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A Ky Fan minimax inequality for quasiequilibria on

finite dimensional spaces

Marco Castellani · Massimiliano Giuli ·

Massimo Pappalardo

Abstract Several results concerning existence of solutions of a quasiequilib-
rium problem defined on a finite dimensional space are established. The proof
of the first result is based on a Michael selection theorem for lower semicontin-
uous set-valued maps which holds in finite dimensional spaces. Furthermore
this result allows one to locate the position of a solution. Sufficient conditions,
which are easier to verify, may be obtained by imposing restrictions either on
the domain or on the bifunction. These facts make it possible to yield various
existence results which reduce to the well known Ky Fan minimax inequality
when the constraint map is constant and the quasiequilibrium problem co-
incides with an equilibrium problem. Lastly, a comparison with other results
from the literature is discussed.
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set-valued map · fixed point
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1 Introduction

In [1] the author established the famous Ky Fan minimax inequality which con-
cerns the existence of solutions for an inequality of minimax type that nowa-
days is called in literature “equilibrium problem”. Such a model has gained a
lot interest in the last decades because it has been used in different contexts
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as economics, engineering, physics, chemistry and so on (see [2] for a recent
survey).

In these equilibrium problems the constraint set is fixed and hence the
model can not be used in many cases where the constraints depend on the
current analyzed point. This more general setting was studied for the first
time in the context of impulse control problem [3] and it has been subse-
quently used by several authors for describing a lot of problems that arise in
different fields: equilibrium problem in mechanics, Nash equilibrium problems,
equilibria in economics, network equilibrium problems and so on. This general
format, commonly called “quasiequilibrium problem”, received an increasing
interest in the last years because many theoretical results developed for one of
the abovementioned models can be often extended to the others through the
unifying language provided by this common format.

Unlike the equilibrium problems which have an extensive literature on re-
sults concerning existence of solutions, the study of quasiequilibrium problems
to date is at the beginning even if the first seminal work in this area was in
the seventies [4]. After that, the problem concerning existence of solutions has
been developed in some papers [5,6,7,8,9,10,11]. Most of the results require
either monotonicity assumptions on the equilibrium bifunction or upper semi-
continuity of the set-valued map which describes the constraint. Whereas other
authors provided existence of solutions avoiding any monotonicity assumption
and assuming lower semicontinuity of the constraint map and closedness of
the set of its fixed points.

Aim of this paper is to establish several results concerning existence of
solutions of a quasiequilibrium problem defined on a finite dimensional space
which comes down to the Ky Fan minimax inequality in the classical setting.
Our approach is based on a Michael selection result [12] for lower semicontinu-
ous set-valued maps. Moreover the proof of our results allow one to locate the
position of a solution. The paper is organized as follows. Section 2 is devoted
to recall the results about set-valued maps which are used later. In Section 3
we prove the main theorem and we furnish more tractable conditions on the
equilibrium bifunction which guarantee that our result holds true.

2 Basic concepts

Let Φ : X ⇒ Y be a set-valued map with X and Y two topological spaces.
The graph of Φ is the set

gphΦ := {(x, y) ∈ X × Y : y ∈ Φ(x)}

and the lower section of Φ at y ∈ Y is

Φ−1(y) := {x ∈ X : y ∈ Φ(x)}.

The map Φ is said to be lower semicontinuous at x if for each open set Ω such
that Φ(x) ∩Ω 6= ∅ there exists a neighborhood Ux of x such that

Φ(x′) ∩Ω 6= ∅, ∀x′ ∈ Ux.
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Notice that a set-valued map with open graph has open lower sections and, in
turn, if it has open lower sections then it is lower semicontinuous.

A fixed point of a function ϕ : X → X is a point x ∈ X satisfying ϕ(x) = x.
A fixed point of a set-valued map Φ : X ⇒ X is a point x ∈ X satisfying
x ∈ Φ(x). The set of the fixed point of Φ is denoted by fixΦ. One of the most
famous fixed point theorems for continuous functions was proven by Brouwer
and it has been used across numerous fields of mathematics (see [13]).

Brouwer fixed point Theorem. Every continuous function ϕ from a nonempty
convex compact subset C ⊆ R

n to C itself has a fixed point.

A selection of a set-valued map Φ : X ⇒ Y is a function ϕ : X → Y
that satisfies ϕ(x) ∈ Φ(x) for each x ∈ X . The Axiom of Choice guarantees
that set-valued maps with nonempty values always admit selections, but they
may have no additional useful properties. Michael [12] proved a series of the-
orems on the existence of continuous selections that assume the condition of
lower semicontinuity of set-valued maps. We present here only one result [12,
Theorem 3.1′′′ (b)].

