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Abstract In the recent paper (Monshizadeh et al. in IEEE Trans Control Netw Syst
1(2):145-154, 2014. https://doi.org/10.1109/TCNS.2014.2311883), model reduction
of leader—follower multi-agent networks by clustering was studied. For such multi-
agent networks, a reduced order network is obtained by partitioning the set of nodes in
the graph into disjoint sets, called clusters, and associating with each cluster a single,
new, node in a reduced network graph. In Monshizadeh et al. (2014), this method
was studied for the special case that the agents have single integrator dynamics. For a
special class of graph partitions, called almost equitable partitions, an explicit formula
was derived for the H> model reduction error. In the present paper, we will extend
and generalize the results from Monshizadeh et al. (2014) in a number of directions.
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Firstly, we will establish an a priori upper bound for the H> model reduction error in
case that the agent dynamics is an arbitrary multivariable input—state—output system.
Secondly, for the single integrator case, we will derive an explicit formula for the H o
model reduction error. Thirdly, we will prove an a priori upper bound for the H
model reduction error in case that the agent dynamics is a symmetric multivariable
input—state—output system. Finally, we will consider the problem of obtaining a priori
upper bounds if we cluster using arbitrary, possibly non almost equitable, partitions.

Keywords Model reduction - Clustering - Multi-agent system - Consensus - Graph
partitions

1 Introduction

In the last few decades, the world has become increasingly connected. This has brought
a significant interest to complex networks, smart-grids, distributed systems, trans-
portation networks, biological networks, and networked multi-agent systems, see,
e.g., [2,10,28]. Widely studied topics in networked systems have been the problems
of consensus and synchronization, see [19,20,27,30]. Other important subjects in the
theory of networked systems are flocking, formation control, sensor placement, and
controllability of networks, see, e.g., [8,9,11,12,24,29,34].

Analysis and controller design for large-scale complex networks can become very
expensive from a computational point of view, especially for problems where the
complexity of the network scales as a power of the number of nodes it contains. In
order to tackle this problem, there is a need for methods and procedures to approximate
the original networks by smaller, less complex ones.

Direct application of established model reduction techniques, such as balanced
truncation, Hankel-norm approximation, and Krylov subspace methods, see, e.g., [1,
3], to the dynamical models of networked systems generally leads to a collapse of
the network structure, as well as the loss of important properties such as consensus or
synchrony.

Model reduction techniques specifically for networked multi-agent systems with
first-order agents have been proposed in [6,15,16,22]. Extensions to second-order
agents have been considered in [7,14] and to more general higher-order agents in [4,
17,23,25]. Some of these methods are based on clustering nodes in the network. With
clustering, the idea is to partition the set of nodes in the network graph into disjoint sets
called clusters, and to associate with each cluster a single, new, node in the reduced
network, thus reducing the number of nodes and connections and the complexity of
the network topology. For a review on clustering in data mining see, e.g., [18].

In [26], model reduction by clustering was put in the context of model order reduc-
tion by Petrov—Galerkin projection. The results in [26] provide explicit expressions for
the H> model reduction error if a leader—follower network with single integrator agent
dynamics is clustered using an almost equitable partition of the graph. In the present
paper, our aim is to generalize and extend the results in [26] to networks where the
agent dynamics is given by an arbitrary multivariable input—state—output system. We
also aim at finding explicit formulas and a priori upper bounds for the model reduction
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error measured in the Hoo-norm. Finally, we will consider the problem of clustering
a network according to arbitrary, not necessarily almost equitable, graph partitions.
The main contributions of this paper are the following:

1. We derive an a priori upper bound for the H> model reduction error for the case
that the agents are represented by an arbitrary input—state—output system.

2. We extend the results in [26] for single integrator dynamics by giving an explicit
expression for the Ho, model reduction error in terms of properties of the given
graph partition.

3. We establish an a priori upper bound for the H~, model reduction error for the case
that the agents are represented by an arbitrary but symmetric input—state—output
system.

4. We establish some preliminary results on the model reduction error in case of
clustering using an arbitrary, possibly non almost equitable, partition.

The outline of this paper is as follows. In Sect. 2, we introduce some notation
and discuss some elementary facts about computing the H;- and Hso-norm of stable
transfer functions needed later on in this paper. In Sect. 3, we formulate our prob-
lem of model reduction of leader—follower multi-agent networks. Section 4 reviews
some theory on graph partitions and model reduction by clustering and relates this
method to Petrov—Galerkin projection of the original network. Also preservation of
synchronization is discussed here. In Sect. 5, we provide a priori error bounds on the
‘H> model reduction error for networks with arbitrary agent dynamics, clustered using
almost equitable partitions. In Sect. 6, we complement these results by providing upper
bounds on the H~, model reduction error. In Sect. 7, the problem of clustering net-
works according to general partitions is considered and the first steps toward a priori
error bounds on both the H, and Hs, model reduction errors are made. Numerical
examples for which we compare the actual errors with the a priori bounds established
in this paper are presented in Sect. 8. Finally, Sect. 9 provides some conclusions. To
enhance readability, some of the more technical proofs in this paper have been put to
“Appendix.”

2 Preliminaries

In this section we briefly introduce some notation and discuss some basic facts on
finite-dimensional linear systems. The trace of a square matrix A is denoted by
tr(A). The largest singular value of a matrix A is denoted by o1(A). For given
real numbers o1, oo, ..., @k, we denote by diag(oy, oz, ..., o) the k x k diago-
nal matrix with the «;’s on the diagonal. For square matrices Ay, Az, ..., Ax, we use
diag(A1, A2, ..., Ax) to denote the block diagonal matrix with the A;’s as diagonal
blocks. For a given matrix A, let AT denote its Moore—Penrose pseudoinverse.
Consider the input—state—output system

X = Ax + Bu,

y=Cr. ey
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withx € R", u € R, y € R?, and transfer function S(s) = C(sI — A)_IB. If S has
all its poles in the open left half complex plane, then its H»-norm is defined by

1 +00
1513, == — f (S0 $(0)) do.

27 J_ o

If A is Hurwitz, then the H>-norm can be computed as
2 T
IS13,, = tr(B XB),
where X is the unique positive semi-definite solution of the Lyapunov equation
ATX +xA+cTc=o. )

For the purposes of this paper, we also need to deal with the situation when A is not
Hurwitz. Let X1 (A) denote the unstable subspace of A, i.e., the direct sum of the
generalized eigenspaces of A corresponding to its eigenvalues in the closed right half
plane. We state the following proposition:

Proposition 1 Assume that Xy (A) C ker C. Then, the Lyapunov equation (2) has at
least one positive semi-definite solution. Among all positive semi-definite solutions,
there is exactly one solution, say X, with the property Xy(A) C ker X. For this
particular solution X, we have ||S||$_[2 = tr(BTXB).

A proof of this result can be found in “Appendix A”.
If S has all its poles in the open left half plane, then its H-norm is defined by

15113, == sup o1(S(i)).

weR

We will now deal with computing the Hoo-norm. The result is a generalization of
Lemma 4 in [16]. For a proof, we refer to “Appendix B.”

Lemma 1 Consider the system (1). Assume that its transfer function S has all its
poles in the open left half plane. If there exists X € RP*P such that X = X' and
CA = XC, then ||S|3,, = 01(S(0)).

Continuing our effort to compute the Ho-norm, we now formulate a lemma that
will be instrumental in evaluating a transfer function at the origin. Recall that for a
given matrix A, its Moore—Penrose inverse is denoted by A™.

Lemma 2 Consider the system (1). If A is symmetric and ker A C ker C, then 0 is
not a pole of the transfer function S and we have S(0) = —CA™'B.

This result is proven in “Appendix C.”
To conclude this section, we briefly review the model reduction technique known
as Petrov—Galerkin projection (see also [1]).

@ Springer
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Definition 1 Consider the system (1). Let W,V € R"™", with r < n, such that
WTV = I.The matrix VW is then a projector, called a Petrov—Galerkin projector.
The reduced order system

£ =wTAvz+ wTBu,
y=CVx,

with x € R” is called the Petrov—-Galerkin projection of the original system (1).

3 Problem formulation

We consider networks of diffusively coupled linear subsystems. These subsystems,
called agents, have identical dynamics; however, a selected subset of the agents, called
the leaders, also receives an input from outside the network. The remaining agents
are called followers. The network consists of N agents, indexed by i, soi € V =
{1,2,..., N}. The subset VI, C V is the index set of the leaders, more explicitly
VL = {v1, v2, ..., vy }. The followers are indexed by Vg := V\ VL. More specifically,
the leaders are represented by the finite-dimensional linear system

N
X; = Ax; +BZaij(x]' —Xx;)+ Eug, i€V, i=uvy,
j=1

whereas the followers have dynamics

N
X = Ax; + BZaij(Xj —Xxi), I € Vp.
=

The weights a;; > Orepresent the coupling strengths of the diffusive coupling between
the agents. In this paper, we assume that a;; = a; foralli, j € V. Also, a;; = O forall
i € V. Furthermore, x; € R” is the state of agent i, and u, € R” is the external input
to the leader vy. Finally, A € R"*", B € R"*", and E € R"*" are real matrices. It is
customary to represent the interaction between the agents by the graph G with node
set V = {1,2,..., N} and adjacency matrix A = (a;;). In the setup of this paper,
this graph is undirected, reflecting the assumption that A is symmetric. The Laplacian
matrix L € R¥*N of the graph G is defined as

N
Y -y ifi #

with d; = Z;\;l ajj.
Recall that the set of leader nodes is Vi, = {v1, vy, ..., vy}, and define the matrix

M € RVN*M g4
1 ifi = v,
M =

0 otherwise.

