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ABSTRACT

I will consider the influence of Chinese mathematics on Seki Kowa. For this
purpose, my thesis is constructed in four parts,
introduction,
[ the studies of editions; Shu Shu Jiu Zhang and Yang Hui Suan Fa,

I the conception and extension of method for making magic squares,

Il the analysis for solving indeterminate equations.

In the introduction, I will explain some similarities between Chinese
mathematics in the Song dynasty and Seki Kowa's works. It will become clear
that the latter was influenced by Chinese mathematics.

Then I introduce some former opinions concerning which Chinese mathematical
book influenced him. 1 shall show that two Chinese mathematical books, Shu Shu
Jiu Zhang and Yang Hui Suan Fa, are particularly important.

Some Chinese mathematical books were republished and studied by Japanese
mathematicians, but these two books were not accessible to Japanese
mathematicians. Thus we must study them for considering questions of
influence. I will consider two subjects, the treatment of magic squares in
Yang Hui Suan Fa in chapter I and the method of solving indeterminate
equations in Shu Sk Jiv Zhang in chapter .

Before considering the contents of these subjects, we must know more about
the available versions of these two books in chapter [, otherwise we cannot
know whether Seki Kowa could have obtained them.

It seems certain that Seki Kowa studied the Yang Hui Suan Fa, but I camot
know whether he studied the Shu Sty Jiu Zhang. However, Seki Kowa's method of
solving indeterminate equations is very similar .tAo that of Qin Jiushao,
especially when their methods of changing negative constants into positive are
similar. Thus I would like to propose that Seki Kowa studied the Chinese

method of solving indeterminate equations.
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INTRODUCTION

(1) Aims of this thesis

The influence of Chinese mathematics was felt in most East Asian countries.
In the case of Japan, it was introduced into the country two times. The first
time was in the eighth century, when many mathematical arts were introdeced and
taught in the University, but Japanese mathematicians only imitated the work of
Chinese authorities, and its level was limited. The second time was at the end
of the sixteenth century—at which point, Japanese mathematicians applied
Chinese mthematics, and were to produce brilliant achievements.

It is difficult to make a comparative study of the mathematics of two
completely different civilizations, because they do not have the same
intellectual background. But Chinese mathematics and Japanese mathematics used
the same language, rather than just the same Chinese characters, thus
mathematicians could understand mathematical notions easily. That is to say, if
Japanese mathematicians had Chinese mathematical books, they could have had the
same background as Chinese mathematicians. I wonder whether it is possible to
make a comparative study of them using historical method. Instead, through
studying Japanese mathematics in the 17th century, we may be able to understand
strong and weak points of Chinese mathematics in the 13th century.

" I would like to consider the case of Seki Kowa BHZEAT (16427-1708), the
best mathematician in Japan. He very probably studied Chinese mathematics, but
it is difficult to demonstrate precisely how be studied Chinese mathematies
from his biography. Because his son-in-law gambled away his post, nobody could
hand down Seki Kowa's biography. Thus we camot know exactly the nature of his
education. Therefore, I will have to try, in this thesis, to consider his

education in light of the similarity between his works and Chinese mathematics.




(2) Biographical study of Seki Kowa

Because nobody could hand down Seki Kowa's biography, we canmot even fix his
birth year exactly. He became revered as a “Sansei” Z I (mathematical sage),
and the scientific studies of his biograpy was neglected. However, since Mikami
Yoshio's = 3k (1875-1950) study *’ , there are some good studies <2,

and his biographical table™® is as follows

Seki Kowa's biography

1637? or 1642?
Born in Fujioka (now Fujioka-shi, Gumma prefecture EEEIGHERIT).
Son of Uchiyama Nagaakira pyilj7kBH (father), and of the daughter (name
unknown) of Yuasa Yoemon 5iuERf5f5FY. His other names are Sinsuke #7Bf
, Shihyé 77 and Jiyité g,

year unknown
Became a son-in-law of Seki Gorozaemon BEHBARAE.

1661
Transeribed the Yang Hui Suan Fa #HHE#: (Yang Hui's Method of
Computation) at Nara Z5R.

1663

Wrote the Kiku Yomei Sampo HUESEAAEY: (Essential Mathematical Methods
of Measures)

16727
Wrote the Ketsugi-Sho To-julsu BREREE#HG (Answers and Methods of the
Sanpo Ketsugi-Sho).

1674
wrote the Huttan Kai To-jutsu SiBCEHT (Answers and Methods of the Sampo
Huttan Kai).




In Dec., published the Hatsubi Sampo FefiEik: (Mathematical Methods for
Finding Details).

1676%
Became a retainer of Tokugawa lenobu's 7JI[ZE family.

1678
Became a Kanjo Ginmiyaku #iErstk# (auditor) of Tokugawa Ienobu's
family.

1680
In Mar. wrote the Juji Hatsumz ¥RRFEER] (Comments of the Works and Days
Calendar).
In July, wrote the Happo Ryakketsu /\M:H&sk (Short Explanations of Eight
Items).

1681
In Apr., wrote the Jujireki-kyo Risse no Ho fZMEEENIELCHE (Methods of
Manual Tables of the Works and Days Calendar).

1683
In June, wrote the Shoyaku no Ho 3E¥y<i: (Methods of Reduction),
Sandatsu Kempu no Ho EBiEE 7 (Methods of Solving Josephus
Question), Hojin Ensan no Ho JHIEEECH: (Methods of Magic Squares and
Magic Circles).
In Aug., wrote the Koku Ho AESEEE (Methods of Angles and Figures of
Japanese Algebra).
On 9th Sep., wrote the Kai Hukudai no Ho fEAREEZHE (Methods of Solving
Secret Questions).

1685
In Aug., wrote the Kai Indai no Ho fEBEE<E (Methods of Solving Conceal
ed Questions). |
Wrote the Byodai Meichi no Ho i5ERAE th(Methods of Correcting Failures
as Questions).
In Nov., wrote the Kaiho Hompen no Ho PR Ei% H: (Overturn Methods of




Solving Higher Degree Equations).

In Dec., wrote the Daijutsu Bengi no Ho FH#fT ¥~ Bk (Methods of
Discriminant).

Wrote the Kai Kendai no Ho MRRFEZ#H: (Methods of Solving Findable
Questions), Kyuseki K (Computations of Area and Volume), Kyiiketstu
Henkz So EREMEEE (Manuscript of Transformation of Spheres) and Kaiho
Sanshiki BB, (Formulae of Solving Higher Degree Equations).

1686

In Jan., wrote the Seki Tesho [HETZE (Seki Kowa's Amendments).

1697

In May, wrote the Shiyo Sampo PUEREZ: (Mathematical Methods of Computing
Four Peints on the Lunar Orbit).

1699

In Jan., wrote Temmon Stgaku Zatcho KW EEHEE (Notes of Astronomy and
Mathematics).

1704

In Nov., gave a "Sampd Kyojo" HEpfiR (Licence of Mathematics) to Miyaji
Shingord EFHEHTFER.

In Dec., when Tokugawa Ienobu became Shogun, Seki Kowa became a Nando
Kumi gashira §=#5{ (chief treasurer). His salary was 250 Pyo {& and
Jinin-buchi 10 A#% (ten retainers' salary), which was increased to 300
Pyo.

1706

In Nov., retired, and became a member of Kobushin-gumi /PNEFER (lit.

small builders group).

1708

On 24th Oct., died from a disease.

1710

The Taisei Sampo KM (Complete Works of Seki Kowa) was edited.

1712




The Katsuyo Sampo ¥EEH: (Essential Mathematics) was published.

1714
On 30th Mar., the Shukuyo Sampo TEWE5i}: (Mathematical Methods of
Constellations).

1724
Seki Kowa's son-in-law, Shinshichird B[ became Kofu Kimban FHjFE%
(member of Kofu city office).

1727

Shinshichird lost his position owing to his ganbling activities.

As above, Seki Kowa's works are quite huge, however, there are few evidences
about his education and his personal infomation. Even his exact name is not
known to foreign scholars. Now, let us consider this problem.

In Eastern Asian countries, an adult had some names, which were called “Zi"
(or "Azana" in Japanese) ZZ (alias) or "Hao" (or “Go" in Japamese) %% (pen
name) and so on. Their real name was used only in the family, “Zi" (alias) was
used officialy, thus the real name was not known to unrelated person.

In the case of Seki Kowa, his alias (“Azana") was Shinsuke 7B, and his
styles or pen-names ("Go0") was Shihyd 75y and Jiyitei ==, and real pame was
Takakazu Z£f{1. He used his real name when he published books, it was a custom
of Japanese mathematicians in that age. Thus readers did not know how “s=f"
was read.

It does not mean that the education of readers was inferior. It was a
characteristic of Japanese names. Ancient Japan had no written characters of
its own; Chinese characters were introduced in the Nara ZsB period, and not
before. Chinese characters have no element of pronunciation, i.e., they are
not phonetic signs. Tﬁarefore Japanese could read one Chinese character in
several ways of prommciation.

For example; the character of £{ (numbers) is read “Shu™ by Chinese.

Japanese imitated this sound, but the system of Japanese utterance was not the




same as that of the Chinese, thus Japanese spoke with an accent to read this
character to “Si". It is called “On" 3% (Chinese pronunciation) reading. And
this character means “number”, In Japanese it is read “Kazu", which means
“number”. This is the translation, it is called “Kun" 3l (Japanese
promunciation) reading.

Moreover Chinese culture was introduced for many years and from many
localities in China, sometimes the pronunciations were different. Thus there

are three “On" readings in Japan, basically.

Kan-on & (Han dynasty's)----1)

On & (Chinese pronunciation) Go-on 53 (Wu dynasty's) ----- {9)
So-on  KE (Song dynasty's) ---(3)
Kun 3| (Japanese promunciation) S R ELLGI IR {4)

Usually, Confucian terms are "Kan-on" reading and Buddhist's terms are “Go-
on" or “So-on" reading.

The two characters “Z2" and “F1" can be read in the followings ways:

(1) Ko (1) Ka
“ZE (2) Kyo SEM () Wa
3) - (3) -
(4) Takashi (adv.) (4) Kazofu (v.)
(Tsukaeru (v.)) (Yawaragu (v.))
(Nagomu (v.))

Therefore it is possible to read “ZF1" in nine ways.

There are some rules‘to read a set phrase, which is consisted of two Chinese
characters. If “On" reading is used for the first character, the same would
apply in reading the second character; if “Kun" reading is used for the first

character, it is also used in reading the second character. Usually *0On" and




“Kun" readings are not used together, but there is no absolute rule. Japanese
personal names are often too difficult to read.

In Japan, when there is uncertainty concerning how a name is read it is
customary to use the “On" reading to avoid serious mistake. Seki Kowa became
too famous, most Japanese mathematicians knew him only through his mathematical
arts. Thus Seki Takakazu became known as Seki Kowa. Therefore he is called
Seki Kowa in this thesis.

For Japanese mathematicians I give the original pronunciation of the real
name if possible, but sometimes I cannot read the name. Thus all nemes of
Oriental persons are given in Chinese characters, together with birth year and

death year in the text of this thesis.




(3) Similarity between Chinese mathematics and Japanese mathematics

As we considered in section 2, Seki Kowa's works are in many fields.
According to Hirayama Akira'sSE([EF (£1.1959) studies **', these are classified

under 15 categories, as follows:

Seki Kowa's works

(1) “Bosho-ho" fEErk and "Endan-jutsu” HEXf, Japanese algebra

(2) solution of higher degree equation

(3) properties (e.g., mmber of solutions) of higher degree equation
{4) infinite series

(5) “Réyaku-jutsu”" Z¥yffy, approximate value of fractions

(6) “Senkan-jutsu" HIErily, indeterminate equations

(7) “Shosa-ho" 353k, the method of interpolation

(8) Obtained Bernoulli numbers by “Ruisai Shosa-ho" SREFZERE

(9) computing area of polygons

() “Enri” [EH, principle of the circle

(i) Newton's formula by

UKylisho" 597 method f (o

12 computing area of rings
13 conic curves line
(14 “Hojin" J7f#E, magic squares, and “Enjin" [Ed, magic circle
(15 ‘*Mamakodate" ¥, Josephus question
“Metuke-ji" Eﬁ?, game of finding a Chinese character

Table 1 Hirayama's classification of Seki Kowa's works



Each of Seki Kowa's works was a great one, but most of the subjects he took

up were not his original ideas, being typical works of Chinese mathematics in

the Song

4 and Yuan j; dynasties. These are, according to Li Yan's ZE{f

(1892-1963) studies *®, as follows:

a)

b)

c)

d)

e)

f)

“Cheng-Chu Ke-Jue" Fefgidksk (verses for multiplication and division)
Yang i Sum Fa #fEsE (Yang Hui's Method of Computation)
Sumn Fa Tong Zong Fipdis: (Systematic Treatise on Arithmetic)
"Cong-Huang-Tu Shuo" HEHIERL (magic squares)
Yang Hui Suon Fo (Yang lui's Method of Computation)
Suan Fa Tong Zong (Systematic Treatise on Arithmetic)
“Shu Rum"  $ER (mmbers theorems)
Shu Sher Jiv Zhang #ES1E (Mathematical Treatise in Nine Sectio
ns)
"Ji-Shu Run" F8GH (series)
Meng Xi Bi Duan 25785535 (Dream Pool Essays)
Yang i Suan Fa (Yang Hui's Method of Computation)
Si Yuan Yu Jian P9TESE (Precious Mirror of the Four Elements)
“Fang-Cheng Run" /73254 (higher degree equations)
Ce Yum Hai Jing IE¥8E (Sea Mirror of Circle Measurements)
Star, S Jivw Zhang (Mathematical Treatise in Nine Sections)
Suan Xue Qi Meng BEEEE (Introduction to Mathematical Studies)
"He Yuan Shm" E[E# (the method of dividing the circle)
Show. Shi Li $#5fE (Works and Days Calendar)

Table 2
Classification of Chinese mathematics works and important books
in the Song and Yuan dynasties

Considering to vhich categories each Seki Kowa's work belongs in table 2, we




see that only (1) and {4 are Seki Kowa's original subjects, the others belong
to inherited Chinese subjects in the Song and Yuan dynasties, as illustrated in
table 3.

categories Seki's work
a) verse -
b) magic squares {14

c) indeterminate egs. | (5X6X15

d) series {(4X7X8X11)

e) higher degree eqs. | (2X3)

f) circles {9X10612)

Table 3

Similarity between Chinese Mathematics and Seki Kowa's Works

" In table 3, category f) describes one of the most popular subjects in
Eastern mathematics. Since the Jiu Zhang Suan Shu FLEE#Hy (Nine Chapters on
the Mathematical Arts), most mathematical books described this subject. Thus
it is not worth our whil‘e considering this origin. While category a) is one of
the most important subjects for primary pupils of mathematics, it is not
necessary to consider it in this thesis. Therefore we will consider categories

b) to e) in the pext section.



(4) Opinions of how Chinese mathematics influenced on Seki Kowa

As we considered above, there is no doubt that Seki Kowa was influenced by
Chinese mathematics. Of course, he, as the other Japanese mathematicians,
studied two popular texts, the Suan Fa Tong Zong and the Suan Xue Qi Meng. But
the min works of the former fall into categories a) and b) of table 2, and the
latter falls entirely into category e). Moreover, these are only introductions
to these subjects. Thus it is mot only these iwo books that influenced Seki

Kowa. We must consider the more important books.
But his biography is unreliable so mich so that, we cannot know even his

birth year. We have some indirect evidence about which Chinese mathematical

arts influenced Seki Kowa. We will consider this first.

(a) Opinions that Seki Kowa studied Chinese mathematics

According to chapter 5 of the Burin Inkenroku BHAEEREE (Anecdotes of
Mathematicians) by Sai Té Ya Jin P§HEFA (18c), written in 1738, Seki Kowa

discovered a difficult mathematics book in Nara ZsE, and studied it.

There was a Chinese book with Buddhistic books in Nanto E§E%
(lit. northern capital, Nara Z$E), but nobody had been able to
urderstand it. That book was not a Buddhistic book, a Confucian book
nor a medical book. Tt was not known what kind of book it was, so it
was only mended and given a sumer airing. Shinsuke B (Seki Kdwa)
knew it, and he guessed that it might be a mathematical book. He
tookvacationéandmnttonrtotobonowit. He stayed there and
sat up all night to copy it. r[‘hfs-nhebmu,sg:l'lt.:‘chishzsmd*copie;clbook
back to Edo T = (Tokyd ¥3i). He studied it day and night for
three years, at last he mastered the secrets. He became the best




mathematician in Japan ¢ .

And Aida Yasuaki ®H%ZH] (1747-1817) criticized the alleged fact that Seki

Kowa had burned this text-book in the Toyoshima Sankyo Hyorin 2 BB
(Toyoshima's Comments about Mathematical Mamual), written in 1804:

Toyoshima Masami BEIE2E (7-7) said, “Seki Kéwa was a good
mathematician but his mamner of study was poor. He burned his
mathematical text book which he found." It seems probably that he
burned the book because he had plagiarized Chinese mathematical

methods and then wrote about them as if they were his own work, @7

It had been known that Seki Kowa referred to Chinese mathematical texts
since that time. Very probably he had studied some Chinese mathematical books
that were not popularly known, and obtained certairg ideas for his own works.

Many scholars ooncluded what Seki Kowa's text book was. Here I introduce

the former opinions and would like to comment on them.




(b} Opinion concerning the Suan Xue Qi Meng (Introduction to

Mathematical Studies)

In a memorandum which is kept in Mito Shokokan ;KFE#ZZERE (Mito private
school), Honda Toshiaki ZA<BHJEH (1744-1821) concluded that the book Seki Kowa

copied was the Sum Xue Qi Meng.

Seki Kéwa was self-educated. First, he studied three
mathematicians' books, Imemmra Chishd 4441 (7-7), Yoshida Mitsuyos
hi FHHSEH (1598-1672) and Takahara Yoshitane EESfE (7-7), and he
mastered these mathematicians' strong points. He became the best
mathematician.

Then he borrowed Suan Xue Qi Meng (Introduction to Mathematical
Studies) at Kofuku-ji SUEF (K6fuku temple) in Namto, hand-copied it
and mastered "Tengen—jutsu" Kic#y (“Tian Yuan Shu" in Chinese,
technique of the celestial element). Then he continued to study

mathematics, and completed the great works. ¢*®

The Suan Xue Qi Meng is the introduction to “Tian Yuan Shu" (Technique of
the Celestial Element}; this view is directed at Seki Kowa's work in higher
degree equations. However, the Sum Xue Qi Meng was already republished in 1658
in Japan. —Hisada Gentetsu A HZH# (?-?) translated it to Japanese % ., So,
of course, Seki Kowa studied the Sum Xue Qi Meng, but it would not have been
necessary to go to Nara to find this text book. Mikami Yoshio = -3tk (1875-
1950) suggested that it was Hisada Gentetsu that found the Sum Xue Qi Meng at
Tofuku-ji  5ifE<F (Tofuku temple) in Raku % (Kydto 7iff) 1@, not at Kofuku-
ji (Kofuku temple) in Néra. Moreover the works of higher degree equations had
been realized by Sawaguchi Kazuyuki #[1—2 (?-?) 4V . Therefore, we camot
accept this evidence.




(c) Opinion concerning the Ce Yuan Hai Jing (Sea Mirror of Circle

Measurement)

Kano Ryokichi ¥ffj=Z (1865-1942) also pointed to the work of higher degree
equation, but he concluded the textbook in question was the (e Yuom Hai Jing
a2 ywhich is the speciality book about “Tian Yuan Shu” (Technique of the
Celestial Element).

It, however, was introduced into Japan for the first time in 1726 <%, so
Seki Kowa could not have read it. The fact that it had not been introduced
before 1726 is supported by the evidence as follows: the letter which Mukai
Motonari [3fcak (7-?) sent to Hosoi Kotaku HHFfpEsE (?-?), published in the

Sokuryd Higen HIEFEE (Secret Comments of Surveying) by Hosoi Kotaku, states

Trhe chapter of Chéken—jutsu HTRAF (Surveying); Some methods were
described in the Ce Yuan Hai Jing Len Rei Shi Shu U[EIMFESE5-BERMT
(Classified Methods of the Ce Yum Hai Jing ) '*, Li Sumn Quan Shu
J&E4AE (Complete Works on Calendar and Mathematics), Gou Gu Yin Meng
fIllk518¢ (Introduction to Sides of Triangle) and Stu Du Yan — BUERT
(Generalisation on Numbers) which are thereby introduced into Japan

(1% .

This evidence is very reliable because the [i Sumn Quan Shu was introduced
into Japan this same year '® . Therefore, we can conclude that the Ce Yum Hai
Jing was first known to Japanese mathematicians in 1726. Therefore we cammot

accept Kané Ryokichi's opinion.




(d) Opinion concerning the Zhni Shu & (Bound Methods)

Uchida Ttsumi (NEFAHE (1805-1882) told Okamoto Noriyoshi FEIZAHiE: (1847-
1931) that Seki Kowa's text book was Zhui S ‘'™, which is Zu Chongzhi's #Hph
Z (429-500) work, however, this work was lost in the Northern Song jh5&
dynasty.

If the Zhui Shu was extant in Seki Kowa's time, it would be the biggest
discovery in the history of mathematics in Eastern Asia. A handwritten
manuscript entitled Zhui Shu is kept at Tokyd University Library  HETkEE
£f7. It is an 1897 copy from a manuscript of Okamoto's collections, so it must
be Uchida's * Zhui Shu ". It, however, describes series, which was a very
popular subject among Japanese mathematicians only after Seki Kowa developed
Japanese algebra. Probably this MS. was forged much after Seki Kowa's time.

Thus we can not agree with Uchida's claim.
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(e) Opinions concerning the Vang fui Suan Fa (Yang Hui's Method of
Computation)

Fujiwara Shozaburdo JEEEFA=HR (1881-1946) and Shimodaira Kazuo TSEfIK (b.
1928) concluded that the book Seki kowa used was Yang Hui Suan Fa'® .

There are two pieces of evidence. The first is that Seki Kowa hand-copied
it in his youth (see section [ -2-a). The other is that the term Seki Kowa
used to refer to his treatment of indeterminate equations is the same as
“Senkan-jutsu” FiE; (tedmique of cutting tube) of Yang ifui Sum Fa.

Seki Kdwa, however, did not burn the text book he used, rather, he retained
it. And the explanmation of solving indeterminate equations of this hook is too
simple to complete Seki Kowa's works on indeterminate equations (I will discuss
in chapter T[). Thus I think that he used other text books, as well as Yang
thii Suan Fa, as sources in his development of method for solving indeterminate
equations.

Seki Kowa did not open his manuscript to other mathematicians, thus it is
worth to consider the influence of Yang fui Suan Fa for analysing his original
works. Yang Hui Suan Fa is one of the best works about magic squares. Magic
squares were a very popular subject for Japanese mathematicians, and most of
them worked on this subject. Therefore, we will have to consider the influence
of Yang Hui Suan Fa with respect to magic squares in chapter 2, in order to
determinate how Seki Kowa and Japanese mathematicians influenced the design of

magic squares beyond the treatment found in the Yang Hui Suan Fa .



(f) New Opinion: Opinion concerning the Shu Shu Jiu Zhang

(Mathematical Treatise in Nine Sections)

We introduced some opinions, but these cannot perfectly explain the
influence of Chinese mathematics (see table 4). In particular, these opinions
do not explain Seki Kowa's treatment of indeterminate equations. Some
mathematical books we have discussed above describe indeterminate equations, but
they are too simple. Therefore we will consider the subject of whether
Japanese mathematicians were influenced by Chinese mathematical arts.

Because the best and the only work of indeterminate equations in China is

Qin Jiushao's work, we will consider whether Seki Kowa's text book was Shu Shu

Jiu Zhang.

categories Seki's work Opinions of Seki's text
a) verse - (Suan Fa Tong Zong )
b) magic squares {14 Yang Hui Sum Fa?

c) indeterminate egs. (SXG.XH?) -

d) series (4X7X8X1) Zhui Shu?

e) higher degree egs. | {2X3) Suan Xue Qi Meng

Ce Yum Hai Jing

f) circles (9X1ox12 (Jiu Zhang Suan Shu)

Table 4 Opinions of Seki Kowa's text
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(*U4): See Hirayama Akira, 1959.

(*): Li Yan, 1937.

(*6) : See Nihon Gakushiin, 1954, vol.2: 1423,
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[ : THE STUDY OF EDITION

(1) The Shu St Jiu Zhang

The subjects of the text of Shu Shu Jiu Zhang #Fh#F (Mathematical
Treatise in Nine Sections) has already been studied by several scholars. The
first was Qian Baocong £ESET& (1892-1974) “*V | then Libbrecht (fl. 1973) @2
succeeded in making a diagram showing manuscript traditions. Moreover, Li Di
25l (b, 1928) 3 continued these studies; most problems were solved by these
scholars. They solved most of the problems relating to the period before the
compilation of Si Ku Quan Shu PUfiE4E (Complete Works of the Four Categories,
1789) and to the period after publication of the Yi Jig Tang Cong Shu BERFEHE

(Collection of Yijiatang, 1842). This thesis will deal with three periods
divided as below;

(1) before completion of Si Ku Quam Shu (1789)
(2) from Si Ku Quan Shu to publication of Yi Jig Tang Cong Shu (1789-1842)
(3) after publication of Yi Jiq Tang Cong Shu (1842)

Now, I cannot add to what has already been said about era (]) and era (3), so
I will summarize the former studies and answer two remaining problems

concerning era (2). After discussing this point, we will consider whether the
Shu. St Jiu Zhang was introduced into Japan.



(a) Before compietion of the Si Ku Quan Shu

The Shu Shu Jiw Zhang was written by Qin Jiushao in 1247, but at that time
its name was Shu Shu Da Lue BffKEg (literally, Outline of Mathematical Art)
=4 - which had nine chapters or Shu Xue Da [ue $EBAXNE (literally, Outline of
(hinese Mathematics) *® . The art of printing was already invented in that age,
but it was not published.

In 1421, in the Ming Bf dynasty, thousands of books were transported frou
Nanjing Fg5L to Beijing Ji5L, the new capital. A version of this work was
included, then it was kept at Wenyuange B (Wenyuan building) in the
Palace. This copy was probably the version copied into the Yong le Do Dian 7k
2ol (Great Encyclopaedia of the Yongle Reign-period, 1403-1408). Its name
was changed to Shu Xue Jiu Zhang #2213 (in literally, Nine Chapters of
Chinese Mathematics), which had three volumes *® comprising eighteen chapters.

But the Yong Le Da Dian was the emperor's personal encyclopedia;
mathematicians and other scholars could not read it.

In the Wanli EiJF period (1573-1620), the war period between China, Korea
and Japan (1592-3, 1597-8), Wang Yinglin F[#E:%& (1545-1620) *7" made a
manuscript copy from the Wenyange text, then Zhao Qimei #FH3E (1563-1624) <+®
recopied it by hand in 1616 *® . The name was changed again to the one used
today, Shu Shu Jiu Zhang (Mathematical Treatise in Nine Sections), which has
eighteen chapters. This is one of the most important versions, and is usually
called the “7hao Qimei version".

Qian Zeng &6 (1626-1701) ¢'© probably had a copy of this version !, then
this book was kept by Zhang Dunren 7E3{_ (1754-1834) ¢ 2 13 | but he did not
open it to the public, he only commmicated it to Shen Xinfei rgk3E (19¢),
his disciple (see sectioﬁ I-1-¢).

A poet, Qian Qianyi &ERRIT (1582-1664) 1%, recorded Shu Shu Jiu Zhang in
his personal book catalogue, and it was a nine chapters version “® . No

further details are known.



{b) From completion of the Si Ku Quan Shu to publication of Vi Jia
Tang Cong_Shu

In the Qianlong &% period (1736-1795), in the Qing 5 dynasty, a big
project was executed; the vast collection, Si Ku Quan Shu , was edited. Dai
Zhen 2 (1724-1777) '® made a manuscript copy of the Shu Xue Jiu Zhang from
the Yong Le Da Dian, which had nine chapters because he conflated two chapters
of the Yong Le Da Dian version into one new chapter, that is, he reestablished
the original structure (chapters). It was usually called "Guan-ben" fg4<
(literally, [Si Ku Quan Shu's] official book).

The name and numbers of chapters of the main versions are as below;

version name chapters
original Stu St (or Xue) Da lue Pl (88) KB& 3
Yong Le Da Dian  Shu Xue Jiu Zhang PE S 18
Zhao Qimei Shu St Jiu Zhang HEAE 18
Guan-ben Shi Yue Jiv Zhang WENE 3

The “Guan-ben" was widely current among mathematicians in the Qing dynasty,
and “Zhao Qimei version" was also read. It is therefore difficult to know the
correct filiation path to follow. The study of this era is much indebted to Li
Di. We explain the outline of his conclusion have.

Kong Guangsen f&# (1752-1786) ™ was from the same town as Dai Zhen, so
he obtained “Guan-ben" from him and studied it ©® .

Li Huang Z=p% (d. 1811) '®> took part in editing Si Ku Quan Shu, so he
must have had “Guan ". Then Zhang Dunren (1754-1834) obtained this version,
and studied “Da Yan Zong Shu Shu" K& 8t (The General Dayan Computation).
He wrote Jiu Yi Sumn Shu K—E4fi (Mathematics Searching for One, 1803) based
on this version of Shu Xue Jiu Zhang 9.

One of the most important persons in restoring our knowledge concerning the




filiation of these books was Li Rui Z=@f (1768 2" -1817) (see his biography).
He was friendly with Jiao Xun ££fF (1763-1820) 22’ and Wang Lai ¥z (1768-
1813) 2% | These three mathematicians obtained different versions, and
discussed what the true method of Shu Shu Jiu Zhang was.

Li Rui obtained a handwritten copy from Gu Qianli FHTE (1770-1839) @¢® |
this manuscript was owned by Qin Enfu ZEBH (1760-1843) 2% 26 but we cannot
know which version it was.

Li Rui obtained the "Guan-ben" from Zhang Dunren *™ , too.

Moreover, Li Rui obtained one more “Guan-ben" from Qian Daxin $gkfir (1728-
1804) <2® . Li Rui based his version on this book, and made “Li Rui's
manuscript”. It is now kept at Seikadd Bunko Fp3Z#2 ([ (Seikadd Lib.) in
Japan. Qian Daxin's annotation about the question 2 of “Gu Li Kuai Ji"HEEER
(the accumulated years from the epoch of old almanacks) in chapter 2 (or
chapter 1 part 2, because this version is “Guan-ben" so it has nine chapters)
was written on 10th Feb. 1798, according to this book. Then Li Rui added his
amotation, and made this manuscript. Jiao Xun added comments in red ink. But
only two volumes remain of this manuscript, as far as chapter 6 (chapter 3 part
2) p.13, that is, question 2 of “Huan Tian San Ji"BEH =#5 (square of three
loops), which later has been lost.