Michael selection Theorem. Every lower semicontinuous set-valued map
Φ from a metric space to R

n with nonempty convex values admits a continuous
selection.

Remark 2.1 The Michael selection Theorem holds more in general when the
domain of Φ is a perfectly normal space.

Collecting the Brouwer fixed point Theorem and the Michael selection
Theorem, we deduce the following fixed point result for lower semicontinuous
set-valued maps.

Corollary 2.1 Every lower semicontinuous set-valued map Φ from a nonempty
convex compact subset C ⊆ R

n to C itself with nonempty convex values has a
fixed point.

Notice that, unlike the famous Kakutani fixed point Theorem (see [13]) in
which the closedness of gphΦ is required, in Corollary 2.1 the lower semicon-
tinuity of the set-valued map is needed. No relation exists between the two
results as the following example shows.

Example 2.1 The set-valued map Φ : [0, 3] ⇒ [0, 3]

Φ(x) :=







{1} if 0 ≤ x ≤ 1
(1, 2) if 1 < x < 2
{2} if 2 ≤ x ≤ 3

is lower semicontinuous and the nonemptiness of fixΦ is guaranteed by Corol-
lary 2.1. Notice that fixΦ = [1, 2]. Nevertheless the Kakutani fixed point The-
orem does not apply since gphΦ is not closed.
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On the converse, the set-valued map Φ : [0, 3] ⇒ [0, 3]

Φ(x) :=







{1} if 0 ≤ x < 1
[1, 2] if 1 ≤ x ≤ 2
{2} if 2 < x ≤ 3

has closed graph and the nonemptiness of fixΦ is guaranteed by the Kakutani
fixed point Theorem. Again fixΦ = [1, 2]. Since Φ is not lower semicontinuous,
Corollary 2.1 can not be applied.

We conclude this section recalling some topological notations. Given two
subsets A ⊆ C ⊆ R

n we denote by intC A and clC A the interior and the
closure of A in the relative topology of C while ∂CA indicates the boundary
of A in C, i.e.

∂CA := clC A \ intC A = clC A ∩ clC(C \A).

Lastly C is connected if and only if the subsets of C which are both open and
closed in C are C itself and the empty set.

3 Existence results

From now on, C ⊆ R
n is a nonempty convex compact set and f : C ×C → R

is an equilibrium bifunction, that is f(x, x) = 0 for all x ∈ C. The equilibrium
problem is defined as follows:

find x ∈ C such that f(x, y) ≥ 0 for all y ∈ C. (1)

Equilibrium problem has been traditionally studied assuming that f is upper
semicontinuous in its first argument and quasiconvex in its second one. Under
such assumptions, the issue of sufficient conditions for existence of solutions of
(1) was the starting point in the study of the problem. Ky Fan [1] proved a fa-
mous minimax inequality assuming compactness of C and his result holds in a
Hausdorff topological vector space. However, there is the possibility to slightly
relax the continuity condition when the vector space is finite dimensional. The
set-valued map

F (x) := {y ∈ C : f(x, y) < 0} (2)

defined on C plays a fundamental role in the formulation of our results. Clearly
F has open lower sections and convex values under the Ky Fan assumptions
on the bifunction f , that is upper semicontinuity with respect to the first
variable and quasiconvexity with respect to the second one. The fact that
F has open lower sections implies that F is lower semicontinuous. If F had
nonempty values, Corollary 2.1 guarantees the existence of a fixed point of F .
This contradicts the fact that f(x, x) ≥ 0. Therefore there exists at least one
x̄ such that F (x̄) = ∅, that is a solution of the equilibrium problem (1). The
following result holds.
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Ky Fan minimax inequality. A solution of (1) exists whenever the set-
valued map F given in (2) is lower semicontinuous and convex-valued.

After describing this auxiliary result, we focus on the main aim of the
paper. A quasiequilibrium problem is an equilibrium problem in which the
constraint set is subject to modifications depending on the considered point.
This format reads

find x ∈ K(x) such that f(x, y) ≥ 0 for all y ∈ K(x), (3)

where K : C ⇒ C is a set-valued map. Our first existence result is the follow-
ing.