@ Springer
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Denote x = col(xy, x2,...,xy) and u = col(uy, up, ..., u,). The total network is
then represented by

X=(UN®A—-L®B)x+ (MQ E)u. 3)

The goal of this paper is to find a reduced order networked system, whose dynamics
is a good approximation of the networked system (3). Following [26], the idea to
obtain such an approximation is to cluster groups of agents in the network, and to
treat each of the resulting clusters as a node in a new, reduced order, network. The
reduced order network will again be a leader—follower network, and by the clustering
procedure, essential interconnection features of the network will be preserved. We
will also require that the synchronization properties of the network are preserved after
reduction. We assume that the original network is synchronized, meaning that if the
external inputs satisfy uy = Ofor £ = 1,2,...,m, then foralli, j € V, we have

xi(t) —x;()—> 0

as t — o0o. We impose that the reduction procedure preserves this property. In this
paper, a standing assumption will be that the graph G of the original network is con-
nected. This is equivalent to the condition that 0 is a simple eigenvalue of the Laplacian
L, see [21, Theorem 2.8]. In this case, the network reaches synchronization if and only
if (L® I,)x(t) —> 0ast — oo.

In order to be able to compare the original network (3) with its reduced order
approximation and to make statements about the approximation error, we need a notion
of distance between the networks. One way to obtain such notion is to introduce an
output associated with the network (3). By doing this, both the original network and its
approximation become input—output systems, and we can compare them by looking
at the difference of their transfer functions. Being a measure for the disagreement
between the states of the agents in (3), we choose y = (L ® I,)x as the output
of the original network. Indeed, this output y can be considered a measure of the
disagreement in the network, in the sense that y(#) is small if and only if the network
is close to being synchronized. Thus, with the original system (3) we now identify the
input—state—output system:

i=(UN®A—-L®B)x+ (MQ® E)u,

y=(L®I)x. @

The state space dimension of (4) is equal to nN, its number of inputs equals to mr,
and the number of outputs is nN.

In this paper, we will use clustering to obtain a reduced order network, i.e., a network
with a reduced number of agents, as an approximation of the original network (4).

4 Graph partitions and reduction by clustering

We consider networks whose interaction topologies are represented by weighted
graphs G with node set V. The graph of the original network (3) is undirected; how-
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ever, our reduction procedure will lead to networks on directed graphs. As before, the
adjacency matrix of the graph G is the matrix A = (a;;), where a;; > 0 is the weight
of the arc from node j to node i. As noted before, the graph is undirected if and only
if A is symmetric.

A nonempty subset C C V is called a cell or cluster of V. A partition of a graph is
defined as follows.

Definition 2 Let G be an undirected graph. A partition 7 = {Cy, C3, ..., C} of V
is a collection of cells such that V = Ule Ciand C; N C; = ) whenever i # j.
When we say that 7 is a partition of G, we mean that 7 is a partition of the vertex set
V of G. Nodes i and j are called cellmates in r if they belong to the same cell of .
The characteristic vector of a cell C C V is the N-dimensional column vector p(C)
defined as

1 ifi e C,

0 otherwise,

Pi(C)={

where p; (C) is the ith entry of p(C). The characteristic matrix of the partition m =
{C1,Cy, ..., Cy}is defined as the N x k matrix

P() = (p(C1) p(C) -+ p(Cp).

For a given partition 7 = {Cy, C2, ..., C¢}, consider the cells C}, and C, with p # g.
For any given node j € C,, we define its degree with respect to C), as the sum of the
weights of all arcs from j to i € Cp, i.e., the number

dpg(j) =Y aij.

ieCp

Next, we will construct a reduced order approximation of (4) by clustering the agents
in the network using a partition of G. Let 7w be a partition of G, and let P := P ()
be its characteristic matrix. Extending the main idea in [26], we take as reduced order
system the Petrov—Galerkin projection of the original system (4), with the following
choice for the matrices V and W:

W=rPP'P) ' ®L eR"N" vV =Pgl, RNk
The dynamics of the resulting reduced order model is then given by

i=(k®A—-L®B)i+(M® E)u,

5

where

(PTP)'PTLP e RMK,
(PTP)"'PTM e RO,

SR
Il

@ Springer
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It can be seen by inspection that the matrix L is the Laplacian of a weighted directed
graph with node set {1, 2, e k}, with k equal to the number of clusters in the partition
7, and adjacency matrix A = (d,,), with

~

1 .
Apg = ﬁ Z dpq(J),
P J€Cyqy

where d, (j) is the degree of j € C, with respect to C,, and |C),| the cardinality of
Cp. In other words: in the reduced graph, the edge from node g to node p is obtained
by summing over all j € C, the weights of all edges toi € Cp, and dividing this sum

by the cardinality of C,. The row sums of L are indeed equal to zero since L1 =0.
The matrix M € RF*" gatisfies

M, =
b 0 otherwise,

. {c% ifvj € Cp,
where vy, vo, ..., v, are the leader nodes, p =1,2,...,k,and j =1,2,...,m.

Clearly, the state space dimension of the reduced order network (5) is equal to nk,
whereas the dimensions mr and n N of the input and output have remained unchanged.
Thus, we can investigate the error between the original and reduced order network by
looking at the difference of their transfer functions. In the sequel, we will investigate
both the Hj-norm as well as the Ho-norm of this difference.

Before doing this, we will now first study the question whether our reduction pro-
cedure preserves synchronization. It is important to note that since, by assumption,
the original undirected graph is connected, it has a directed spanning tree. It is easily
verified that this property is preserved by our clustering procedure. Then, since the
property of having a directed spanning tree is equivalent with O being a simple eigen-
value of the Laplacian (see [21, Proposition 3.8]), the reduced order Laplacian L has
again 0 as a simple eigenvalue.

Now assume that the original network (4) is synchronized. It is well known, see,
e.g., [33], that this is equivalent with the condition that for each nonzero eigenvalue A
of the Laplacian L the matrix A — A B is Hurwitz. Thus, synchronization is preserved
if and only if for each nonzero eigenvalue % of the reduced order Laplacian L the
matrix A — AB is Hurwitz.

Unfortunately, in general A — A B Hurwitz for all nonzero A € o (L) does not imply
that A — A B Hurwitz for all nonzero A € o (L). An exception is the “single integrator”
case A = 0 and B = 1, where this condition is trivially satisfied, so in this special
case synchronization is preserved. Also if we restrict ourselves to a special type of
graph partitions, namely almost equitable partitions, then synchronization turns out
to be preserved. We will review this type of partition now.

Again, let G be a weighted, undirected graph, and let 7 = {C{, C2, ..., Ci} be a
partition of G. Given two clusters C,, and C, with p # ¢, and a given node j € C,,
recall that d, (j) denotes its degree with respect to Cp,. We call the partition 7 an
almost equitable partition (in short: an AEP) if for each p, g with p # ¢, the degree
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Fig. 1 A graph from [26] for
which the partition
{{1,2.3,4}, {5, 6}, {7}, {8}, {9, 10}}

.
\1
is almost equitable 3] ,
3
(2
g

dpq(j)isindependent of j € Cy,i.e., dpg(j1) = dpq(j2) forall ji, j» € C,. We refer
to Fig. 1 for an example of a graph with an AEP.

It is a well-known fact (see [5]) that & is an AEP if and only if the image of its
characteristic matrix is invariant under the Laplacian.

Lemma 3 Consider the weighed undirected graph G with Laplacian matrix L. Let
be a partition of G with characteristic matrix P := P (). Then, 7 is an AEP if and
onlyif Lim P C im P.

As animmediate consequence, the reduced Laplacian L resulting from an AEP satisfies
LP = PL.Indeed, since im P is L-invariant we have L P = P X for some matrix X.
Obviously, we must then have X = (P TP)_1 PTLP = L. From this, it follows that
a(i) C o (L). It then readily follows that synchronization is preserved if we cluster
according to an AEP:

Theorem 1 Assume that the network (4) is synchronized. Let & be an AEP. Then, the
reduced order network (5) obtained by clustering according to w is synchronized.

To the best of our knowledge, there is no known polynomial-time algorithm for
finding nontrivial AEPs of a given graph, where by “trivial AEPs” we mean the coarsest
and the finest partitions ({V} and {{i} : i € V}). There is a polynomial-time algorithm
for finding the coarsest AEP which is finer than a given partition (see [35]), but there
is no guarantee that it will find a nontrivial AEP. Furthermore, it is not clear whether a
given graph has any nontrivial AEPs at all. On the other hand, a graph can have many
AEPs, e.g., every partition of a complete unweighted graph is an AEP. Because of this,
in Sect. 7 we consider extensions of our results in Sects. 5 and 6, which are based on
AEDPs, to arbitrary partitions.

5 H;-error bounds

In this section, we will formulate the first main theorem of this paper. The theorem
gives an a priori upper bound for the H;-norm of the approximation error in the case
that we cluster according to an AEP. After formulating the theorem, in the remainder
of this section we will establish a proof. The proof will use a sequence of separate
lemmas, whose proofs can be found in “Appendix.”