"Li Rui's manuscript” was used in editing Y{ Jia Tang Cong Shu, then Lu
Ximyuan [eigE (1834-1894) had kept it 29 .

According to this evidence, we solved two remaining problems concerning
which origin of “Li Rui's manuscript” was ©¢® | and which versions Lu Xinyuan
had ©U,

Wang Xuanling T3 (?-?) handcopied “Li Rui's manuscript”, and the book is
now kept at Bei jing Tushuguan JERiEEME (National Lib.) @2 .

Fhen Jiao Xum eonmmfed on “Li Rui's manuscript”, Jiao Xun probably referred
to the other versions. We know that it is one of the “Zhao Qimei versions"”, as
Jiao Xun wrote the foreword, then Li ShengduoZ=m¥4E (?-?) obtained it. It is
‘kept at Bei jing Daxue Tushuguan JLETXCEEZAT (Beijing Univ. Lib.) now.

—-31-




Jiao Xun did not only keep the book, but also studied Shu Shu Jiu Zhang,
then wrote Dg Yan Jiu Y1 Shu Ki7K—#; (The Method of Searching for One of
Dayan Rule), which has one chapter, and Jiy Yi Gu Fa 3k—&#E (The 0ld Method
of Searching for One), which are kept at Bei jing Tushuguan (National Lib.).

The other historical materials are fragments.

The version of the Shu Xue Jiu Zhang that Sun Xingyan FREfT (1753-1818)
kept probably came from the Yong le Da Dian, because it bore the title Shu Xue
Jiu Zhang and had eighteen chapters <9 . '

Zhou Zhongfu fE 15 (1786-1831) also copied the book of “Wenyange" hy band,
but the detail is not known % |

Luo Tengfeng BRIEME, (1770-1841) studied St Shu Jiu Zhang ©9 .




(c) After publication of the Vi Jig Tang Cong Shu

“7hao Qimei version", which was treasured by Zhang Dunren, was communicated

“to his disciple, Shen Xinfei ', then it was obtained by Song Jingchang KEE

(2-7) 6,

Li Chaoluo ZJKi% (1763-1841) also retained a “Zhao Qimei version”; Song
Jingchang later obtained it ©% |

Li Rui's manuscript was commumnicated to Mao Yuesheng =Efgr () 4 (1791-
1841), and it was also obtained by Song Jingchang.

That is, Song Jingchang obtained at least three versions and established a
definitive version. His manuscript was then published by Yu Songnian ##AdE
(?-?) in 1842. This is the Y{ Jia Tang Cong Shu version. At the same time,
Shu Shu Jiu Zhang Zha j1 HEHZFAGE (Impressions of Mathematical Treatise in
Nine Sections), written by Song Jingchang, was published. It was the first
printed version and the best version.

Then Zou Anchang &8 (7-?) corrected it, and published Gu Jin Suan Xue
Cong Shu HEHEREE (1838) |

The Yi Jia Tang Cong Shu edition was republished in a movable type printed
version in 1936, in both Cong Shu Ji Cheng Chu Bian FEEHERZFER edition and
Guo Xue Ji Ben Cong Shu BIEEHAK3EZE by Wang Yunwu E=F (20c). These
editions are currently in general circulation.

Moreover, Si Ku Quan Shu was published photographically in Taiwan & from
1984 to 1988, and is now generally available.




(d) Conclusion to section [-1

If Seki Kowa BT (16427-1708) was influenced by Shu Shu Jiu Zhang,

it must have been introduced into Japan by the end of the seventeenth century

39 very probably during the Korean War. Probably the control of the Yong

le Da Dian became loosened, so Wang Yinglin would have had the chance to copy

it. I think there were not only Wang Yinglin's but also Zhao Qimei's
manuscripts in circulation.

But no trace of the “Zhao Qimei version" (or * Yong le Da Dian version” and
“Wenyange version") has yet been discovered in Japan. The oldest version in
Japan today is the Yi Jia Tang Cong Shu versiom ¢’ . This version was
published in 1842, more than 130 years after Seki Kowa's death.

In Tohoku Univ. Lib. IE{LAEEZERE, there is a manuscript version of Shy
Shu. Jiu Zhang with eighteen chapters. This indicates a “Zhao Qimei version” or
a "Yi Jia Tang Cong Shu version”. But, to our regret, we cannot know when it
was copied, so we cannot conclude which versions it is. However the evidence
described below, dated in 1840, .shows the improbability that any versions of
Shu. Shw Jiu Zhang before the Yi Jia Tang Cong Shu version were introduced into

Japan.

Qin Jiughao was a skillful (mathematician) and Zu Chongzhi i
(429-500) was a meticulous (mathematician), they could be called
those who knocked on the door of mystery. “D

We cannot tell whether Japanese mathematicians obtained Shu Shu Jiu Zhang
itself, however this material shows that they had some information “? about Qin
Jiushao at least by 1840, two years before the publication of Yi Jia Tang Cong
Shui.



(2) The Yang Mui Suan Fa

The studies of editions of the Yang Hui Suan Fa #HHfEH: (Yang Hui's Method
of Computation) began from Mikami Yoshio's = EFz&k (1875-1950) study “% .
Li Yan 25 (1892-1963) discussed Yang Hui Suan Fa in his books and articles
“4 - Yan Dunjie gEfst (d.1989) analysed Yang Hui's books and techonical terms

45y Kodama Akio's JEERHA (f1.1966) works “® will be often quoted in
this thesis. Lam Lay-Yong's BEFE%E (f1.1977) work “™ is one of the best
studies in English. However, the study of the editions of the Yang Hui Sum Fa
is still incomplete. 1 use these works and newer works “® and will make
diagrams to show the transmissions of various versions in the forms of
manuscripts and books.

The Yang Hui Suan Fa is the collective name for a collection of three
mathematical books written by Yang Hui #8#§ (£1.1274-5). These are Cheng Chu
Tong Bian Suan Bao FefeBBMEE (Treasure of Multiplication and Division —
three chapters, 1274), Tian M Bi Lei Cheng Chu Jie Fa HRHESRIREEM: (Fast
Method of Multiplication and Division in Field —two chapters, 1275) and Xu Gu
Zhai Qi Suon Fa #&5FEaTEN: (Continuation of Ancient Mathematical Methods for
Elucidating the Strange— two chapters, 1275). These books were published
during the tumaltuous time when the Southern Song FjZK dynasty was close to
oollapse, and the original editions are lost.

The most widely circulated editions of these works are those contained in
Zhi Bu Zu Zhai Cong Shu XA REHEE (Works of the Library of Zhibuzuzhai)
published in 1814 and Vi Jia Tang Cong Shu FRREEE (Works of the Library of
Yi jiatang) published in 1842. But the latter covers 6 volumes of Yag Hui Suan
Fa 's total 7 volumes and does not cover the first chapter of Xu Gu Zhai Qi Sum
Fa . And the former co\./ers only half of this chapter.

As a result, there are two versions of Xu Gu Zhai Qi Suan Fa, vhich are the
Yi Jia Tang Cong Shu edition in the Qindetang Hjfik family of edition and the
edition the Zhi Bu Zu Zhai Cong Shu in the Yong Le Da Dian k3Kt (Great




Encyclopeadia of the Yongie reign-period) family of edition. Therefore, we can

understand which versions Japanese mathematicians used by researching contents

of vol.1 of Xu Gu Zhai Qi Suan Fa. Let us consider these two versions in this

thesis.
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(a) Versions of (indetang press family of edition

In 1378, in the Ming dynasty, a mathematical text was published by
Qindetang fjffiir at Hangzhou £iff{. This was most likely the first publication
of a collection of three books, Cheng Chu Tong Bian Suan Bao, Tian Mu Bi Lei
Cheng Chu Jie Fa and Xu Gu Zhai Qi Suan Fa. The book was named Yang Hui Suan
Fa in reference to the author's name. This edition was later destroyed, but it
was republished in Korea nearly half a century later, so we know its contenis.

It is not known how Yang Hui Suan Fa was introduced into Korea, but the Ming
dynasty and Yi == dynasty were on friendly terms, so it was probably introduced
as a diplomatic gift. However, as trade grew in the Ming dynasty, especially
at Hangzhou and in southern China, it was possible that Yang Hui Suan Fa was
introduced by commercial trade. |

In 1392, Yi Sung-gye =ZEpGkE (reign 1392-1398) founded his kingdom because
the influence of Mongolia which had helped Koryo EjE had been removed. In the
15th century, Se-jong {H%Z (reign 1456-1468) ascended to the throne. He
wanted to develop culture, so many government enterprises were set up with this
aim in view. In particular, printing technology using movable copper type was
developed; many classical texts were republished in this era. Mathematics was
no exception “% : Yang Hui Sumn Fa was republished on 25th August, in the 15th
year of reign (1433). According to the Se-jong Sillok tHE52E$F (History of the
Se-jong Reign) of Yijo Sillok Z=Esk (History of Yi Dynasty in Choson)

The Kydngsang-do Kamsa BEjMEER] (governor of Kyénsang-do)
republished one hundred copies of Yang Hui -Suan Fa (Yanghwi Sanpdp)
and sent them to the king; they were distributed to the Chiphtnion £
#% (ivisory Bady), Fojo U (civil adninistration), Soum'geen
Z# (Royal Cbservatory) and Stpsan'guk HEF (school of mathematics),

%5 0)




Kyong-ju BE{{ is one of the most famous places where paper was produced, so
many books were printed there.

This edition is the best of Yang Hui Suan Fa up to the present; it is still
found in Korea, Japan and China.

In Korea itself, it was in the Yi Royal Library Z=THEEME Y before the
Second World War. Yang Hui Suan Fa was sent to the king, as we have seen, of
course it was the Korean edition.

In Japan, four books are confirmed 52 .

Two books are preserved in the Library of Tsukuba University HiirAEEEN
and one vas republished in 1966 by Kodama Akio. These two books were plundered
during Bunroku-Keichd no Eki iEEE D% (the Hideyoshi (M) 357 War) in
1592 and 1597. This is shown by the fact that they have the seal of “Yoanin"
F&4ke, otherwise known as Dr. Manase Shorin gipg¥iEHk (1565-1611), who was
the physician of Ukita Hideie F=E2 55 (1573-1655) 3, Comuander of Japanese
troops ¢4,

The other book is to be found in the Sonkeikaku Bunko BRI 7[E % which
was founded by the Marquis Maeda ﬁ’ﬁ[}ﬂl family. This book gathers three prefaces
of Yang Hui Suan Fa moved from original place and inserted before the text.
Maeda Toshiie §THF[ZH (1538-15993) ©© worked as a supply officer in the
Hideyoshi War, so probably it was also introduced during this War.

The text found in the Kunai-chd Syorydo-bu HHNFEPEES (Library of the
Imperial Household Agency) is in good condition. At first glance, this book
does not look like one published 500 years ago. The first page of this book has
the seal of “Kanzanbydei®™ gRI[#i75, "Nam-Kwung Si Hwu" FFZEE (?-?) and
"Saeki-ko Mori Takasue, Azana Baishd Zosho Kaka no In" {{SEEfSE IS
#lZF1 (the seal of the collection of the Marquis Saeki, Mori Takasue, also
knowvn as Baisyd (1755—1§01)). We do not know even which nationality NamKwmg
Si Hwu was, because Nam-Kwung (Nangong in Chinese, Nangii in Japanese) is a
common surname in Korean, Chinese and Japanese. Then it was obtained by Mori

Takasue. And Mori Bunko FEF[3(JE (Mori's collection), were presented to Shog




un Tokugawa Ienari fi£)I|Z 7 (reign. 1787-1837) by Mori Takayasu EF|ZiH
(1795-1852) in 1827.

In China, there was only Mao Jin's FE¥E (1598-1652) text which will be
described below, so there was no complete version in the Qing dynasty.

However, Yang Shoujing #<F# (19¢) visited Japan in 1880, and bought the
Korean edition 7. Then this book was placed in the Beijing National Library
JbEEAE 8, and now it is in the Library of Taiwan Gugong Bowryuan ZE&tfie=r
[beEEAE. But the condition of the print is mech worse than the text of the
Kunai-ché Syoryo~bu in Japan, I suspect that this book was republished in Japan
at the Edo yT= period using the technique of “Okkabuse" 7 -#fd ©9 , or that
the original copper blocks was brought from Korea, then printed in Japan.

Before Yang Shoujing, there were no Korean editions in China, but only the
text hand-copied by Mao Jin and preserved in his library, Jiguke {R&#pg.
However, this book lacked chapter 1 of Xy Gu Zhai Qi Suan Fa. This book has
the curious feature, that the characters of *“chapter 2" have been painted over
by white ink, so I wonder whether Lu Xinyuan took chapter 2 away intentionally.

Moreover this book was not known, so it was not copied into the Si Ku Quan
Smi. It was later acquired by Lu Xinyuan [ECME (19¢) €9 at his library of
Shiwanjuanlon -E#&HL (the Library of One Hundred Thousand Books), and it now
preserved in the Seikado Bunko #iEZdr i (Seikado Library) in Japan.

In 1814, Huang Pilie FAFI (1762-1825) ¢V found this book in the Jiguke
and He Yuanxi {ing} (19¢) 2, who was a subordinate of Ruan Yuan Pgjc
(1764-1849) (see his biography), hand-copied it. However, this book had many
errors, so Ruan Yuan extended an invitation to one of the most famous
mathematicians in this age; Li Rui Z=&i (1768~1817) (see his biography) and
asked him to correct this text which Huang Pilie found. The result was the Bai
Song Yi Chen g%—g@ version.

Li Rui finished collating on the 10th of October in that year. Then this
book probably became the Yong Shi Suan Fa #EEH: (Mr. Yang's Method of
Computation), one of Wan Wei Bie Zan %3ZERIx% (Another Complete Works of Si Ku




Quan Sta) series. We must pay attention to the fact that this name is Yang Shi
Suan Fa mot Yang Hui Suan fa. Why did Ruan Yuan, who was the editor of Wan Wei
Bie Zan choose this name, though he had probably already heard the name Yang Hui
Suan Fa ?

The Wan Wei Bie Zan edition, in which chapter 1 of the Xu Gu Zhai Qi Suan
Fais missing is the same as Mao Jing's edition. And Ruan Yuan had already
gotten chapter 1 of Xu Gu Zhai Qi Suan Fa from the Yong Le Da Dian , which will
be described in the section [-2-b. Therefore, he knew Wan Wei Bie Zan 's
version was not complete, so that may be why he chose this new name.

This edition was proofread by Song Jingchang R&EE (19¢) ¢4 on 17th July
1842. It was published by Yu Songnian #ME (19¢) % in May 1842, in the Y;
Jia Tang Cong Shu which is the most popular edition. This manuscript is
preserved in the Zhongguo Kexueyuan Ziran Kexue-shi Yanjiusuo Tushuguan &l
B AR EEZME (the Library of History of Science Institute,
Academia Sinica).

Some Korean editions were introduced into Japan, but all of them were
collected by the Daimyd £z (feudal lords), so Japanese mathematicians had no
chance to study them. Seki Kowa B§22f1 (1642?-1708), however, hand-copied a
Korean edition in 1661. This manuscript is no longer extant but Ishiguro
Nobuyoshi HE{FH (1760-1836) %, a mathematician of the Seki School Bf#%,
copied it by hand and his manuseript remains at the Koju Bunko Efi g at
Simninato, Toyama ZE[[(E%E#Es, Japan.

This edition corrected the disorder in pagination of Xu Gu Zhai Qi Suon Fa
in the Korean edition, so it is one of the most important reference editions
when correcting the Korean edition, but it contains so many mistakes, that it
cannot be said to be the best edition.

Mikami Yoshio copie(i it by hand and sent to Gakushiin £-4f% (Japanese
Academy) and Li Yan. Ogura Kinnosuke /\&£:2Bj (1885-1962) also copied
Mikami's MS by hand, but it was only chapter 1 of Xu Gu Zhai Qi Suan Fa, now it
is kept at Waseda University Library BEfiHAEEEAE.




Li Yan proofread it mimutely. It remains at the Zhongguo Kexueyuan Ziran
Kexue-shi Yanjiusuo Tushuguan ™ . About 1926, Qiu Chongman FEph& (fl. 1926)
% jnserted three pages of the preface and contents of Tian My Bi Lei Cheng
Chu Jie fa and Cheng Chu Tong Bian Suan Bao, twenty-one pages of the preface and
contents and three pages of the text corrected by Seki Kowa of Xy Gu Zhai Qi
Suan Fa, into the Yi Jia Tang Cong Shu edition, and made a “Bai Na Ben" Pg3jAs
(lit. hundred patches edition, composite book) which is preserved in the

Thejiang Library HTEES&.
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(b} Versions of the Yong le Da Dian

In 1408, the sixth year of the emperor Yongle's reign, he ordered scholars
to edit the great encyclopedia, Yong le Da Dian, comprising the astonishing
number of twenty-two thousand chapters —even its contents also spanned sixty
chapters —collected in seven or eight thousand books. The part on mathematics
consists of chapters 16329-16364, thirty-five chapters. Xu Gu Zhai Qi Sum Fa
was the only material from the Yang Hui Suan Fa copied into this collection.

One more copy of this book was made in 1562, but some parts of both books
were lost during internal disturbances at the end of the Ming dynasty, Chinese
scholars could not restore it to its original state.

In the early Qing dynasty, scholarly work was done using the Yong le Da
Dian, the most famous work was editing Si Ky Quan Shy in 1782. Thus some parts
of the Yong Le Da Dian are preserved in the §i Ku Quan Shu. But, in the
disorder of the end of the Qing dynasty, most of the Yong lLe Da Dian was lost.
Only seven hundred volumes remain in the world. Of the mathematical parts,
only chapter 16343 and 16344 remain in the Cambridge University Library.

Before this loss, some of the mathematical parts had been copied out by
hand. Parts of first chapter of the Xu Gu Zhai Qi Summ Fa are collected in the
Zhi Bu Zu Zhai Cong Shu series 27, which also has the other two mathematical
books.

The Zhe Jia Sum Fa 3EXKEH: (Records of Mathematical Methods and Prefaces
of all Schools, one volume), which had been owned by Mo Youzhi BEji% (1811-
1871) was found by Li Yan in 1912. The texts of Yu Gu Zhai Qi Suan Fa in Zhi
Bu 7Zu Zhai Cong Shu and in the Zhu Jia Suan Fag are not complete but they have
much significance as historical materials because Yi Jia Tang Cong Shu lacks
chapter 1 of Xu Gu Zhai Qi Suan Fa and the lost material remains in these books.

Zhi Bu Zu Zhai Cong Shu series 27 are from chapter 16350-16264 of Yong Le Da
Dian, while Zhu Jia Suan Fa are from chapter 16361-16364 of it % .

We will now consider the date of copies of the Zhu Jia Sumn Fa.




Before the Si Ku Quan Shu was compiled in 1782, even high officials had
little chance to sce Yong leg Da Dign under the Qing dynasty’'s control. Then the
project of editing Si Ku Quan Shu was started. Yong Le Da Dian was used
intensively because it was the most important source for collection purposes.
Therefore few people had a chance to see the Yong Le Da Dian apart from the
editors of the Si Ku Quan Shu PUEE4SZE. It was very difficult for even
editors to refer to the Yong le Da Dian privately. They could only refer to the
part related to their work. Yang flui Suan Fa was not collected into Si Ku Quan
Shu, thus Zhy Jia Suan Fa, which is including Yang Hui Suan Fa ., probably was
not copied at this stage. After edited Si Ku Quan Shu, the control of Yong le
Da Dian became a little loose. Members of Hanlinyuan #bkf: became able to gain
access to it. Thus the oldest limit of the copying of Zhu Jia Summ Fa must be
in 1782.

We can guess the latest limit considering the contents of Zhy Jig Suan Fo.
That is to say, it is the same question as the Zhi Bu 7Zu Zhai Cong Shy series
27. They both are not only the same question, but also list the same order.
Thus it is certain that the editors of Zhi Bu Zu Zhai Conmg Shu referred to Zhu
Jia Suan Fa. Therefore we ought to conclude that Zhu Jia Suan Fa was copied
before Zhi Bu Zu Zhai Cong Shu. was published in 1814.

There is only historical evidence to contend with in the short period from
1782 to 1814; “Yang Hui" section of the Bu Chou Ren Zhuan #i#SAfH (Supplement
of Biographies of Mathematicians and Astronomers) on Yi Jia Tang Cong Shu

edition of Yong Hui Suan Fa says:

In 1810, I (Ruan Yuan) became a scholar of Hanlin #yfkE81-,
researcher of Wen Ying Guan WFFEAEHESH 9. I copied one hundred and
more questions of Yang Hui Zhai Qi #5¥ERET and (blank of four words)
and the others from Yong le Da Dian.

We know of no other person who copied from the Yong g Da Dien. 1In addition




to this, Mo Youzhi, the first owner of Zhy Jig Suan Fa, had a connection with
Ruan Yuan. Mo Yuchou EfH{E (18c), the father of Mo Youzhi, obtained Jinshi

#t+ (the doctoral degree) in 1799, and the vice-president of the Hui Shi &3
(examination which is held by Li-bu &% (National Personel Authority),
virtually the final examination) was Ruan Yuan (the president was 7hu Gui 4EE
(18¢c)). In Chinese custom, the examiner was regarded as the teacher because he
gave candidates their status, making a teacher-student relation. I wonder if
Mo Youzhi had a chance to get Zhu Jig Sum Fa from Ruan Yuan "V . Therefore,
we have good reason to believe that 7hy Jia Sum Fa was copied by Ruan Yuan.

Zhu Jia Suan Fa, which remained at the Zhongguo Kexueyuan Ziran Kexue-shi
Yanjiusuo Tushuguan, lacks the record of this book and preface, and contains
only fifty-six questions. So is it not possible that this book is vol.2 or 3
(last volume) of the original book? If so, it is in accordance with the
statement that Ruan Yuan recorded one hundred questions ‘"2’ and no preface.
Because if the extract from vol. 16350-16364 of Yong Le Da Dian, which is Zhi
Bu Zu 7hai Cong Shu 's part, comprised one hundred questions, Zh Jia Suan Fa
which extracts from vol. 16361-16364 of Yong le Da Dian would comprise fifty-
six.

Then Zhy Jia Suan Fa was copied by Qiu Chongman and remain$ at the Zhejiang
province Library.

It is no doubt this mamuseript of Ruan Yuan which we call Zhy Jia Suan Fa
was sent to Jiang Fan yT#E (18c) % who was an assistant of Ruan Yuan, and
Jiang Fan proofread it. Then it was probably proofread by Ma Yigen LR (19¢)
and became Zhi Bu 7Zu Zhai Cong Shu because the editor of it, Bao Yanbo HifiE{®
(19¢) “* was also on the staff of Ruan Yuan when they % edited Si Ku Wei
Shouw Shu Mu Ti Yoo PUEEREEEIREE (Catalogue of Uncollected Books of Si Ku
Quan Shu) -




(c) Conclusion to section [-2

The version of Zhi Bu Zu Zhai Cong Shu was covered by Ruan Yuan and his
staff. All versions in China were created by Ruan Yuan. Yang Hui Suan Fa was
not collected in Si Ku Quon Shu, and would have been doomed to extinction had it
not been for the activities of a genius, Ruan Yuan, who obtained “Jin Shi" (the
doctoral degree) at only twenty-six years old. Thus we can read Yang Hui Sumn
Fa now.

However, Japanese mathematicians in the Edo period did not use Ruan Yuan's
works. They used the Korean editions directly. And I wonder whether Yang Hui
Suan Fa was republished in this age? The reasons are as follows.

Firstly, some Japanese mathematicians studied it. Nozawa Sadanaga HREFEE
(17¢c) ' referred to Yang Hui Suan Fa. He tried to make a 19 degree magic

square 77, but he failed, and commented;

I could not find the method. Tt was not described in Yang Hui
Suan Fa % .

The works of Sawaguchi Kazuyuki f[—2 (17c¢) "9, about higher degree
equations were influenced by Yang Hui Suan Fa ©%.

Seki Kowa copied Yang Hui Suan Fa by hand, so he had not had the original
Korean edition itself. Therefore he borrowed Yang Hui Suan Fa, but Shogun's ji§
F U Library, Momi ji-yama Bunko XT3E[[3¢ji and Shogun's school, Shoheiké B
#, did not include it 2’ because Tokugawa Ieyasu /| (1542-1616) ¢,
who was the first Shogun of the Edo period, did not attend the Hideyoshi War.
The possibility of Seki Kéwa borrowing from his teacher ‘%4’ | Sawaguchi
Kazuyuki is the strongesf.

Secondly, the printing quality of the Korean edition of Yang fui Suan Fa was
excellent. However some books are faulty, moreover they had no official seal.

I think these books were republished editions.



In any case, it is certain that Seki Kowa studied Yang Hui Suan Fa. But
that book was not publicly available, so it was difficult for the other
Japanese mathematicians to study it. If Seki Kowa studied Shu Shu Jiu Zhang,
the situation would be the same as the case of Yang Hui Suan Fa. Therefore, we
will consider how Seki Kowa referred to Yang M1 Suan Fa in chapter [ before
considering the influence of Shu Shu Jiu Zhang on him. The most important work
of Yang Hui Suan Fa must be the method of making magic squares, thus we wiil

focus on magic squares.
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of Chinese Books in Japan, 1881). Guangwen Shuju fEEE edition, vol.2:
493-9.

(58): Li Yan, 1933, 1954; wl.2: 60.




(59) : Okkabuse was one of the popular techniques of republishing in that age.
One book was sacrificed to make a newer printing block. Each page was
wetted and reversed, then put on a wood black and cut with original paper in
place to make printing block. Wet paper was somewhat larger than dry
paper, so the republished edition is a little larger than original ane.

(60): His other nanes were Gangfu  Fff, Qianyuan ¥ and Zunzhai {77, MWes
born at Guian §f%4 (now Huzhou, 7heliang province #il&ily) in the Qing
dynasty. He obtained Juren 8 A (mester's degree) in Xianfeng % reign
(1851-1861), then he became FulJian Yanyunshi {5EtE§#{# (Transporter of
Salt in Fujian province). Lu Xinyuan collected lots of books; his Song and
Yuan dynasties books were preserved in the Pi Song Lou GRS (the Library
of two hundred books in the Song dynasty), his hand-copied books were
preserved in the Shi Wan Quan Lou -{-### (the Library of One Hundred
Thousand Books), the others were preserved in the Shou Xian Ke SF4ERJ (the
Library of Keeping Antiquity). Most of them were collected from Yi Jia Tang
(see note 57). After his death, most of his books are preserved in the
Seikado Bunko in Japan now. He published Shi Wan Quon lou Cong Shu &%
L (Complete Works of the Library of One Hundred Thousand Books) in
1879, and wrote Pi Song Lou Zang Shu Zhi [OARAERKEL (Catalogue of the
Library of two Iundred books in the Song dynasty) and Yi Gu Tang Ji R
#£ (Songs of Yi Gu Tang) (Zang Lisu, 1921: 1114).

(61): His other names were Shaowu fER, Reopu Z5f], Fuweng {745 and Ningsongjus
hi {1+, He was born at Wuxian HE% (now Suzhou, Jiansu province TEF

| &%) in the Qing dynasty. Hueng Pilie became Ferbu Zhushi 4}§a:85 (6th
grade 7<) - He obtained Juren FEA (mester's degree) at Qinglong &
reign (1736-1795). His library's name was Bai Song Yi Chan FHHR—E.
(Zang Lisu, 1921: 1é29).

(62): His other names were Menghua #53%, Jingzhi ##l and Huiyin ##pg. He
Yuanxiwas born at Qiantang &8 (now Hanzhou, Zhejiang province HRTEREH
#H) in the Qing dynasty. He became Zmibu % (secretary, 9th grade IEh




) (Zang Lisu, 1921: 285).

(63): However, there were no records about Yang i Suan Fa in Bai Song Yi Chan
Shu Lu HAR—BEEESE: (Catalogue of the Library of One Hundred Books in the
Song Dynasty) or Bai Song Yi Chan Fu ER—EM (Songs of the Library of
One Hundred Books of the Seng Dyrasty).

(64): His other name was Junmian FEfi. Song Jingchang was borm at Jiangyin T
i (now Jiangyin, Jiangsu province ITH#FEBRMHBXITIANE) at the Qing
dynasty. He became Xian Xuesheng J{‘ﬁ@f_—%& (post graduate student). He
proofread some mathematical books in the Yi Jia Tang Cong Shu. He wrote
Xing Wei Ce Liang E#HIE (celestial surveying). Qing Shi Gao &5EHa
(Manuscript of History of the Qing Dynasty), CHSJ, vol.dl, p.13416.

(65): His other name was Wanzhi #EH;, Taifeng . Yu Songnian was born at
Shang Hai k¥ in the Qing dynasty. He obtained En Gengsheng BE4
(Bachelor emeritus). He founded Yi Jia Tang B % (the Library of good
agriculture) (Zang Lisu, 1921: 718).

(66) : Mathematician of Seki K&wa's School. His other nanes were Téemon — HEffg
g and K6ju &4f. Ishiguro Nobuyoshi was born at Shinminato, Toyama
prefecture, Japan &l

(67): Then a microfilm was made from it, and it wes sent to The Needham Research

‘ ﬁstiwte, Cambridge. Using this microfilm, Lam Lay-Yong B completed
the English translation of Yang Hui Suan Fa.
(68): His other name was Han Xing ##. Qiu Chongman was born at Sheng-xian,
‘Zhejiang province MWL REE in the Mingguo ELE period. He collected
three hundred msthematical books, which now remain in the Zhejiang Province
Library H#riiT#E®EE, in the room known as Shuangxiaoshi s (Double
Cries Room). He wrote “Zhong Guo Suan Xue Shu Mu Hui Bian" wEstsHE
iR (Mathematical Catalogue in China) in Qing Hua Xue Bao THEEERR (Journal
of Qing Hua Univ.) 1926-1: 43-92.

(69): Yan Dunjie, 1987.




(70) - Ruan Yuan, who was the governor of Zhejiang #iiiT:&#E (Governer of Zhejian
province), dispatched Liu Fenggao @E3E (19c), who was the head of the
Education department of Zhejiang province #iil Z2H3EE to be president of
Ningbo Examination for the master degree EHHE{E# on 20th Aug., 1809.
However, Liu Fenggao did not have the award licence, moreover, dishonesty
occurred, therefore Ruan Yuan was relegated to the rank of Hanlin Xueshi #; -
&+ (scholar of Hanlin) (Section Gengxu B (17th) of 8th month in
1809, Chapter Jiaging Benqi FBEA#C (Records of emperor Jiaqing) on Qing
Shi Gao #SEF (Manuscript of History of the Qing Dynasty), ZHSJ vol.3:
597). But, therefore, he had a chance to research the Yong le Da Dian.