Theorem 3.1 Assume that K is lower semicontinuous with nonempty convex
values and fixK is closed. Moreover suppose that

i) F is convex-valued on fixK,
ii) F is lower semicontinuous on fixK,
iii) F ∩K is lower semicontinuous on ∂C fixK,

where F is the set-valued map given in (2). Then the quasiequilibrium problem
(3) has a solution.

Proof. Corollary 2.1 ensures the nonemptiness of fixK. If fixK = C, the
existence of solutions to the quasiequilibrium problem descends from the above
mentioned Ky Fan minimax inequality. Otherwise, since fixK is closed and
∂C fixK = fixK \ intC fixK, the emptiness of ∂C fixK it would be equivalent
to fixK = intC fixK. Therefore fixK would be both open and closed in C.
Since every convex set is connected, the only nonempty open and closed subset
of C is C itself and this contradicts the fact that fixK 6= C.

Assume that intC fixK 6= ∅ (the case intC fixK = ∅ is similar and will be
shortly discussed at the end of the proof) and define G : C ⇒ C as follows

G(x) :=







F (x) if x ∈ intC fixK
F (x) ∩K(x) if x ∈ ∂C fixK
K(x) if x /∈ fixK

The proof is complete if we can show that G(x) = ∅ for some x ∈ C. Indeed,
since K has nonempty values, then x ∈ fixK and two cases are possible. If
x ∈ ∂C fixK, then it solves (3); if x ∈ intC fixK then it solves (1). In both
cases the quasiequilibrium problem has a solution.

Assume by contradiction that G has nonempty values. Next step is to prove
the lower semicontinuity of G. Fix x ∈ C and an open set Ω ⊆ R

n such that
G(x) ∩Ω ∩ C 6= ∅. We distinguish three cases.

a) If x ∈ intC fixK, from the lower semicontinuity of F there exists a neigh-
borhood U ′

x such that

F (x′) ∩Ω ∩ C 6= ∅, ∀x′ ∈ U ′

x ∩ fixK
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which implies

G(x′) ∩Ω ∩ C 6= ∅, ∀x′ ∈ U ′

x ∩ intC fixK.

Since U ′

x ∩ intC fixK is open in C, then G is lower semicontinuous at x.
b) If x ∈ ∂C fixK = ∂C(C \ fixK) from the lower semicontinuity of F , K and

F ∩K there exist neighborhoods U ′

x, U
′′

x and U ′′′

x such that

F (x′) ∩Ω ∩C 6= ∅, ∀x′ ∈ U ′

x ∩ fixK,

K(x′) ∩Ω ∩C 6= ∅, ∀x′ ∈ U ′′

x ∩ C,

F (x′) ∩K(x′) ∩Ω ∩C 6= ∅, ∀x′ ∈ U ′′′

x ∩ ∂C fixK.

Then
G(x′) ∩Ω ∩C 6= ∅, ∀x′ ∈ U ′

x ∩ U ′′

x ∩ U ′′′

x ∩ C,

i.e. G is lower semicontinuous at x.
c) Finally, if x /∈ fixK, from the lower semicontinuity of K there exists a

neighborhood U ′

x such that

K(x′) ∩Ω ∩ C 6= ∅, ∀x′ ∈ U ′

x ∩C.

Then
G(x′) ∩Ω ∩ C 6= ∅, ∀x′ ∈ U ′

x ∩ (C \ fixK).

Since U ′

x ∩ (C \ fixK) is open in C, then G is lower semicontinuous at x.

Since by assumption G is also convex-valued, then all the conditions of Corol-
lary 2.1 are satisfied and there exists x ∈ fixG. Clearly x ∈ fixK and therefore
x ∈ fixF which implies f(x, x) < 0 and contradicts the assumption on f .

The issue of intC fixK = ∅ remains to be seen. In this case ∂C fixK =
clC fixK = fixK and G assumes the following form

G(x) :=

{

F (x) ∩K(x) if x ∈ fixK
K(x) if x /∈ fixK

The result is obtained by adapting the argument used before. ⊓⊔

Remark 3.1 It is clear from the proof that the assertion remains valid if
f(x, x) = 0 on C × C is replaced by the weaker f(x, x) ≥ 0 for all x ∈ fixK.

Remark 3.2 The proof of Theorem 3.1 allows to establish that a solution of
(3) belongs to

∂C fixK ∪ {x ∈ intC fixK : x solves (1)}.

In particular if (1) has no solution then Theorem 3.1 ensures that a solution
of (3) lies on the boundary of fixK.