@ Springer
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Before stating the theorem, we will now first discuss some important ingredients. Let
S and S denote the transfer functions of the original (4) and reduced order network (5),
respectively. We will measure the approximation error by the H>-norm HS —- 8 ||H2
of these transfer functions. An important role will be played by the N — 1 auxiliary
input—state—output systems

Xx=(A—AB)x + Ed,
(6)
7 = AX,
where A ranges over the N — 1 nonzero eigenvalues of the Laplacian L. Let S, (s) =
A(sI — A+ AB)"'E be the transfer matrices of these systems. We assume that the
original network (4) is synchronized, so that all of the A —A B are Hurwitz. Let || Sy ||,

denote the Hy-norm of S . Recall that the set of leader nodesis Vi, = {v, vo, ..., Uy }.
Node v; will be called leader i. This leader is an element of cluster Cy, for some
ki € {1,2, ..., k}. We now have the following theorem:

Theorem 2 Assume that the network (4) is synchronized. Let w be an AEP of the
graph G. The absolute approximation error when clustering G according to w then

satisfies
a2
S-S Smax
I5 = Sl = S Z( |ck|>

where Cy, is the set of cellmates of leader i, and

Smax,H, = max _ [[Sallp,-
reo (L)\o (L)

Furthermore, the relative approximation error satisfies

An2 1
I5=SFi _ (Smorc 2 (1~ )

2 .
” S ” Ho Smln,H2
where

St :—
min, Ha (L)\{O}II SallH, -

Remark 1 We see that, with fixed number of agents and fixed number of leaders, the
approximation error is equal to O if in each cluster that contains a leader, the leader
is the only node in that cluster. In general, the upper bound increases if the numbers
of cellmates of the leaders increase. The upper bound also depends multiplicatively
on the maximal H>-norm of the auxiliary systems (6) over all Laplacian eigenvalues
in the complement of the spectrum of the reduced Laplacian L. The relative error
in addition depends on the minimal Hj-norm of the auxiliary systems (6) over all
nonzero eigenvalues of the Laplacian L.
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Remark 2 For the special case that the agents are single 1ntegrators (son=1,A=0,
B = 1,and E = 1) it is easily seen that Syax, 1, = 5 max{)L | A € a(L)\o(L)}
and SpyinH, = 5 Lmin{A | A € o(L), A # 0}. Thus, in the single integrator case the
corresponding a priori upper bounds explicitly involve the Laplacian eigenvalues. As
already noted in Sect. 1, the single integrator case was also studied in [26] for the
slightly different setup that the output equation in the original network (4) is taken as
y = (W%RT ® I,)x instead of y = (L ® I,,)x. Here, R is the incidence matrix of
the graph and W the diagonal matrix with the edge weights on the diagonal (in other
words, L = RWRT). It was shown in [26] that in that case the absolute and relative
approximation errors even admit the explicit formulas

R 1 & 1
S—SI3, == 1—— ),
I I3, 22( |ck,.|>

i=1

and

5 =315, _ X (1 - )

2 1
1513, m(i— %

In the remainder of this section, we will establish a proof of Theorem 2. Being
rather technical, most of the proofs will the deferred to “Appendix.” As a first step,
we establish the following lemma (see also [26], where only the single integrator case
was treated):

Lemma 4 Let w be an AEP of the graph G. The approximation error when clustering
G according to 1 then satisfies

I = 813, = 181, = 1317,
Proof See “Appendix D.” O

Recall that, since 7 is an AEP, we have o(i) C o(L). Label the eigenvalues of
L as 0, A2, A3, ..., Ay in such a way that 0, X», A3, ..., A; are the eigenvalues of L.
Also, without loss of generality, we assume that 7 is regularly formed, i.e., all ones
in each of the columns of P () are consecutive. One can always relabel the agents in
the graph in such a way that this is achieved. For simplicity, we again denote P (7) by
P. Consider now the symmetric matrix

1 1 1

2= (pPTP) 2PTLP(PTP) . @)

L:= (PTP)%I:(PTP)

Note that the eigenvalues of L and L coincide. Let U be an orthogonal matrix that
diagonalizes L. We then have

A -

UTLU = diag(0, A2, ..., Ap) =: A. (8)
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A

_1
Next, take U; = P(PT P) 2U. The columns of U; form an orthonormal set:

~ 1 _L . ~
vliu,=0"(PTP) 2PTP(PTP) U=0"0=1
Furthermore, we have that
ul'Lu, =0TLO = A.

Now choose U, such that U = (Uy  Us) is an orthogonal matrix and

T (A 0
A=U LU_(O A), ©)
where A = diag(Ak+1, - .., An). It is easily verified that the first column of Uy, and

thus the first column of U, is given by \/LN]I ~, where 1y is the N-vector of 1’s, a fact

that we will use in the remainder of this paper.

Using the above, we will now first establish explicit formulas for the H>-norms
of S and § separately. The following lemma gives a formula for the H,-norm of the
original transfer function S:

Lemmas$5 LetU beasin(9). Fori =2, ..., N, let X; be the observability Gramian of
the auxiliary system (A —A; B, E, X;I) in (6), i.e., the unique solution of the Lyapunov
equation (A — AiB)TXi + Xi(A—A;B)+ )»1.21 = 0. Then, the Hy-norm of S is given
by:

ISI3,, = tr((UTMMTU ® 1) diag(0, ET X1E, ... ETXNE)). (10)

Proof See “Appendix E.” O

We proceed with finding a formula for the H>-norm for the reduced system. This
will be dealt with in the following lemma:

Lemma 6 Let U be as in (8) above. Fori = 2,...,k, let X; be the observability
Gramian of the auxiliary system (A — A B, E, ;1) in (6), i.e., the unique solution of
the Lyapunov equation (A — \; B)TXi +Xi(A—A;B)+ A%I = 0. Then, the H>-norm
of S is given by:

||§||§12=tr<<0T(PTP)5MM (PTP)2 Y )
xdiag(o, ETX,E, ..., ETX,E ) (11)

Proof See “Appendix E.” O

We will now combine the previous lemmas and give a proof of Theorem 2.

@ Springer



Math. Control Signals Syst. (2018) 30:6 Page 13 of 38 6

Proof of Theorem 2 Using Lemma 4, and formulas (10) and (11), we compute
s =33, = uw((U"MMTU @ 1) diag(0. E" X2E. ..., ETXyE))
—tr (((}T(PTP)%MMT(PTP);lj ® 1)
x diag(O, ETX:E, ..., ETXkE>>

ulmMm®™u, uvlmm'u,
=t Ty Tvnlin ) ©1
uvifmm™u, uvlmMm'u,

x diag(O, ETX,E, ..., ETXNE)>
—tr((UlTMMTUl ® 1) diag(o, ETX,E. ..., ETXkE)>
=t T T : T T
- r((U2 MM U, ® 1) dlag(E XiiE, ... E XNE)), (12)
where the second equality follows from the fact that

MT(PTP)?0 = MTP(PTP) (PTP)0

Next, observe that (12) can be rewritten as

An2 .
Is =313, = w((Uf MMTU> @ 1) ding(ET Xia E. .. ET XN E))
- tr((UzTMMTUz) diag(tr(ETXk+]E>, . tr(ETXNE))>

_ tr((UzTMMTUz) diag(||SAk+l LT ||%{2)),

where S i for j = k+1,..., N is the transfer function of the auxiliary system (6).
An upper bound for this expression is given by

w( (VT MMT0y) ding (1., ey 11152, ) )

< (SmaX,HZ)Ztr<U2TMMTU2>,
where Smax,+, = maxgt1<j<n ISy, 7, Furthermore, we have
tr(UzTMMTUz) - tr(UTMMTU) - tr(UlTMMTUl)

=m—u(P(PTP)" PTMMT).
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Since, by assumption, the partition 7 is regularly formed, P (P TP)_1 PT is a block
diagonal matrix of the form

P(PTP)"'PT =diag(P1, Ps, ..., P).

It is easily verified that each P; is a |C;| x |C;| matrix whose elements are all equal
to ﬁ The matrix MM is a diagonal matrix whose diagonal entries are either 0 or

1. We then have that the ith column of P (P P)_1 PTMMT is either equal to the ith
column of P (PT P)_1 PTif agent i is a leader, or zero otherwise. It then follows that
the diagonal elements of P(PTP)71 PTMMT are either zero or ﬁ if i is part of
the leader set, where Cy; is the cell containing agent i. Hence, we have

and consequently,

In conclusion, we have
2 “ 1
& 2
IS = 812, = Smery) ;(1 - ck,.|)’

which completes the proof of the first part of the theorem.
We now prove the statement about the relative error. For this, we will establish a
lower bound for || S||${2. By (10), we have

IS13,, = tr((UTMMTU ® 1) diag(O, ETX,E, ..., ETXNE>)

- tr((UTMMTU) diag(O, tr(ETXzE), ...,tr(ETXNE)>). (13)

The first column of U spans the eigenspace corresponding to the eigenvalue 0 of L
and hence must be equal to u; = %ﬁﬂ v.LetUbesuchthat U = (u;  U).lItis then

easily verified using (13) that
1S13,, = tr((UTMMTU) diag(tr(ETX2E>, N .,tr(ETxNE)))
7 7 : 2 2
_ tr((UTMMTU) d1ag(||S,\2||H2, IS ||H2)).

Finally, since
m

tr(L'/TMMTU) - tr(MTUUTM) - tr(MT(UUT - ululT)M) =m- .
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we obtain that ||S ||%_[2 > m(1 — &) (Smin,7,)*. This then yields the upper bound for
the relative error as claimed. O

Remark 3 Note that by our labeling of the eigenvalues of L, in the formulation of
Theorem 2, we have that o (L)\o (I:) isequal to {Ag+1, ..., Ax} used in the proof. We
stress that this should not be confused with the notation often used in the literature,
where the A;s are labeled in increasing order.

6 Ho-error bounds

Whereas in the previous section we studied a priori upper bounds for the approximation
error in terms of the H»-norm, the present section aims at expressing the approximation
error in terms of the Ho-norm. This section consists of two subsections. In the first
subsection, we consider the special case that the agent dynamics is a single integrator
system. Here, we obtain an explicit formula for the H,-norm of the error. In the
second subsection, we find an upper bound for the Ho-error for symmetric systems.

6.1 The single integrator case

Here, we consider the special case that the agent dynamics is a single integrator system.
In this case, we have A = 0, B = 1, and E = 1 and the original system (4) reduces to

X =—Lx+ Mu,

y = Lx. 14

The state space dimension of (14) is then simply N, the number of agents. For a given
partition & = {Cy, Ca, ..., Cy}, the reduced system (5) is now given by

)é:—i)?—l—]fdu,

where P = P(r) is again the characteristic matrix of 7 and x € R, The transfer
functions S and S, of the original and reduced system, respectively, are given by

S(s) = L(sIy+L)"'M,

$(s) = LP(sly + L)™' m.
The first main result of this section is the following explicit formula for the H o, -model
reduction error. It complements the formula for the H,-error obtained in [26] (see also

Remark 2):

Theorem 3 Let w be an AEP of the graph G. If the network with single integrator
agent dynamics is clustered according to w, then the Heo-error is given by
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1 . ..
. max (1 — —) if the leaders are in different cells,
Is- 513, - { st ) o !

oo 1 otherwise,

where, for some k; € {1,2, ..., k}, Cy, is the set of cellmates of leader i. Furthermore,
1Sl = 1, hence the relative and absolute Hoo-errors coincide.