(71): Mo Yuchou Ega{Z (was born in Deshan il at the Qing dynasty. His other
names are Youren A, Jiefu £, Mo Yuchou became Zunyi Fuxue Jiaoshou
HMSEAFEETS (Professor of Zunyi—fu Univ.) (Zang Lisu, 1921: 1027)), and
took appointment of Hanlinyuan Shujushi ##kfEHEE+ (Fellow of
Hanlinyuan). So he also had a chance to see the Yong Le Da Dian himself, we
cannot. deny it.

Mo Yuchou collected some books from Yi Jia Tang (the Library of good
agriculture), but Zm Jia Suan Fa was not published for Vi Jia Tang Cong
Shu, but rather in Zhi Bu Zu Zhai Cong Shu, so the possibility that he got
Zht Jia Suan Fa from Yi Jia Tang was not strong.

(72): Li Rui recorded in the preface of Yi Jia Tang Cong Shu (Complete Works of
the Library of Yi Jia Tang) edition:

In 1810, T attended the Shuntian Shi K (examination at
Shuntian (Capital) for the master degree), so I stayed at Beijing. At
the house of Li Huang 27, I found one hundred mathematical questions
chhmrehmﬁ—@iedﬁmYong[_eDaDimbyRuanYuanmenhemsa
researcher of Wenyingguan SCFAEHIEE. Some questions on the Yang Hui
Zhai Qi BHMERET remain.




questions.

(73): His other names are Zibing FJ# amd Zhengtarng Rf%. Jian Fan was borm
at Ganquan H (now Yangzhou, Jiangsu province Jr&R&$EM) in the Qing
dynasty. He became Lizheng Shuyuan Shangzhang RIEZREIE (Master of
Lizheng school) when Ruan Yuan was Waian Ducao ME&LBm (Minister of
Shipping Trade in Waian). Wrote Han Xue Shi Cheng Ji BERffiAkic (Relation
between Teachers and Students about Chinese Studies) and others (Zang Lisu,
1921: 276).

(74): His other names are Yiwen P[37 and Luying 7%fk. Bao Yanbo was born at
Shexian % (now in Anhui province YZEEfER) in the Qing dymasty. He
collected lots of books, and sent six hundred books to the emperor when Si
Ku Quan Shu was edited. He published the Zhi Bu Zu Zhai Cong Shu in thirty
series, which turned out to be one of the best collection of his time. In
Jiaqing FB period (1796-1820}, he obtained En-juren HE A (Master
honoris causa) when he was eighty-six years old (Zang Lisu, 1921: 276).

(75): The other staff was He Yuanling fal5084.

(76) : Mathematician of the early Edo period. His other name is Chilbei L.
He wrote the Dokai-Sho FE#P (Introduction for Pupils) in five chapters in
1664,

(T7): Tt was “Tdai" ;&FH (Leaf Question) of the Sampo Ketsugi Sho FEp:pREERD
(Solving Mathematics Questions).

(78): Question 100, chapter 4 of the Dokai-Sho  FEA+# (Introduction for
Pupil); the same comment is also in question 99 (Nihon Gakushiin, 1959:
“vol.1, 333).

(79) : Mathematician of the early Edo period. His other names are Sahurtzaemon =
BRAEEGFY, SOin F2E8. Sawaguchi Kazuyuki was a student of Hashimoto
Nesakazu #GATE#L. He Lined in Kyoto, and published the ol Sampo Ki
SHEEEL (Mathematics of All Ages), seven chapters, in 1671.

(80): Jochi Shigeru, 1991.

(81): Seki Kéwa was a subordinate of the Shdgun ¥ (fEEFHFE), and his rank




was 250 Koku & (later became 300 koku). In the Edo period, a Samrai's
(or Bushi) A rank was indicated by their salary or territory equivalent
of rice. 1| Koku 45 meant about 180 litre. Among the subordirates of the
Shégun, those with ranks of Hatamoto ffigx and above could see their master
directly. The hierachy, indicated by salaries expressed in terms of

quantity of rice is shown below:

10,000+ Daimyd K&

3,000~ 9,999 Yoriai x4
200- 2,99 Hatamoto  jjEds
199- Cokemin  FERA

(82): These books usually remnin at the Kokuritsu K8bunshokan BJN7/ASCEME, but
there are no Yang Huti Suan Fa , though the work of Mikami Yoshio was fourd
here (see note U5).

(83): First Shogun of Edo Bakufu FFF (Shdgun's Cabinet). His other names are
Takechiyo #7T-f{,, Motonobu JT{§ and Motouasu joffE. Tokugawa Ieyasu
supported Toyotomi Hideyoshi in unifying Japan, then became the first
minister of the Five Ministers. After Toyotomi Hideyoshi's death, he won
the Sekigahara War in 1600, then became a Shdgun in 1603.

(84Y: Avaki Murahide Sedan FAKNFZEE (Talks of Araki Murshide) says that
Seki Kbwa was a teacher of Sawaguchi Kazuyuki, but Seki Kéwa solved the
question of Kokon Sampo Ki H45EHSC (Mathematics of All Ages) written by
‘Sawaguchi Kazuyuki in 1671, so this is impossible to believe (Nihon
Gakushiin, 1959, vol.1: 349). Probably Sawaguchi Kazuyuki was Seki Kowa's
teacher. At least their relation was close.




Diagram of manuscript tradition of the Shu Shu Jiu Zhang

Qin Jiushao

(1247)
| ) ' l B
Wenyange's version (1421) Yong Le Da Dian (1403)
l
Wang Jinglin (1545-1620) |
[ St Ku Quan Shu (1772)
Zhao Qimei (1563-1624) Dai Zhen (1724-1777)
Qian Zeng Li Huang Qian Daxin Kong Guangsen
(1626-1701) (?-1811) (1728-1804) (1752-1786)
Do
Zhang ren Wang Lai ?
(1754-1834) | (1768-1813) }
Qing Enfu —Gu Qianli —Li Rui i) Jiao Xun
(1760-1843) (1770-1839) (1769-1817) (1763-1820)
------------------------ Li Chaoluo
(1769-1841)
Shen Xinfei Mao Yuesheng Wang Xuanlin

| (1791-1841)

Song Jingchang Li Shengduo
[ ] ]
Yu Songnian
[ i
Yi Jia Tang Cong Shu, Lu Xinyuan
(1842) (1834-1894)

!
many many many Seikadd National Beijing *
Lib.(J) Lib.(Cy Univ. Lib.

|
l
Gu Jin %uan Xue Cong Shu Ji Cheng (1936)
Cong Shu.(1898) Guo X¢UE Ji Ben  (1936)

*.: National Library of China (Beijing)

: Gansu Province Library H##E£a7 (Lanzhou BH)
: Gugong Bowuyuan (Taiwan)




Diagram of manuscript tradition of the Yang Hui Suan Fa

(A) Diagram of Jin De Shu Tang ed.
Yang Hui (1274-75)

Jin De Shu Tang ed. (1378)
Korean ed. (1433)
1

Mao jin(1598—1652)
Seki Kowa (1660)
| Wan Wai Bie Zang
Ishiguro Nobuyoshi (1813-20)
(1760-1836) Li Rui(1814)
Song Jingchang
(1840)
Mikami Yoshio |
Yi jiatang
Congshu ed
(1842)
Yi Royal Lib. (K) Ko ju The Japan Seikado Inst. of maLy
Sonkeikaku Bunko (J) Lib. (J) Academy Lib. (J) History of
National document Lib. (J) ‘2 Lib. (J) Natural Sci.
Tsukuba Univ. Lib. (J) & * C Lib. (C)
Japan Royal Lib. (J) (To C).
Palace Mus. Lib.(T) Palace Mus. Lib. (T)
1 Researched by Dr. Hirayama Akira, but now unknown.
2 It was lost since 1966.
3 Two books.
4 From National Lib. at Bei jing.

(B) Diagram of the Yong le Da Dian
Yong Le Da Dian (math.vol.16329-16364) (1409)

Copy of JiL—Qing (1567)
|

{ |
vol.16343-4 vol . 16350-60 voI.163él—4
i

Ruan Yu[an(1|809) Zhu Jia Sumn Fa (1799-18092)
Jiang Fan(1813)

Ma Yigen (1814)

Zhi Bu Eu Zhai
Cong Shu ed. (1814) Qiu Chongman
Cambridge Univ. Lib. (UK) many Inst. of History of ZhJJiang
Natural Science Prob. Lib.
Lib. (C) (C)




(C) Diagram of Mikami Yoshio's MS

*C
l
Li Yan (1917)
|
{ 1
(micro film) Qiu Chongman
Lam Lay-Yong
English ed. (1977)
Inst. of History of The Needham many Zhejiang
Natural Science Research Inst. Prob. Lib.
Lib. (C) (UK) (C)
(D) Main Reprints
original year press
(1)Korean ed. (Tsukuba ver.) 1966 Kodama Akio, Tokyo, Japan
(2)Zhi Bu Zu Zhai ed. 1921  Shanghai Gushu Liutongzhu | 2@l
(3) (2) 1980  Chibun rp37 press, Tokyo, Japan
(4)Yi Jia Tang ed. 1936  SWYSG, Shanghai, China
(5Wan Wei Bie Zang 1981 SWYSG, Taiwan
(6)Yomg Le Da Dian 1953~ 7HSJ, Beijing, China




Ruan Yuan's biography

1764
Born in Yizheng (now Yizheng district, Yangzhou, Jiang-Su province [T#fE
SINEEIE, grand son of Yutang % who was Hunan Canjiang WWiR§Zs45 (Major
General of Human province).

1786
Obtained the Juren EFRA (master degree).

1789
On 25th Apr., obtain the Jinshi #-- (doctoral degree) and was appointed
Hanlinyuan Shujishi #fkEerst (Fellow of Royal Academy).

1790
Became Hanlinyuan Bianxiu ##kBciR{E (Vice Editor of Royal Academy, Tth
grade 14550

1791
On 3rd Feb., obtained good result of the examination of Hanlinyuan, became
Xiao-Linshi /DEIER (Associate Director, 4th grade 1EPUSY).
Wrote the Zhang Heng Tian Xiang Fu SREFKZER (Verse of astronomer Zhang
Han).
On 24th Oct., became Linshi [iFZ% (Vice Director, 3rd grade E=75).

1793
On 23rd June, became Shandong Tiduxuezheng [{|EEFVEEAIL (Minister of
Educational Department of Shandong province).

1795
On 28th Aug., became Zhejiang Tiduxuezheng HriT{BE2EL (Minister of
Educational Department of Zhejiang province).
12th Sep. 1795, became Neike Xueshi PNB{E2-1- (Deputy Minister of Cabinet,
2nd grade #t—5) and Libu Shilang #&#Bf58 (Vice Minister of Personal
Department).
Started to edit the Chou Ren Zhuan EEA{E (Bibliography of Mathematicians




and Astronomers).

1797
Edited the Jing Ji Sum Gu 8L (Dictionary of Old Literature), his
chief assistant was Zang Yong §§Jifi.
1798
On 16th July, became Bingbu You-shilang iR (Vice Minister of
Defence Department).
On 18th July, became Libu You-Shilang FE#R4{FER (Vice Minister of
Persomel Department).
Drafted the preface of the Zhomg Ke Ce Yumm Hai Jing Xi Coo EEZ|RMERATEE
(Commentary of Ce Yum Hai Jing ) written by Li Rui Z:gi.
1799
Completed the Chou Ren Zhuan.
On 18th Jan., became Libu Zuo-Shilang fEif=f%AR (First Vice Minister of
Personal Department).
On 2nd Mar. 1799, became Hebu Zuo-Shilang FIBAAHAR (First Vice Minister
of Civil Administration Department).
On 6th Mar. 1799, became Huishi Fu-Kaoguan §HF[ZE (Vice Examiner of
doctoral degree), Mo Yuchou FEI{ obtained the doctoral degree.
In Sep., became Guozijian Suanxue F-FEEER (professor of mathematics).
1800
" On 8th Jan., became Zhejiang Xunfu H{iTi&E (Governor of Zhejiang
province, 2nd grade IF5).
Founded Gujing Jingshe E5&i54 (School of Classical Literature), where
| Wang Chang F7d and Sun Xingyan fFEEfT taught literature, astronomy,
geometry and mathematics. |
1805
Edited the Shi-San Jing Jiao Kan Ji +=#E&#EEC (Study of Thirteen
Classics).

On 23rd intercalary 6th month, resigped his post.




1806
In Nov., became Henan Anshi m[Fg{cEs (Chancellor of Henan province).

1807
Published the Si Ku Wei Shou Shu Mu Ti Yoo PHFERWGEFHRE (Catalogue of
the books not collected in the Si Ku Quan Shu (Catalogue of the Wan Wei
Bie Zang F53FERI#%)), and sent it to the emperor. His assistants were Bao
Yanbofffi3Lf# and He Yuanxi {a[5745.
On 29th Nov., became Bingbu You-Shilang.
On 16th Dec., became Zhejiang Xunfu.

18089
On 20th Aug., dispatched Liu Fenggao (/g3 who was a Zhejiang
Tiduxuezheng (Minister of the Educational department of Zhejiang province)
to be a Ningbo Xiangshi Zhukao ZE#iiB3% (Chief Examiner of master
degrees for the Ningbo Examination). Dishonesty occurred, and so Ruan
Yuan was relegated to the rank of Hanlin Xueshi #jfA%8 (Scholar of Royal
Academy) .

1810
Became Hanlinyuan Bianxiu and Guoshiguan Tidiao &g (Researcher of
Historical Library). Copied questions of mathematics from the Yong le Da
Dian.
In Apr., became Shijiang Xueshi {#z2 -+ (Associate Director of
Hanl inyuan) and Guoshiguan Zongsuan [ $3854% (Director of Historieal
Library).
Edited the Ru Lin Zhuan f&HM#E (Bibliography of Confucians).
In Aug., Li Rui found fhe n;anuscript of Xu Gu Zhai Qi Suan Fa in Li
Hoang's 2555 house.
In Sep., became Rijiéngqiguan HE#f2E (Historian of the emperor).
In Nov., became Shijing Jiaokanguan A&EEEIE (Researcher of Arts on the
Stone) .

1811




In July, became Xiao-Linshi.
On 10th Dec., became Neike Xueshi and Libu Shilang.

1812
On 7th May, became Gongbu You-Shilang T¥R75{FAR (Vice Minister of
Department of Works).
On 14th Aug., became Caoyun Zongdu :8541% (Minister of Shipping Trade
in Muaian ¥&%, 2nd grade T —5).
1814
On 12th Mar., became Jiangxi Xunfu JT7§:KiE (Governor of Jiangxi
province) and Taizi Shaochao K¥~IHME (Vice Instractor of Prince).
Jiang Fan JT3f proofread the manuscript of Yu Gu Zhai Qi Suan Fa. Then Ma
Yigen ELIR recalculated the result, published Zhi Bu Zu Zhai Cong Shu
HIAEERER collection,
He Yuanxi {f7Gi5 copied the Yang Hui Suan Fa which Mao Jin 3% copied
and Huang Pilie ${A%! owned that time, then it became the Yang Shi Suan
Fa #KEH of Wan Wei Bie Zang #ZRIER.
On 10th Oct., Li Rui drafted the preface of the Yang Hui Suan Fa.
Edited the Shi-San Jing Chu Shu +=#&iEHi (Commentary of Thirteen
Classics).
1816
On intercalary 6th month, became Henan Xunfu G K#E (Governer of Henan
province).
On 7th Nov., became Hu-Guang Zongdu &8 (Viceroy of Hezhou and
Guangzhou, 2nd gradelE— ).
Published the Shi~San Jing Chu Shu.
1817
On 12th Sep., became Liang-Guang Zongdu FpEieE (Grand Governer of two
Guangzhou)
Edited the Guan Dong Tong Shi FEHiEZ% (Guangdong Gazetteer).
1820




Founded Xuehaitang E2iff% School .
Edited the fluang Qin Jing Jie EiE& M (Imperial Elucidations of the
Classics).

1822
On 9th Feb., became Auhaiguan Jiandu BYifEf§654% (Director of Auhaiguan)
and Tiduxuezheng.

1826
On 17th May, became Yun-Gui Zongdu ZEE{&E (Grand Governer of Yumnan and
Guizhou).

1832
On 20th Aug., became Xiebian Da-xueshi {fEr A2+ (Vice Minister of
Cabinet, 1st grade fit—5).

1833
On 6th Mar., became Huishi FuKaoguan (Deputy Examiner at the third degree
Jinshi Examination}.

1835
On 25th Feb., became Tirenge Da-xueshi {#&{ Bi-KE+ (Tirenge Cabinet
Minister, 1st grade I1F—5).

1836
On 21st Apr., became Dianshi Dujuanguan EEE%'E (Examiner of the last
examination of doctoral degree).
On 5th May, bacame Hanlinguan Shujishi Jiaoxi SRFASERSS155E (Supervisor
for Fellows of Royal Academy).

1838
Retired. Became Taizi Taibao X-FAM{f (Grand Guardian of the Crown
Prince).

1839
Drafted the preface of the Suan Xue Qi Meng FE7EE (Introduction to
Mathematical Studies) in Yangzhou 4.

1840




Sun Jinchang K& E proofread the manuscript of Li Rui's Yang Hui Suan
Fa.

1842
Published Yi Jia Tang Cong Stu version of the Yang Hui Suam Fa.

1846
On 29th June, became Taizhuan {8 (Grand Tutor).

1849
Died, the posthumous name was Wenda 0.




Li Rui's biography (see Yan Dunjie, 1990)

1768
On 8th Dec., born in Yuanhe jHI (now Suzhou, Jiangsu province JTHREHEN
). His other names are Shangzhi (42 and Sixiang py#F.

1784
Studied the Suan Fa Tong Zong BiHisZ (Systematic Treatise on Arithmetic)
at primary school.

1788
Obtained the Xiucai 32} (Bachelor degree), became Shengyuan 4B

(graduate student) of Yuanhe Xianxue JTHTEEER (School of Yuanhe province),

1789
Studied mathematics from Qian Daxin $fA[r at Ziyang Shuyuan 4EREERE
(Ziy  School).

17990

Zhao Xun #75 sent the Qun Jing Gong Shi Tu ER = (Figures of
Palace and Rooms in Many Classics) to Li Rui.

1791
Wrote a postscript of the Sm Tong Li Yan Qian =#iEfTEs (Comentary of
the San Tong Li, by Qian Daxin).
1795
Was invited to Hangzhou i/ by Ruan Yuan 5oy, studied mathematics.
1797
Wrote the Zhong Ke Ce Yumn Hai Jing Xi Cao EZRIENEEEE (Comentary of
Ce Yum Hai Jing)-
Commented on the Yi' Gu Yan Dum #8751EB% (New Steps in Computation).
Studied the Shu Shu Jiu Zhmg $EHZE (Mathematical Treatise in Nine
Sections).
1798




Wrote the Hu Shi Suan Shu Xi Cao SRREHHIEE (Commentry of Calculations
of Arcs and Segments).
Zhong Ke Ce Yuan Hai Jing Xi Cap was published.
1799
Wrote the Ri Fa Shuo Yu Qiang Ruo Keo B ¥:=]f27859% (Studies of
Denominator of Tropical Year).
Chou Ren Zhuan ®EA{S (Bibliographies of Chinese Mathematicians and
Astronomers) was published.
1800
Studied mathematics with Jiao Xun in Hangzhou.
1802
His wife (name unknown) died.
Wrote a postscript of the @i Gu Suan Jing Xi Coo $HEFEME (Commentary
of Qi Gu Suan Jing, by Zhang Dunren GRE{Z).
1806
Wrote the Gou Gu Sum Shu Xi Cao AIHRFAHHIE (Commentary of Studies of
Traiangles).
1807
The Gou Gu Suan Shu Xi Cao was published.
1810
Went to Beijing to take the master degree examination (but failed), stayed
at Li Huang's Z=5% house and found Yang Hui Suan Fa ##4UEY: (Yang Hui's
Method of Computation) there.
1813
Wrote the Kai Fang Shuo Bii et (Theory of Equations of Higher Degree).
1814
The Yang Hui Suan Fa (Zhi Bu Zu Zhai Cong Shu ed.) was published, and he
wrote the postscript.
1816

Studied the Si Yuan Yu Jian PY5cESE (Precious Mirror of the Four




Elements).
1817

On 30th June, Died.
1823

Li Shi Suan Xue Yi Shu ZEFELEE (Mathematical Remains of Mr. Li) was
publ ished.




I:THE CONCEPTION AND EXTENTION OF METHOD
FOR MAKING MAGIC SQUARES

(1) Introduction

(a) Magic squares as “mathematics”

Seki Kowa and his school's mthenﬂticians studied the Yang Hui Suan Fa #fE
B (Yang Hui's Method of Computation). But the other Japanese mathematicians
did not have access to it. The Yang Hui Suan Fa is the best work for studying
magic squares. Therefore, Seki Kowa's work on magic squares must be influenced
by the Yang Hui Suan Fa. In this chapter, I will analyse both the works of
Yang Hui and Seki Kowa, and will consider how Seki Kowa applied the works of
Yang Hui to his work.

Magic squares involve arranging integers in a square grid such that the sums
of inmdividual rows and colums are the same. Also all integers from | to p?
(for an n degree magic square) are used uniquely. For example, Fig. 1-1 is the
most simple magic square, and the order is three, thus we call Fig. 1-1 three
degree magic square hereafter. Therefore, Fig. 1-2 is a four degree magic

square, which is in the picture “Melancholia" by Direr (1471-1528) in 1514.

4 9 2 1 3 2 13

3 5 7T 5 10 11 8

8 1 8 9 6 T 12

4 15 14 1

Lo St ~ “Melancholia™
Fig. 1-1 Fig. 1-2

Today, the study of magic squares is not regarded as a subject of

mathematics. There is no mathematical school which teaches the subject of



magic squares. llowever many mathematicians in China and Japan had studied it.

The study of magic squares was “mathematics" for mathematicians in that age. |
Japanese mathematicians studied the Chinese method of making magic squares as

“normal science" and applied the works frem China to their own works.

Henceforth I am going to trace the development of studies of magic squares in

this chapter, in addition to Seki Kowa's works.




(b) History of Chinese magic squares

Chinese philosophy was strongly coloured by mathematics. Since the magic
square has mysterious mathematical character, so it was connected with.
philosophy in the Song 7K dynasty “ ! . The term used was Kongzi's #% (B.C.
551-479), “Luo Shu" &% (the writing of Luo river, three degree (three by
three) magic square){see section J[-2-c).

Therefore the magic square was studied in two fields, mathematics and
philosophy. I will consider the point of contact between Chinese philosophy and
Chinese mathematics as deeply as possible, however the theme of this thesis is
a study of mathematics in the Song dynasty and in Japan. I will focus on the
magic square as “mathematics”. Then we will consider the weak points of Chinese
studies by researching Japanese studies.

The magic square was usually thought of as a religious, divine or
philosophical matter. There are a few studies from a mathematical point of
view. Scientific studies of magic square were started by Andrews (f1. 1908)
*2) ; his book was one of the oldest and most complete works. Then Li Yan Z=fg
(1892-1963) *¥® using his theories, appraised the magic square as Chinese
mathematics. Cammann's (f1.1963) “**’ work is one of the best studies in
English. Lam Lay-Yong BEFE%E (f1.1977) % translated the Yang Hui Suan Fa
into English and discussed magic squares. Yang Hui Suan Fa is the best study of
magic squares thus some of her works are studies of magic squares. - We must
' also note the works of J. Major (f1.1976) % and Ho Peng-Yoke (b.1926) "),

since their approach was based on Chinese philosopy, and is of great use in
designing magic squares. ‘

In Japan, most historians of Japanese mathematics studied magic squares.
Mikami Yoshio = gk (i875-—1950) *8 concluded various studies of Chinese and
Japanese magic squares. Katd Heizaemon fifSE/s=fy (£1.1956) <9 composed
magic squares in Japan and China, and Abe Gakuhd [/ (f1.1983) (19 js a

specialist on magic squares. Fujiwara Shozaburd's BEEFA=AR (1881-1946)




complete work 'V is also one of the best studies in this field.
I will use these works and reconsider studies of magic squares, then

consider how Seki Kowa studied magic squares from Chinese mathematics.




(2) Before the Yang Hui Suan Fa

(a) (haracters of “Luo Shu"; three degree magic square

Magic squares are that the sums of individual rows and columns are the same.
With only this condition, magic squares are mysterious. Moreover the simplest
magic square in China, “Luo Shu" embodied Chinese philosophy. In Zhang Huang's
= (fl. 1562) explanation, chapter 1 of the Ty Shu Bian [EZ& (On Maps and
Books of Encyclopeadia), there are two more conditions as follows;

In “Luo Shu", “Yang" @& (odd numbers) are on four sides, and
“Yin" & (even numbers) are on four square. Five is the pivotal
number, and sums of numbers symmetrical (about the pivot) are ten,
excepting the number at the centre. That is to say, onenine, three-
seven, two—eight, four-six, are all sums of verticals and
horizontals. According to the idea of “Wu Xing" H47 (Five Phases),
however, this order is the reverse of the Heaven, i.e. one-six of
Water conquers two—seven of Fire, two-seven of Fire conquers four-nine
of Metal, four-nine of Metal conquers three-eight of Wood, three-
eight of Wood conguers five of Soil on centre, moving in a counter-

clockwise direction as in Heaven. 12}

hmt is to say, he investigated three characteristics, these are




(1) Odd mumbers are on the edge, even nunbers are in the corners,

{2) Sum of symmetrical positions are the same, therefore the sum
of rows and columns are the same,

(3) This order is the Principle of Mutual Conquest of the Five

Phases (3,

TABLE 1 CHARACTERISTICS OF “LUO0 SHU" BY ZHANG HUANG

[—(OGKBIBS“*———

Metal

(conquest)

] Soil : 5
—> Wood ————(conquest) Metal: 4, 9

Water: 1, 6

Fig. 2-1




(b} Origin of “Luo Shu"

This order of "Luo Shu" is a counter-clockwise direction as in Heaven,
according to the Principle of Mutual Conquest of the Five Phases % .
Therefore one of the origins of “Luo Shu" came from observing the Heavens.

Another alleged origin is from the ancient social system. According to Zhu
Xi 4RE (or Zhuzi ZkF (1130-1200)) <, this mysterious magic square was

designed according to an ancient system of land ownership.

Zhuzi said, “Ming Tang" BH%: (Hall of Light, it was a three
degree magic square, see section 1 -1-c) was discussed but not with
clarity. It has nine rooms according to the law of “Jing Tian Zhi"
FHH] (Well Field System, the nine sguare system of land ownership in
China's early society)" &,

This opinion may be correct, since “Luo Shu" resembles “Jing Tian Zhi".
Thus it was thought that "Luo Shu" symbolises not only Heaven but also

Earth. Therefore it was thought that “Luo Shu" embodies Chinese micro-cosmos.

a-h: private field

comon field

Fig. 2-2  "Luo Shu" Fig. 2-3  “Jing Tian Zhi"




(C) HHe 'I\l" aﬂd "Luo Stl]" oan

The oldest reference to the magic square in China is in the chapter Xi Ci
Zhuan Shang & E (Commentary on the Appended Judgments, part [} of the ¥;
Jing & (the Book of Changes). It was written by Kongzi '® , according to
the Shi Ji $5¢ (Records of the Historiographer). But, according to the Vi
Tong 71 Wen SE-FE (Pupils Question about “Change") which was written by
Ouyang Xiu Ex[5f& (1007-1072) “® in the Song dynasty, the chapter of Xi (i
Zhuan Shang was not written by Kongzi 2% . It was probably written by Kongzi's

students in the Warring States period. Anyhow it was the oldest reference in
China. It states:

The Yellow River (#) #] brought forth a map (“Tu" [F) and Luo &

River brought forth a writing (“Shu" £): the sage took these as
mls. 21

We canmot understand what “Tu” and “Shu" were from this material alope. But
according to the commentary of Kong Anguo F,%E (2-1c B.C.) 22 in the

Chapter Hong Fan Zhuan BERIfE (Section Law of Heaven and Earth) in the Shang

Shu & (Historical Classic) as follows:

Heaven gave King Yu & the writing (“Shu" ) of nine numbers on
the back of a spirit turtle in Luo River. King Yu understood the
meaning, he conducted the affairs of state by “Jiu Lei" 1.3 (Nine
Parts). It became the law of Heaven and Earth. 2%

Therefore we know “Luo Shu" was something to be divided into nine parts

24)

In 1977, the explanation of "Nine" was uncovered. *Taiyi Jiu-Gong Zhan-Pan"
K= E#& (The Diviner's Board of Nine Palaces in Heaven) which was made in




B.C. 173 was unearthed from the tomb of Ruyin-hou jif&f& (Marquis Ruyin) of
the Western Han PGz dynasty, at Shuangudui, Fuyang district, Anhui province %
B RIBREE EHE 25 | It is laid out as follows;

SUMMER SOLSTICE

FIRST DAY OF AUTUMN

FIRST DAY OF SUMMER

AUTUMNAL
BQUINOX

MISFORTURE

FIRST DAY OF SPRING FIRST DAY OF WINIER

(RIEF

WINTER SOLSTICE
Fig.2-4 “Tai-Yi Jiu-Gong Zhan-Pan"

The mmbers on this board were arranged as a magic square.

4 9 2 4 9 2

3 7 3 5 7

8 1 6 8 1 6
“Luo St

Fig. 2-5 "Nipe Palaces" and “Luo Shu"

Thus we know that “Luo Shu” was “Nine", and was a three degree magic square.

The first historical material, sec.66 2% of Sheng De & (Fullness of
Power) section, chapter 8 of the Da Dai Li Ji A ¥i22d (Record of Rites Compiled
by Dai the Elder) 2" was written as follows:




The “Ming Tang" (Hall of Light) was founded in the old days. It

had nine rooms, two-nine-four, seven—{ive-three, six-one—eight.

4 9 2
3 5 7
8 1 6

Fig.2-6 (the original book does not have figures)

"Ming Tang" was one of the real palaces *®. On the other hand, "Jiu Gong"
(Nine Palace) was a ficticious palace in Heaven 2%,

Again, in a sub-section “Jiu Gong Suan" #’E% of the Shu Shu Ji Vi BukEE
(Memoir on some Traditions of Mathematical Art) ¢, a mathematical text of the
public school in the Tang j& dynasty, another method is described for

composing the magic square. The magic square was likened to the body of man.

“Jiu Gong" (Nine Palace): to make “Jian" J§ (shoulders), use two
and four, to make "Zu" B (legs), use six and eight, on “Zuo" %k
(left) is three, on "You" #5 (right) is seven, put (#) nine as the
head, put  (J§) one for the shoes, five is in “Zongyang" (the centre).