Remark 3.3 By specializing to K(x) := C, for all x ∈ C, Theorem 3.1 becomes
the Ky Fan minimax inequality. Indeed fixK = C and conditions i) and ii)
coincide with the assumptions in Ky Fan minimax inequality. Instead, since
∂C fixK = ∅, condition iii) is trivially satisfied.
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Theorem 3.1 is strongly related to [10, Lemma 3.1]. The two sets of condi-
tions differ only in that the lower semicontinuity of F ∩K on the whole space
C assumed in [10, Lemma 3.1] is here replaced by the lower semicontinuity of
F on fixK and the lower semicontinuity of F ∩K on ∂C fixK. We provide an
example in which the results are not comparable to each other.

Example 3.1 Let C := [0, 1] and

f(x, y) :=

{

−1 if x = 0 and y ∈ (0, 1]
0 otherwise

If K(x) := {x}, for all x ∈ [0, 1], then F ∩K = ∅ is trivially lower semicontin-
uous and the assumptions of [10, Lemma 3.1] are satisfied. Instead F is not
lower semicontinuous at 0 ∈ fixK = [0, 1].

On the other hand if K(x) := {1−x}, for all x ∈ [0, 1], then fixK = {1/2},
the assumptions of Theorem 3.1 are trivially satisfied, but F ∩K is not lower
semicontinuous at 0.

It would be desirable to find more tractable conditions on f , disjoint from
the ones assumed onK, which guarantee that all the assumptions i), ii) and iii)
of Theorem 3.1 are satisfied. Clearly the convexity of F (x) can be deduced from
the quasiconvexity of f(x, ·) for all x ∈ fixK. While the upper semicontinuity
of f(·, y) on fixK implies that F−1(y) is open on fixK and hence F is lower
semicontinuous on fixK.

The last part of this section is devoted to furnish sufficient conditions for
assumption iii), i.e. which guarantee the lower semicontinuity of the set-valued
map F ∩K on ∂C fixK. We propose two approaches. The former one consists
in exploiting the following result in [14].

Proposition 3.1 Let Φ1, Φ2 : X ⇒ Y be set-valued maps between two topo-
logical spaces. Assume that gphΦ1 is open on X × Y and Φ2 is lower semi-
continuous. Then Φ1 ∩ Φ2 is lower semicontinuous.

Since K is assumed to be lower semicontinuous, we investigate which as-
sumptions ensure the open graph of F given in (2), that is the openness of the
set

{(x, y) ∈ ∂C fixK × C : f(x, y) < 0}. (4)

Hence, Theorem 3.1 still works by using this condition instead of iii). It is
interesting to compare this fact with [11, Theorem 2.1] where the openness of
the set {(x, y) ∈ C × C : f(x, y) < 0} is required instead of the openness of
(4) and the lower semicontinuity of F on fixK. One should not overlook the
fact that even though the results are formally similarly formulated, unlike our
result, [11, Theorem 2.1] does not reduce to Ky Fan minimax inequality when
K(x) = C, for all x ∈ C.

An open graph result is [15, Proposition 2] which affirms that if X is a
topological space and Φ : X ⇒ R

n is a set-valued map with convex values,
then Φ has open graph in X ×R

n if and only if Φ is lower semicontinuous and
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open valued. This fact has been used to establish the existence of continuous
selections, maximal elements, and fixed points of correspondences in various
economic applications.

Up to translations, this result also holds when the codomain of Φ is an
affine subset of R

n [16, Theorem 1.12]. We recall that an affine set of R
n

is the translation of a vector subspace. Moreover, the affine hull of a set C
in R

n, which is denoted by aff C, is the smallest affine set containing C, or
equivalently, the intersection of all affine sets containing C.

Theorem 3.2 Let A ⊇ C be an open set on aff C and f̂ : C × A → R be a
bifunction such that f̂(x, y) = f(x, y) for all (x, y) ∈ C × C. Denote by F̂ the
set-valued map

F̂ (x) := {y ∈ A : f̂(x, y) < 0}

defined on C and assume that K is lower semicontinuous with nonempty con-
vex values and fixK is closed. Moreover suppose that

i) F̂ is convex-valued on fixK,
ii) F̂ has open lower sections on fixK,
iii) F̂ (x) is open on aff C for all x ∈ ∂C fixK.

Then the quasiequilibrium problem (3) has a solution.