Remark 4 'We see that the H -error lies in the interval [0, 1]. The error is maximal
(= 1) if and only if two or more leader nodes occupy one and the same cell. The error
is minimal (= 0) if and only if each leader node occupies a different cell, and is the
only node in this cell. In general, the error increases if the number of cellmates of the
leaders increases.

Proof of Theorem 3 To simplify notation, denote A(s) = S(s) — S (s). Note that both
S and S have all poles in the open left half plane. We now first show that, since 7 is
an AEP, we have

AN, = 01(A(0)). 15)

A _1 - — 1 A
First note that S(s) = LP(PTP) 2(sly + L) 1(PTP) 2 M, where the symmetric
matrix L is given by (7). Thus, a state space representation for the error system is

given by
Xe = <_L O—)x + Ml u
7\ 0 —-L)"¢ (PTP)QM ’ (16)

e= (L —LP(PTP)‘%)xe.

Next, we show that (15) holds by applying Lemma 1 to system (16). Indeed, with
X = —L, we have

o s ) ()
= (—L2 LP(PTP)_%I:)
= (—L2 LPi(PTP)*é)
= (—L2 L2P(PTP)_%> =X (L —LP(PTP)‘%),

and from Lemma 1 it then immediately follows that || Al|y = 01(A(0)). To compute
01(A(0)), we apply Lemma 2 to system (16). First, it is easily verified that

—-L 0
ker( 0 —Z) C ker (L —LP(PTP)_%>-

By applying Lemma 2 we then obtain

A0) = (L —LP(PTP)_%) <8 I(%)Jr ((PTijl)éf‘z)
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1 1
= L<L+ — P(PTP) 2L (PTP) 2PT>M. (17)
Recall that U in (8) is an orthogonal matrix that diagonalizes L and that U; =
_L1 . - A AL A
P(PTP)"2U.Then, L = UAYUT. Thus, we have

1

P(PTP) 2L*(PTP) 2 P! = U A*UT.

Next, we compute
LLt=vavuTuatUu”

_ +q7,T
1
=Iy— —1y1%,
N N N

where the last equality follows from the fact that the first column of U is «/LN 1xy. Now

observe that R R
LU, AUl =vauTu, Atul

= U1/i/i+U1T
1 (19)
=uv,u!l — —1y17
1Y N NEN
- 1
=pP(PTP)'PT - S Iviy.
Combining (18) and (19) with (17), we obtain
A©) = (Iv = P(PTP) ' PT)M.
From (15) then, we have that the Ho-error is given by
a2
IS 315 = Amax<A(0)TA(0))
2
_ AmaX(MT(IN —P(PTP)"'PT) M)

= s (In = MTP(PTP) ' PT M)

(20)

= 1= hin( M P(PTP)" PT M),

All that is left is to compute the minimal eigenvalue of M1 P (PT P)_l PT M. Again,
let {vy, va, ..., vy} be the set of leaders and note that M satisfies

M=(ev1 ey, - €v,,,)~

Again, without loss of generality, assume that 7 is regularly formed. Then, the matrix
P (PT P)_l PT is block diagonal where each diagonal block P; is a |C;| x |C;| matrix
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whose entries are all ﬁ Letk; € {1,2, ..., k} be suchthat v; € Cy,.If all the leaders
are in different cells, then

- 1 1 1
M p(PTP) lPTMzdiag< S )
IChi | 1Chy | |Ch, |
and so 1
, T T p\~1pT .
/\mm<M P(PTP)'P M) = min o Q1)
Now suppose that two leaders v; and v; are cellmates. Then, we have
MTP(PTP) ' PTM(e; —ej) = M"P(PTP) ' PT (e, —ey)) = 0.
which together with MTP(PTP)71 PTM > 0 implies
Amin(MT P(PTP)™' PTM) = 0. (22)

From (20), (21), and (22), we find the absolute H-error. To find the relative Ho-
error, we compute [|S|l4y_ by applying Lemmas 1 and 2 to the original system (14).
Combined with (18), this results in the Hso-norm of the original system:

1
151y, = Hmax (SO S©)) = xmax(MT(lN - NﬂNﬂﬁ)M) =1L
This completes the proof. O

6.2 The general case with symmetric agent dynamics

In this subsection, we return to the general case that the agent dynamics is given by
an arbitrary multivariable input—state—output system. Thus, the original and reduced
networks are again given by (4) and (5), respectively. As in the proof of Theorem 3,
we will rely heavily on Lemma 2 to compute the Ho-error. Since Lemma 2 relies
on a symmetry argument, we will need to assume that the matrices A and B are both
symmetric, which will be a standing assumption in the remainder of this section.

We will now establish an a priori upper bound for the Hoo-norm of the approx-
imation error in the case that we cluster according to an AEP. Again, an important
role is played by the N — 1 auxiliary systems (6) with A ranging over the nonzero
eigenvalues of the Laplacian L. Again, let Sy (s) = A(s] — A+ AB)"'E be their
transfer functions. We assume that the original network (4) is synchronized, so that all
of the A — AB are Hurwitz. We again use S, S , and A to denote the relevant transfer
functions.

The following is the second main theorem of this section:
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Theorem 4 Assume the network (4) is synchronized and that A and B are symmetric
matrices. Let w be an AEP of the graph G. The H o-error when clustering G according
to w then satisfies

” S §||2 - (Smax,Hoo)z 1121&(1 — ﬁ) if the leaders are in different cells,
- 3|3, <i< ; .
> (Smax‘Hoo)z otherwise,

and

R 2
|s—sS ||§{ (SmaX’H“’ ) max (1 — ﬁ) if the leaders are in different cells,
0 i

Smin,Hgo 1<i<m
2 — 2
1S5, (im_ax’ﬁw ) otherwise,
min, Hoo
where
Smax,'Hoo = max ”S)»”Hms (23)
reo(L)\o (L)
and
S = min_ onin(51(0)), 24
min, H oo rea (L\(0) mm( A( )) ( )

with S, the transfer functions of the auxiliary systems (6).

Remark 5 The absolute Ho-error thus lies in the interval [0, Smax 7, ] With Smax 7.

the maximum over the Hso-norms of the transfer functions S, with A € o(L)\o (i).
The error is minimal (= 0) if each leader node occupies a different cell, and is the only
node in this cell. In general, the upper bound increases if the number of cellmates of
the leaders increases.

Proof of Theorem 4 First note that the transfer function S of the reduced network (5)
is equal to

N 1 - _ 1A
S(s) = (LP(PTP) ’® I,,)(sl -k ®A+LQ®B) 1<(PTP)2M ® E)
) (25)
with the symmetric matrix L given by (7). Analogous to the proof of Theorem 3, we
first apply Lemma 1 to the error system

L _(In®A-L®B 0 - M®E .
¢ = 0 K®A-L®B) "\(PTPYM&E)"

_1
e= (L ®lL, —LP(PTP)’® 1,1) Xe,
with transfer function A. Take X = Iy ® A — L ® B. We then have

- IN® A-LQ®B 0
<L®In —LP(PTP) 2®1n) 0 L ®A—-L®B
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=X (L I, —LP(PTP)_% ® In) :

From Lemma 1, we thus obtain that

1Al13,, = 01(A0) = hmx (A0)T 20 ).
In the proof of Lemma 4, it was shown that
S(=)TAs) = S(=)T(S(s) — $(5)) = 0.

Since all transfer functions ipvolved are stalzle, in particulflr thisAholds fors = 0. We
then have that S(0) (§(0)— §(0)) = 0,i.e., S(0)" §(0) = $(0)” §(0). By transposing,
we also have S(0)” $(0) = S(0)” $(0). Therefore,

AO)T A©0) = (S0) — $0)" (5(0) — 50))
= S0)S©0) — S0)TS©0) — S0 S©0) + S0 S(0)
= S0)750) — S©0)7 5(0).

By applying Lemma 2 to system (4), we obtain

SO)7S0) = (MT ® ET)(IN ®A—-L®B)" (L2 ® In>

x(IN®A—-L®B)"(M®E)

= (MT ® ET)(U QL)IN®A—-—AR® B)+<A2 ® In)
x(v®A-a9 B (VT 1) MeE)

- (MTU ® ET) diag(O, W2(A—1B) 2. a3 (A - ANB)_2>
x (UTM Q E)

= (MTU ® Ir> diag(O, S5, ()7 85,(0), ..., S5, ()T S5, (0))
x (UTM ® 1,),

(26)
where S, is again given by (6). Recall that M = (PTP)_lPTM and U; =

LN
p (PT P )_ 2U. Now apply Lemma 2 to the transfer function (25) of the system (5):
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SO7T50) = <MTP(PTP)‘5 ® ET>(IN ®A-L®B)"
X ((PTP)‘;PTLZP(PTP)‘é ® 1n>

x(Iv®A-L® B)+<(PTP)%PTM ® E)

- (MTP(PTP)2 ® ET>(0 ®L)(IN®A—-A®B)"
N N +
x <A2®In)(1N®A—A®B)
~ _1
x (U"® In)<(PTP) PTM® E)
- (MTUl ® ET)
: 2 -2 2 -2 T
x dlag(O, 3(A = 10B)2 . 32(A — M B) )(U1 M® E)
- <MTU1 ® 1,)
: T T T
x dlag(O, S, (0785, 0). ... S, (0TS, (0)) (U1 M® Ir).
Combining the two expressions above, it immediately follows that
A0)T A0) = S0)T S0) — $0) S(0)
- (MTUZ ® Ir)
x diag (i, 0S4, 0, ... Siy O 8, (0))
By taking Spax 7., as defined by (23) it then follows that