Five Phases of numbers are arranged by this rule, Five Phases are

described at the previous section. @D

4 9 2 BE B E
3 5 7 E R A
8 1 6 2 B B

Fig.2-7 (the original book does not have figures)

From these evidences, we can conclude that the three degree magic square was
called “Jiu Gong" or ‘Ming Tang" before the Song dynasty. Although the term of




“Luo Shu" had been known, it was not known what “Luo Shu" meant exactly.

We must also note the term of “Jiu Gong" and “Ming Tang"”. That is, “nine®
meant “all" or “the best”. [ include these evidences to support any
proposition that "Luo Shu" had been thought of as the embodiment of the “micro-
cosmos™.

Then philosophers in the Song dynasty tried to connect the magic square and
philosoplly, rather than idea of Confucius. So they called the magic square “Luo
Shu", the term used by Confucius. It has been clearly called *Luo Shu" since
the Song dynasty, but sometimes the three degree magic square has been called
the “He Tu" F[E (the map in the Yellow River), because there was no
established theory.

Firstly Liu Mu  Z(#% (1011-1064) ¢ 2 drew the picture of “He Tu" and “Luo
Shu™. However he thought the three degree magic square was “Ten", “Nine"
referred to a magic circle. That is to say, “He Tu" means the magic square. In
Chapter 3 of the Yi Shu Gou Yin Tu SEEEE (The Hidden Number-Diagrams in
the Book of Changes) states;

Section 49: “He Tu" FE;

4 9 2
3 2 T
8 f 6

Fig. 2-8 after SKQS

Five is main, to make knees, use six ard eight, to mske shoulders,

~use two ard four, on the left is three, on the right is seven, put
nire as the head, put one for the shoes.

Section 53: “Luo Shu" Wu Xing Sheng Shu $#EFH TR (Producing
Numbers of Five Elements in "Luo Stm");

Section 54: “Luo Shu" Wu Xing Cheng Shu EREBFHTEE (Produced
Numbers of Five Elements in “Luo Shu"});




2 2
3 5 4 8 10 9 8 3 5 4 9
1 1
6 6
Fig. 2-9 Fig. 2-10 Fig. 2-11
(SKas) (“He Tu" now)

One is water, two is fire, three is wood, four is metal and five

iS SOil. {(33)

He insisted that “Ten", the number at the centre in Fig. 2-10, meant “Luo
Shu". Because “Luo Shu" was described after “He Tu" in the Yi Jing (tbe Book of
Changes) and “Yang" [§ precedes “Yin" [&, thus “Luo Shu" must be “Yin" and “He
Tu" must be “Yang". All matters (including ideas) has the character of “Yin"
or “Yang". In the case of integral numbers, *Yin" is even and ‘Yang" is odd.
Therefore, "Luo Shu" which is “Yin" must be even, i.e., “Ten". It was natural
that he thought “Luo Shu" was “Ten". Liu Mu thought very logically.

However, from the historical evidence given above, it was clear that “Nine"
meant a magic square. Zhu Xi criticized Liu Mu's views in chapter 1 of the ¥
Xue Qi Meng 5535 (Introduction to the Study bf the Book of Changes);

Guan Ziming A (13c) @ pointed out that the paragraph of “He
Tu"; front is seven, rear is six, left is eight, right is nine, the
paragraph of “Luo Shu"; front is nine, rear is one, left is three,
right is seven, left front is four, right front is two, left rear is

eight, right rear is six" <9,

Zhu Xi's opinion ®® was based on the opinions of many earlier scholars,
that is, it was a historical view. He argued in detail that “He Tu" means

Fig.2-11 and “Luo Shu™ means Fig.2-8 which is a magic square.




Because it was thought that these classics were absolutely true in China,

Zhu Xi's opinion became the established theory.




(d) Making magic squares and the concept of “Changes"

The philosophical view and the historical view were different. It was
proved that magic squares were not a systematic part of Chinese philosophy in
early ages. They had been comnected with "Luo Shu" since the Song dynasty.

If so, why did the magic square become “Luo Shu"? There was no historical
material relevant to this question because philosophers in the Song dynasty
imagined it had been an ancient matter.

I wonder whether the reason was that the method of making magic squares was
solved in this age, and it was thought of as the concept of “Changes”.

The idea of "Yin Yang" “was planned by the changing of day and night, sun
and moon. It was the doctrine that all phenomena in Heaven and Earth could be
explained by the theory of changing 'Yin' and ‘Yang', which were divided into 2,
4, 8, 16 and more, and that they were confronting each other. 7 "

On the other hand, magic squares are usually made by the exchanging method,
as follows.

A square tabular arrangement of numbers in order is called a ‘“natural
square". The sums of the lines have regular differences. For example, in Fig.
2-12: the average of nine numbers is five, and one line has three numbers, so
the sum would be fifteen. But the lines whose sums are fifteen are only the

middle rows and colums. In Fig. 2-13, the sums of the lines would be 65.




4 6) 6 0 6 7 8 9 10 -25
7 8 9 +3 11 12 13 14 15 0
-3 0 +3 16 17 18 19 20 +25

21 22 232 24 25 +50
-10 5 0 +5 +10

Fig.2-12 Fig. 2-13

It seems obvious, therefore, that by interchanging numbers in some regular
way, we should be able to obtain a magic square, i.e., a square array of
mmbers in which rows and colums have a constant sum (see section [[-3-b and
-3-d).

Interchanging by a particular theory, we could obtain the mysterious square.

I wonder if it embodies the concept of interchanging "Yin" and “Yang".
Otherwise the magic square had not been studied deeply during the Song dynasty.

Though the interchanging of “Yin" and “Yang" is a hypothesis, it is a fact
that philosophers in the Song dynasty tried to explain the idea using magic
squares. For example, Ding Yidong T 53 (13c) explained the number of “Da
Yan" X7 using magic squares. “Da Yan" was the principal concept in the V;
Jing, however examining the many theories that were advanced, there was no

concensus. The classic reference to “Da Yan" is;

The mumber of the total (“Da Yan") is fifty. Of these, forty-nine
are used @9,

In Chapter 2 of Da Yan Suo Yin KXif73&E8 (Studies about Da Yan) written by
Ding Yidong:

The case of “Luo Sm", the simof 1and 9, 2 and 8, 3 ad 7, 4 ad

6 is 10. The 5, in the centre, was added to itself so it also




becomes 10. Although the mame is “Jiu Gong" (Nine Palace), the value

is 10, @9

That is to say, the sums of symmetrical positions are one more than the
number of items in the magic square. Therefore the number of “Da Yan" is also

one more than the number 49 (see section I[-3-f).

- —86—




(3) Concerning Yang i Summ Fa (Yang Hui's Method of Computation)

(a) Yang Hui's term for magic squares

Al though it was published after Zhu Xi had proposed his theory, Xu Gu Zhai
Qi Suan Fa $HEZTE Y (Continuation of Ancient Mathematical Methods for
Elucidating the Strange) follows Liu Mu's theory. In other words, the magic
square is named “He Tu" and the magic circle is named "Luo Shu" in the Xu Gu
Zhai Qi Suan Fa.

This mistake is probably not Yang Hui's for the following reasons.

The Korean edition of Yang Hui Suan Fa draws the figure of * ‘Luo Shu'" first
and this figure is not a magic square, but a magic circle. Then *'He Tu'",
which is the three degree magic square in this edition, is drawn next.

But “He Tu" and “Luo Shu" are fixed in their order. We use the phrase “Tu
Shu” [FZ, to means books in modern Chinese and Japanese, but never use "Shu
Tu", so the figure of “He Tu" must be drawn before “Luo Shu". The order of two
terms in the Korean edition is very strange. Yang Hui very probably understood
that the first must be the magic circle, and next is the magic square.

If so, did Yang Hui introduce earlier scholars' opinions? In many other
fields, Yang i Suan Fa collects theories and methods from many other books,
thus he again collected the former magic squares. However, the magic squares
of the Yang Hui Suan Fa are systematic, and are made by one person, i.e., Yang
Hui himself “® . Therefore, this possibility is not strong.

Yang Hui's knowledge of the Yi Jing (the Book of Changes) is quite detailed;
for instance, he explains "Hu Huan Shu" F#uff (proportion) in question 5,

chapter 2 of the Tian Mu Bi Lei Cheng Chu Jie Fa H@AESREREEN: (Practical
Rules of Arithmetic for Surveying);

A few examples are now selected and illustrated with detailed
diagrams for the benefit of the reader. The others can be easily
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understood by to “continue and go further and add to the situation all
their transitions" #{ifhz, MEEME. Similar examples are far too

mary and do not require individual discussions. “V

This quotation, "continue and go further and add to the situation all their
transitions", is from section Xi Ci Zhuan Shan of the Vi Jing “? . Yang Hui
was educated as a mandarin, and had wide general knowledge.

Moreover, there is a strong possibility that Yang Hui studied Yi Xug Qi Meng
52055 (Introduction to the Study of the Book of Changes), because Yang Hui
used the same term for magic squares as Zhu Xi, i.e., “Zong Heng Tu"#t#5El
(Vertical and Horizontal Figure)

The vertical and horizontal %% of “Lup Su" are fifteen “9®

Zhu Xi generalized this characteristic of the “Luo Shu" to the sum of
colmms and rows being the same. Then Yang Hui used this term as the general
name of magic squares.

Yang Hui had very probably studied Zhu Xi's works. Therefore I conclude
that this mistake is a misprint, probably made by the editors of the Korean
version. ‘

Yang Hui describes how to make the three degree magic square (“Luo Shu") and
four degree magic square, and then continues to give figures until the ten
degree magic square without any explanation. So we will consider Yang Hui's
description of how to make the basic mgic squares, and then try to explain how
he made higher degree magic squares.




(b) Composing the three degree magic square (*Luo Shu")

Yang Hui made a verse for making the "Luo Shu". Making verses was the
popular way to discribe mathematical methods in that age, this verse is quoted

in the Sumn Fa Tong 7ong BEH:#i5 (Systematic Treatise on Arithmetic) in the
Ming dynasty. It is;

Arrange the nine numbers diagonally (Fig.3-1).
Interchange the top number and the bottom number (Fig.3-2).
Interchange the left number ard the right number (Fig.3-3).

Four numbers on the corner are projected outwards (Fig.3-4) 44 .

Fig.3-1 Fig.3-2 Fig.3-3 Fig.3-4

This is the "arrangement method” “® , all odd degree magic squares can be
made by this method. Therefore he probably suceeded in making all odd degree
magic squares. However Yang Hui did not use it geperally “® but only used it
in part- to make a five degree magic square (see section [[-3-d). He should have
tried other methods, since new magic squares could not keep the characteristic
(3) of 7Zhang Huang, the counter-clockwise order.

Anyhow we should call this “Yang Hui's method".




(¢) Composing four degree magic sqdares

Yang Hui explains two methods for making four degree magic squares.
The first, “Zong Shu" &% (general method) or “Huan Yi Shu" g™
(Interchange Method) is:

Arrange the sixteen nuubers in four colums (Fig.3-5)

First interchange the numbers in the four corrers; [interchange 1
ard 16, # and 13.] (Fig.3-6)

Similarly interchange the numbers in the four inner cormers;
[interchange 6 and 11, 7 and 10.] (Fig.3-7)

The horizontal, vertical and diagonal sums are all 34.

The small numbers are thus balanced by this interchange. This
can also be regarded as a gereral method, “®

13 9 5 | 49 51 4 9 516
W10 g 2 106 2 7T U 2
517 8 151 7 4 15 6 10 4
1612 § 4 [ 12 813 1 12 § 13
Fig.3-5 Fig.3-6 Fig.3-7

This method is the "symmetrical interchange method” “% | it can be used
for all 4 n degree magic squares. The magic square produced by this method
is "Hua Shi-Liu Tu Yin Tu" {E5NERE (Yin Flower Sixteen Figure).

The second method, “Qiu Deng Shu” RKZ:ffy (method of finding equal sums) is

as follows:

Divide the numbers into two colums (1, 16; 2, 15; 3, 14; 4, 13;
5, 12; 6, 11, 7, 10; 8, 9] so that all pairs of numbers have equal
sus (171 (Fig.3-8).




First arrange these numbers into four colums so that the (sum of
the horizontal) rows have equal sums [34] (Fig.3-9).

Next, without changing the amount for each row, arrange the
numbers in the colums so that all colums have the original sum [34]
(Fig.3-10).

Once this rule is fixed there should be no doubt that the required

result camnot be obtained. ¢

6 1 12 5 16 1 12 5 16 1
15 2 11 6 15 2 6—11 2«15
14 3 10 7 14 3 7—10 3«14
13 4 9 8 13 4 3 8 13 4
12 5

I 6 +8 -8+24 -4

10 7

9 8

Fig.3-8 Fig.3-9 Fig.3-10

However Fig.3-10 is not “Hua Shi-Liu Tu" 7E-<XE (Flower Sixteen Figure).

We can make the “Hua Shi-Liu Tu" figure by "Qiu Deng Shu" method, but the
sums of the rows, which have already been made equal to thirty-four, are
confused again during the process of rearrangement.

The “Huan Yi Stu" method is described before the “Qiu Deng Sat™ method. And
the "Hua Shi-Liu Tu Yin Tu" figure is made by the “Huan Yi Shu" method. Thus
It is doubtful whether the “Hua Shi-Liu Tu" figure is made by the "Qiu Deng Shu"
method. But the "Hua Shi-Liu Tu" figure can easily be composed by the improved
“Huan Yi Shu" method. Abe Gakub% explained as follows ‘51 :

i) Arrange the sixteen numbers in four colums starting from the bottom
left (Fig.3-11).




ii) Interchange the left and right halves of figure (Fig.3-12).
i) Use the “Huan Yi Shu" method (Fig.3-13).

13 14 15 16 15 16 13 14 2 16 13 3
3 10 11 12 11 12 9 10 11 5 8 10

5 6 7 8 7 8 5 6 7 912 6
1 2 3 4 3 4 1 2 14 4 115
Fig. 3-11 Fig. 3-12 Fig. 3-13

Therefore we conclude that the “Hua Shi-Liu Tu" figure was made by the
improved “Huan Yi Shu" method. The magic square by "Qiu Deng Shu" methoed is
not even a "middle level magic square" 5% (see Fig.3~10), so it was not drawn
in the Yang Hui Suon Fa.

However the “Qiu Deng Shu" method is very useful for higher 4 n degree
magic squares, which will be described in the section concerning eight degree

magic squares (section I[-3-g).




(d) Composing five degree magic squares

First, a five degree magic square in the Yang i Suan Fa is made using the
following procedure ¢3';

1) Arrange twenty-five items as in Fig. 3-14.
ii) Select the inner three degree square, and arrange it using the
“arrangement method” (Fig. 3-15).
gi) Reverse them (Fig. 3-16).
iv) Arrange the other items so that sum of pairs become 26, in the outer
stratum (Fig.3-16).

1 2 3 4 5 1 2316 4 2
6 7—8-9 10 124) 1%9) 89) 14 7 18 15 14 7 18 11

1 121314 15 ¥3) 135) 17(7) 17 13 9 24 17 13 9 2

16 17—18—19 20 188) 1) 14(6) 8 19 12 20 8 19 12 6

21 22 B A B 5 3 10 22 %5
Fig. 3-14 Fig. 3-15 Fig. 3-16 Fig. 3-17

This magic square, Fig. 3-17, is "Wu Wu Tu" HFH[E (Five by Five Figure).
This method can be classified as an "arrangement method".

Moreover we must note that Yang Hui arranged items in a stratiform pattern,
and the sums of pairs in symmetrical positions (or diagqnal positions) are 26,
twice the average value % |

Yang Hui did not comment on this point, but Cheng Dawai FAAT (1533-1606)
commented clearly in the Suan Fa Tong Zong. His term was “Huan Yi Shu"
(interchange method) but it was not the same method as Yang Hui Suan Fd’ s
“Huan Yi Shu". That method is more similar to the “Qiu Deng Shu" rather than
the *Huan Yi Stuw”. It is as follows.




First, Put 13 at the center. The circumference consists of three
strata. Arrange numbers as follows.

1 - &5, diagomal,  outer stratum.

2 - 24, symetrical, outer stratum.

3 - 23, symmetrical, outer stratum.

5 23 16 4 25 48 4 - 22, sympetrical, outer stratum.
15 1 7 1811 0 5 - 21, diagonal,  outer stratum.
24 17 13 9 2 0 6 - 20, symretrical, outer stratum.
20 81912 6 0 7 - 19, sympetrical, imer stratum.
1 310 22 21 -8 8 - 18, diagonal,  imer stratum.

Fig. 318 9 - 17, symetrical, imer stratun.

10 — 16, synrnétrical, outer stratum.
11 - 15, symetrical, outer stratum.

12 — 14, diagonal, imer stratum.

However, this is not a magic square % : the sum of the top row is

plus eight, the sum of the bottom row is minus eight % .

No rule is given for the arrangement method of the perimeter. This was
probably done by trial and error, so it would be more difficult for larger
squares. However this method became the starting point for studying the magic
squares in the Edo period in Japan (see sections J[-4). Let us name this
method the "stratiform pair method” ¢*7 . This method keeps characteristic (2)
of 7Zhang Huang. However it does not keep character (1), four cormers are odd
numbers and four sides are even nmumbers 5%,

"Hu Wu Yin Tu" FFHERE (Negative Five by Five Figure) is made with the
numbers from 9 to 33. All other magic squares are made by using mmbers from 1
upwards, but this is an exception. Of course if each number of a magic square
is increased by the same value, a new magic square is created. It is a simple

principle, but it is easy to miss, unless care is taken.




[f all numbers are decreased by eight, we obtain:

(4 19 (25 15 (2

20 10 5 18 12

(3) 1T (13) 9 (23

14 8 21 16 6

(4) 11 (1) 7T (22
Fig. 3-19

So we can notice that the frame of "Wu Wa Yin Tu" figure is “Luo Shu”; the
nine numbers with parentheses in Fig.3-19 abide by the order of “Luo Shu". The
centre of the bottom row starts from 1, centre position of the magic square is
13 which is the average of all numbers, so the case of "Luo Shu" is 5, the
centre of the top row ends in 25, which is the last number of this magic square
so “Luo Shu" is 9.

We will call this method in which the frame is made by “Luo Shu" the "Luo
Stu frame type method". This method can fix only nine numbers, however it tries
to keep characteristic (3) of Zhang Huang, counter clock wise.

Four corners of this magic square are even numbers and four sides are odd
mmbers ‘59,

Then the others were arranged using the “stratiform pair method". In this
case, some of the positions of symmetry numbers by the “stratiform pair method”
are symmetrical by line. For example, 15 and 11, 19 and 7 in Fig.3-19.
However there was no general theorem, and Yang Hui arranged the mmbers by trial
and error, so it is more difficult to make larger magic squares (see section I

-3-f).




(e) Composing six degree magic squares ¢

The mumber six is not prime, so Yang Hui used the principle of “complex
magic squares”. He divided the magic square under construction into smaller
magic squares, then solved these problems.

Six is a mltiple of three, which is the degree of “Luo Shu". Therefore
Yang Hui divided thirty-six blanks into nine blocks, each block with four
blanks. Firstly, he arrange nine blocks as in Fig.3-20 and 3-21, in which each

sum of colums and rows 15.

312 3 1 214 314 1 15
114 1 3 412 112 3 15
2 312 3812 3 I 33 413 1 15
4 11 414 1 4 2|11 212 4 15
2 3812 3812 3 2 3|3 411 2 15
1 414 111 4 4 1|2 1138 4 15

15 15 15 15 15 15 5 15 15 15 15 15

Fig. 3-20 Fig. 3-21
"Liu Liu Tu" 7GRE “Liu Liu Yin Tu" 7o&H
(Six by Six Figure) (Yin Six by Six Figure)

And Yang Hui applied “Luo Shu", numbering to each block. For example, the

top left block in Fig.3-20 is the position of 4 in “Luo Shu" therefore they
become;



2 3 13 22 13=9x (2-1)*4 22= 9x (3-1)+4

4 1 1 4 1= 9x (4-1)+4 4= 9x (-1)+

Other blocks are the same, therefore;

1522 18

12 21 14
30 3 5
17 26 10

8 3 28

32
19
1

11 20

15 24
6 33

Fig. 3-22

We will called this method of dividing nine blocks and then apply by “Luo

Shu"” the "Luo Shu block type method" 61 |

be used only for 3n degree magic squares.

This method is very useful, but can




(f) Composing seven degree magic squares

Seven degree magic squares are named “Yan Shu Tu" f7#iHE (the Yanshu Muber
Figure) and "Yan Shu Yin Tu" {78f&fE (the Yin Yanshu Number Figure). These
figures require forty-nine items and the number of *(Da) Yan (Zhi} Shu” is
forty-nine, thus these are named “Yan Shu Tu" and “Yan Shu Yin Tu". Ding

Yidong T 5% (13c) gives an interesting explanation as fol lows:

Twice the average value of these (see Fig. 3-23) numbers, which
is the sum of symetry mumbers, is fifty. However forty—nine nmumbers
are used, which is “Da Yen Zhi Shu®t 62 |

49 1

47 3

% 2
25
Fig. 3-23

He connected the method of making magic squares, the “stratiform pair
method", and the concept of “Da Yan".
- The “Y:m Shu Tu" figure is made by the “stratiform bair methOd"; the wethed
of Yang Hui was explained as follows 3% ;
i) Arrange forty-nine numbers as a “natural square" in Fig. 3-24.
ii) Select nine numbers with parentheses (Fig. 3-25).
ii) Using the “arrangement method”, arrange them to get Fig.3-26.
iv) Then arrange the circummference using stratiform pair method" so that
the sum of symmetrical pairs becomes 50 (Fig.3-27) and again (Fig.3-28)




49 42 35 28 21 14 7

[~}

48 41 34 (1T) 20 13 21

4T 40 33 26 (19) 12

8

19 3 23 19

46 (39) 32 (25) 18 (11) 4 39 25 11 11 25 39
3

45 38 (31) 24 (17) 10 31 17 31 27 17
4 37 30 ()16 9 2 23
43 36 29 22 15 8 1
Fig. 3-24 Fig. 3-25 Fig. 3-26
46 8 16 20 29 T 49
0 12 14 18 41 3 40 12 14 18 41 47
37 33 23 19 13 4 37 33 23 19 13 6
15 11 25 39 35 28 15 11 25 39 35 22
24 31 20 1T 26 5 24 31 27 17 26 45
9 38 36 32 10 48 9 38 36 32 10 2
1 42 34 30 21 43 4
Fig. 3-27 Fig. 3-28

The "Yan Shu Yin Tu" figure (Fig. 3-23) is made by the “Luo Shu frame type
method" and “stratiform pair method". However all pairs are arranged
symneirically about the centre %, Four corners of this magic square are
even numbers and four sides are odd numbers, thus this magic square keeps the

“Lao Shu" characteristics (]1).




(4) 43 40 (49) 16 21 ( 2)

4 8 33 9 36 15 30
38 19 26 11 27 22 32

(3) 13 5(2) 45 371 40

18 28 23 339 24 31 12
20 35 14 41 17 42 6
(48) 29 34 (1) 10 7 (46)

Fig. 3-29
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(g) Composing eight degree magic squares

The eight degree magic squares were named "Yi Shu Tu" 5 $iFE (Magic Square
of the Yi Jing Number Sixty-four) and “Yi Shu Yin Tu" S &E (Yin Magic
Square of the Vi jing Number Sixty-four). ‘These figures require sixty-four
numbers, and sixty-four (2 °% ) is also the number of "Chong Gua" IEFf
(hexagram) in the Yi Jing (the Book of Changes), so the number sixty-four was
called “Yi Shu".

These magic squares were made ®5* by the “Qiu Deng Shu" method. However
Yang Hui rearranged the magic square obtained, since more complex magic squares,
are more mysterious. Using the “Qiu Deng Shu" method, we obtain Fig. 3-30

vhich is already a magic square.

| 64 g 56 17 48 25 40
63—2 55—-10 4718 39-26
62—3 5411 46—19 3827
4 61 12 53 20 45 28 37
5 60 13 52 21 44 29 36
59—>6 5l-14 4322 35-30
58—>7 5015 4223 3431
8 57 16 49 24 41 32 33

8 c7T o6 &5 4 3 2 cl
Fig. 3-30

Interchanging colums and then transposing (columns - rows) would still

preserve the magic square property. Then reverse four rows.
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direction colums

in Fig. 3-30
o1 7T 6 60 61 3 2 64 -« c?
16 50 51 13 12 54 55 9 ~ cb
24 42 423 21 20 46 47 17 <~ cd
3 31 30 36 37 27T 26 40 - cl
5 39 38 28 29 3B M 32 — c2
48 18 19 45 4 22 23 41 — c3
5 10 11 53 52 14 15 49 — c5
1 63 62 4 5 59 58 8 — c8

Fig. 3-31

Then reverse the right half and left half, to obtain the "Yi Shu Yin Tu".

61 3 2 64,57 7 6 60
12 54 55 9|16 50 51 13
20 46 47 17|24 42 43 2
31 27T 26 40133 31 30 36
29 B M 32|25 39 38 28
44 22 23 4148 18 19 45
52 14 15 49|56 10 11 53
5 59 58 8'1 63 62 4

Fig. 3-32

The “Yi Shu Tu" figure is more complex: divide Fig. 3-30 into eight blocks,
so that the sum of each block is the same value.
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1 64, 9 56,17 48,25 40
63 2|55 10|47 18|39 26
62 3|54 11|46 1938 27 DIOIR®D
4 61|12 53|20 45|28 37

wn
8
&
£
=
S
8
S

59 6|51 14:43 22

7
8
&
e
S
©

58 7|50 15742 23|34 31

8 57'16 49'24 41132 33

Fig. 3-33

Arranging items regularly and making rows by each block, the magic square
would be obtained. These patterns are;

I 2 2 1 7 8 8 T
3 4 4 3 5 6 6 5
5 6 6 5 3 4 4 3
7 8 8§ T I 2 2 1
A B C D
Fig. 3-34

A being the basic order, B is symmetrical by vertical line, C is
symmetrical by horizontal line and [ is a rotation. Then rows are made from

each block as in Fig. 3-34. to produce Fig. 3-35.
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block pattern

61 4 3 62 2 63 64 1 ~ @ A
52 13 14 51 15 50 49 16 - ® C
45 20 19 46 18 47 48 17 - ® A
36 29 30 35 31 34 33 32 — ® C
560 5 6 58 7 8 57 < D
12 53 54 11 55 10 9 56 - @ B
21 44 43 22 42 23 24 41 ~ @D D
28 37 38 27 39 26 25 40 - @ B
Fig. 3-35

3

These figures are quite complex, but their construction is based on the “Qiu
Deng Shu" method. The "Qiu Deng Shu" method is the method of making for 2

~ degree magic squares.
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(h) Composing a nine degree magic square

This magic square whose name is “Jiu Jiu Tu" /i fufE (Nire by Nine Figure)
is made by the “Luo Shu block type method”. Nine is three by three, so it is
one of the most typical cases when the “Luo Shu block type method” can be used.

Yang Hui did not explain how to make a nine degree magic square. lowever Ding
Yidong, who was a contemporary of Yang Hui, made the same figure as the “Jiu
Jiu Tu", under the name of "Luo Shu Jiu Shu Cheng" KREFHFE (Nine Times
Numbers of “Luo Shu"), and explained it clearly in chapter 2 of the Da VYan Suo
Yin Xi5ErS (Studies of Dayan).

These two figures (he drew two figures but the second is not a
magic square) are variations of “Luo Shu". In the first figure (the
sane as Fig. 3-37): each block has nine items, so there are 81, 9 by
9, items. The order is the same as “Luo Shu". The sum of each

colum and row is 369. All sums of symetrical pairs are 82 ©©
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Therefore the position of each number is indicated;

9 x{("Luo Shu"'s order in the block — | ) +*Luo Shu"'s order of the block

A= IX@-1)+T  T9= Ix(F-1)+T 16= 9Ix(2-1)+7
B= Ix@-1)+T  43= IX(5-1)+T 61= 9Ix(7-1)+7
8 | 6 0= 9x(8-1)+7 T= Ix{A-1)+T 52= 9x(6-1)+7

3a 76 13

8

8 18,29 4 1
22 40 58

3
&
&
=
8
N

67 28 4972 9 54|65 10 46

21 39 57

&3

41 59

8
&

61

3H 80 17/28 T3 10{33 78 15
26 44 62|19 37 55|24 42 60

71 8 53'64 1 46'69 6 51
Fig. 3-37 the complete “Jiu Jiu Tu"
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(i) Composing a ten degree magic square

This magic square pamed the “Bai Zi Tu" HFFE (One Hundred Figure) is
obtained by application of the "Qiu Deng Shu" method “7 . The "Qiu Deng Shu"
is the method for making 2 ° degree magic squares, but 10 is not 2" so the
method is a little more complex ;

i) Arrange one hundred mmbers as Fig.3-38.
ji) Reverse odd horizontal lines, but there are some exceptions which are

indicated with parenthesis (Fig.3-39).

100 81 80 61 60 41 40 21 20 1
82 79 62 59 42 39 22 19 2

(22

78 63 58

&
&
8

18 3
4

2
=
R

57 44 37

=

17

16 5
86 T 66

&G
&
8

15 6
87 T4 67

b4

47

S

g 8 B 5y

14 7

B 2 8 8 8 8 &
&
&
&
&
8
5

13 8
92 83 T2 69 52 49 32 12 9
11 10

Fig. 3-38
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1 20 21 40 41 60 61 80 81 100

&

82 79 62 53 42 39 22 19 2

[}

18 23 38 43 58 63 78 83 98
97 84 T7 64 57 44 371 4 17

NN

5 16 25 38 45 56 65 76 8 96
$H 86 75 66 55 46 3B 26 15 6
(14— 7) (34—27) (54—47) (T4—67) (94—>87)
(88—93) (68—173) (48—53) (28—33) ( 8-—>13)
(12> 9) (32—29) (52—+49) (72—69) (92—89)
91 90 71 70 51 50 31 30 13 10

Fig. 3-39
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(j) Conclusion

First of all, let us made a table of Yang Hui's magic squares for the sake

of clarity. Yang Hui's six methods for designing magic squares are as follows;

“Luo Shu" method or Yang Hui's method (arrangement method)
“Huan Yi Stu" (Interchange method)

"Qiu Deng Shu" (Seeking Equality Method)

“Luo Shu frame type method"

“Luo Shu block type method"

® © ® @ ® &

Y“stratiform pair method"

lle used these six methods and made new 12 magic squares, which are;
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degree name of magic square method interpreter

3 “Lao Shu” D Yang Hui, 1275

4 “ta Shi-Liu Tu" @ Yang Hui, 1275
“fua Shi-Liu Yin Tu" @ Abe Gakuho, 1976
no figure | ) Yang Hui, 1275

5 “Wu Wu Tu” O+® Xiong Jisheng, 1955
“Mu Wu Yin Tu" G+® Li Yan, 1933

6 “Liu Liu Tu" & Li Yan, 1933
“Liu Liu Yin Tu" o) Li Yan, 1933

7 “Yan Shu Tu" D+® Lam Lay-Yong, 1977
“Yan Shu Yin Tu" @+® Li Yan, 1933

8 “Yi Shu Tu" 0] Li Yan, 1933
“Yi Shu Yin Tu" ® Li Yan, 1933

9 “Jiu Jiu Tu" ® Li Yan, 1933

10 “Bai Zi Tu" ® Li Yan, 1933

TABLE 3 Magic Square Conposition Methods

As shown in table 3, the magic squares of the Yang Hui Suan Fa were based on
“Luo Shu", and Yang Hui used two methods to apply the “Luo Shu".