Proof. We have to show that all the assumptions of Theorem 3.1 are fulfilled.
Since the set-valued map F given in (2) can be expressed as F̂ ∩C, i) implies
that F is convex-valued on fixK and ii) implies that F is open lower section on
fixK. In particular F is lower semicontinuos on fixK. Furthermore assumption
iii) allows to apply [16, Theorem 1.12] which ensures that gph F̂ is open on
∂C fixK × aff C. Hence gphF = gph F̂ ∩ (∂C fixK ×C) is open on ∂C fixK ×
C and Proposition 3.1 guarantees that the intersection map F ∩ K is lower
semicontinuous on ∂C fixK. ⊓⊔

The open graph result [15, Proposition 2] no longer holds when R
n (or

an affine space) is replaced with an infinite dimensional Hilbert space [17].
However if C ⊂ R

n is a polytope, that is the convex hull of a finite set, then
every Φ : X ⇒ C with open lower sections and convex open values has open
graph [13, Proposition 11.14]. This fact can be used for proving our next result.

Theorem 3.3 Assume that C is a polytope and K is lower semicontinuous
with nonempty convex values and fixK is closed. Moreover suppose that

i) F is convex-valued on fixK,
ii) F has open lower sections on fixK,
iii) F (x) is open on C for all x ∈ ∂C fixK,

where F is the set-valued map given in (2). Then the quasiequilibrium problem
(3) has a solution.

Proof. The set-valued map F has open lower sections, convex and open values.
Then its graph is open on ∂C fixK × C [13, Proposition 11.14] and the lower
semicontinuity of F ∩K follows from Proposition 3.1. ⊓⊔
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Notice that the lower semicontinuity condition ii) assumed in Theorem 3.1
has been replaced in the last two results by the requirement that the lower
sections are open. This is due to two different reasons.

In the proof of Theorem 3.2, in order to apply [16, Theorem 1.12] and get
that gph F̂ is open, it would be enough to require the lower semicontinuity of
F̂ . However such an assumption would not guarantee the lower semicontinuity
of F = F̂ ∩C which is assumption ii) in Theorem 3.1.

On the other hand, assumption ii) in Theorem 3.3 is necessary to get
the openness of gphF as a consequence of [13, Proposition 11.14]. The next
example shows that a set-valued map Φ acting from a topological vector space
to a polytope C may not have open graph and [13, Proposition 11.14] fails
even if it is lower semicontinuous with convex and open values.

Example 3.2 Let C := {(x, y) ∈ R
2 : |x| + |y| ≤ 1} be a closed convex set in

R
2. The set-valued map Φ : [0, 1] → C defined by

Φ(t) :=

{

C \ {(x, y) : x+ y = 1} if t > 0
C if t = 0

is lower semicontinuous with convex open values in C but it has not open lower
sections since φ−1(0, 1) = {0}. Nevertheless gphΦ is not open in [0, 1]×C since
the sequence {(n−1, 1− n−1, n−1)} ∈ [0, 1]× C does not belong to gphΦ but
its limit (0, 1, 0) ∈ gphΦ.

We answer in the negative the question posed in [18] where the authors
affirm that they do not know whether [13, Proposition 11.14] can be generalized
to the case where C is an arbitrary convex subset of Rn. This also explains
why we need to extend the domain of f(x, ·) from C to an open subset of aff C
in Theorem 3.2.

Example 3.3 Let C ⊆ R
2 be the closed unit ball. The set-valued map Φ :

[0, 1] ⇒ C defined by

Φ(x) :=

{

C \ {(cosx, sinx)} if x > 0
C if x = 0

has open lower sections and convex open values in C. Nevertheless gphΦ is
not open in [0, 1]×C. Indeed (1, 0) ∈ Φ(0) and there is no neighborhood U of
(1, 0) such that U ∩ C ⊆ Φ(x) for x small enough.

A second possible approach for the lower semicontinuity of F ∩K could be
to show the nonemptiness of the intersection between the interior of F and K.
Indeed [19, Corollary 1.3.10] affirms that the set-valued map Φ1 ∩ Φ2 is lower
semicontinuous on the topological space X provided that Φ1, Φ2 : X ⇒ C are
convex-valued, lower semicontinuous set-valued maps and

Φ1(x) ∩ Φ2(x) 6= ∅ ⇒ Φ1(x) ∩ intΦ2(x) 6= ∅. (5)

The following example shows that such result could not be guaranteed (as
erroneously stated in [16, Theorem 1.13]) if the interior is replaced by the
relative interior in condition (5). Given a set C ⊆ R

n, we denote by riC the
relative interior of C, namely, riC = intaff C C.