AOTAWO) = (MTU2 & 1) diag(Sman 1) r -+ S 1.7 1)
x(vimer)
- (Smax,Hw)2<MTU2U2TM ® 1,)
= Sma ) (M7 Uy — UM @ 1)
= Smax)* ((In = MTP(PTP) ' PTM) @ 1),
Continuing as in the proof of Theorem 3, we find an upper bound for the H -error:

-1
1413, = Smax 1) hma (In = M7 P(PTP) ™' PT ).
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To compute an upper bound for the relative Hoo-error, we bound the Hoo-norm of
system (4) from below. Again, let U be such that U = (ul U ) and let Syin 7, be as
defined by (24). From (26) it now follows that

OS5 = (MU ® I,) diag (S, 07 $:50). .. $1,, () 51,4 ()
x (UTM ® 1,)
z(MTU ® 1,) diag((smmﬂw)zh, o (Smin,Hm)%)
x (UTM ® 1,)
- (Smin,Hw)z(MTUUTM ® 1,)

2( T 1 T
Z(Smin,'Hoo) M IN - N]IN]IN MI ).
Again using Lemma 2, we find a lower bound to the Hy,-norm of S:

151, = max (SO SO)) = (Smin 70,00,

which concludes the proof of the theorem. O

7 Toward a priori error bounds for general graph partitions

Up to now, we have only dealt with establishing error bounds for network reduction
by clustering using almost equitable partitions of the network graph. Of course, we
would also like to obtain error bounds for arbitrary, possibly non almost equitable,
partitions. In this section, we present some ideas to address this more general problem.
We will first study the single integrator case. Subsequently, we will look at the general
case.

7.1 The single integrator case

Consider the multi-agent network

X =—Lx+ Mu,
(27)
y = Lx.

As before, assume that the underlying graph G is connected. The network is then
synchronized. Let m = {Cq, C3, ..., C} be a graph partition, not necessarily an AEP,
andlet P = P(7w) € RN *k be its characteristic matrix. As before, the reduced order
network is taken to be the Petrov—Galerkin projection of (27) and is represented by
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¥ =—L%+ Mu,
X X+ Mu 28)

Again, let § and S be the transfer functions of (27) and (28), respeftively. We will
address the problem of obtaining a priori upper bounds for |S - S ||H2 and ”S -

S ”Hm' We will pursue the following idea: as a first step we will approximate the
original Laplacian matrix L (of the original network graph G) by a new Laplacian
matrix, denoted by Lagp (corresponding to a “nearby” graph Gagp) such that the
given partition 7 is an AEP for this new graph Gagp. This new graph Gagp defines a
new multi-agent system with transfer function Sagp(s) = Lagp(sIy + L AEP)_lM .
The reduced order network of Sagp (using the AEP ) has transfer function S AEP(S) =
LAEPP(sIk + I:AEP)_lM. Then, using the triangle inequality, both for p = 2 and
p = 0o, we have

”S - SHHP = ||S — SAEP + SAEP — SAEP + SAEP — S”Hp (29)
=< IS — Saeplly, + | Saep — Saep ”H,, + HSAEP B SHH"‘

The idea is to obtain a priori upper bounds for all three terms in (29). We first propose
an approximating Laplacian matrix Lagp, and subsequently study the problems of
establishing upper bounds for the three terms in (29) separately.

For a given matrix M, let M| := tr(M”M)? denote its Frobenius norm. In

the following, denote P := P (P TP)_l PT . Note that P is the orthogonal projector
onto im P. As approximation for L, we compute the unique solution to the convex
optimization problem

minimize ||L — Lagp|%.
LAgp

subjectto (Iy — P)LagpP =0,

Lagp = ngp, 30)

Lagp = 0,

Lagply =0.

In other words, we want to compute a positive semi-definite matrix Lagp with row
sums equal to zero, and with the property that im P is invariant under L agp (equiv-
alently, the given partition 7 is an AEP for the new graph). We will show that such
an Lgp may correspond to an undirected graph with negative weights. However, it
is constrained to be positive semi-definite, so the results of Sects. 4, 5, and 6 in this
paper will remain valid.

Theorem 5 The matrix Lagp := PLP + (Iy — P)L(In — P) is the unique solution
to the convex optimization problem (30). If L corresponds to a connected graph, then,
in fact, ker LApp = im 1.

Proof Clearly, Lagp is symmetric and positive semi-definite since L is. Also,
(In —P)LagpP = 0since (Iy —P)P = 0.1Itis also obvious that Lsgply = O since
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Ply = 1y. We now show that Lgp uniquely minimizes the distance to L. Let X
satisfy the constraints and define A = Lagp — X. Then, we have

IL = X3 = IL — Lagpll} + 1Al + 2tr((L — Lagp)A).
It can be verified that L — Lagp = (Iy — P)LP + PL(Iy — P). Thus,
tr((L — Lagp)A) = tr((Iy — P)LPA) +tr(PL(Iy — P)A).

Now, since both X and L gp satisfy the first constraint, we have (Iy — P)AP = 0.
Using this we have

tr((Iy — P)LPA) =tr(PA(Iy — P)L) =tr(L(Iy — P)AP) =0.
Also,
tr(PL(Iy — P)A) =tr(L(Iy — P)AP) =0.

Thus, we obtain
IL = X|% = |L — Lagpll% + Al

from which it follows that ||L — X ||z is minimal if and only if A = 0, equivalently,
X = LAgp.

To prove the second statement, let x € ker Lagp, so xT Lagpx = 0. Then, both
xTPLPx = 0and xT (Iy — P)L(Iy — P)x = 0. This clearly implies LPx = 0
and L(Iy — P)x = 0. Since L corresponds to a connected graph, we must have
Px eimly and (Iy — P)x € im 1. We conclude that x € im 1y, as desired. 0O

As announced above, Lagp may have positive off-diagonal elements, corresponding
to a graph with some of its edge weights being negative. For example, for

1 -1 0 0 0
1 2 -1 0 0
0

OO = = =
—_ O O O

L=] 0 -1 2 -1 , P=

0 0o -1 2 —1

0 0 0 -1 1

we have
1 7 1 1
u - _7  _1 o -1
R R (R |
Lo |1 0 1@ 1 7
AEP = 9 9 9 2 6 |
o -1 2 -
2 2

_1 1 1 -1 3
3 3 6 2

so the edge between nodes 3 and 5 has a negative weight. Figure 2 shows the graphs
corresponding to L and Lagp. Although Lagp is not necessarily a Laplacian matrix
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oo
%1%117)3 @9//3)
/ 3\ /3 /2
91— 9

Fig. 2 A path graph on 5 vertices and its closest graph such that the partition {{1, 2, 3}, {4, 5}} is almost
equitable

[

with only nonpositive off-diagonal elements, it has all the properties we associate
with a Laplacian matrix. Specifically, it can be checked that all results in this paper
remain valid, since they only depend on the symmetric positive semi-definiteness of
the Laplacian matrix.

Using the approximating Laplacian Lagp = PLP+ (Iy —P)L(Iy —P) as above,
we will now deal with establishing upper bounds for the three terms in (29). We start
off with the middle term | Sagp — Sagp [, in (29).

According to Remark 2, for p = 2 this term has an upper bound depending on the
maximal A € o (Lagp)\o (i AEP), and on the number of cellmates of the leaders with
respect to the partitioning 7v. For p = oo, in Theorem 3 this term was expressed in
terms of the maximal number of cellmates with respect to the partitioning 7 (noting
that it is equal to 1 in case two or more leaders share the same cell).

Next, we will take a look at the first and third term in (29), i.e., ||S — SAEp ||Hp and

|8 — Saep[l5, - Let us denote AL = L — Lagp. We find

S(s) — Sapp(s) = L(sIy + L) "M — Lagp(sIy + Lagp) ' M
=LsIy+L)"'M
— Lagp| (sl + L7+ Gy + Lage) " ALG Iy + L)' [M
=L(sIy+L)"'M — Lagp(sIy + L)"'M
— Lapp(sIy + Lapp) 'AL(sIy + L) 'M
= AL(sIy +L)"'"M — Lagp(sIy 4+ Lagp) 'AL(sIy + L)"'M

- [IN — Lagp(sIy + LAEP)_I]AL(SIN +1)"'Mm.
Thus, both for p = 2 and p = oo, we have

IS — Saeplln, = H Iy — Lagp(sIn + Lagp) ™! HH HAL(SIN + L)flMHH
00 P

§2HAL(SIN+L)_1MH . 31)
Hp
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It is also easily seen that Lapp = (PTP)_IPTLAEPP = (PTP)_IPTLP — [ and
LappP = P(PTP)flPTLP = PL. Therefore,

S(s) — Sapp(s) = LP(sIy + i)_IA;I — LagpP(sIy + iAEP)_lM

—LP(sIy+L) "M - PL(siy +L)™'M

= (LP — PL)(sIy + L)™'M.

Since, finally, (LP — PL) (LP — PL) = PT(AL)?P, for p = 2 and p = o0, we
obtain .
13 = Saeelly,, = |ALPGIN + ) MHH . 32)
4

Thus, both in (31) and (32) the upper bound involves the difference AL = L — Lagp
between the original Laplacian and its optimal approximation in the set of Laplacian
matrices for which the given partition  is an AEP. In a sense, the difference AL
measures how far 7 is away from being an AEP for the original graph G. Obviously,
AL = 0if and only if v is an AEP for G. In that case only the middle term in (29) is
present.

7.2 The general case

In this final subsection, we will put forward some ideas to deal with the case that
the agent dynamics is a general linear input—state—output system and the given graph
partition 7, with characteristic matrix P, is not almost equitable. In this case, the
original network is given by (4) and the reduced network by (5). Their transfer functions
are S and S respectively. Let L Agp and L AEP as in the previous subsection and let

SaEp(s) = (LAEp ® L) (I — Iy ® A+ Lapp ® B) (M ® E)
and
SaEp(s) = (LAEpP ® I)(s] — It ® A+ Lapp ® B)_l(M ® E).