One is to decide nine numbers which are in the centre, four corners and the
middle of each side first, then to arrange the other numbers. I named it the
“"Luo Shu frame type method". But this method decides only nine numbers. It
would be difficult to make higher degree magic squares because we must decide
n? — 9 numbers by the “stratiform pair method". However Yang Hui could not
find the method for arrangement.

The other is to divide the magic square wnder construction into nine blodks,
making nine complex magic squares of “Luo Shu”. I named it the "Luo Shu block
type method”. However this method can be only applied to 3 n degree magic
squares. The numbers of 3 n incliude odd numbers and even numbers, and the

process of making odd number magic squares is not the same as even mmber magic
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squares. But Yang Bui made both magic squares using one method.

Yang Hui based his study of the “Luo Shu" on Chinese philosopy. He retained
the characteristics mentioned by Zhang Huang in table 1 when he made larger
magic squares. It was a strong point for demonstration but it became a weak
point for mathematics.

Now, let us analyse his methods for magic squares of every degree. He
solved the case of double-even ( 4 n) degree magic squares completely, however
the case of oddly-even (2 n) degree magic squares were not completely solved.

Yang Hui adopted the concept of compound magic squares. Therefore he could
compose multiple degree magic squares from smaller magic squares. Thus we can
make most larger even degree magic squares using his six methods.

On the one hand, Yang Hui did not explain the general method for odd degree
magic squares, and so these remained problems for prime number degree magic
squares for later ages, since all magic squares can be reduced to magic squares
of prime degree.

We must note that he used the “stratiform pair method"; this method
influenced later mathematicians strongly, the details will be described in
sections , [[-4. This method requires a lot of four figure calculations (see
Seki Kowa's method), and therefore difficult to calculate using counting rods.
I wonder if Yang Hui used an abacus for its speed in calculation, hence making
the “stratiform pair method" more practical. This method is an application of
the *Yi Xue" 58 (studies of the Yi Jing), i.e., characteristic (2) of Zhang
Huang in table 1.

" Yang Hui's passion‘ for making magic squares, however, was not just
philosophical, but also because it was mathematically interesting. For
example, eight degree magic squares were made via the “Jiu Deng Shu" method,
but he rearranged them into more complex forms. If he pursued the
philosophical principle, it was enough to explain the “Jiu Deng Swu" method.
But he advanced one more step. This was done out of his interest in

mathematics.
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The Yang Hui Suan Fa is one of the best mathematical books for magic
squares, but there is no magic square in the Shy Shu Jiu Zhang. Both the Shy
Shu Jiv Zhang and the Yang Hii Suan Fa are strongly influenced by traditional
Chinese philosophy, the “Yi Xue" (Studies of the Yi Jing), thus they had the
same philosophy. However, Qin Jiushao looked down on magic squares as little
more than fortune-telling, instead of seeing magic squares as important
"mathematics” as Yang Hui did. The difference in opinion between the two
mathematicians is very interesting. I wonder if one of the reasons is their
occupations. Qin Jiushao was a bureaucrat, and Yang Hui was probably a teacher
of a private school. I think that making large magic squares was a good

advertisement for pupils.
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(4) Before Seki Kowa

(a) Before the Edo period

In Japan, the oldest evidence of magic squares is probably in the
Kuchizusami OO (Humming) in 970, the three degree magic square ®® is

described as follows:

The verse is, "Two is in 'Kaku' ff (corner) 9, 'Sa' 7 (left}

is three, 'YG' %45 (right) is seven, Six and eight are 'Soku' Z&

(legs), nine is 'I8" §f (head), five is 'Shin' & (body), ore is 'Bi'

B (tail), four is 'T' #E (corner)." Soil, Water, Metal Fire and
Wood, these are “GyGnenyd" fT4EME (Destiny stars)., 7@

4 9 2 v "Tot Kaku™

3 5 7 "Sa"  "Shin" “Y@"

8 1 6 “Soku" “Bi"  “Soku"
Fig. 4-1

(the original book does not actually show the magic square)

It is the "Luo Shu", and the describing method is similar to the way of Shu
Shu Ji Vi ffrersE (Memoir on some Traditions of Mathematical Art). There were
two describing methods for magic squares. One is in the Dg Dai Li Ji KRids2
{Record of Rites Compiled by Dai the Elder)(Fig.4-7), which describes only the
order of numbers. The other, in the Sy Shy Ji Vi (Memoir on Some Traditions of
Mathematical Art), describes positions of numbers {see section [[-2-c) and is
called the method of the Kuchizusani (Huming).

The author, Minamoto-no Tamenori FHEERE (£1.970), suggested this magic
square is related to t‘ortime~telling. He suggested the characteristic of the

Five Phases, however, the order of the Five Phases he maintained, is not
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correct. Thus his comprehension of magic squares was not so deep, since he
imi tated the philosophical aspect of "Luo Stu" erroneously.

There are two three degree magic squares in the Renchii-sho 9 #> (Records
of Court) during 12c and 13c. These are called “Jigo(15)-date" JFHI7 (lit.

standing fifteen) because sums of colums and rows are fifteen.

“Jigo—date" (standing fifteen); four four seven, eight five two,
three six six (Fig.4-2).

Six seven two, ore five nine, eight three four (Fig.4-3). 70

3 8 4 8 I 6
6 5 4 3 5 7
6 2 7 4 9 2

Fig. 4-2 Fig. 4-3

In Fig.4-2, four and six are used two times, thus it is not a magic square
by our definition, however the sums are fifteen.

In Fig.4-3, it is the reverse figure of ‘Luo Shu".

In the Maromachi SRHT period %, the name of magic squares is also “Jigo-
date". The Ni Chii Reki ¥ (Two Hand Almanac) which was written between 1444

and 1448 has the following material on magic squares % :

“15-date" (Standing fifteen); six seven two, one five nine, eight
three four (Fig.4-4) .

Another method; four four five, two three six, six seven eight.
Arrange three lines, Make nine numbers (Fig.4-5).

Another uethod in another book; four four seven, eight five two,
three six six. Arrange three lines, make nine numbers (Fig.4-6),
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9 5 1 68 3 2 2 5 8 3 o5 7

4 3 8 8 7 6 6 6 3 § 1 6

Fig.4-4 Fig.4-5 Fig.4-6 Fig.4-7
Da Dat L1 Ji

In Fig. 4-4 is a "Luo Shu". Fig. 4-6 is the same as Fig. 4-1. However,

Fig. 4-5 does not have even the same suns

In the same period, in the section of the seventh year of Kanshé %IFE

(1466) of the Kemmon Zakki (Note of Experience) is written:

Fifteen stones are arranged as in the following figure % |

4 9 2

3 o 7

8 1 6
Fig. 4-8

Although the “Luo Shu" was introduced into Japan, it was a game, and there

is no evidence that Japanese mathematicians studied it. -
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(b) The early Edo period

In the early Edo period, the Suan Fa Tong Zong (Systematic Treatise on
Arithmetic) was introduced to Japan, so that some of Yang Hui's magic squares
became known by Japanese mathematicians. And Japanese mathematicians started
to study magic squares,

One of the oldest studies in this age is the Kign Hosu ZFfEF# (0dd and
E\}m Squares, or another name iS Narabemomo—jutsu 44y (Arranged Matter) about
1653, a manuscript preserved at the Nihon Gakushiin HZE2-1{% (Japan Academy)

The author is unknown, I wonder if it was written by Shimada Sadatsugu M
#8 (1608-1680) 7% .

The author designed magic squares from 3rd degree to 16th degree. He
explained the “arrangement method” and the “Qiu Deng Shu" method, and made the
core of larger magic squares. Then he used the “stratiform pair method” to
complete larger magic squares.

For example, a five degree magic square was made from the “Luo Shu". He did
not describe the details of making it, but the method must have been

1) Add eight to each item of “Luo Shu" (Fig. 4-10).

it ) Make the outer stratum so that the sum of each pairs is 26 (Fig. 4-11).

4 1921 1 2

4 9 2 12 17 10 8 | 12 17 10 |18

3 5 7 1 13 15 23 | 11 13 15 | 3

8 1 6 16 9 14 24|16 9 14| 2
6 7 5 25 22

“mo S;NH

Fig.4-9 Fig.4-10 Fig.4-11
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He sugested some numerical values, these are for

terms

Kyokusti izl (extremity numbers)

Ichipyo Shosti —f7/[ 8 (samll numbers of one row)

Ichigy6é Tasii —{T%¥ (large mmbers of one row)

Niglisi P (two corner numbers)

Shosti Kyokust /U#iiE (small extremity numbers)

Ruisi 2 (tied numbers)

n degree magic squares,

formulae

2 (n—1)

n(n—-1) /4

(n (3n—1) +23
4

2n

n—1

n +1.

Of these numbers, “Kyokusi" and “Ruisi” are important. “Kyokusit" is the

number added each item of the core magic square.

pairs.

And “Ruisi" is the sum of

For greater than eight degree magic squares, he designed only the outmost

numbers, for example, the nine degree magic square in Fig. 4-12. A completed

nine degree magic square is in Fig. 4-13.

8§ 78 75 76 81 15 12 14 10

66 16
T 11
69 13
73 | 9
5 1
2 80
3 | 79

2 4 T 6 1 67T 70 68 74
Fig.4-12
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66
!
69
73

72

57

18
58
20
59
21

75
22
32

51
52

60

7 81 15 12 14 10
5 55 19 17 61 16
47 49 29 48 28 11

R

37 42 30 62 T

26 27 63 65

&

79

Fig.4-13




lis original figure is not a complete magic square, he drew each stratum.

The independent strata square (until 16 degree) is

10 24 23 22 21 3 2 15 227 296 237 238 239 244 243 252
11 6176 5183 18 182 26 181 25180 2 1% 9 190 246
12174140 135126 9 7 21 14 2 13130 134 133 23 245

5 13 3 97 15 8 13 9100 6 8 2 96 142 184 232

26178 18 93 61 9 2 14 60 58 53 3 8127 19 231
27189 1 11 54 2 29 33 7 6 34 1l 90144 8 230
240 12133 9 55 10 O O O O 21 10 7 1218 17
BLIT3128 14 1 8 O O O O 9 64 87 17T 4 6
250193141 91 6 32 O O O O 559 10 4 4 7T
229 11125 12 8 36 O O O O 1 57 89 2018 28
228194137 8 13 3 8 4 30 31 35 52 16 8 3 29
249 22 16 3 62 56 63 51 5 7 12 4 98129175 8

248 187 22 5 8 17 8 92 1 95 18 93 4133 10 9
241 20 6 10 19136 138124 131 143 132 15 11 5176 16 176 should
4 7 21192 14179 15171 16 172 17195 1 188 191 253 be 177.
5233 234 235 236 254 255 242 30 1 20 19 18 13 14 247
Fig.4-14

In Fig. 4-14, he made a mistake in 14 degree, it is the underlined 176, it

should be 177. He made mistakes in odd degree magic squares, too, they are,
eg. 15 degree: 299199, 298198

In that age, the “stratiform pair method" was popular among Japanese
mathematicians. Buf Shimada Sadatsugu could mot find a general method to
arrange pairs, his methéd was by trial and error. Thus larger magic squares
are more difficult. Therefore, the theme in that age was making larger magic
squares. Japanese mathematicians probably knew about *compound magic squares".
So the theme was the magic squares which could not be made using the “compound
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magic squares” method, i.e., the magic squares of prime number degree. The

typical theme was to make 19 degree magic squares.

This question was posed in the Sampo Ketsugi-sho BB (Solving

Mathematical Questions) in 1659. And the first answer was given in the Smso &

A1 (Mathematical Cutting Board, 1663) by Muramatsu Shigekiyo FHARERS (d.1695),

the magic square is as follows 7% ;

359

2

5 7 8 10 11 13 14 326 328 331 332 334 335 339 341 343 1

358 323 296 41 42 43 45 47 48 49 294 299 300 301 302 304 306 37 4

356
353
350
341
346
345

52291 70 72 75 76 79 80 266 267 269 272 273 276 280 69 310 6

53
>4
55
57

59

94 263 98 100 102 103 105 242 244 246 249 250 254 97 268 309 9

92 261 222 231 230 223 228 227 129 127 125 121 122 101 270 308 12

91 258 123 171 176 163 216 221 214 153 158 151 239 104 271 307 15

88 256 124 170 172 174 215 217 219 151 154 156 238 106 274 305 16

87 255 126 175 168 173 220 213 218 157 150 155 236 107 275 303 17

35 64 85 119 128 162 167 160 180 185 178 198 203 196 234 243 277 298 367

33 65 84 117 130 161 163 165 179 181 183 197 199 201 232 245 278 297 329

32 67
23 311 289 114 224 207 212 205 144 149 142 189 194 187 138 248 73
26 312 288 111 225 206 208 210 143 145 147 188 190 192 137 251 74
25 316 285 110 226 211 204 209 148 141 146 193 186 191 136 252 T7
24 318 284 109 240 131 132 133 134 135 233 235 237 241 140 253 78
22 322 281 265 264 262 260 259 257 120 118 116 113 112 108 99 81
20 324 293 292 290 287 286 283 282 96 95 93 90 89 8 82 T
18 325 66 321 320 319 317 315 314 313 68 63 62 61 60 58 56
361 360 357 355 354 352 351 349 348 36 34 31 30 28 27 23 21

square because the core magic square is the “Luo Shu" with 176 added.

83 115 223 166 159 164 184 177 182 202 195 200 139 247 279 295 330

Fig. 4-15

51 333
50 336
46 337
44 338
40 340
38 342
39 34
19 3

It is certain that he used the *stratiform pair method” to make this magic
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180 185 178 4 9 2

179 181 183 3 5 7
184 177 182 8 1 6
Fig. 4-16

After Muramatsu Shigekiyo, Japanese mathematicians continued to study magic
squares. The largest one during that period was a 30 degree magic square by
Andd Yieki ZEFHIE (1624-1708) in the Ki Gz Ho Su ZFHEH$#¢ (0dd and Even
Squares, 1694). However, they had no general method to arrange pairs, except
by trial and error. The era when Japanese mathematicians competed by intuition
was soon over, and they tried to find the general method.
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(5) Works of Seki Kowa

(a) Terms of magic squares

In the early Edo period, magic squares were usually called “Narabemono" if-~
. And the name “Luo Shu" was introduced into Japan. But Seki Kowa called
magic squares a new name, "Hojin" AP (i) (lit. square formation). I think
that the “Luo Shu" in the Yang Hui Suan Fa (Yang Hui's Method of Computation)
was mistaken, thus he did not want to use the nmame “Luo Shu”, and must use other
names for magic squares.

In China, this term, "Fang Chen" 4B ([di), has never used. But there is a
similar term to it in the Shu Shu Jiu Zhang, it is “Fang Bian Rui Chen (Zhen)"

FRgue () (Changing Formation from Square to Sharp Triangle) which is the
title of question 2 of chapter 15 ™. [t does not mean magic squares, thus it
is difficult to conclude that Seki Kowa used Shu Shu Jiu Zhang's term. But is
it an accident that Seki Kowa's unique term, which has never been used in both
China and Japan, is very similar to Qin Jiushao's one?

Seki Kowa's methods are also “stratiform pair methods”. He used many
technical terms and explained the structure of magic squares numerically. For
example, “Zo6 Si" #§®y (lit. increase numbers) is the mmber of items in outmost
sturatum.

I wonder why Seki Kowa did not refer only to Japanese mathematicians' works
bat also Yang Hui Suan Fa, when he considered these mmbers. Yang Hui described
the question of square's strata, which is question 12 of chapter 1 of Tign Mu
Bi lei Cheng Chu Jie Fa (Practical Rules of Arithmetic for Surveying);

A budle of arrows with a square cross-section has 40 arrows on the
boundary of the square. Find the total numbers of arrows.
Answer: 121 arrows.

i) The original method: Add 8 to the mmber of arrows on the boundary
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and then multiply this by the number on the boundary. Divide by 16,
and add the arrow in the centre.

i) By the method of square (“Fang Tian Fa" JyHE:): Halve the number
of arrows on the bourdary twice, add 1 to give the length of one side
of square ("Fang Mian" Af). Square this result.

i) Altermatively use the method of the trapezium (“Ti Tian Fa" &:HBE
): Add the number of the innermost and outermost layers. Halve the
sum and multiply it by the number of layers (“Ceng Shu" J&E#).
Finally add the arrow in the centre to obtain the resolt “® ., To
obtain the number of layers, divide the number of arrows on the

boundary by 8. 79

Yang Hui indicated the connection between total number and the numbers on
the boundary clearly, (let the length of one side of the square be 1, the
number on the boundary ¢ ), these are:

i) n® =c (c+8) /16 +1
i) n*=(c//4 +1)* (.n=c/ 4 +1)
i) n?=((c+8) 72) - (c/8) +1

These formulae are not the same as Seki Kowa's, but this question was a good
exercise that Seki Kowa studied concerning the relations between the number of
total items and the pumber of items on the boundary.

"Seki Kowa's terms and the formulae described in the Hojin no Ho R s
(Method for Magic Squares) -are:

“Sashist" 878 (number of items) ; Put “"H6sG" A48 (degree),
square it, obtain “SAshisd".
"KyOsekisi" Ff{# (sum of item numbers); Put two “Séshisi"

(number of items) on two rows (counting board rows, not magic square

A
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rows), add one to the lower, multiply it by the upper, divide it by
two, obtain “Kydsekisi" (sum of item numbers).

“JyGé Shakaku HeisekisG" BRI AOEEEEL (sum of orne side); Put
“Kyosekis" (sum of item numbers), divide it by “Hési" (degree),
obtain “Jyid Shakaku Heisekisd" (sum of one side).

NZESO" 1595 (increase of item); Add new “HAsQ" (degree) with the
previous “Hos(" (degree), to obtain “Zosi" (increase of item). Then
add it to each number of previous magic square, to obtain the numbers
of now inner magic square.

"Otaisi" HEP (sum of each pair); Put “Séshisi" (mumber of
items), add ore to it, to obtain "SGtaisi" (sum of each pair).

"Hyd(sG),Ris0" FEP; Put “Hosi" (degree), take away one from
it, multiply it by two. “Hydsl" 3*#f (front numbers) are numbers
from 1 to this number. “Rist" E$ (back numbers) are numbers from
"S5shist" (number of items) going downwards ¢

That is, his formulae are (in algebraic notation):
llms“iﬂ :n

“Spshisi” =1, 2
Hyosekist® (3k?) =n* (n* +1) /2
"Jyiio Shakaku Heisekisi” =n2? (n%? +1) /2n
“Zosi" < =2n-—2
“Sotaisi" =n? + 1
‘Hyosd” 1, 2,-, 2 (n—1)

"Risi" n?, n> -1, n*—2 (n—1) +1

#Zost" (increase of item) is half the numbers of items in the outermost

boundary, and is the number to add to the core magic square. Seki Kowa
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described these numbers clearly, then he explained the general method to
arrange pairs. He classified all magic squares into three categories, “Ki
Hojin" ZrffE (odd number degree magic squares), “Tan-gu HOjin"BE{E Al (oddly-
even number (4 pn— 2) degree magic squares) and “So-gu Hojin" (B 5
(doubly-even number (4 n) degree magic squares). The details will be

described from section T[-4-b to ][-4-d.
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(b) Odd mmber degree magic squares

Seki Kowa computed how many items needed to be added to make the next large
magic square, then he arranged “Hy6si" (front mumbers) and “Risi" (back mumbers)
around the outer circumference of the new magic square symmetrically, The
method of arrangement for odd degree magic squares is as follows.
 The degree tobe is n=2m+ 1: We will demonstrate with an eleven degree
magic square, therefore the value m, (his term was “K6 Dan SG" EHEy®; (number
of A, see Fig.5-1)), is 5. The direction of row is from right to left

normally.

First, arrange of “Hyo st" (Front Numbers) (see Fig. 5-1);

Put 1 next to top-right cormer, arrange m numbers, from 1 to m
from here. The direction is clockwise, arriving at the cormer to the
below.

Arrange (m— 1) numbers, his term was “Otsu Dan SG" Z B¥#
(number of B, from (m+1) to 2m— 1), from the third position
on the top row to the left.

Arrange (m-+ 1) numbers, his term was “Hei Dan SU" B
(number of C, from 2m to 3m), from the next position of A
dowrwerds.

Arrange m numbers, his term was “Tei Dan S0" TE# (mmber of D,

from (Sm+1) to 4m), from the next position fron B to the
left, @

Second, arrange *Ri Si" (back mmbers) symmetrically with the front mumbers;
the corper mumbers are arranged diagonally.
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21918 |17(16f 9| 8] 7| 6| 1| 2
119 3
118 (B) m-—1 4
117 T
112 10
111 11
110 12
109 13
108 14
107 15
20 103 [104 L0S [L06 [L13 [t14 {115 [L16 121 {102

Fig. 5-1
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Third, interchange some items, the method is:

Interchange m colums from 1 symmetrically.

Interchange m rows similar with it. ¢2

M-
20 {19 |18 | 17 | 16 [L13 114 J15 l116 }121 2
119 $ 3
118 4
17 5
112 10
11 1
12 10
m| |13]< | 09| | m
14 08
i5 07 j
120 [L03 104 tws 06| 9| 8| 7| 6/ 1 Imz

Fig. 5-2

We cannot know how he found this interchanging method, but Fig. 5-2 is

certainly a perimeter magic square.

-127-



(¢) Doubly-even degree magic squares

“So Gi Ho" (doubly-even degree magic squares) were also obtained by a
similar method, as follows. We will explain the case of a twelve degree magic

square,n=4m, S0 m is 3 (see Fig. 5-3).

Arrarge (4 m-— 2) numbers, his term was “K6 Dan SG" (A, from

| to (4m—2)), from the third position of the top row to the left.

Arrange two mumbers, his term was "Otsu Dan SB" (B, (4m—1)
and 4 m, from the topright comer to the left.

Arrange (4m—2) numbers, his term was “Hei Dan S3" (C, from

(4m+1) to (8m—2)), from just below the top—right corner
downwards. ¢

Interchange within the colums;

Interchange two numbers, the fourth and fifth position from top—
right corner. Do not interchange next two numbers. TInterchange next
two numbers, do not interchange next two numbers. Continue

interchanging in the same way. %
Interchange within the rows;

Interchange two numbers from the top—right corner. Do not
interchange next two numbers, interchange next two numbers. Do not
interchange ﬁext two numbers, interchange next two numbers.
Interchange in the same way until the third position from bottoarright
carrer is reached. 9
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10/ 9| 8] 7| 65| 4| 3} 2|1 12/ 11
132 2 2 2 2\13
3 14
130 2115
129 16
128 2\| 17
127 18
&26 2 119
125 20
124 21
123 22
134 136 {137 h38 139 [140 141 [142 [143 144 [133 1135

Fig. 5-3
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11| 9§ 838139 | 5| 4142 143| 1 [12]10
13 (132
131 14
130 15
16 129
17 128
127 18
126 19
20 125
21 124
123 22
134 136 137 | 7| 6140 tlf}l 31 2144 133 135

Fig. 54
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(d) Oddly-even degree magic squares

“"Tan Gi Ho" (oddly-even degree magic squares) were also obtained by a
similar method, as follows. We will explain the case of a fourteen degree magic

square, n=4m+2, so m is 3. (see Fig. 5-5)

Arrange 4 m numbers, his term was “K6 Dan SG" (A, from ] to
4m), from the third position on the top row to the right.

Arrange 4 m numbers, his term was “Otsu Dan SU" (B, from (4
m+1) to 8m), from the topright cormer dowmards until the third
position from the bottom-right corner.

Then arrange ore number, his term was “Hei Dan SO" (C, the number
(8m-+ 1)), left of the top-right corner, arrange one number, his
term was "Tei Dan SG" ( D, (8m-+ 2) ) above the right-bottom

corner, 88

Interchanging by colums;

Interchange three numbers from the top-right corner. Do not
interchange next two numbers, interchange next two numbers. Do not
interchange next two numbers, interchange next two numbers. Continue
until the third position fram top-left corner is reached. ¢7

" Interchanging by rows;

Interchange in one row below top-right corner (2nd row). Do not
interclmgenéxtwommbers, interchange next two numbers. Do not
interchange next two numbers, interchange next two numbers. Continue
interchanging until second last row. ©®
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Im— A 1 (C)

12{1|10| 9! 8| 7| 6| 5/ 4{ 3| 2| 1] 5|13

183 2 9 i(] 14

182 15

181 a2l 16

180 17

179 . 18

178 18] |4m
177 2120 (B
176 21

175 22

174 23

173 2

171 ) | i(| 26])1 (D)
1184 [186 187 (88 [189 190 191 (192 (193 |194 195 |196 |172 {185

Fig. 5-5
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12 | 11 187 |188 8| T{191(192| 4| 3|195(196|172| 13
14 > 9 9 1(]183
1 15,
181 92| 16
17 180
18 179
(78 19
177 21 20
21 176
22 175
174 23
173 2
26 i( 171
184 186 | 10 | 9189 190 | 6| 5/193/194| 2| 1| 25/185
Fig. 5-6
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{(6) Conclusion

(a) Studies of magic squares in the FEdo period, Japan

Seko Kowa's method was based on calculation. The magic square is a
geometrical matter at first glance, but he solved the problems by calculation.
He probably used a particular calculating tool such as the abacus. Seki Kdowa
could make any degree magic >squares by those methods. His method was the
application of the “stratiform pair method". He was influenced by the Yang Hui
Sum Fq and some Japanese mathematicians' methods, so his method was not totally
original. However, he was first to find the method of arrangement ©9 . He
advanced step by step, and this was a most important advance, The study of
magic squares as “"normal science" had been transfered to another culture, i.e.,
from China to Japan. During the Edo period in Japan, mathematicians contimted
to study magic squares.

Now, we list the studies of magic squares by Japanese mathematicians ¢

Author Title year Sub ject

Isomura Yoshinori Sampd Ketsugi Sho 1659 the question of making 19

BNl (d.1710) PR degree magic square

Muramatsu Shigekiyo Sanso 1663 the 19 degree magic square

FA%RE (d.1695) HAE

Saté Masaoki Sampo Kongen—ki 1669 the 19 degree magic square

HOTERL (F1.1669) SO

Hoshino Sanenobu Ko Ko Gen Sho 1672 the 20 degree magic square

ENFECE (1628-1699)  JRéakpd

Isomura Yoshinori Kashiragaki 1684 the 19 degree mgic square
Sampo Kongen—ki (It is the same as Smso's

ERAERE (A 1710)  GEEEEMEE magic square. )

Seki Kowa Hojin no Ho 1683 any degree magic squares
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2 (1642-1708) Alnzik

Tanaka Yoshizane Rakusho Kigan
MmhEE (1651-1719) K EHE

Ando Yaeki Ki Gu Ho St
LG (1624-1708) ZMEHF S

Suzuki Shigetsugu Sampo Choho—ki
PKER (f1.1694)  FLk&EE
Takebe Katahiro Hojin Shin—jutsu
EEEREL (1664-1733)  fdegifr
Matsunaga Yoshisuke fpjin Shin—jutsu
ok Big (d.1744) PALLC S
Kurushima Yoshita Ku-shi ko
ABEAER (d.1735) REGER
Kurushima Yoshita Ritsu Hojin
AYEBZER (d.1755)  ILAM

Nakane Hikodate?  Kaja Otogizoshi
FRER (1701-1761)  EpEfintEr
Murai Chiizen Sampac oshi Mon
FFFrpdn (1708-1797)  SBpET
Matsuoka Yoshikazu  Hpjin Enjin Kai
FaRfE— (1737-1803) JhTE(ERE

? Hojin Genritsu

1683

1634

1634

(1760)

1755

1755

1743

1784

any degree magic squares
another method of Seki's one
up to 30 degree magic
squares

Yang Hui's method for 5
degree magic squares
“diagonal methods"

Yang Hui's method for odd

degree magic squares

“totter method"

a 4 degree magic cube

magic squares using the

same value items

new diagonal method

using matrix symbols

1790's? 5 degree magic squares

Nakata Takahiro Hojin Genkai ?

W (1739-1802) AREERE

? Shi Hojin Ren-jutsu ?
ey a2 )

? Shi Hojin Tan-jutsu ?
PR

Yamaji Shuju Sekiryi Go Hojin Henst
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Jutsuro narvabini Sikai 1T
(LFgERs (1704-1772)  BHFE A7 ESREARRS I SR

? Go Hojin Hensii-jutsu ?

Wity
Aida Yasuaki Ho-Enj in no Ho ?
WHEHH (17T47-1817) [Effio ik
Aida Yasuaki Hojin Henkan no Jutsu ?
BHTH Ty L 4
Ishiguro Nobuyoshi  Shi Hojin Hensi ?

FAEFEH (1760-1836)  PU75dmerey

? Hojin Henkan—jutsu  ?

5 Rty
Uchida Kyumei Hojin no Ho 1825
MNHEA @ (d.1868) Tz ik
Ichikawa Yukihide  Gorei Sampo 1836
GRLGES EFOE
Okayu Yasumoto Sampd Semmon. Sho 1840
s EA R
Komatsu Donsai Hojin Furetsu-ho ?
/RBEEE (1800-1868) ARSI
Satd Mototatsu Sanpo Hojin Bnjin—jutsu ?
fiocRE (1819-1896)  SEHOAIREEIRAN
Hagiwara Teisuke Hachi Hojin ?

FIERE (1828-1909) /\ A

a new stratiform method

transforming magic squares

computing how many varia-
tions of the same M.S.

four degree magic squares

valiations of four degree
magic squares
a new interchange method

a new interchange method

diagonal methods (the same
as Takebe's method)

a new interchange method
(similar to Matsunaga's)

a new diagonal method

a perfect 8 degree magic

square

Seki Kowa had already created the method for composing all magic squares in

18th century, therefore later mathematicians could continue to study more

advanced methods of making magic squares. Some mathematicians, Tanaka,

Matsunaga and Uchida, studied magic squares in a similar way to that of Seki

Kowa, i.e., classifying magic squares into three categories, then considering
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separate methods of composition.

