 3, €4}
respectively, with e, € (es,e3) such that (es) and (e;,eq) are non-

degenerate.
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(III) The apartments A4;, A, are given by the bases {eq, e3, e4} and {ea, €3, €4}
respectively, with e, € (e1,e2) such that (es) and (es, e4) are non-

degenerate.

Suppose A € Bs, then A is special. Thus A is given by an orthonormal basis

{e1, €2, €3} which has gram matrix

1 00
010
0 01

We have ef = (eq,e3), and e3 = (e1,e3) and ey = (ej,ez). We wish to
examine the gram matrices for the bases giving the apartments A; and A,.
In (I), we have eq € (e1,e3) so (ez,eq) = 0. Also (e1,e4) = a # 0 and
(e3,e4) = b # 0 since {e1,e3) Ne; = (e3) and (e, e3) Nes = {(e;). So the

bases {e1, s, €4} and {es, €3, 4} have gram matrices

10 a 1 00
010 and 01 b
a 0 1 0 b 1

We get similar results in cases (II) and (III) with gram matrices also contain-
ing four zeros. Thus, in all three cases, the apartments A; and A, belong
to By and so V3 C V,. Now, if Vo, C Vi, then any apartment A € By can
be written as a symmetric difference of apartments in B;. By Lemma 5.3.6,
the apartments in B3 are pairwise disjoint, which implies their intersection

is empty and so the symmetric difference of any two apartments in Bj is
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just the (disjoint) union of the two apartments. In particular, the symmetric
difference of any two apartments in B3 cannot yield an apartment in By and

hence V5 G V5. O
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CHAPTER 6

SUMMARY AND CONJECTURES

In this thesis, we have defined linear codes based on the Phan geometry
[' =T'(n,q) of type A,,. We also investigated the action of the unitary group
G = SU,+1(q) on the code and described some of its properties. In particular,
we showed that the action of the group on the code is not irreducible. In
the rank two case, we obtained a basis for this code and showed that it is
spanned by all the good apartments in the associated building of type A,. In
addition, we find some submodules of the code module. We proved that given
the sets B; = {A a good apartment | A has a gram matrix having 2i zeros},

with 0 <14 < 3, the spaces defined by

are submodules of the code module. We suspect that these spaces would
overlap in some way and on close observation we obtained the refinement

Vs ; V5. Furthermore, we anticipate that we would have the following result.

Conjecture 6.0.4. Let V; be as above, 0 < i < 3. Then the following results
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hold.
(1) Vs G Ve & Vo
(i) Vi &V
(iii) Vg is the code module.

Drawing from our results in the rank two case, we also make the following

speculation regarding a basis of the Phan module in arbitrary rank n.

Conjecture 6.0.5. The set of good apartments spans the Phan code in any
rank n. In particular, there is a basis consisting only of good apartments for

the Phan code.

6.1 Coding theory implications

Below, we give a table showing the rate of the Phan code for different ranks.

Let G denote the stabilizer of a chamber C' in I.

n | weight | q | dimension length rate
(n+1)! x(n) |G Gol x(n)/|G : H
2 6 q | polynomial in g polynomial in g
@ =g+ D)@ —q— | Plg—1)(¢ —q+1)
2)+1
3| 253 378 253/378
4 12079 2496 2079/2496

30 24 [q|@lq-D)(@+1)(@— | *la-1)*(+1)(¢* -
¢+ (¢ —q—3)+|q+1)
(P +1) (¢ —¢*+3q—
2)—1
4 | 6175487 8146944 6175487 /8146944

From the table above, we see that as ¢ increases, asymptotically, the rate

tends to 1. This tells us that a high fraction of the code symbols carry
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information. The code is able to correct e = [((n 4+ 1)! — 1)/2] errors and
detect (n + 1)! — 1 errors. However, we suspect that its error correcting
capability relative to its length would not be as good as that of the Hamming

and Golay codes owing to the fact it is less symmetric.
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