As before, we assume that (4) is synchronized, so § is stable. However, since the
partition 7 is no longer assumed to be an AEP, the reduced transfer function S need
not be stable anymore. Also, Sagp and S'AEP need not be stable. We will now first
study under what conditions these are stable. First note that S is stable if and only if
A — AB is Hurwitz for all nonzero eigenvalues Aof L. Moreover, Sagp and S’AEP are
stable if and only if A — A B is Hurwitz for all nonzero eigenvalues A of L agp. In the
following, let Amin (L) and Apmax (L) denote the smallest nonzero and largest eigenvalue
of L, respectively. We have the following lemma about the location of the nonzero
eigenvalues of Land L AEP:

Lemma 7 All nonzero eigenvalues of L and of Lagp lie in the closed interval
[Amin (L), Amax (L)]-
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Proof The claim about the eigenvalues of L follows from the interlacing property (see,
1

e.g., [13]). Next, note that P = Q;Q7, with 01 = P(PTP) 2. Since the columns
of Q1 are orthonormal, there exists a matrix Q> € RVN*®N=") gych that (Q1 Qz) is
an orthogonal matrix. Then, we have Iy — P = Q0» Q2T and we find

Lagp = PLP + Iy — P)L(IN — 73)
= Q010{L010T + 0,05L0,0}

_ OfLQ 0 )(Q{)
=@ (75 4rio,) (81):

It follows that o (Lagp) = o(QlTLQl) Uo(QgLQz). By the interlacing property,
both the eigenvalues of QITL Q1 and QZT L Q- are interlaced with the eigenvalues of
L, so in particular we have that all eigenvalues A of Lagp satisfy A < Apmax(L). In
order to prove the lower bound, note that QITL Q1 is similar to I:, for which we know
that its nonzero eigenvalues are between the nonzero eigenvalues of L. As for the
eigenvalues of QZTL 05, note that 17 Q> = 0 and || Q2x I, = |lx||, for all x. Thus, we
find

min xTQzTLng > min y’ Ly.
lxll=1 17y=0
Iylla=1

Therefore, the smallest eigenvalue of Q2T L Q5 is larger than the smallest positive
eigenvalue of L. We conclude that indeed & > Anin (L) for all nonzero eigenvalues A
of L Agp. |

Using this lemma, we see that a sufficient condition for 3‘, Sagp, and S'AEP to be stable
is that for each A € [Amin(L), Amax (L)], the strict Lyapunov inequality

(A—AB)X+X(A-21B) <0
has a positive definite solution X . This sufficient condition can be checked by verifying
solvability of a single linear matrix inequality, whose size does not depend on the
number of agents, see [31]. After having checked this, it would then remain to establish
upper bounds for the first and third term in (29). This can be done in an analogous

way as in the previous subsection. Specifically, it can be shown that for p = 2 and
p = oo we have

15 = Sazpll, < (14 | (Laee ® L)GT = Iy ® A+ Lage © B Uy © B, )
x[AL® LI~ Iv® A+ LB M b),

and

8= 3ueel, = |ALP @ L)1 - L0 A+ Lo B) ' Wie B, .
P
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Fig. 3 Ratios of H; (left) and Ho (right) upper bounds and corresponding true errors, for a fixed almost
equitable partition and all possible sets of leaders. In both figures, the sets of leaders are sorted such that
the ratio is increasing (in particular, the ordering of the sets of leaders is not the same)

8 Numerical examples

To illustrate the error bounds we have established in this paper, consider the graph
with 10 nodes taken from [26], as shown in Fig. 1. Its Laplacian matrix is

5000050000
050 0-3-2 00 00
00 6-1-2-3 0 0 0 O
0 0-1 6-5 0 0 0 0 O
L = 0-3-2-525-2—-6-7 0 0
-] -5-2-3 0-225-6-7 0 O |’
00 0 0-6-615-1-1-1
000 0-7-7-115 0 O
00 0O0O0O0-1 0120
00 00 O0O0-1 001

with spectrum (rounded to three significant digits)
o(L)~ {0, 1, 1.08, 4.14, 5, 6.7, 8.36, 16.1, 28.2, 33.5}.

First, we illustrate the H, and Hq error bounds from Theorems 2 and 4. We take
m ={{1,2,3,4}, (5,6}, {7}, {8}, {9, 10}} and

05 0 10
AZ( 00.5)’ B:E:(m)-

Note that, indeed, 7 is an AEP. Also, in order to satisfy the assumptions of Theorem 4,
we have taken A and B symmetric. Note that A — A B is Hurwitz for all nonzero eigen-
values A of the Laplacian matrix L. Therefore, the multi-agent system is synchronized.
It remains to choose the set of leaders ). For demonstration, we compute the H; and
'Hso upper bounds and the true errors for all possible choices of V. Since the sets of
leaders are nonempty subsets of V, it follows that there are 2!9 — 1 = 1023 possible
sets of leaders. Figure 3 shows all the ratios of upper bounds and corresponding true
errors, where we define % := 1. We see that in this example, all true errors and upper
bounds are within one order of magnitude, and that in most cases the ratio is below 2.

Next, we compare the true errors with the triangle inequality-based error bounds
from (29) for a fixed set of leaders and all possible partitions consisting of five cells.
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104

24 ‘ ® Hperror 051 [ ° 1, error
‘/ * M, upper bound * H. upper bound

- 0.0
0 10000 20000 30000 40000 0 10000 20000 30000 40000

Fig. 4 True H> (left) and Hoo (right) errors and upper bounds, for a fixed set of leaders and all partitions
with five cells. In each figure, partitions were sorted such that the true errors are increasing

61 o error # PSRRI IS e b e
*  H, upper bound 1.5

v

1.0 * M. error
*  H. upper bound

[SUR

N

0.5

-

0 0.0
0 200 400 600 800 1000 0 200 400 600 800 1000

Fig. 5 First 1000 true errors and upper bounds from Fig. 4

For the set of leaders, we take V|, = {6, 7}, as was also used in [26]. With this choice
of leaders, the systems norms are || S||3, &~ 6.4 and ||S|l3y_ &~ 1.03 (rounded to three
significant digits). Figure 4 shows true errors and upper bounds for all partitions of V
with five cells (there are 42,525 such partitions). We observe that the upper bounds
vary significantly as the true error increases, but the ratio is still less than one order of
magnitude. Additionally, we notice that partitions giving small H; errors give smaller
upper bounds, as seen more clearly in the left subfigure of Fig. 5. Furthermore, we
observe a jump after the 966th partition. In fact, the 966 partitions giving the smallest
‘H> error are all those partitions where the leaders are the only members in their cell.
For the H o, error this is not the case, i.e., there are partitions with leaders sharing a
cell with more agents that give a smaller H, error then a partition with leaders not
sharing a cell. On the other hand, partitions with the smallest > or H, upper bound
are close to the optimal true error.

In the following, we also compute the errors || L — L agp|| 7 for all partitions with five
cells. Figure 6 shows the relative approximation errors %. We see that only a
few (six, to be precise) partitions give a relative error less than 0.1. Irrespective of this,
a small triangle inequality-based error bound (29) seems to indicate good partitions.

Finally, we compare the bound (29) with those from Ishizaki et al. [15—-17]. There
are also error bounds developed in [4,6], but they depend on the proposed model
reduction methods and cannot be evaluated for an arbitrary partition. The H, and H o
error bounds from Ishizaki et al. are based on the decomposition (see equation (31)
in [16], (20) in [14], or (17) in [17])
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Fig. 6 Relative error of L by

L Agp in Frobenius norm for all 0.6

partitions with five cells. The 05

partitions are ordered such that

the errors are increasing 0.4
0.3
0.2
0.1
0.0

0 10000 20000 30000 40000

S(s) — S(s) = E() Q0T X (s),

where
—1
X(s) = <s1 —Iv®A+PTLP® B) (M @ E),

—1
E(s) = (LP ®I,,)<s] _Iv®A+PTLP® B) (PT 9A-PTL® B)
+L® Ins

P = P(n)(P(n)TP(n))_l, and Q is such that (P Q) is orthogonal. The error
bounds are then

IS =Sl < 181 [ 007 X],, =15 |Q7X], .
P

H,

for p = 2 and p = oo. Figure 7 shows the comparison between these bounds, the
triangle inequality-based bound (29), and the true errors. In this example, our bounds
are, for most partitions, lower than those from Ishizaki et al. Yet, they do share some
qualitative properties: both vary significantly as the true error increases and those
partitions with the small bounds are close to the optimal.

9 Conclusions

In this paper, we have extended results on model reduction of leader—follower networks
with single integrator agent dynamics from [26] to leader—follower networks with
arbitrary linear multivariable agent dynamics. We have also extended these results to
the case that the approximation error is measured in the H,-norm. The proposed model
reduction technique reduces the complexity of the network topology by clustering the
agents. We have shown that clustering amounts to applying a specific Petrov—Galerkin
projection associated with the graph partition. The resulting reduced order model can
be interpreted as a networked multi-agent system with a weighted, directed network
graph. If the original network is clustered using an almost equitable graph partition,
then its consensus properties are preserved. We have provided a priori upper bounds
on the H; and H s, model reduction errors in this case. These error bounds depend on
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Fig. 7 Comparison with error bounds from Ishizaki et al. [15-17]. The first column shows the H; errors

and bounds, the second column the H o errors and bounds. The first row contains values for all partitions
with five cells, the second row only the first 1000 best ones

an auxiliary system related to the agent dynamics, the eigenvalues of the Laplacian
matrices of the original and the reduced network, and on the number of cellmates of
the leaders in the network. Finally, we have provided some insight into the general
case of clustering according to arbitrary, not necessarily almost equitable, partitions.
Here, direct computation of a priori upper bounds on the error is not as straightforward
as in the case of almost equitable partitions. We have shown that in this more general
case, one can bound the model reduction errors by first optimally approximating the
original network by a new network for which the chosen partition is almost equitable,
and then bounding the H» and H, errors using the triangle inequality.
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Appendix A Proof of Proposition 1

Proof Without loss of generality, assume that

A=(AO— A0+>, B=<§;>, c=(c. 0),
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where A_ is Hurwitz, and A has all its eigenvalues in the closed right half plane. Let
X _ be the unique solution to the reduced Lyapunov equation

ATX_+X_A_+cTc_=o. (33)

Then X_ = fooo AL CTC_ oAt dr > 0. Obviously then, X = diag(X_,0) is a
positive semi-definite solution of (2). Now let X be a positive semi-definite solution
to (2) with the property that X (A) C ker X. Then, X must be of the form X =
diag(X1, 0), and X| must satisfy the reduced Lyapunov equation (33). Thus, X =
diag(X_, 0). Finally, S is stable since Xy (A) C ker C. Moreover,

o0
I1S12,. =t BT | eA'cTcer dr B
H> 0

tr(BT ACTC_eA-1dr B )

Appendix B Proof of Lemma 1
Proof For the first part of the proof, let us assume that (A, B, C) is minimal. Then, in
particular, A is Hurwitz and (A, B) is controllable.