Another important method is Takebe Katahiro's HEHEfs/, (1664-1739). He is a
student of Seki Kowa. His method, for example in the case of a seven degree
magic square, is:

i ) Arrange a natural square (Fig. 6-1).

i) Thus four lines or rows are already the same as the lines in a
magic square. These are the middle column, the middle row and the
two diagonal lines. The diagonal line from top-right to bottom-left
is called “Usha" 7%l (right diagonal) and the other is called
“Sasha" f=%} (left diagonal).

ii) Arrange the original middle row as the new “Usha", the original
“Usha" as the new middle colum, the original middle colum as the
new “Sasha", the original “Sasha" as the new middle row (Fig. 6-2).
iv) Reverse the middle colum and row, interchange the *Usha" and
the “Sasha" (Fig. 6-3).

v) There are some irregularities (Fig. 6-4), but these are able to be

corrected by interchanging one item in each colum and row. For

example, interchange 15 and 29, or 21 and 35 for correcting third and

fifth row.

43 3 29 2 15 8 1 22 1 4

4 37 30 28 16 9 2 23 9 11

45 38 31 24 17 10 3 24 17 18

46 33 22 5 18 11 4 43 37 31 5 19 13 7

47 40 33 26 19 12 5 .22 33 26

48 41 34 21 20 13 6 39 4 27

WEEERE, 46 19 28
Fig. 6-1 Fig. 6-2
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4 49 28 -6
11 41 21 -4
18 33 26 -2

7 13 19 25 31 37 43

24 17 32 +2

23 9 39 +4

22 1 46 +8
Fig. 6-3

Takebe Katahiro's method was also applied by later Japanese mathematicians

such as Murai Chizen FFEehf (1708-1797), Mikayu Yasumoto gfiiZeAs (f1.1840)

and Satd Mototatsu {jfEchEE (1819-1896).

As given above, Japanese mathematicians regarded the works of Japanese
mathematicians in the 18th century as immortal, and the studies of magic
squares were advanced in Japan. In any case, it is certain that Japanese

mathematicians', at least Seki Kowa's, most important reference book was the

+42 +28 +14 -14 -28 -42
4 <36>(29) 49 (15)< 8> 28
44> 11 (30) 41 (16) 271 < 2>
<45>(38) 18 33 26 (10)< >
7 13 19 25 31 37T 43
AT(40) 24 17 32 (12)< 5>
<48> 23 (34) 9 (20) 39 < 6>
22 <42>(35) 1 (21)<14> 46

Fig. 6-4

Yang i Sum Fa whether directly or indirectly referred to.



(b} Studies of magic squares in the Qing dynasty, China

On other hand, Chinese mathematics in the Qing dynasty did not admit that
the magic square was a part of mathematics. Mei Juecheng Hpsypk (1681-1763)

suggested;

The original book (Suan Fa Tong Zong) drew “He Tu" and “Luo Shu"
in the initial volumes. They seemed to be mathematics at first
glance because they used numbers. However they were used for future-
telling, and all books about divination comented on them. Since they

were not useful for arithmetic, they were omitted in this book ¢V .

Most works in Suan Fa Tong Zong were imitations of Yang Hui Suan Fd' s magic
squares, however an important explanation was given in Suan Fa Tong Zong (see
section T[-3-d).

But, in the Qing dynasty, magic squares were no more considered mathematics.

Magic squares of Shu Du Van (%7 (Generalisations on Numbers) by Fang
Zhongtong Al (17¢) in 1661 was an imitation of Suan Fa Tong Zong ¢ ? ,
although he corrected Cheng Dawei's mistake. (concerning a five degree magic
square.) Let us make a table of magic squares in Yang Hui Suan Fa, Suan Fa
Tong Zong and Shu Du Yan. In the table, =" is the same as Yang fui Suan Fd's
magic square, " =" is similar to Yang Hui Suan Fd' s magic square, and “no" is

no figure.
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degree Yang Hui Summ Fa (1275)  Suan Fa Tong Zong (1592)  Shu Du Yen (1661)

3 ‘“Luo Shu" = =
4 “fua Shi-Liu Tu" no no

“Hua Shi-Liu Yin Tu" = =

5 “Wu Wu Tu" = (error) = original
“Wu Wu Yin Tu" no no

6 “Liu Lin Tu" no no
“Liu Liu Yin Tu" = = SFIZ

7 "Yan Shu Tu" = =
“Yan Sm Yin Tu" no no
8 “Yi Shu Tu" = =
“Yi Sha Yin Tu” no no
9 “iu Jiu Tu" = =
10 “Bai Zi Tu" = =

TABLE 4 MAGIC SQUARES IN THE QING DYNASTY

It was the age of introduction of modern western science. It camot be said
that the studies of magic squares were influential although it was very
influential in Japan. I suspect it was no accident that Mao Jin's manuscript
of Yang Hui Suan Fa omitted the part concerning magic squares, which is the
first chapter of the Yu Gu Zhai Qi Suan Fa. |

One reason for this was that there were no systematic schools for
mathematics in China *%> . In contrast, there were many schools called
Terakoya =FF and they were competitors among themselves in Japan. Most
Japanese mathematicians vere teachers of mathematics, and magic squares were a
good advertisement for their schools.

Magic squares were an embodiment of philosophy in China. But it was also a
kind of hobby for Japanese mathematicians. It was often said that Japanese

mathematics was “Muyd no Yo"{EfiDH (the practical use for impractical use).
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The magic square is a typical example of this.
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Il : THE ANALYSIS FOR SOLVING
INDETERMINATE EQUATIONS

(1) Study history

It is said that indeterminate equations are classified into two categories
“ 0 Ythe Sunzi Theorem" %77 (lit. the Master Sun's Theorem, the Chinese
remainder theorem) and development, and "Bai Ji Shu" FH## (One Hundred Fowls
problem) *2 . But these two problems are not the same in their origin, their
solution or their developments, such as the way Yang Hui (f1.1274) classified
them in traditional Chinese mathematical thought *% .
In this chapter, we will only consider “the Sunzi Theorem" and its
development, because we wish to compare with Seki Kowa's work.
These fields of indeterminate equations have been studied by many historians
of mathematics % . Since Wylie (f1.1852) *% introduced the subject in 1852,
all books about the history of Chinese mathematics have devoted several pages
to it. The work of Mikami Yoshio = _Fzgk (1875-1950) *® is one of the
oldest analyses using modern mathematics, while the work of Li Yan Z:ff (1892-
1963) *7 was ope of the most complete studies about "Da-Yan Qiu Yi Shu" Afisk
—74ff (The Technique of Acquiring “One" in Dayan), development of “the Sunzi
Theorem™ (the Chinese remainder theorem). Qian Baocong £5F3FE (1892-1974) »®»
discussed the relation of indeterminate equations with astronomy, and the
method of “Jiu Ding Shu" >RiES (the method of finding mutually prime numbers).
In the Occident, Needham's (b.1300) works 9% provide one of the most
complete discussions. Libbrecht (£1.1973) ¢ compared “Da-Yan Zong Shu Shu"
KiTiegy (The General Solution of Dayan Problems) with Indian and Western
mathematics; moreover he solved most of the probl_ems concerning relations
between *Da-Yan Qiu Yi Shu" and Indian work, and posed the problem of making
mttually prime mumbers. Lu Zifang &5 (1895-1964) 'V and Li Jimin Z=f8Rg

(b.1940) 2 analyzed the problems for astromomy, and specifically Li Jiming
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analyzed, using modern theorems, the remaining mathematical problems, that is,
ascertaining what methods Qin Jiushao used, to greater or lesser effect, to make
the divisors mutually prime.

On the other hand, Japanese mathematicians from the Meiji period onwards, in
spite of being trained in Western mathematics, also were based on the
traditional pre-Meiji mathematics and therefore were able to amalyse the old
mathematics using Western mathematics. Hayashi Tsuruichi ##E— (1873-1946) ¢
did his work in this age. Japanese mathematics was analysed completely by
Fujiwara Shozaburd JfEEM=HAR (1881—1946) a4 including all problems of
indeterminate equations. In 1964, Katd Heizaemon jpjfE/Afq (f1.1956) <19
concluded historical studies of number theory in China and Japan. These three
scholars understood that "Da-Yan Jiu Yi Shu" (or “Senkan-jutsu" Fi44f7 which was
Seki Kowa's term) involved the application of "Geng Xian Jian Sun" TE##kig
(Mutual Subtraction Algorithm, “Chinese Euclid's Algorithm") & ., They
oétlcluded that the traditional method is not the same as a series of numerators
of contimuing fractions 7,

We will refer to the works of these scholars and compare Chinese and
Japanese mathematics. Then we will consider the historical influence of
(hinese mathematics on Japanese mathematics. Next we will coosider how Japanese
mathematicians solved the problems remaining at the beginning of the early Edo

period, and whether they made good use of (hinesé works in the 13th century.
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{2) “The Sunzi Theorem” (Chinese Remainder Theorem)

(a) In China

The origin of indeterminate equations is probably to be found in the
construction of the calendar “® . When a new calendar was to be made, the
first thing that was done was to compute “Shang Yuan Ji Nian" _[-5of4E (the
accumilated years from the epoch) from certain conditions. In Chinese
philosophy, *Shang Yuan" |-jr; (the epoch) must be the starting point of the
astronomical period. [t was commonly thought that that year had to be the
first year of sexagenary cycle, "Jia Zi" M. This year, in 1993, is the year
of "Gui You" 3%, the 10th year of the sixty year cycle, let the “Shang Yuan

Ji Nian" be x, it is the same value as the congruence expression;

x=(10-1) (mod 60 )
= 9 (mod 60)

Some specific conditions were assumed in the construction of each calendar.
The first day of the epoch year, which is the winter solstice, had to be a new
moon, which is the first day of a lunar month. For example, if it were 5th day
of 11th lunar month at the winter solstice '® , the total number of days from
the first day of the epodl year, be expressed asy, and one tropical year be

given as 365 1/4 days. Thus it is the same value as the congruence expression;

y= (5-1) (mod 365 1/4)

Il

4 (wod 1461/4)

Every four years, 1461 days, the fraction is eliminated, thus;

y= 4 (md 1461) .
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Because the calendar was one of the most important things in an agricultural
state like China, the method of solving indeterminate equations, which was the
method of computing the length of “Shang Yuan Ji Nian", was also important in
all ages in China.

In the field of mathematics, indeterminate equations also appeared early.
It was recorded in question 26, chapter 3 of the Sun—zi Suan Jing FRFHE
(Master Sun's Mathematical Manual) , which is known as the question of “Wu Bu

Zhi Qi Shu" PrAmE D (The Question of Unknown Number of Articles):

QUESTION: Now there are an unknown number of things. If we coumt
by threes, there is a remainder 2; if we count by fives, there is a
remainder 3; if we count by sevens, there is a reminder 2. Find the
number of things.

ANSWER: 23

METHOD: If we count by threes and there is a remainder 2 put
down 140. If we count by fives and there is a remainder 3 put down 6
3. I we count by sevens and there is a remainder 2 put down 0. Add
them to obtain 233 and subtract 210 to get the answer. If we count
by threes and there is a remainder 1 put down 70. If we count by
fives and there is a remainder 1 put down 21. If we count by sevens
and there is a remainder 1 put down 15. When a number exceeds 106,
the result is obtained by subtracting 105 to get the answer. 20

The “question” of “Wu Bu Zhi Qi Shu" is equivalent to the following set of

indeterminate equations:

x= 2 (mod 3)
=3 (md 5)
=2 (mod 7)
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The “"method", it is called "The Sunzi Theorem”, gave the answer;

x= 2 X704 3x21+4 2x15 (mod 3X 5x T)

il

233 (mod  105)
Xmin = 23

This answer is the correct one, but Sunzi &+ (f1. 4c) did not comment on
the process. He suggested three numbers, 70, 21 and 15. We can understand
that these numbers are the products of the other two divisors. 21 is 3 times
7, and 15 is 3 times 5.

Sunzi, however, did not give any comments about the meaning of these
numbers. Moreover, the exception to this pattern occurs in the case of the
first equation. For its treatment, the instruction is to “put 70 which when
divided by 3 gives a remainder of 1" yet the product of the divisors of the
Second and third equations, 5 and 7, is 35, not 70. There is an integral factor
of 2 that seems to come into play that is not accounted for in the description
of the general method.

In the 13th century, Qin Jiushao suggested the meaning of these numbers, so
Sunzi's method was very probably the same as Qin Jiushao's method. His method,
however, described only the *junction" (the procedure of computation), but it is
difficult to understand his method. Then historians of mathematics after Gauss
(1777-1850) 2V explained Qin Jiushao's method using Gauss's mathematical

symbols ¢22> | Let us express the problem in modern notation, Chinese terms

are Qin Jiushao's terms.
The Chinese remainder theorem is the method for solving simultaneous

indeterminate equations, thus given equations are expressed generally;

x=R; (md a,) (i=1,2,3----1n) -~ (L1)
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and with m=1I[Ia;: ("Yan Ma" 7776} (lit. extension mother)), m. =m, a.

("Yan Shu" f78¢ (lit. extension number)), that is to say, m. are the products

of other divisors. And this m,; has a strange character, it is 3 constants

of k. , which satisfies modulus equations, if m; and g ; are mutually prime,

i.(-}._, (m; y i ) =1;
kimi =l{md a,) e (1.2)
Then multiply two sides of modulus equations (1.2) by R; ;
Because if’;
aEb (ﬂm d) )
ac=bc (md d) .

R: ki mi =R, (md ga; )

Thus each R, k; m, satisfies one of modulus equations (1.1).

On the other hand, from definition of m,; , we can see that
m: |a; (i #j)
thus R; k, m; | a, , that is to say,
Ri kimi =0 (md a,)
And if
a=bh (mod d) ,

atc=b+c (md d) .

Therefore:
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R, ki m: +R: k. m: +--+R. ke m, =R, +0 +--+10 (mOdal )

=0 +R; +-+0 (moda, )

=0 +0 +-+R, (modg, )

n
Thws Y R; k: m,; fulfils the condition of all modulus equations (1.1).
4 =i
And there are ﬁai cases in the permutation of the remainders, so x,.;. is
L= .

L
less than [Ta; ,
A=l

X E1§Ri k: m; (mod m)

Xn\in ziRi kl mg _Dm (DEI, DZO)
A=l

So in the case of "Wu Bu Zhi Qi Shu", a; =3,5,7 ¥¥; R, =2,3,2;

k, =2
k., =1
ks =1
Thus;
ki m, =70
ke m, =21
ks my =15

‘These are just the numbers which Sunzi suggested, i.e., Sunzi described the

value of k; m, ("Fan Yong" jZf (lit. extensive use) which is Qin Jiushao's
term) in the “method”.

R, (2) Xk, (2) Xm, (35)=2(md3) =0 (mod5) =0 (mod7)
R: ) Xkz (1) Xm, (21)=0 (mod3) =3 mod5) =0 (mod7)
Rs (2) Xks (1) Xms (15)=0(mod3) =0 (mod5) =2 (mod 7)
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=

™M

Ri kim: (233) =2(mod3) =3 (md5) =2 (mod7)

{

q

This process gives a correct answer as above. But two important points were
not explained in Sun—zi Sumn Jing.

One is: there are no comments on how %k, is found. If Qin Jiushao had not
explained this method, it would have been very difficult to understand it (this

method will be described at section [[-3-c).

The other is: the condition computing k; (see modulus equation (1.2) is;

(mi, a:) =1.

(ai » a;) =1

Thus all divisors must be mutually prime numbers. The question of “Wu Bu Zhi
Qi Shu" is that divisors are already mutually prime, but when Chinese
astronomers computed “Shan Yuan Ji Nian", the divisors were sometimes not
mutual ly prime numbers. Therefore, if divisors were not mitually prime, the
problem divisors must be changed to be mutually prime numbers. But Sunzi did

not approach this subject. These two subjects remained for future ages.
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The Sun-zi Suan Jing was one of the most important mathematical texts used
in the "Daigaku-ryd" X E2FE (university) ©“*% during the Ritsuryo {#t4 age
(710-1192), so “The Sunzi Theorem” was also studied there.

Then when the “Shogun age" {58 (1192-1867) *® started. "Daigaku-ryo"
fell into inmactivity and decay but “The Sunzi Theorem" was not lost. We camot
find historical references in the Kamakura £f#& (1192-1333) period but there
are some from the Muromachi ZEHT period (1336-1573): in the question of “Shichi
Go San" £ FH = (Seven-Five-Three) in the Kemmon Zakki FRH:E! (Things Seen
and Heard);

First, put 15 which when divided by 7 gives a remaining stone of
. Secondly, count 21 which when divided by 5 gives a remaining
stone of 1. Thirdly, count 70 which when divided by 3 gives a
remaining stone of 1. Then add these together, take away 105, and
the reminder is the required mumber., ©®

This is describing k; m,; , the describing contents was actually the same
as that found in the Sun—zi Sum Jing - Even divisors were not changed.

In the early Edo {I= period, Jinko-ki EELhE. (Permanent Mathematics),
which is one of the most famous mathematical books of that age also mentions
indeterminate equations; question 42 of chapter 5 @n , “Hyaku-go Gen to Iukoto"

HHRREEH (Subtracting 105):
A problem is stated which is equivalent to:

x=2(d 7) =1(md 5) =2(md 3)

The method was;
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First, put 15 which when divided by 7 gives a remainder of 1, =o
put 30. And put 21 which when divided by 5 gives a remainder of 1.
Ard put 70 which when divided by 3 gives a remainder of 1, so put 140.

Then add these three numbers together, take away 105 2% | a

remainder, 86, is the required number.

It is about one thousand years ago that “The Sunzi Theorem" was received in
Japan. But it was only imitated, not applied. From the above evidence we can
conclude that Japanese mathematics could not create a method to compute I,

and could not even change g, from the values originally used in the Sun—=2i Suan

Jing .
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(3) The General Solution of Dayan Problems

(a) The name of “Da-Yan Shu" -Kffiffy (Dayan Technique)

"Da-Yan Zong Shu Shu" (The General Solution of Dayan Problems) is a method
used in Qin Jiushao's main work, the Shy Shu Jiu Zhang (Mathematical 'l‘rea'tise
in Nine Sections). The térm “Da-Yan" also occured in the Da Yan Li KB
(Dayan Calendar) ‘2%, But there are not any similarities between “Da-Yan Zong
Shu Shu" and the method of the Dg Yan Li ©9.

This mysterious term, "Da-Yan Zong Shu Shu"”, is from one of the most
important terms “Da-Yan" Xfj7 (lit. great extension) in chapter Xi (i Zhum Sha
ng EHEE (Commentary on the Appended Judgment, part [) of the Vi Jing S5&
{the Book of Changes);

The number of total ("Da~Yan" Kf5) is fifty. Of these, forty-

nine are used., ©°

We cannot understand what the “Da-Yan" is, but anyhow the “Da-Yan" is a
symbol of the Yi Jing.

The similarity between the “Da-Yan Zong Shu Shu" and the Yi Jing is
suggested by Li Jimin. “‘Da-Yan Shu' essentially means the solution of one
degree indeterminate equations, and its primary meaning is based upon the
concept of ‘residue’. The Vi Jing is based on the concept of ‘Yin Yang Qi Ou'
5EiE (even and odd numbers), the even and odd numbers composing the most

simple and primitive system of residues" ©2 . Therefore Qin Jiushao chose the

name of “Da-Yan".
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(b) The content of "Da-Yan Zong Shu Shu" (The General Solution of

Dayan Problems)

The key to solving indeterminate equations involves two points, both found
in the modulus equation (1.2) in section I[-2-a. One is “Da-Yan Qiu Yi Shu" X
fick—ifr (The Technique of Acquiring “One" in Dayan), which means the method for
computing thek ; , for which Qin Jiushao's term*?® is “Cheng Li" &g
(Multiplying Ratio). The other is to make mutually prime numbers, “Ding Shu"
% (Definite Numbers, called g, hereafter) from “Wen Shu" Rj#; (Problem
Numbers, called A, hereafter), the original divisors in the questions.

So the "Da-Yan Zong Shu Shu" consists of three steps, as follows:

[1] Changing the divisors of the question into mutually prime numbers.
(Ay > Az s An) = (a1, az, ~a. )
[2] Computing the Ik, .
“Da-Yan Qiu Yi Shu" (The Technique of Acquiring “One" in Dayan)
[3] "Sunzi Theorem” (Chinese Remainder Theorem).

Let us consider each step in the following sections, J[-2-¢, d and e.
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(c) "Da-Yan Qiu Yi Shu" (The Technique of Acquiring “One" in Dayan)

Among these steps of “Da-Yan Zong Shu Shu” (The General Solution of Dayan
Problems), step [2] is very important. Qin Jiushao creates a mechanical method
for computing k; using the algorithm of “Geng Xiang Jian Sun" M Hig
(“Chinese Euclid's Algorithn"). Libbrecht ©% translated it into English; let

us follow his version and analyse the algorithm:

(D You multiply the 'Ding Shu" &t (definite numbers, g, ) with
each other, ard you get the “Yan M" (extension mother, called
m hereafter).

(® You divide the "Yan Mu" (extension mother) by all the “Ding
Shu" and you obtain the "Yan Shu" 58 (extension numbers, called
m; hereafter).

® Or you set up all the "“Ding Shu" as "Mu" [factors] in the right
column, and before all these, you set up the "Tian Yuan" Xip
(celestial element) 1 as “Zi" [factors] in the left colum. By the
“Mu" you mutually multiply the “Zi" and you get the “Yan Shu", too.

@ From all the “Yan Shu" you subtract all the [corresponding]
“Ding Mu" as many times as possible. The part that does not suffice
any more [literally, the incomplete part], is called the “Qi"
[remainder].

® On the 'Qi" #f (reminder of step 0, called r, hereafter) and
“Ding Shu" (definite numbers) one applies the “Da-Yan Qiu Yi Shu".
With this method ane will find the “Cheng LU" (multiplying ratios).
{Those of which one gets the remainder 1 are the “Cheng Lii"].

® The "Et;a—Yan Qiu Yi Shu" method says: Set up the "Qi" at the
right hand above, the “Dj_ng Shu" at the right hand below. Set up
"Tian Yuan" 1 at the left hand above.

(D First divide the “right below", and the quotient obtained,
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multiply it by the “left below". Set it up the left hand below [in
the second disposition].

After this, on the “upper" and "lower" of the right column,
divide the larger number by the smaller one. Transit [the numbers to
the following diagram] and divide them by each other. Next bring
over the quotient obtained and cross-multiply with each other. Add
the “upper" and the “lower" of the left colum.

@ Ore has to go on until the last remainder ["Qi"] of the “upper
right" is 1 and then ore can stop. Then you examine the result on the
“upper left"; take it as the “Cheng Li".

@ Sometimes the "Qi" [remainder] is already 1; this is then the
“Cheng Li". ¢9

A short explanation is in order concerning Qin Jiushao's use of the terms
“left"”, *right", “below" and “above" in his instructions for following “Geng
Xiang Jian Qm" (“Chinese Euclid's Algorithm").

Chinese mathematicians computed mumerical values using counting rods on the
counting board. They divided the counting board into four parts for this

computation.

left above | right above

.......................................

left below : right below

In my explanation and analysis, I will respect this “matrix organization" by
representing the result obtained at each step of the algorithm in the same
graphical form (see Tabie 2-1, 2-2).

flin Jiushao also used the very suggestive terms, “Tian Yuan" (celestial
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element), “Qi" (remainder) that can be more transparently represented using
algebraic symbols. Li Yan's work % is the best in this regard, so I will use
algebraic symbols which he defined to explain this algori thm.

The modern representation of the original problem is

x=R; (md a,; ).

Qin Jiushao set his terms up in a way that suggests the following

correspondence:

algebraic symbols Qin Jiushao's original text

m :-ﬁai : (D "Yan Mu" (extension mother)
m; :An;"/ai 1@ "Yan Shu" 78 (extension mumbers)
Fo =m: —do Xa, T@ Qi Sha"  EP (remainder of step 0)

The "Geng Xiang Jian Cun" computes the [, , 'Cheng Lii" which satisfy the

indeterminate equations;
ki ro =1 (mod a: ).
The method is a sort of “Euclid's Algorithm”, i.e., divide the former
divisor by the remainder until the last remainder becomes 1 (because the last

reminder becomes the Greatest Common Divisor (called G.C.D. hereafter), thas it
becomes 1).
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m: =4, Xa;: +re &7

ai =q, Xre tr,
ro =2 Xr,; +r.

rs =qs Xrs +rs

I (h-2) =q.,: I'ae-n +r, (r.=1)

In order to transform these expressions into expressions using only r, and
a; , Li Yan set up the following equations (some formulae were already
explained by Qin Jiushao, as indicated by the circled indices in the transiated

text, e.g., (D, ®, etc.).

algebraic symbols Qin Jiushao's original text

Oc =Qn 0 w-» T0 -2 . none

Ao =An Ata-1 TQw-n ¢

0o =10 I none

or =1 » I none

a-,=10 ¢ (zero)

o =1 : (B “Tian Yuan" (celestial element) ©®

Now we can clearly see how the remainders at each step (r, ) can be

expressed in terms of r, and 3,
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r, = OLr ai —dL To o =1 , &1 =04, &o ta-1=4q,

ro =— (02 @i —®z2 o) 02 =42 01 +00» &z =02 @1 +a,
rs = O3 8i — U3 I'a P pas =Q3 o2 t01, a3z =QqQs &2 ta,
T :(—l)n+l (Dn di —da Ty ).: 1

Oa =Qu O w-10 T0 w-» J """ (2.1)

Qo =Qn Q-1 T w-2
Because r, =1,
Qa To =1 (md a,; )
a.m; =1 (md a;)

.'. ki =an +

Qin Jiushao computed this algorithm on the counting board mechanically.
According to Qin Jiushao's text, the g,, were put at “left above" and the ¢ ,
w1 Were put at “left be_zlow" (see (D~ @) as in table 2-1. But we must pay
attention to the paragraph which states that “One has to go on until the last
remainder of the ‘upper right' is 1 and then one can stop." That is to say,

this operation is done an even number of times.
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o =1 To (q:) i To (Q?) Q2 Yo

a-1=0 a; - a, I, - &, Iy |~
(Qan) a'lm r2m :1
“““““ ] & en-t I @n-n (2m=n)

TABLE 2-1 OPERATION OF “DA-YAN QIU YI Suu”

Sometimes r (,._;, becomes 1 before reaching the computation of r.,,, in an
odd number of steps 9. In this case, the answer is @ (,.-,, at "left
below”. However the answer is a negative (see expression (2.1)), so Qin
Jiushao regards ' ;. @S Qa— 1 (O 1 ,— 1 “®) and continues computing
one more time to change the answer from negative to positive. Thus he is always

able to obtain the answer o' ,, at "left above".
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(q cav-n) d 2x-2) I k-2 (qz,-1) Tox— & cak-1n 1 true

-------- — & (2x-1) ' k-n :l - & 2x-1) l
(qz4) Q2= a 0 false
- & 2x-D 1

TABLE 2-2 SPECIAL OPERATION OF “DA-YAN QIU YI SHU™

Let us consider that ¢' ,, is the positive answer using algebraic symbols.

Because r,,=0 in formula (2.1)

CaxTo =0 (md a,)

but (a;, ro) =1, therefore

and Chinese (and Japanese) mathematicians regarded ' ;. 8S Qax— 1,

A

a' 5= (Qax— 1) @ -1+ 2rmgy - -=ommmmmmmee (2.3)
On the other hand

Q@ 2x =02k & k-0 T A 2e-2

. t J—
. & 2x= &2k — & 2x-1)

after formula (2.2)

a' w=EQa—q ex-nmod a; )
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=—q -n(mod a; )
ad @ -1 <0
a' x>0
on the other hand
(Qaxn—1) 21, -1

and from formula (2.3)

la' 21> 1 & o

Qin Jiushao, however, did not explain the case of table 2-2. This method
was the same as the last step of computing “Deng Shu" (G.C.D) “?2 | so he

regarded this case as normal. In the Shu Shu Jiu Zhang, he used fourteen cases
“3 of table 2-2.
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(d) Changing the divisors of the question into mutually prime numbers

In “Da Yan Qiu Yi Shu" (The Method of Acquiring “One™ in Dayan)
computations, the r, (or r,.) must be 1, othervise the k, can not be
obtained. r, (or r,.) is the G.C.D. between m, and a; , and m, = ([J
am ) /a, . Thus "Da-Yan Qiu Yi Shu" requires that all of a, be mutually
prime. In order to treat problems in which the A, “We(} Shu" {problem numbers)
are pot mutually prime, Qin Jiushao created the method of acquiring mutually
prime  a; (“Yuan Sm") from the original divisors A, .

This procedure seeks to construct a set of moduli whose numbers meet the

following three conditions “% :

(1) Ai Eal ( i:112! Y H)
2 (ai,a;)=1 (Vi, jyi#j) .
(8) Mam= (Ar, As o As)

mesf

According to these three conditions, transform

A =Ka' ;

A; =Ka' ; (a'ws a' ) =1

A = a'« (k=1, 2, - n; k#1i, j)
into

a, = a';

a; =Ka',

ax = a'«

A. | a., i.e., condition (1), thus R, is not changed;

b=R: (md A;) = b=R, (mod a; )
b=R; md A;) & b=R, (wmd a,)
b=R« ([Il)d Ax ) = bERk (M)d a x ).
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According to the "Chinese Remainder Theorem", the answer X is as follows
when divisors are a, ,

X =R, ki I +R, kj m; + R kk mg —CIn

(m=a., Mo =Ja. /au, cEN)

Letting X' =R, k: m: +R; ki m; ,

we have

X=X" +R« ki m« —cm-

Let us check whether this answer meets the original conditions:

X=R, (ﬂl)d As ) ’ (D:L 2, Il)

All A, , except A, , are a, , therefore it is enough to consider the

remainders of the divisor A,

Moreover, the reminders of R, k. m. and cm, when divided by A, are:

R ke me =0 (nnd An)
cm =0 (md A,)

because my | K, m« |a, ad m|K, m| a., i.e., condition (3).
Therefore, we will only consider the remainder of X' by the divisor A, ,

or Ka, . But the reminder of R; k; m; divided by a; is not the same as

the remainder of R; k; m; when divided by Ka; , and the remainder of R;

k, m, divided by a; is also not the same as the remainder of R, k; m;
divided by Ka ;. . Because
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Ri kimi =R; (@d a;) e (2.4)
and Ri kimy=0 (@d a,), e (2.5)
then

R: ki mi =R +pa: (md Ka,)
and Ri kim, =0 +qga; (md Ka,) .