10 Marco Castellani et al.

Example 3.4 Let C ⊆ R
2 be the closed unit ball and Φ1 : [0, 1] ⇒ C be defined

as in Example 3.3. Consider Φ2 : [0, 1] ⇒ C defined by

Φ2(x) := {(cosx, sinx)} ∀x ∈ [0, 1].

Then Φ2 is a continuous single-valued map and Φ1 is convex-valued with open
lower sections. Furthermore

Φ1(x) ∩ Φ2(x) =

{

∅ if x > 0
{(1, 0)} if x = 0

and Φ1(0)∩riΦ2(0) = C∩{(1, 0)} = {(1, 0)}. Nevertheless Φ1∩Φ2 is not lower
semicontinuous at 0. Notice that Φ1(x) is even open on C, for all x ∈ [0, 1].

The following is a correct version of [16, Theorem 1.13].

Proposition 3.2 Let X be a topological space, C ⊆ R
n and Φ1, Φ2 : X ⇒ C

be lower semicontinuous and convex-valued. Moreover, for all x ∈ X assume
that aff Φ2(x) = aff C and

Φ1(x) ∩ Φ2(x) 6= ∅ ⇒ Φ1(x) ∩ riΦ2(x) 6= ∅

then Φ1 ∩ Φ2 is lower semicontinuous.

Proof. By definition, up to isomorphism, there exists m ≤ n such that aff C =
x0 + R

m, where x0 ∈ C is arbitrarily fixed. Define Φ̂i : X ⇒ R
m by Φ̂i :=

Φi − x0, i = 1, 2. Then Φ̂1 and Φ̂2 are lower semicontinuous and convex-
valued. Furthermore, since aff Φ2(x) = aff C, then riΦ2(x) = x0 + int Φ̂2(x)
and Φ̂1(x) ∩ int Φ̂2(x) 6= ∅ whenever Φ̂1(x) ∩ Φ̂2(x) 6= ∅. By [19, Corollary
1.3.10] it follows that Φ̂1 ∩ Φ̂2 is lower semicontinuous. This means in turn
that Φ1 ∩ Φ2 is lower semicontinuous. ⊓⊔

Now we are in position to prove our last existence result.

Theorem 3.4 Assume that K is lower semicontinuous with nonempty convex
values and fixK is closed. Moreover suppose that

i) F is convex-valued on fixK,
ii) F is lower semicontinuous on fixK,
iii) affK(x) = aff C, for all x ∈ ∂C fixK,
iv) F (x) is open on C, for all x ∈ ∂C fixK,

where F is the set-valued map given in (2). Then the quasiequilibrium problem
(3) has a solution.

Proof. It is enough to show that assumption iii) of Theorem 3.1 holds, i.e.
F ∩ K is lower semicontinuous on ∂C fixK. Let x ∈ ∂C fixK be fixed and
assume that F (x) ∩ K(x) 6= ∅ (otherwise the intersection is trivially lower
semicontinuous at x). By assumption there exists an open set Ω ⊆ R

n such
that F (x) = Ω ∩ C. Then

∅ 6= F (x) ∩K(x) = Ω ∩ C ∩K(x) = Ω ∩K(x).
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From [20, Corollary 6.3.2] we get

∅ 6= Ω ∩ riK(x) = F (x) ∩ riK(x)

The lower semicontinuity of F ∩K at x follows from Proposition 3.2. ⊓⊔
Now we make a comparison with an analogous result in [10]. The assump-

tions of Theorem 3.4 are the same as those of [10, Theorem 3.2] except that
conditions iii) and iv) must be verified for all x ∈ ∂C fixK instead of for all
x ∈ C. Thus, Theorem 3.4 is clearly more general and, unlike [10, Theorem
3.2], it reduces to Ky Fan minimax inequality when the constraint set-valued
map K is equal to C.

4 Conclusions

In this paper existence results for the solution of finite dimensional quasiequi-
librium problems are obtained by using a Michael selection result for lower
semicontinuous set-valued maps. The peculiarity of our results, which make
them different from other results in the literature to the best of knowledge of
the authors, is the fact that they reduce to Ky Fan minimax inequality when
the constraint map is constant.

Moreover we provide information regarding the position of a solution. In
fact either it is a fixed point of the constraint set-valued map which solves
an equilibrium problem or it lies in the boundary of the fixed points set. To
know this property seems promising for the construction of solution methods.
Future works could be devoted to exploit such result to propose computational
techniques for solving quasiequilibrium problems.

Another possible advance consists in studying conditions which permit to
replace the compactness of the domain with suitable coercivity conditions on
the equilibrium bifunction.
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