Clearly, the inequality ||S{l7,,, > 01(5(0)) is always satisfied. We will prove that

1Sl < 01(S(0)) using the bounded real lemma [32], which states that || {3, < ¥
if and only if there exists P € R"*" such that P = PT and

1
ATP+PA+CTC+ PBB P <0.

Let us take y = 01(S(0)) = o0 (CA~'B). This implies that
CAT'BBTATTCT <21, (34)
Defining P := —A~TCTXCA~! and using (34) yields
ATP+PA+CTC+ %PBBTP
=-CcTxca'—aTcTxc+cTc
+ LA TeTxcA BBT AT CT XCA™!

)/2
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—CcTxcA ' —ATcTxc+cTc+ATcTxxca™!
=xca'—ofxca -0
=0.

IA

From the bounded real lemma, we conclude that [|S|l3_ < 01(S(0)).
For a non-minimal representation (A, B, C), applying the Kalman decomposition,
let T be a nonsingular matrix such that

Ai 0 A¢ O B

1,4 |A2 A3 As As “1n_ | B2 .

THAT=1"0" o a0 TB=|o | cT=(@ 0 & o0),
0 0 Ag Ao 0

where (A1, By, C1) is a minimal representation of (A, B, C) with A| Hurwitz. From,

(CT)(T~'AT) = CAT = XCT = X(CT),

Al 0 A¢ O
Ay A3 As Ajs
0 0 A7 O
0 0 Ag Ao
=(C1A1 0 CiAg+ CrA7 0),

X(CT)y=X(Ci1 0 C 0)=(XC; 0 XC» 0),

(CT(T'AT)=(C; 0 C» 0)

we find that C1A; = XCj. Therefore, the minimal representation satisfies the suffi-
cient condition and using the result obtained above the proof is completed. O

Appendix C Proof of Lemma 2
Proof If Aisnonsingular, then the conclusion follows immediately. Otherwise, let A =
UAUT be an eigenvalue decomposition with orthogonal U and A = diag(0, A»),

where A, € R™*" and r is the rank of A. We denote U = (U;  U,), with U, € R™*".
Then,

AT =UATUT = (U Uy) 0 0N (UL Z yyaptur
o ayt)\uf 20

Note that CU; = 0. We have

S(s)=CU(sI — A~ 'UTB

-1y 0 ut

= CUy(sI — Ay)~'UT B.
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Hence, S(s) is defined at s = 0 and S(0) = —CUzAglUZTB = —CA'"B. O

Appendix D Proof of Lemma 4

Proof First, note that the columns of P(x) are orthogonal. We construct a matrix
T = (P Q), where P := P (), and where the N x (N — k) matrix Q is chosen
such that the columns of 7" form an orthogonal basis for RY. In this case, we have
PTQ = 0. Next, we apply the state space transformation x = T'% to system (4). We
obtain

(35)

where the matrices A,, B,, and C, are given by

_(k®a-(PTP)'PTLP®B —(PTP) 'PTLOQ® B
‘ ~(0'0)"'0"LPeB  Iyy®4-(0"0)'0"LO®EB)’
_((PTP)'PTMQE

Be_((QTQ)_lQTM@aE)’ Ce=(LP@IL, LO®I).

Obviously, in (35) the transfer function from u to y is equal to S. Furthermore, if the
state component X is truncated from (35), what we are left with is the reduced order
model (5). Since 7 is an AEP of G, by Lemma 3, im P is invariant under L. From this,
it follows that not only Q7 P = 0, but also

O"LP =0and QTL*P = 0. (36)

It is easily checked that
S(s) = S(s) + Als),
where A(s) is given by

AGs) =(LO ® In)(sl - (IN_k ®A—(070)'0"LO® B))

(37
x ((QTQ)_1 0"M E)
From (36) and (37), we have 3(—s)TA(s) = 0. Thus, we find that
113, = |8]7,, + 1413,
which concludes the proof. O

@ Springer



Math. Control Signals Syst. (2018) 30:6 Page 35 0f 38 6

Appendix E Proof of Lemma 5

Proof 1t can be verified, using the fact that A — ; B is Hurwitz fori =2,3,..., N,
that

X,(I®A—L®B)=1y® X:(A).

This immediately implies that ¥, (1 ® A — L ® B) C ker(L ® I). As a consequence
of Proposition 1, we have

1813, =u((M" © ET)X(M @ E)),
where X is the unique positive semi-definite solution to the Lyapunov equation
(1®AT—L®BT)X+X(I®A—L®B)+L2®I:0 (38)

with the property that ¥, (/ ® A — L ® B) C ker X. In order to compute this solution
X, premultiply (38) by UT ® I and postmultiply by U ® I, and substitute Z =
UT ® DX (U ® I) to obtain

<I®AT—A®BT)Z+Z(I®A—A®B)+A2®I=0. (39)
Solving (39), we take Z as

Z = diag(0, X2, ..., Xyn),

where X;, fori = 2,..., N, is the observability Gramian of the auxiliary system
(A—A;B, E, A1) in (6). Next, X := (U® I)Z(UT ® I) is a solution of the original

Lyapunov equation, and it is easily verified that indeed Xy (I ® A — L ® B) C ker X.
Thus, we obtain the following expression for the H>-norm of S:

1813, = (MU ® ET) diag(0, X2, ... X)) (U M & E))

= tr((UTMMTU ® 1) diag(0, ET X>E, ..., ETXNE)).

Appendix F Proof of Lemma 6

Proof Firstly, it can be verified that

X I®A—L®B)=1; QX (A).
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This implies that XL (I ® A — L ®B) C ker(LP Q). By Proposition 1, we then
have
1813, = u((" ® E") % (4 ® E)).

where X is the unique positive semi-definite solution to the Lyapunov equation

(1@AT —LT@BNX+XUI®A-L®B)+PTL’PRI=0 (40)

satisfying the property that X4, (I ® A — L ® B) C ker X. In order to compute this
_1
solution, pre- and postmultiply (40) by (P” P)"? ® I and substitute

Y = ((PTP)‘5 ® 1)X<(PTP)‘5 ® 1)

to obtain
(1ea”-LeB")l+7(1eA-LeB)
(41)
+ (PTP)_%PTLZP(PTP)_% ®I=0.

Recall from Sect. 4 that L P = P L. From this it follows that
_1 1
(PTP) 2 PTL*P(PTP) ? = L*.

Consequently, we can diagonalize the corresponding term in (41) by premultiplying
by 0T ® 1 and postmultiplying by U ® I, where U is as in (8). Next, we denote
=0T @ Y (U ® I) so that (41) reduces to

(I®A" —A®B")Z+2(I1®A-A@B)+A*®1=0,
which can be solved by taking
7 = diag(0, X», ..., Xp),

where again X;, fori =2, ..., k, is the observability Gramian of the auxiliary system
(A —A;B, E, A1) in (6). Next,

X = ((PTP)50 ® 1)2<17T(PTP)5 ®1)
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then satisfies A(4O), and it can be verified that X, (1 @ A — L® B) C ker X. Thus, the
‘H>-norm of S is given by:

1

2 A A
oy =T ((MT(PTP) U® ET) diag(0, X, ..., Xx)

X <U (p" P% ®E>>
:tr((U (PTP)ZNINIT (PT P)2 0 ®1)

x diag(0, ETX5E, ..., ET X E)).

A

References

10.

11.

13.

14.

15.