(0<p<K, 0£q<K)

Thus we cannot consider the remainder of R, k; m; and R; k; m;
separately, so they must be considered together.
Let us consider the reminder of X' divided by K.
Since m; | K,
Ri kimi =0 (md XK) - (2.6)
On the other hand,
R; ki m; =R, (md a;)
or R; k; m; =R; (md Ka’' ;)
R; k;m; =R; (md K) — oeeeeen (2.7)

From expressions (2.6) and (2.7), it follows that
(X' —=R;) |K
From expressions (2.4) and (2.5),
(X' —-Ri) P a;
X' -Ry) X' —R;) |Ka,
X' —R; ) X' —R, ) =0 (mod A )
X'2—-(Ri +R; Y X' —Ri R, =0 (mod A, )

X'=R, (md A, )
or X'=R;, (md A,)
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but (X' —R,) | a: , therefore

X' =R, (mod A;)

X=R; (mod A, )

Therefore, by meeting the three conditions (])X2) and (3), it is possible to
transform the "Wen Shu" numbers to “Ding Shu" numbers.

Then he considered how to change “Yuan Shu" numbers into mutually prime
numbers. The general method, which he called *Yue Qi Fu Yue Ou" #y373R#{8
{(divide odd, do not diyide even), was “using the algorithm of ‘Geng Xiang Jian
Sun' (‘Chinese Euclid Algorithm'), compute the 'Deng Shu' (G.C.D.). Divide the
‘odd numbers', do not divide ‘the even ones'" (see historical material
following).

Qin Jiushao used the terms "odd numbers" and “even numbers", but these are
not actual odd and even numbers. In fact sometimes both are odd numbers or
both are even numbers. These terms must simply refer to "one side" and *the
other".

Remaining one side and dividing the others, so the L.C.M. of processed
numbers is the same as the L.C.M of original mumbers.

We only considered the case when “Wen Shu" numbers are integral numbers
above, however Qin Jiushao also considered the cases of decimal fractions and
general fractions. He classified “Nen Shu" (problem numbers) into four
categories, “Yuan Shu";t# (lit. original mmbers, integral mmbers), “Shou Shu"

g (decimal fractions), “Tong Shu" jH# (fractions) and “Fu Shu" ##
(multiples of ten). Qin Jiushao developed these categories in order to treat
astronomical constants, which are either decimal fractions or general
fractions. For example, in question 2 of chapter 1 in Shu Shu Jiu Zhang
(Mathematical Treatise in Nine Sections), Qin Jiushao used 365 1/4, i.e.,
365.25, to number the days in one tropical year, and 29 499/940 to number the
days in one lunar month. Thus these fractions had to be changed to “Yuan Shu"

-171-




numbers, then to "Ding Shu" (definite numbers).

His method was:

“Yuan Sm" (integral rumbers); first of all, using the algorithm of
“Geng Xiang Jian Sun" (“Chinese Euclid Algorithm"), compute the “Deng
(Sm)" % (@) (lit. egual number, G.C.D.). Divide the odd numbers,
do not divide the even ones “® . [Sometines one divides and gets 5,
and the other number is 10. In this case, orne has to divide the even
numbers and not the odd one.] Sometimes all the numbers are even.
After all the numbers have been divided, we may keep only one even
number.

Sometimes after dividing all the numbers there still remain
numbers with “Deng (Shu)" (G.C.D.). Provisionally set them up until
you can divide them with the others. Finally, find “Deng (Shu)"
(G.C.D.) of ones you have provisionally set up and divide them. Or
(if) all numbers camnot be changed (to "Ding Shu" (definite numbers)),
manage them as “Fu Shu" (multiply number).

“Shou Shu" (decimal fractions) are the numbers whose last part is
"Fen" 43 (1/10) or “Li" £ (1/100). Move "Wen Shu" (problem mumbers)
some colums until they become integral numbers. Then manage them as
“Yuan Shu" (integral numbers}. Or choose any number as the
denominator, change (“Wen Shu" (problem numbers)) into fractions
(using chosen denominator). Then manage them as "Tong Shu"
(fractions).

"Tong Su" (fractions): Set up “Wen Shu" (problem numbers), then
transform the improper fraction into a proper fraction %, These are
named “Tong Shu" (fractions).

Compute the “Zong Deng (Shu)" #8% (&) (G.C.D. of all numbers),
(choose one number and) do not divide it, divide the others by “Zong
Deng (Shu)" (G.C.D.). You obtain *Yuan Fa Shu" juik®y (lit. original
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method numbers). Manage them as “Yuan Shu" (integral mumber).

If the denominators are not mutually prime numbers, i.e., these
are able to be reduced to a common denominator, do not use the
original denominators. Compute “Deng (Shu)" (G.C.D.) of all
denominators, do not divide one number, divide the others by "Deng
(Shu)" (G.C.D.). You also cbtain “Yuan Fa Shu" (original method
mmbers). Manage them as “Yuan Shu" (integral numbers).

Pu Shu" 8 (1it. maltiplied number) is the “Wen Shu" (problem
number) whose last part is ten or more. Compute “Zong Deng (Shu)"
(G.C.D. of all numbers) from all numbers, do not divide one number,
divide the others by it. You obtain “Yuan Shu" (integral numbers).

Using the algorithm of “Geng Xiang Jian Sun" (“Chinese Euclid
Algorithm"), compute “Deng (Shu)" (G.C.D.), divide the odd numbers, do
not divide the even ones. (Compute next "Deng (Shu)", divide the
even numbers, ) multiply the odd numbers by it (“Fu Cheng" #3E
(mltiply again). Or divide the even numbers, do not 4™ divide the
even ones. (Compute new “Deng (Shu)" (G.C.D.), divide the odd
numbers, } multiply the even numbers by it. Or if numbers still have
“Deng (Shu)" (G.C.D.), compute “Xu Deng (Shu)" &% () " (next
G.C.D.) and divide the one by next G.C.D. and multiply another by next
G.C.D.. You obtain “Ding Shu" (Definite Numbers). In three
categories of "Yuan Shu" (integral number), “Shou Shu" (decimal
fraction) and "Tong Shu" (fraction), you must sometimes do “Fu Cheng"
(multiply again). In this case, do this procedure. “®

He explained these four categories, and considered the cases in which the
divisors were fractions, decimal fractions, multiplies of ten and integral
mumbers. First, he transformed them into integrai numbers.

In the case of “Shou Shu" (decimal fraction); “move ‘Wen Shu' some columns
until it becomes an integral mumber”. That is to say,
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365.25 —36525.

There is no example of “Shou Shu" numbers in the Shy Shu Jiu Zhang. And
“Shou Shu" numbers are sometimes transformed into “Tong Shu" (fractions). It is
very probable that “Shou Shu" numbers were more difficult than “Tong Shu"

nunbers for Chinese mathematicians in that age.

365.25 —»365 1/4

The general method of "Tong Shu" numbers is; “transform the improper

fraction into a proper fraction”, and use only the mumerator.

365 1/4=1461/4 —1461

That is, Qin Jiushao regarded “1/4" as the wnit.

The question of "Gu Li Kuai Ji" HE&H#s (L.C.M. of the ancient calendar),
question 2 of chapter 1 in the Shu Shu Jin Zhang treats the cases in which *Wen
Shu" pumbers are 365 1/4, 29 499/940 and 60.

365 1/4 — 1461/4 — 1461 X840 X1 1373340
29 499/946 —2T759/940 —27759 x 4 x1 — 111036
60 - 60/1 - 60 X940 x4 — 225600

Then “Compute the ‘Deng Shu' (G.C.D.), do not divide one by it, divide the
others by the 'Deng Shu' (G.C.D.). You obtain ‘Yuan Fa Shu' mumbers."
The G.C.D. is 12;
(1373340, 111036, 225600)= 12
Thus “Yuan Fa Shu" numbers are;
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1373340 —1373340/12 = 114445
111036 — 111036/12 = 9253

225600 — 225600 = 225600.

Generally, a “Yuan Fa Shu" number is one of “Yuan Shu" numbers, thus he used

the general method;

(225600, 9253) = 1,
225600 — 225600
%3 — 9253

then (114445, 225600) = 235,
114445 — 114445/235 = 487

225600 — 225600 = 225600
then (487, 9253) = 487,
487 — 487 = 487

9253 —  9253/487 = 19

Thus

A, =114445 a, = 487

A, = 953 — a, = 19

Az =225600 as =225600.

The special case is when the numerators are not mutually prime numbers,
i.e., these are able to be reduced to a common denominator. This question,
question 2 of chapter 1, is this special case, but Qin Jiushao did not use this
special procedure —'Do not use the original denominators. Compute “Deng (Shu)"
(G.C.D.) of all denominators, do not divide one number, divide the others by

‘Deng Shu’ (G.C.D.). You also obtain "Yuan Fa Shu" (original method numbers)”.
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(4, 940) = 4
365 1/4 - 1461/4 — 1461 X940 x 174 — 34331
29 499/%40 — 2T759/940— 2T159x 4 x 1,74 — 27759

60 - 60/1 -  60x%40 x 4 — 225699

These "Yuan Fa Shu" numbers are not the same as the above, but by the

general method of “Yuan Shu" pumbers, we can obtain the same “Ding Shu" numbers

as the above.

(225600, 27759) = 3,
27758 — 2T9/3 = 9133
225600 — 225600 =225600
then (343335, 225600) = 705,
33335 — 343335/705 = 487
225600 — 225600 =225600
then (487, 9253) = 487,
487 — 487 = 487
[9253 - 92537487 = 19.

Thus
A T =343335 a, = 487
Az ' =2TH9 — a, = 19
As ' =225699 as =225600.

In this example, this method is a similar process to the above, thus Qin

Jiushao used the general method of "Tong Shu" mumbers.

In the case of "Fu Shu" mumbers, the method is “Compute ‘Deng Shu' (G.C.D.)
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from all pumbers, do not divide one number by it, divide the others by the G.C.
D. You obtain ‘*Yuan Shu'."

The question of “Cheng Xing Ji Di" EfT5Hih (measuring distance), question
2 of chapter 2 in the Shu Shu Jiu Zhang, is a typical example of *“Fu Shu”
mumbers, Qin Jiushao made from “Wen Shu" numbers;

A =30 (=22 X3 x5%)
Ay = 40 (=2* X3 X5 )
As

I

180 (=22 x 32 x5 ),

G.C.D. among them is 60, do not divide A, , but divide A, and A, by the
G.C.D., into "Yuan Shu" numbers;

Al ' = 300
A, "= 4
A, "= 3.

These “Yuan Shu" numbers are not mutually prime, thus we must continue to
reduce. But *‘*Yuan Shu'" numbers transformed from “Fu Shu" numbers are special
characters; the L.C.M. of "*Yuan Shu'" numbers tranaformed from “Fu Shu" numbers
is equal to the G.C.D. of "Wen Sw" mumbers, i.e.,

[Al': Az', AS']=(A11A23A3)3

thus they must be transformed by the “Fu Cheng" operation — “Compute next
‘Deng Shu', divide the even mmbers, and multiply the odd numbers by it".
These mmbers are transformed into

a; = 2%
az = 16
asz = 9;

-177-




by the “Fu Cheng" operation twice;

(300, 4) = 4

30 — 3004 =17
4 — 4x4 = 16,

(5, 3) =3
B — %,/ 3=25
3 — Ix 3= 9.

And these “Ding Shu" numbers meet three conditions.

Concluding the above, the relationship of the four categories of “Wen Shu"
nunbers and "Ding Shu"” numbers is as in table 2-3.
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“Yuan Shu" (integral numbers) — “Divide ones, do not divide another."

“Shou Shu™ —]
{decimal fractions)

|
“Tong Shu* _

(fractions)

“Fy Shu" "By Cheng”

(mal tiplied mumbers)

“Ding Shu" (definite numbers)

TABLE 2-3 The relationship of the four categories and "Ding Shu
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(e) “Fu Cheng" (mltiply again)

The "Fu Cheng" (multiply again) operation is the special case of "Yuan Shu"
mmbers, while the general case of "Fu Shu" numbers.

The “Fu Cheng" operation is carried out when there is a remaining (next)
G.C.D. after dividing one side by the first G.C.D.. In this case, operators
must continue dividing one side by the next G.C.D., and, to assume the L.C.M.
remains unchanged, multiply the other by the next G.C.D.. Qin Jiushao expressed
it thus: “using the algorithm of ‘'Geng Xiang Jian Sun' (‘Chinese Euclid
Algorithm'), compute ‘Deng Shu' (G.C.D.}, divide the odd numbers, do not divide
the even ones. (Compute next ‘Deng Shu', divide the even numbers,) multiply
the odd mmbers by it".

This explanation is given in a part of "Fu Shu" numbers, that is, he
regarded the "Fu Cheng" operation as the general method of “Fu Shu" numbers.
But the "Fu Cheng" operation is neither a necessary condition nor a sufficient
condition for transforming “Fu Shw" mumbers into “Ding Shu" mmbers. Of course,
there is the first G.C.D., which is a multiple of ten, among "Fu Shu" numbers.
Thus next operation is "Fu Cheng" operation after the first transformation, if
there is a next G.C.D.. But there is sometimes no next G.C.D. among “Fu Shu"
numbers after the first transformation. On the other hand, in some cases of
¥Yuan Sha" numbers, the “Fu Cheng" operation must be done (I will consider the
case in vhich we must perform the “Fu Cheng" operation in the next paragraph).
Therefore the 'Fu Cheng" operation must be independent from his four categories
as in table 2-3.

Why did Qin Jiushao describe the "Fu Cheng" operation in the part concerning
“Fu Su"? Are not there any relations between the *Fu Cheng" operation and “Fu
Shu” numbers? Let us consider this problem. First, we will consider the
general formula of “Wen Shu" in the case of “Fu Cheng" operation, then consider
the relation between the “Fu Cheng" operation and “Fu Shu" numbers.

First of all, resolve two “Wen Shu™ into factors. And let us consider the
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case in which there is one kind of comon prime factor, i.e.,

Av=a™* ¢ A, AdEl
An =a" w- @ prime mmbers
¢, @: possibly composite factors

k, nz1

The G.C.D. between A, and A, is @° , so divide one of them by it, do not

divide the other. If A, were divided and A, was not divided, they would
become

There is new G.C.D. between A, 'and A, , ™" . Thus we must do the

“Fu Cheng" operation, divide A, by the new G.C.D., and multiply A, ' by new
G.C.D..

A[ 1n :an+k ¢

Ao ' =2

But if A, were divided first, the answer would be the same as A, " and
A, ' directly. Thus it is not necessary to do the “Fu Cheng" operation.
‘Considering the above, in the case of one kind of common prime factor, we
can avoid doing the “Fu Cheng" operation if we choose to divide first by the
A. with larger power of (.
There are, however, some cases in which we must do the “Fu Cheng" operation
in the cases of multiple common factors between “Wen Shu". This is the case in

which A, and A, can be written in the following forms:
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Ai s A €]
a, A: prime numbers.
@, - possibly composite factors

k, I, m n21

The first G.C.D. is g B™ ; divide A, by it and do not divide A, , or
divide A; by it and do not divide A; , but there is still new G.C.D. in both
cases. Thus we must do the “Fu Cheng" operation.

[ a* ¢ (“Fu Cheng")

5 an Bm-!-l w— [amin(k. n)] T

[Ai [ax =gtk

Ay —l a™ "1 —ta,; = B™' w
[a““ B® ¢  ("Fu (heng")
l 5 B! w— [grint-m]

If there is still G.C.D. after the first “Fu Cheng" operation, we continue

to do the “Fu Cheng" operation, so we can obtain the “Ding Shu" numbers “9 .
This method was the same as Seki Kowa's (see section T[-3-h).

In any event, the final result is the same, and this meets three conditions;

) ai 1A:i., a, | A;
@ (ai, a;) =1

(3) a: Xa; = (A, A;) (=a** B™' dw)

Next, we must consider “Fu Shu" mumbers. These are the mumbers of multiple
of ten. And the number ten is the product of two prime numbers, two and five,

i.e., itisthecaseof =2 and B=15 in formula 2-8. Of course, only
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the number ten itself does not meet the condition of formula 2-8. For example,

the case of A,; =30, A; =70, it is not necessary to do the “Fu Cheng"

operation;

(30, 70) —[10]—(3, 70)
—[101—(30, 7)

The numbers 2 and 5, however, are two of the simplest prime numbers.
Sometimes A, , rather than A, /10, is a multiple of 2 and A, , rather than
A; 710, is a multiple of 5. In this case, we must do the “Fu Cheng" operation.

And these cases are not rare case. For example, if A, =20 and A, =50,

(20, 50) —[101—=(2, 50) —-[2] —(4, 25)
—[101-(20, 5) —[51 —(4, 25)

If the other factors of “Fu Shu" numbers met the condition of formula 2-7,
of course, it would be the case of “Fu Cheng" operation. Therefore the
probability of “Fu Cheng" operation in “Fu Shu" numbers is stronger than in
“Yuan Shu" numbers. If the cases in which the one side met the condition of
formula 2-7 were "Fu Cheng" operation, they would be stronger than the “general™
operation. I think very probably that Qin Jiushao found many examples of *Fu
Cheng" operations among "Fu Shu" numbers, and that he therefore regarded the
“Fu Cheng” operation as the general operation in "Fu Sha" numbers.

—-1838-—




(f) “Jian Guan Shu" FI%HT (the Technique of Cutting Lengths of Tube)

in the Yang Hui Suan Fa (Yang Hui's Method of Computation)

The indeterminate equations in the Yang i Suan Fa (Yang Hui's Method of
Computation) are very simple though the Yang Hui Suan Fa was published after Shy
Shy Jiu Zhang (Mathematical Treatise in Nine Sections). And even the terms of
the Yang Hui Suan Fa also differ from the Shu Shu Jivw Zhang. Two key issues for

solving indeterminate equations: “Da-Yan Qiu Yi Shu" (The Technique of
Acquiring “One" in Dayan) and for making 3, mutually prime, are not described
in the Yang Hui Suan Fa.

The problems of the Yang Hui Summ Fa are:

x=2 (od 3) =3 (wd 5) =2 (mod 7)
x=2 (od 3) =3 (mwd 5) =0 (md 7)
x=1 @d 7) =2 (d 8) =3 (wd 9)
x=3 @od 11) =2 (wd 12) =1 (wd 13)

x=1 (wd 2) =2 (md 5) =3 (wod 7) =4 (mod 9)

These divisors are not the same as in Suyn—zi Suan Jing (Master Sun's
Mathematical Manual) — Yang Hui had advanced a little beyond the 4th century
treatise. But the divisors in the problems are already mutually prime as given,
The methods put forth in the Yang Hui Suan Fg to solve these problems are on
the level of those given in the Sum—2i Suan Jing, and do not attain the level of
the solutions found in the Shu Shu Jiu Zhag. As indicated in chapter 1, above,
there is good evidence that Seki Kowa had access to the Yang Hui Suan Fa, but
did not study the Shu Shu Jiu Zhang. As for the comparison of his methods and
the methods presented in the Swy Shu Jiw Zhang, 1 shall return to this point in
my conclusion to this chapter, after a thorough analysis of the methods of the
Yang Hui Suan Fa.

The Yang Hui Suan Fa usually uses the term “Jian Guan Shu" RI4S#F (the
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Technique of Cutting Lengths of Tubes), but also introduces other names; *Qin
Wang An Dian Bing" ZEFEILIT (Prince Qin's ©® secret method of counting
soldiers) and “Fu She" F4f (guess the thing covered by the cup).

The two former terms refer to fairly obvious situations producing
indeterminate equations.

“Guan" (tube) of “Jian Guan Shu" must be lengths of bamboos' cells, and it
is equivalent to with the divisors, "Ding Shu" (fixed numbers) or “Wen Shu”
(problem numbers). And “Jian" (cut) suggests dividing. That is to say, thore
aré some bamboos whose length are the same. Also we know the lengths of the
bamboo's cells and the remaining length at the end. The question is to compuie
the whole length.

¥Qin Wang An Dian Bing" (the Prince Qin's secret method of counting
soldiers) refers to the situation where soldiers are assembled in rami
formations, and from the remainder of each line the total number of soldiers
may be found.

“Fu She" (guess the thing covered by the cup) was explained by Li Jimin ¢!,
“Fu She" means the same as “She Fu". “She Fu" was a game linked with the Vi

Jing method of divination. The oldest material on *Fu She" can be found in the
chapter entitled Jong-Fang Shuo Zhum FF531 (biography of Dongfang Shuo),
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which is chapter 65 of the Han Shu Z&E (History of the Western Han Dynasty).

The emperor let “Shu Jia" $#% (“Reckoner") guess the matter
covered by some cups.

Yan Shigu's Efffids (581-645) comment: “Shu Jia" means “Shu Shu Zhi
Jia" Mgz &K (numerological diviners). Something is hidden by the
cup which is laid face down, and guess the object was to them, so it
was named “She Fu". 2

Yang Hui probably collected questions of indetermimate equations from books,

since there is no original work by Yang Hui in the Yang Hui Sumn Fa.
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() Before Seki Kowa in Japan

There is no direct evidence that the Shu Shu Jiu Zhang (Mathematical
Treatise in Nine Sections) was ever brought to Japan. The evidence suggests
that indeterminate equations were probably introduced into Japan by the Yang Hui
Suan Fa (Yang Hui's Method of Computation) and the Suan Fa Tong Zong
(Systematic Treatise on Arithmetic): the same term, “Jian Guan Shu" FIf&#r (or
Japanese style pronunciation “Sen Kan Jutsu" Fj%#r) to describe the method of
cutting tubes was used. The achievement of these books, however, is not more
advanced than that of the Shu Shu Jiu Zhang. They use many sets of divisors;

a; , but these a; are mitually prime. And there are no rationales for the
most important part; “Da-Yan Qiu Yi Shu" (The Technique of Acquiring “Ope" in
Dayan).

Some applications from this age can be found. “Metsuke-Ji® Hf=Z (Find the
Chinese Character in the Tables) was one of the most popular mathematical games
in Japan. The most typical one is described in the Jinko—ki (Permanent

Mathematics), where some Chinese characters are set up in matrices, as in

tables 3 and 4.
bit bz ba bit biz bus
bi2 b2z ba b2r bz bas
bis bz2s bas bsi bsz bss
TABLE 3 TABLE 4

‘An optional character is selected from table 1. Let it be known in vhich
file it occurs in, and let this number be k. Then let it be known in which
column it is shown in table 4, and let this number bem. The character is
found at g ., in table 4

Isomura Yoshinori E#fe (16407-1710) applied indeterminate equations to
“Metsuke-ji" % in the chapter entitled, “Iroha Metsuke-ji" i \Al3Bf

(Find the Chinese Character in the Tables by Japanese Character's Order,
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written in 1653 ¢4
He used 47 Japanese Hiragana-characters Je{f%;, which are numbered 1 to 47,
and selected any character in it. Then it is counted by three types of measure.
These are by 7, I Ro Ha Ni o He To" 1 vA{FiZiz~ & which are the first seven
Hiraganas of the old order, by 5, “Ye Hi Mo Se Zu" & ¢ & d¢" which are the
last five Hiraganas, and by 3, Sho Chi Go ¥4 $% (First, Middle, Last), and if
the selected character were pointed up at “Ni" (=, "Ye" 2 and "Chi" 1, it

means;
x=4(d 7) =1(md 5) =2(mod 3)

Then he solves this indeterminate equations and gets the answer of 11 which is
"Ru" 3.

He stated that this method is the same as the computation of “Hyaku-go Gen"
B (Take Away 105) of the Jinko—ki BEEXhEC (Permanent Mathematics). In
“Hyaku-go Gen" computation, 105 answers are possible, from 0 to 104. But in
“Troha Metsuke-ji" must be 47 answers, the mmber of Japanese characters, not

105. Thus many cases of combination of R, are impossible, for example
gmd 7) =3md 5) =0(md 3).

He probably did not consider the relationship between the product of divisors
( =m, “Yan M«") and how many answers are possible. The product of divisors is
the cycle, i.e., the numbers of remainder term, for example, 1 and 106 are the
same remainders, R, , in “Hyaku-go Gen". Anyhow, it is the first case of
original application in Japan.

Hoshino Sanenocbu EFFEE (1628-1699) also tried to apply indeterminate
equations to “Metsuke-ji" game in “Metsuke 60-ji" HEAFE (Find the Sixty
Chinese Characters in the Tables) on the Ko Ko Gen Sho JRfj36$p (Mamuscript of
Triangle's Three Side) written in 1672;
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He used 60 Chinese characters, which are numbered 1 to 60 now, and made

these three matrices having 3, 4 and 5 rows, respectively (see table 5);

rows (R, ) R, ki m, (md m)
@OP | 1 1 4 7 10 58 40
2 9 5 g 1o 59 2
3 3 6 9 12 60 0
GROUP 2 1 1 5 9 13 .57 45
2 9 6 10 1458 30
3 § 7 11 1559 15
4 4 8 12 16 60 0
ROUP 3 1 1 6 11 1656 %
2 9 7 12 1757 12
3 3 8 13 1858 48
4 4 9 14 1959 %
5 5 10 15 2060 0

TABLE 5 Matrix of “Metsuke 60-ji"

Select any character, and let it be known to which row it belongs in each of
the groups. Determining the identity of the character, given knowledge of only

. this information, is equal to solving the indeterminate equations
x=R, (d 8) =R, (md 4) =R, (mod 5) .

There are two new points to this. One is that he understood the
relationship between the products of divisors and the cycle. In this
computation, 60 answers are possible, and the number is the same as the product
of divisors. And Hoshino Sanenobu use the value of R, k; m, which takes
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away m, is not original. Because R, k., m. easily becomes a huge value,
so he computed R k, m; (mod m) before computing R k; m: . The
other point is that we are no longer limited to the case of a,; =3,5,7, which
is the case of the Sun—zi Suan Jing. This was the first case in Japan.

Next, Hoshino Sanenobu computed the case that a; are not mutually prime.

X=5 (wd 6) =7 (md 8) =5 (mod 10) - oooonm (2.1)

The answer, given without comment, is

x =5 X404+ 7 X454+ 5 x36 (mod 120)
=%

This answer is correct, but it entails the following equations:

kim, =40 {2.2)
Ko me =45 e (2.3)
Kome =36 e (2.4)

If we compute according to the method of “The General Solution of Dayan
Problems";

AL =6=2X3 —= a;'=38
A, =8=2° ~ a,' =8
As =10=2X5 - a;"' =5
x=5 (od 3) =7 (md 8) =5 (wod 5) ----eveeome (2.5)

Therefore, the values in formula (2.1) and (2.5) are the same. Solving
formula (2.5),
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kt ! m: V=40 e (2‘5)
Ke "me " =105 (2.7)

k3 ' M3 ' = 96 .................. (2‘8)

The values of formula (2.7) and (2.8) are not the same, and

kl m; =k, ! m, !
K. m: =k ' mq ! “1/2m

ks ms =ks " ms ' —%m

The values in formula (2.3) and (2.4) are acquired by taking away Ym from
the value computed by “The General Solution of Dayan Problems". This is done
with the aim of simplifying the computing of the sum total. However, the value

taken away is not m, but Y%4m, so this calculation does not hold good

general ly.
However, _ | as —as | =2
So R: +Rs | 2 _
R: (k. m. —}2m) +Rs (ks ms: ~%m)
=R, ks m: +Rs ks ms ~%m (R, +R2 )
=R, kz m: +Rs ks ma (@d m) s (2.9)

This case is a special one. We do not know how well Hoshino Sanenobu knew
indeterminate equations and how he arrived at formula (2.9), but he was at
least more advanced than the Sun—zi Sum Jing and the Yang Hui Suan Fa.

He did not only use indeterminate equations for mathematical games, but

could also compute indeterminate equations whose a, are not mutually prime.
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(h) Works of Seki Kowa

The first work which surmounted the level of the Shu Shu Jiw Zhang
(Mathematical Treatise in Nine Sections) is that of Seki Kowa. His method of
solving indeterminate equation is called “Senkan-Jutsu" (the Technique of
Cutting Lengths of Tubes), and he probably received help from the Yang fHui Suan
fa (Yang Hui's Method of Computation) because the term is similar to one used
in the latter work. However, “Senkan-Jutsu" is only the third step of “Da-Yan
Zong Sthm Shu" (general method of Dayan rule), which consisted of three steps.
Seki Kowa's method included the other two steps.

This method was described at chapter 2 of the Katsuyd Sampo IEEH M
(Essential Points of Mathematics) published in 1712. He described many
questions in this chapter, but these are pot only explanations for solving

indeterminate equations. We can pick up three subjects;

step Secki Kowa's work the function of Qin Jiushao's one
1] Goyaku FE¥y (reduce each other) “Fu Cheng" (mdtiply again)
[2] Joichi-jufsu $H—% “Da~Yan Qiu Yi Shu

(method of one remainder)

[3] Seokan-jutsu HI&EHT "Sunzi Theorem”
(cutting tube method) (Chinese Remainder Theorm)

TABLE 6 CONSTRUCTION OF SEKI KOWA'S METHOD

-Seki Kowa's method also consists of three steps, the basic stracture is the
same as ‘Da-Yan Zong Shu Su". However each step shows some advance. Let us
consider each steps of Seki Kowa's method.

First step is the making mutually prime mmbers. Qin Jiushao touched the
case of fraction or decimal fraction. But Seki Kowa studied only the case of

integral mumbers.

He wrote at question 1 of “Goyaku" Hi% (reduce each other) in chapter 2 of
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the Katsuyo Samp.

There are two rumbers, six and eight. Divide each other, how many
the numbers are obtained?

Answer: six becomes 3, eight is not divided.

Method: G.C.D. is obtained using the Chirese Euclid Algorithm, it
is two. Then reduce six by it, six becomes three. [G.C.D. of three
and eight becomes one. That is, if G.C.D. became one, stop reducing.
Do the same method as the later problems. ]

The other method: G.C.D. is obtained using the Chinese Euclid
Mgorithm, it is two. Then reduce eight by it, eight becomes four.
G.C.D. of four and six is two, so mltiply four by it, four becomes
eight. Reduce six by it, six becomes three ©¢% .

This example is for making a pair of numbers, (6,8) mutually prime numbers.