Antoulas AC (2005) Approximation of large-scale dynamical systems, Advances in design and control,
vol 6. SIAM Publications, Philadelphia. https://doi.org/10.1137/1.9780898718713

Benner P, Findeisen R, Flockerzi D, Reichl U, Sundmacher K (eds) (2014) Large-scale networks
in engineering and life sciences. Modeling and simulation in science, engineering and technology.
Birkhéuser, Basel. https://doi.org/10.1007/978-3-319-08437-4

. Benner P, Mehrmann V, Sorensen DC (2005) Dimension reduction of large-scale systems. Lecture

Notes in Computational Science and Engineering, vol 45. Springer, Berlin

Besselink B, Sandberg H, Johansson KH (2016) Clustering-based model reduction of networked
passive systems. IEEE Trans Autom Control 61(10):2958-2973. https://doi.org/10.1109/TAC.2015.
2505418

Cardoso DM, Delorme C, Rama P (2007) Laplacian eigenvectors and eigenvalues and almost equitable
partitions. Eur J Combin 28(3):665-673. https://doi.org/10.1016/j.ejc.2005.03.006

Cheng X, Kawano Y, Scherpen JMA (2016) Graph structure-preserving model reduction of linear
network systems. In: European control conference (ECC), pp 1970-1975. https://doi.org/10.1109/
ECC.2016.7810580

Cheng X, Kawano Y, Scherpen JMA (2017) Reduction of second-order network systems with struc-
ture preservation. IEEE Trans Autom Control 62(10):5026-5038. https://doi.org/10.1109/TAC.2017.
2679479

Cortes J, Martinez S, Karatas T, Bullo F (2002) Coverage control for mobile sensing networks. In:
IEEE international conference on robotics and automation, 2002. Proceedings. ICRA’02, vol 2. IEEE,
pp 1327-1332. https://doi.org/10.1109/ROBOT.2002.1014727

Egerstedt M, Martini S, Cao M, Camlibel MK, Bicchi A (2012) Interacting with networks: how
does structure relate to controllability in single-leader, consensus networks? IEEE Control Syst Mag
32(4):66-73. https://doi.org/10.1109/MCS.2012.2195411

Estrada E, Fox M, Higham DJ, Oppo GL (eds) (2010) Network science: complexity in nature and
technology. Springer, London. https://doi.org/10.1007/978- 1-84996-396- 1

Fax JA, Murray RM (2004) Information flow and cooperative control of vehicle formations. IEEE
Trans Autom Control 49(9):1465-1476. https://doi.org/10.1109/TAC.2004.834433

GaoJ,Liu YY, D’Souza RM, Barabdsi AL (2014) Target control of complex networks. Nature Commun
5:5415. https://doi.org/10.1038/ncomms64 15

Golub GH, Van Loan CF (2013) Matrix computations, 4th edn. Johns Hopkins University Press,
Baltimore

Ishizaki T, Imura Ji (2015) Clustered model reduction of interconnected second-order systems. Non-
linear Theory Appl IEICE 6(1):26-37. https://doi.org/10.1587/nolta.6.26

Ishizaki T, Kashima K, Girard A, Imura Ji, Chen L, Aihara K (2015) Clustered model reduction
of positive directed networks. Automatica 59:238-247. https://doi.org/10.1016/j.automatica.2015.06.
027

@ Springer


https://doi.org/10.1137/1.9780898718713
https://doi.org/10.1007/978-3-319-08437-4
https://doi.org/10.1109/TAC.2015.2505418
https://doi.org/10.1109/TAC.2015.2505418
https://doi.org/10.1016/j.ejc.2005.03.006
https://doi.org/10.1109/ECC.2016.7810580
https://doi.org/10.1109/ECC.2016.7810580
https://doi.org/10.1109/TAC.2017.2679479
https://doi.org/10.1109/TAC.2017.2679479
https://doi.org/10.1109/ROBOT.2002.1014727
https://doi.org/10.1109/MCS.2012.2195411
https://doi.org/10.1007/978-1-84996-396-1
https://doi.org/10.1109/TAC.2004.834433
https://doi.org/10.1038/ncomms6415
https://doi.org/10.1587/nolta.6.26
https://doi.org/10.1016/j.automatica.2015.06.027
https://doi.org/10.1016/j.automatica.2015.06.027

6 Page 38 of 38 Math. Control Signals Syst. (2018) 30:6

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Ishizaki T, Kashima K, Imura Ji, Aihara K (2014) Model reduction and clusterization of large-scale
bidirectional networks. IEEE Trans Autom Control 59(1):48-63. https://doi.org/10.1109/TAC.2013.
2275891

Ishizaki T, Ku R, Imura Ji (2016) Clustered model reduction of networked dissipative systems. In:
American Control Conference (ACC), pp 3662-3667. https://doi.org/10.1109/ACC.2016.7525482
Jain AK, Murty MN, Flynn PJ (1999) Data clustering: a review. ACM Comput Surv 31(3):264-323.
https://doi.org/10.1145/331499.331504

Li Z, Duan Z, Chen G, Huang L (2010) Consensus of multiagent systems and synchronization of
complex networks: a unified viewpoint. IEEE Trans Circuits Syst I Regul Pap 57(1):213-224. https://
doi.org/10.1109/TCSI1.2009.2023937

Ma CQ, Zhang JF (2010) Necessary and sufficient conditions for consensusability of linear multi-agent
systems. IEEE Trans Autom Control 55(5):1263-1268. https://doi.org/10.1109/TAC.2010.2042764
Mesbahi M, Egerstedt M (2010) Graph theoretic methods in multiagent networks. Princeton series in
applied mathematics. Princeton University Press, Princeton. https://doi.org/10.1515/9781400835355
Mlinari¢ P, Grundel S, Benner P (2015) Efficient model order reduction for multi-agent systems using
QR decomposition-based clustering. In: 54th IEEE conference on decision and control (CDC), Osaka,
Japan, pp 4794-4799. https://doi.org/10.1109/CDC.2015.7402967

Mlinari¢ P, Grundel S, Benner P (2016) Clustering-based model order reduction for multi-agent systems
with general linear time-invariant agents. In: Proceedings of the 22nd international symposium on
mathematical theory of networks and systems, Minneapolis, MN, USA, pp 230-235. http://hdl.handle.
net/11299/181518

Monshizadeh N, Camlibel MK, Trentelman HL (2015) Strong targeted controllability of dynamical
networks. In: 54th IEEE conference on decision and control (CDC), Osaka, Japan. IEEE, pp 4782—
4787. https://doi.org/10.1109/CDC.2015.7402965

Monshizadeh N, Trentelman HL, Camlibel MK (2013) Stability and synchronization preserving model
reduction of multi-agent systems. Syst Control Lett 62(1):1-10. https://doi.org/10.1016/j.sysconle.
2012.10.011

Monshizadeh N, Trentelman HL, Camlibel MK (2014) Projection-based model reduction of multi-
agent systems using graph partitions. IEEE Trans Control Netw Syst 1(2):145-154. https://doi.org/10.
1109/TCNS.2014.2311883

Moreau L (2005) Stability of multiagent systems with time-dependent communication links. IEEE
Trans Autom Control 50(2):169—182. https://doi.org/10.1109/TAC.2004.841888

Newman MEJ (2010) Networks: an introduction. Oxford University Press, New York

Olfati-Saber R (2006) Flocking for multi-agent dynamic systems: algorithms and theory. IEEE Trans
Autom Control 51(3):401-420. https://doi.org/10.1109/TAC.2005.864190

Olfati-Saber R, Murray RM (2003) Consensus protocols for networks of dynamic agents. In: Pro-
ceedings of the American controls conference, vol 2, pp 951-956. https://doi.org/10.1109/ACC.2003.
1239709

Oliveira R, Peres P (2005) Stability of polytopes of matrices via affine parameter-dependent Lyapunov
functions: asymptotically exact LMI conditions. Linear Algebra Appl 405:209-228. https://doi.org/
10.1016/j.1aa.2005.03.019

Rantzer A (1996) On the Kalman—Yakubovich—-Popov lemma. Syst Control Lett 28(1):7-10. https://
doi.org/10.1016/0167-6911(95)00063-1

Trentelman HL, Takaba K, Monshizadeh N (2013) Robust synchronization of uncertain linear multi-
agent systems. IEEE Trans Autom Control 58(6):1511-1523. https://doi.org/10.1109/TAC.2013.
2239011

van Waarde HJ, Camlibel MK, Trentelman HL (2017) A distance-based approach to strong target
control of dynamical networks. IEEE Trans Autom Control 62(12):6266—6277. https://doi.org/10.
1109/TAC.2017.2709081

Zhang S, Cao M, Camlibel MK (2014) Upper and lower bounds for controllable subspaces of networks
of diffusively coupled agents. IEEE Trans Autom Control 59(3):745-750. https://doi.org/10.1109/
TAC.2013.2275666

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1109/TAC.2013.2275891
https://doi.org/10.1109/TAC.2013.2275891
https://doi.org/10.1109/ACC.2016.7525482
https://doi.org/10.1145/331499.331504
https://doi.org/10.1109/TCSI.2009.2023937
https://doi.org/10.1109/TCSI.2009.2023937
https://doi.org/10.1109/TAC.2010.2042764
https://doi.org/10.1515/9781400835355
https://doi.org/10.1109/CDC.2015.7402967
http://hdl.handle.net/11299/181518
http://hdl.handle.net/11299/181518
https://doi.org/10.1109/CDC.2015.7402965
https://doi.org/10.1016/j.sysconle.2012.10.011
https://doi.org/10.1016/j.sysconle.2012.10.011
https://doi.org/10.1109/TCNS.2014.2311883
https://doi.org/10.1109/TCNS.2014.2311883
https://doi.org/10.1109/TAC.2004.841888
https://doi.org/10.1109/TAC.2005.864190
https://doi.org/10.1109/ACC.2003.1239709
https://doi.org/10.1109/ACC.2003.1239709
https://doi.org/10.1016/j.laa.2005.03.019
https://doi.org/10.1016/j.laa.2005.03.019
https://doi.org/10.1016/0167-6911(95)00063-1
https://doi.org/10.1016/0167-6911(95)00063-1
https://doi.org/10.1109/TAC.2013.2239011
https://doi.org/10.1109/TAC.2013.2239011
https://doi.org/10.1109/TAC.2017.2709081
https://doi.org/10.1109/TAC.2017.2709081
https://doi.org/10.1109/TAC.2013.2275666
https://doi.org/10.1109/TAC.2013.2275666

	Model reduction of linear multi-agent systems by clustering with mathcalH2 and mathcalHinfty error bounds
	Abstract
	1 Introduction
	2 Preliminaries
	3 Problem formulation
	4 Graph partitions and reduction by clustering
	5 H2-error bounds
	6 Hinf-error bounds
	6.1 The single integrator case
	6.2 The general case with symmetric agent dynamics

	7 Toward a priori error bounds for general graph partitions
	7.1 The single integrator case
	7.2 The general case

	8 Numerical examples
	9 Conclusions
	Acknowledgements
	Appendix A Proof of Proposition 1
	Appendix B Proof of Lemma 1
	Appendix C Proof of Lemma 2
	Appendix D Proof of Lemma 4
	Appendix E Proof of Lemma 5
	Appendix F Proof of Lemma 6
	References