The G.C.D. of (6,8) is 2, so reduce one of the numbers by 2;
(6,8) —(3,8)

or (6,8) —(6,4)

Bat in the latter case, there still remains the G.C.D., 2, so reduce 6 by 2,
and multiply 4 by 2;

(6,8) —(6,4) —(3,8)

This solution is the same as “Fu Cheng" (multiply again) of the Shu Shu Jiu
Zhang. Seki Kowa commented clearly, “if G.C.D. became ope, stop reducing.” i.e.,
he pointed out the need to contimue to “Fu Cheng" computation. He supplements
Qin Jiushao's brief explanation. |

Let us consider step 3 firstly. Although Seki Kowa used the same term as
that of Yang Hui, but the content is not only the imitation, but it is also the
solution of general indeterminate equation of first degree. He solved the

following indeterminate equations;
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b: x=R; (moda; ) oo (2.10)
His new work was written at chapter 2 of the Katsuyo Sampo. This time, he
used "Da-Yan Qiu Yi Shu" (The Technique of Acquiring “One" in Dayan), which he

called “Joichi-jutsu” F—fr (Tedmique of One Remainder) twice. He sets up the

equival ence

Ii by =l{mda; ) s (2.11)
and he oquwtes 1. . Then he continues as follows, computing Ik, :

kKimi =l{moda; ) o (2.12)

He multiplies the left side of expression (2.11) by the left side of

expression (2.12),
bi ki 1:m: =1 (moda; )
Then he also multiplies by R,
b: Ri ki 1s mi =R, (mda; ) - (2.13)
and posits j#j, because m; | a;, so

b:Riki Iimi =0 (moda, )

Z2b: Ri ki 1i mi =R, (mda; )

X=ER1 ki 1: m;

Xein =2Ri ki 1: m; —Pm

This procedure is not “Sunzi Theorem" (Chinese Remainder Theorem) itself,
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but the way of thinking is the same in both. Seki Kowa only improved “Sunzi
Theorem" a little.

And step 2 is; in computing 1., k; , he used “Joichi-jutsu” (method of
one remainder): This method is presented in question 2, chapter 2 of the Kafsuyo
Sampo (Essential Points of Mathematics), his question is the solving the

equation as follows;

179k —Tdp =1

Or 179k =1 (mod 74)

And he comments:

A mumber, which is a multiple of 179, is on the left, from which a
multiple of T4 is subtracted, giving a remainder of 1. What is the
UGsi" (general number, = 179k ) on the left?

ANSWER:  7697.

METID: Reduce 179, on the left, by T4, on the right [If the left
is smaller than the right, do not reduce, or the reminder is (just)
the first number of left]. Reduce TU4, on the right, by 31 (which is
Qi Stu" of “Da Yan Qiu Yi Shu"), on the left, and the quotient is 2.

The remainder, which is named “k8" H, is 12,

Reduce 31, on the left, by 12, “k6", and the quotient is 2. The
remainder, which is named “Otsu" 7, is 7.

Reduce 12, "k&" by 7 of “Otsu" and the quotient is 1. The
remainder, which is named “Hei" W, is 5.

Reduce 7, “Otsu" by 5, “Hei", and the quotient is 1. The
remainder, which is named “Tei" T, is 2.

Reduce 5, "Hei" by 2, "Tei", ard the quotient is 2. The remainder,
which is named “Bo" X, is 1.

Take away 1, “Bo" from 1 of "Tei", the quotient is regard as 1.
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The remairder, which is named *Ki* =, is 1. (Because the remainder
on the left becane 1, stop camuting) .

Multiply the quotient of “K&" and the quotient of “Otsu", then add
1, the answer, which is named “Shi" -, is 5.

Miltiply “Shi" and the quotient of “Hei", then add the quotient of
“ko" and the answer, which is named “Chd"H, is 7.

Multiply “Chi" and the quotient of “Tei", then add “Shi", the
answer, which is named "“In" &, is 12.

Miitiply “In" and the quotient of “Bo", then add “Chii"; the answer,
which is named “U" J§jI, is 31.

Multiply “U" and the quotient of “Ki", then add “In", the answer
is 43 (that is, the number on the left ) .

Then multiply 179, on the left, by it. The answer, the “Sési"
(gereral mmber) on the left, is 7697, and that is right answer (§)

179=2 X74+3L (the left)
74=2 x31+12 (“Ko")
31=2 X12+ 7 (*Otsu”)
1251 X 7+ 5 (“Hei”)
=1 X 5+ 2 (“Tei”)
522 X 2+ 1 (“Bo")
21 X 1+ 1 (i")

. This methed is similar to the one used in *Da-Yan Qiu Yi Shu", but has been
improved by the use of algebraic symbols, like “ko"™ and *Otsu”. This
calculation is limited, so this advantage of Seki Kowa's method is not clear.
However, when calculating unlimited values, e.g., the approximate value of the
root by fraction, his method exhibits its power ©7

We must examine the computation of “Bo" and “Ki". “Bo" had already been 1,
but Seki Kdwa continued to compute, and obtained "Ki™ of 1. This method is
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exactly the same as the special case of *Da-Yan Qiu Yi Shu".
Moreover, it is interesting that Seki Kowa uses the terms “left™ and “right"
Doesn't that remind us of the position in the method of Qin Jiushao? (see Table

2 in section T[-3-c¢).
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{i) Advanced works in China and Japan in the 19th and 20th centuries

After Seki Kowa, some Chinese and Japanese mathematicians improved the
solutions of indeterminate equations. They improved each of the three steps,
but the construction was the same as “Da-Yan Qiu Yi Shu" (The Technique of
Acquiring "Ope" in Dayan).

The method of making mutually prime numbers from problem numbers, Qin
Jiushao's method, gives the correct answer, but it is necessary to compute G.C.D,
several times. And it is quite difficult to choose which mumber to divide first,
So there is scope for improving it, as seem for example in Huang Zongxuan's 3%
=R (f1. 19¢) method ©® —the divisors are resolved into factors, (his term
was “Fan Mu" JZff, lit. extention mother), then the highest degree of each

prime mmbers is retained and the others are erased, for example,

6:_2 xX 3 — 3
8=2° X 3 8.

The other method of “Da-Yan Qiu Yi Shu™ was discovered in 1929. This

formula was as follows:

Let ki mi =1 (mod aa)
1 1 1
ki =10 { - + ot (=1) T}
To Iy I I Ta-1 T'a

"Da-Yan Qiu Yi Shu" utilised used the sequence of quotients q, , but these

quotients can be rewritten in the following form (see section I[-3-c);

Fa =Ta-2 —Qa Ta-t
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We see by this transformation the equivalence of “Da Yan Qiu Yi Shu" and the
more modern formulation (i.e., complex fractions), that is, between the ¢,
and r, . But this computation, involving complex fractions, is not in the
Chinese tradition % . This method was found by Euler before 1734, and
Tanigawa Hideyuki #&JI|&3 (19-20c) and Hayashi Tsuruichi (1873-1935)
rearranged it to illustrate "Da-Yan Qiu Yi Shu" o,

Saito Naonaka ZFERjF (1773-1844), who was not in Seki Kowa's School but in
the competing School —Sai jo-ryl % 3% (lit. Best School) 1, endeavored to
apply Seki Kowa's works. In his manuscript, Saitc Naonaka Soko e P Ess
(Saito Naonaka's Manuscript), which is preserved at Nihon Gakushiin HZSH-fs
(The Japanese Academy) ‘2, he described the improved “Sunzi Theorem" which is
the third step of “Da~-Yan Zong Shu Shu" (The General Solution of Dayan Rule)
(see Table 1).

khen we solved indeterminate equations of the form

x=R,; (moda, ),

we had to compute “Da-Yan Qiu Yi Sw" j times; if there were four congruence
expressions, we would have to compute four “Cheng Lu" (Multiplying Ratio, k;
). But the method of "Da-Yan Qiu Yi Shu" is very complex. It is easy to make a
mistake. Therefore, Saitd Naonaka improved the method so that it used *Da-Yan
Qiu Yi Siw" only one time.

He solved as follows: let

He designated ( a, XR; +a, XR, ) as “Ko" H (A), (a, +a, ) as
"Hidari" 7 (Left), (a, Xa, ) as "Migi" % (Right). Firstly, he

computed x" as it appears in the following expression:

—-199-




(a, +a.) x" =1(od a, a,) -~ (2.16)
lef't right
Then he computed the answer y, which depends on x', as follows:

YEX' {( a, R, +a. R ) (mod da; a:z ) ---(2.17)
ko

This formula gives the correct answer, because vy of formula (2.17) is
equivalent to x of formula (2.14) and (2.15).

Let us show it.
Multiplying formula (2.14) by a, , we have;

a2 X=a, R, (mda, a, }  --—-—-n (2.18)
and multiplying formula (2.15) by a, , yields

a, x=a, R, mda, a, ) - (2.19)
add (2.18) and (2.19),

(a; +a,) x=a, R; +a, R, (mda, a, )
and divide by (a, R, +a, R, ), to obtain

a, +a.

x=1 {mod a, a, ) - (2.20)
a Rz +a. R1

On the other hand, from formula (2.17),

y=(a; Ry +a: R, ) x" +p (a, a;)
vhen p=90,
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a1 R, ta. R,y

substitute it into formula (2.16)

a, t+ta,

y=1 (md a, a, ) -~ (2.21)
d R, +a, Rx

Comperativing formula (2.20) and (2.21), we can conclude

Saito Naonaka gives details of his method for application of “Senkan Jutsu”
(cutting tube method) increasing up to three simultaneous congruences, but we

can obtain the general formula;

" el
Za; x =l(md [Ja,)

{uf A

x=x’ (¥ Ta: /ac) Re) (wd Ta:)

Rl g2 £z

Because he also used algebra method it is easy to obtain this formula.

His originality is finding the multiplication method in the indeterminate
equations;

x=R (mod 3) © kx=kR(md ka)

He probably obtained a hint from the works of Seki Kowa; because Seki Kowa
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developed the method of solving indeterminate equations whose coefficients of

first degree are not one, such as;

b: x=R,: (moda; )

Because it looks unlikely that he considered only formula for computing “Shang

Yuan Ji Nian" (the accumulated years from the epoch};

Xx=R,: (moda; )

Moreover his terms are similar to those of Seki Kowa, *Migi" (right)

“Hidari" (left) "Ko" (A) "J6 Ichi Jutsu" (Technique of One Remainder) and so on,

So I conclude that Saitd Naonaka's work was based on Seki Kowa's.
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{4) Conclusion

Before Seki Kowa, the influence of the Shu Shu Jiu Zhang (Mathematical
Treatise in Nine Sections) in Japan was very small. Japanese mathematicians
studied indeterminate equations from the Syn-zi Suan Jing (Master Sun's
Mathematical Manual), Suan Fa Tong Zong (Systematic Treatise on Arithmetic) and
perhaps Yang Hui Suan Fa (Yang Hui's Method of Computation). Their work was not
on a very high level.

Seki Kowa also studied these books including the Yong Hui Suan Fa, bui
these books also would not provide sufficient basis for his work.

We do not have proof that Shu Shu Jiu Zhang (Mathematical Treatise in Nins
Sections) was brought to Japan, but I strongly suggest that Seki Kowa had
studied it. There are many points of similarity between the “Da-Yan Zong Shu
Shu" and “Sen Kan Jutsu". That is, there was the same value method with “Da-
Yan Zong Shu Shu". In other words, Qin Jiushao's method was one stage of
developing the Chinese Remainder Theorem, not the final method. But Seki Kowa's
method was “Da-Yan Zong Shu Shu”. However Seki Kowa's method was similar to

Qin Jiushao's method. Can it be a coincidence?

Da-Yan Zong Shu Shu another method
(11 Make mutually prime mmbers <& Huang Zongxuan's method
[2] '"Da-Yan Qiu Yi Shu" & Hayashi's method
[3] “Sunzi Theorem" (C.R.T.) & Saitdé's method
TABLE 7  Another Methods of *Da-Yan Zong Shu Shu™

Seki Kowa's work did not constitute a theoretical advance on the process of
three steps method of “Da-Yan Zong Shu Shu". However his method was a great
improvement from the part of view of facility of application.

Firstly he abandoned the calculating rods with their systematic layout and
used the symbols of algebra. Secondly he computed as follows;
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b: x=R; (mOdaa )

His purpose was not to compute “Shang Yuan Ji Nian" (the accumulated years
from the epoch).
Of course, the counterargument that he derived the principles involved from
Chinese astronomical method is possible. Because he researched the Shou Shi Li
R (Season-granting Calendar) % deeply. But this calendar is the first
one which had not used the system of “Shang Yuan Ji Nian" (the accumulated
years from the epoch), I think it is very unlikely that Seki Kowa derived
“Senkan Jutsu” by induction.
At any rate, the works of indeterminate equations during this age in Japan
also applied the works of the Song dynasty in China. Japanese mathematicians
following Qin Jiushao's method. While Japanese mathematicians did not create

something entirely new, peither did they merely imitate.
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Notes

(*1): Needham, vol.3: 119-22, Li Jimin added them to the method of
approximative value of the fraction (Li Jimin, 1987c: 246). Shen Kangshen
classified the Chinese Fuclid Algorithm into five categories, the greatest
comon divisor (G.C. D.), the least common multiple (L.C.M.), the method of
approximative value of the fraction, "Da—Yan Qiu Yi Shu" and "“Bai Ji Shu"
(Shen Kangshen, 1982: 210-21.).

(*2): Question 38, chapter 3, on the Zhang Qiu-Jian Suan Jing SREEEL (Zhang
Qiujian's Mathematical Manual) (Qian Baccong (ed.), 1963, vol.2: 402-5) is:

QUESTION: There are cocks whose cost is five coins, hens whose cost
is three coins and chickens whose cost is one coins for three. I have
ore hundred coins and want to buy one hundred birds. How many cocks,
hens and chickens can T buy?

ANSWER: Four cocks whose cost is twenty coins, eighteen hens whose
cost is fifty-four coins, seventy—eight chickens whose cost is
wenty-six coins.

Eight cocks whose cost is forty coins, eleven hens whose cost is
thirty-three coins, eighty-one chickens whose cost is twenty-seven
ooins,

Twelve cocks whose cost is sixty coins, four hens whose cost is
twelve coins, eighty-four chickens whose cost is twenty-eight coins.

METHOD: Every increasing of four cocks, implies a decreasing of
seven hens and increasing of three chickens, so you can compute.

This means;
5x+3y+1/3z=100 x=0-+4t
y=5—-Tt
x+ y+ z=100 z=1H+38t (t=1,23)

~-205—




(*3): In Occidental categories, “the Sunzi Theorem" (the Chinese Remainder

(*4)

(*5):
(*6):
(*7):
(*8):
(*9):
(10):
(11):
(12):
(13):
(14):
(15):

Theorem) and "Bai Ji Shu" HE#r (One Hundred Fowls problem) are the same.

However, Yang Hui thought "Bai Ji Shu" was the application of the question
of “Zhi Tu Tong Long" M@ [F% (Pheasants and Rabbits in the Same Basket,
Similtaneous Linear Equations Involving Two Unknown) in question 31, chapter
3 of the Sun—=zi Suan Jing (Master Sun's Mathematical Manual)(Qian Baocong
(ed.), 1963, vol.2: 320). Therefore Yang Hui described “Bai Ji Shu" in
chapter 2 of the Yu Gu Zhai Qi Suan Fa #{&fEarE % (Continuation of
Ancient Mathematical Method for Elucidating the Sﬁange) ,» however “the Sunzi
Theorem" was described at another part which is chapter 1 of the Xu Gu Zhai
Qi Suan Fa .

Additionally, we think the question of “Zhi Tu Tong Long" is derived

from the method of "Qi Lu Shu" HH4fr (The Ratio Method) at questions 38-43,
chapter 2, Jiu Zhang Suan Shu (Nine Chapters on the Mathematical Arts)
(personal commmnication of Bai Shangshu  E&i%%a).
: See Li Di, "Guan Yu Qin Jiushao Yu Shu Shu Jiu Zhang De Yan-Jiu Shi" B
ENBHEABBHAEMNPIZEYE (On the History of Studies of Qin Jiushao's
“Mathematical Treatise in Nine Sections")(Conference Paper of ISCMINC,
Beijing, 1987).
Wylie, 1897: 175-81.
Mikami Yoshio, 1912: 65-9.
Li Yan, 1937: 118-20.
Qian Baocong, 1964b, 66-T7.
Needham, 1959, vol.3: 119-22.
Libbrecht, 1973.
Lu Zifang, 1982, vol.1: 20-96.
Li Jimin, 1987. |
Hayashi Tsuruichi, 1937, vol.l.
Nihon Gakushiin, 1954, 5 vols.
Katd Heizaemon, 1956-1964. Seisiliron is published in 1964.
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(16): “Gen Xian Jian Sun" (Chirese Eiclid's Algorithm) was described in question
5 and 6, chapter 1, Jiu Zhang Suan Shu (Nine Chapters on the Mathematical
Arts) (Bai Shangshu, 1983: 15-7). At first, this method was used to compute
“Deng Shu" (G.C.D.), then used to apply computing the approximate value of
the fraction (Nihon Gakushiin, 1954, vol.2: 394-5).

(17): Nibon Gakushiin, 1954, vol.2: 3%5

(18) : Mikami Yoshio, 1912: 65.

(19): This condition is question 2 of chapter 1 in Shu Shu Jiuw Zhang
(Mathematical Treatise in Nine Sections).

(20): Qian Baocong (ed.), 1963, vol.2: 318. Tramslated into Fnglish by Lam Lay—
Yong ard Ang Tian Se, 1992: 178-9.

(21): See Gauss, 1801.

(22) :0re of the oldest studies is Mikami Yoshio, 1912: 65-9.

(23) :The longest calendar cycle, which is a primitive “Shang Yuan Ji Nian" (the
accumilated years from the epoch) in the Zhou Bi Suan Jing AR (The
Arithmeti_cal Classic of the Gnomon and the Circular Path of Heaven), is
31,920 years (1 “Ji"#k) (Qian Baocong (ed.), 1963, vol.1: T5-7).

Ard it is resolved into factors as follows;

31,920=19x 7T X5X 3 X 2*

The combination of (7,5,3), therefore, is one of the most important

significance for computing “Shang Yuan Ji Nian". Especially we must attend

to the number of 7. In the Zhou Bi Suan Jing , each number had the

astronomical meamming, for example, 19 is the cycle of Meton. However, only

T did not have any meaning. I suspect that 7 was derived from the problem

of indeterminate equations. Because 7 is the biggest prime number of one

decimal place, therefore it can be “Ding Shu" (Fixed Number) directly not
"Wen Sm" (Problem Number).

(24): The Sun—zi Suan Jing (Master Sun's Mathematical Marual) was listed as the
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first of mathemtical textbooks in the section entitled Oyoso Sankyd no J6
NESEE (mthematical texts) of the Galu Ryo 24 (educational law);

Students of Mathematics Department must study Son-shi #%F, Go S5 A
W, Kyu Sho JUE, Kai To #E, Tetsu Jutsu #&ifF, Sabkai Jisa =BiEZE,
Shii i 8% Kuji J18], each book becomes 1 unit.

So the Son-shi, which means Sun-zi Suan Jing, wes the first mathematical
text to be studied. Probably it became the most popular text in this age.
(See Jéchi Shigeru, 1987).

(25) : These ages were usually called the “Middle Ages". However, historians of
culture have opined that there was no “Middle Age" in Japan, but that the
ages should be named 8c-13c “Ancient Age", 13c-19¢ “pre Modern Age" (Ishida
Ichirg, 1989: 363-5). Therefore I call these age individually in this paper,
Kamakura period &g (1192-1333), Muromachi period Wy (1333-1573),
Azuchi-Momoyama peried  Ze#kl (1573-1603) and Edo period yT& (1603-1867),

(26) : Oya Shin'ichi, 1980: 137. The original book is kept at Kumaichd Shéryabu
EINFFEREEE, see Z6R, vol.30-A, Chapter 872: 93-4.

(27): The question of indeterminate equations, “Hyaku-go Gen to Tukoto", was not
described at 1st edition of the Jinko-ki BEHhZr (Permanent Mathematics),
which was a four volume book. Tt was described in and after 2nd edition,
which was a five volumes book (Yamazaki Yoemon, 1966: 4-5),

(28): The original book has 100", but it should be emended to “105".

(29): The Da Yan Li (Da Yan Calendar) was made by Yi Xing —fT (683-727) in 727
and used from 729 to 757.

(30): Needham, 1959, vol.3: 37. Qian Baccong, 1964a: 208,

(31): Wilhelm (trs.), 1950; 1989: 310.

(32): Li Jimin, 1987a.

(33): Qin Jiushao's terms were very complex, therefore there were many
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translations, as follows (Libbrecht, 1973: 328-30)

Wen Shu [ A
Yuan Stu T8 —
Ding S E# a.
Yan Mu fiffE m

Yan S fi# m;

Cheng Lu FH kK,
QL Stm %:%( To

Problem Numbers (p.328)

Original Numbers (p.328)

Pefinite Mumbers, Fixed Numbers (p.329)
Extension Mother (p.329),

Multiple Denominator (Needham, p.120)
Extension Numbers (Wylie), Operation Numbers)
Erweitrungszahlen (Biematzki,translated from Wylie)
Multiple Numbers (Needham)

Extension Mother (p.330},

Multiplying Factors (p.330)

Remainder (p.330)

(34): Libbrecht, 1973: 329-31. from SKQS, vol. 797: 329-30.
(35): Ancther text is; Qian Baccong (ed.), 1963, vol.1: 2-3.
(36): Li Yan, 1933; 94, vol.1: 12374,

(37): If m; were larger then 1, , perform this procedure. If m; were less

then r, , let m, becore To -

(38): This "Tian Yuan" (Element of Heaven) was thought to be a reference to
"Tian Yuan Shu"(Chinese Algebra) (Wylie, 1897: 93-94), however this finction
is not "Tian Yuan Shu" (Chinese Algebra) (Katd Heizaemon, 1956: 54). But it

means nunerical value of urnknown quanity, so Qin Jiushao used this term (Mo

Shaokui, 1987: 185).

In my opinion “Tian Yuan" means the value of one (see

section 2-7 chapter 3, Ding Yidong's material).
(39): This case wes studied by Libbrecht (Libbrecht, 1973, 3ul and 357-8), he ex

plained

—Q&ew-nm; =1 (@d a;i )

ai m: =0 (wmd a, )

(ai @ ae-n) m =1 (@d ai)
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Exactly a..=a: » 5o his explanation becomes the same as my
explanation. But Seki Kéwa and Huang Zongxian (fl. 19c) did not use the
value of g3, directly, thus I will explain this case according to their
methods.

Takebe Kataaki HtZEERE (1661-1716), who was a student of Seki Kowa,
suggested @, =a; using the same concept as Libbrecht at section 5 of
chapter 6 in Taise Sankyo  FREE (Complete Mathematical Marmal) (Nihon
Gakushiin, 1964, vol.2: 394-5).

CUH Qo =Qq2x—1
=T ee-n/T @e-n — 1
and T ae-n=1;
thus Qow =T -2 — 1

(41): Actually, @, is a. .

(42) : The computation of “Deng Shu" Z&g¢ (G.C.D.) was used “Geng Xiang Jian Sun"
(Chinese Euclid Algorithm), however the quotient of the last step was ¢,
—1, ot q, (see Bai Shangshu, 1983: 15-7):

a =q: b +r, a =q. b +r,

b =4z r, +r12 b =d: r; +r12

r, =qs rz +r; r: =dqs rz +rs
T -2 =Qn rni—-l rn—2 = (Qn _“l) rn-*l +rn—l
(present method) (Chinese method)

(43): Qin Jiushao computed 38 examples of “Da—Yan Qiu Yi Shu" (The Method of
‘Acquiring “One" in Dayan) in the Shy Shu Jiu Zhang .
ro =0 (k=0, reed not to compute) 7 times
ro =1 (k=1, reed not to compute) 7 times
ra=1 (norml) 10 tines
r..=0 (special) 14 tines
(44): Li Jimin, 1987b.

(45) : These terms, *Qi" (odd numbers) and "Ou" (even numbers), are not literal.
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Libbrecht thougtit that they meant “belonging to the same class" (Libbrecht,
1973: 333). Then Li Jimin concluded that they meant the positions on
calculating board ( Li Jimin, 1987b: 222).

(46): The original term is “Tong Fen Na Zi" sfi4}N—+. It means “transforming
into a camplex fraction".

(47): The original text is “or". But the similar paragraph of “Yuan Shu"
(integral mmber) is “divide the even mmbers and do not the odd ore". Thus
this “or" must be corrected to "do not".

(48): SWYSG, vol.1: 1-2. or SKQS, vol.797: 327-9.

(49): Li Jimin, 1987b.

(50): The general who counted soldiers was changed to Han Xin #&{E (7-B.C.196)
in the Suan Fa Tong Zong (p-21B of Chapter 5).

(51): Li Jimin, 1987a.

(52): 7ZHSJ, vol. 9: 2843,

(53): Seki Kiwa also studied “Metsuke-ji" and his term was “Kempu" E§f (Check
the Sign) in the Sandatsu no Ho, Kempu no Ho WG RERTFZHk (Methods of
Solving Josephus problems, Methods of the Check of Sign) in 1683.

(5%) : Sampo Ketsugi Sho BEPBREED (Solving Mathematical Questions) was said to
be published in 1660, but Shimodaira Kazuo TFEfIsk found the 1659 edition
(private commmication).

(55): Hirayama Akira et al (eds.), 1974: 297.

(56) : Hirayama Akira et al (eds.), 1974: 301-2.

(57): See Jochi Shigeru. 1991b.

(58): Chapter 1 of the Qiu Yi Shu Tong Jie R—#iMfE (Comments of the
Technique of Acquiring One).

His method was influenced by western mathematics. There was no concept of
prime number in Chinese mathematics. Euclid's Elements, the first book
that described prime numbers, contains a part on prime numbers in vol.7,
which had been translated to Chinese by Wylie, Alexander (1818-1887) and Li
Shanlan Z=gfg (1811-1882) in 1858. Moreover Li Shanlan had published Kao
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Shu Gen Si Fa ZaRPUEE (Four Methods of Studying Prime Number) in 1872,
which was one of the oldest works on prime numbers in China. Then Huang
Zongxuan's work was plammed (see Li Di, 1984: 350-88).

(59) : Chinese mathematicans avoided calculation of fraction if possible, the
preface of Zhang Qiu-Jian Suan Jian iR HIE & (Zhang Qiujian's
Mathematical Manual) said, "Generally, multiplication and division are not
difficult in mathematics, reducing fractions to a common dencminator is
difficult."(Qian Baocong (ed.), 1963, vol. 2: 329)

(60): Hayashi Tswruichi, 1937, vol.1: T20.

(61): This School was fourded by Aida Yasuski ®&H%H] (1747-1817) in 1785. He
was born at Yamegata ([[j prefecture, and the most famous river is the
river Mogami &% EJI| so he was named in reference to the river name of his
home town, but in the pronunciation "Onyomi" &3 (ancient Chinese
pronunciation) its name was Saijé fk k. Saijd means “the best"; he wished
his school to become the best, esmciaily better than Seki Ryl [k, which
was Seki Kowa's School.

There were disputes between the Seki Ryl and the Saijo Ry, which grew
ever sharper as time went by. The weak point of Aida Yasuaki had been the
problem of indeterminate equations, but Saitd Naonaka, who was the third
genaration of Saijo Ryll, created new methods. ‘

(62) : Nihon Gakushiin, 1954, vol.5: 279-282.

(63): Shou Shi Li 28 (Season-granting Calendar) was made by Wang Xun g
amd Guo Shoujing ZR~Fa in 1280 and used fram 1281 to 1368, ad it was also

-used from 1368 to 1384 under the name Dg Tong Li B (Large Unification
Calendar).

Seki Kéwa studied it, then wrote the Juji Hatsumei 38528 (Coments of
the Works and Days Calendar) in 1680, Juji Reki Kyo Rissei no Ho #REHEENT
ik (Methods of Mamal Tables of the Works and Days Calendar) in 1681.
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CONCLUSION

In China, the magic square was not only a mathematical game, but was also
bound up with Chinese philosophy. Chinese philosophers believed that the
smal lest magic square, which was called “Luo Shu" (a writing from Luo river) a
magic square of order three, had mysterious power. That is to say, Chinese
magic squares not only had the property that the sums of each colum and row
were the same mumerical value, but also that each item was also arranged in
counter clockwise order in accordance with the notion of Five Elements.
“Counter clockwise" is the direction of Heaven mviné;. Chinese philosophers
thought that this mysterious magic square embodied a micro-cosmos.

Chinese mathematicians had to consider the philosophical aspects of magic
squares. Thus they were limited within the framework of philosophical
practicality when they tried to make larger magic squares.

Japanese mathemticians, however, only considered the mathematical interest
of magic squares. Thus it was easier for Japanese mathematicians to make larger
magic squares than it was for Chinese mathematicians. In other words, Seki
Kowa took only the mathematical aspects of magic squares from Yang Hui Sum Fa
(Yang Hui's Method of Computation). He used Chinese mathematical books, but it
was not only imitation, he also applied the essential points of Chinese
mathematical books for his own original researches. The metaphysical aspect of
magic squares do not seem to have interested him.

If Seki Kowa used Chinese mathematical books like this, what was his
approach to the problem of solving indeterminate equation?

In China, indeterminate equations were studied for computing “Shang Yuan Ji
Nian" (accumulated years from the initial epoch). For this purpose, it was

enough to solve the simultaneous modular equations of;
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x=r, {(mod a,)

Hl

r: (mod a:)
Ern (mOd an)‘

That is, the coefficient of the unkmown number is always one. It was not
necessary to solve the general indeterminate equation of first degree.

As with magic squares, "Shang Yuan Ji Nian" also had a metaphysical
significance for Chinese mathematicians. Qin Jiushao, who was limited by this
notion, nevertheless succeeded in developing a method for solving the case when
the divisors were fractions (including decimal fractions). The divisors were
astronomical constants, such as one tropical year, i. e., 365.25, and thus he
was confronted with this case.

On the basis of his use of the Yag i Suan Fa , our expectation would be
that if Seki Kowa had studied the Sty Shu Jiu Zhang (Mathematical Treatise in
Nine Sections), he would ignore mataphysics and concentrate on the purely
mathematical aspect of solving indeterminate equations, i.e., solving the
general indeterminate equation of first degree. This is exactly what we find
in the works of Seki Kowa.

We do not know whether Seki Kowa studied the Shu Shu Jiu Zhang or not. If
he did, he evidently ignored significant parts of its content, just as he had
in the case of Yang Hui Suan Fa. He works contain no reference to the
philosophical significance of "Shang Yuan Ji Nian" problem.

- Nevertheless his method of computing k,; , which fills the modular
equation;

kimi =1 (mod a; ),

was very similar to the method of Sty Shu Jiu Zhang., It was not only the same

process, but the case when k ; was negative was also processed by similar

methods.
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Seki Kowa's contribution was limited to developing methods already basically
contained within the Shu Shu Jiu Zhang. Although his achievements in his
respect were substantive, his work did not constitute a fundamentally new

theoretical departure.
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(HRONOLOGICAL TABLES OF EASTERN ASIA

CHINA

Xia B (BC 21c-BC 16¢)

Shang @ (BC 16¢-BC 10667)

Western Zhou §§fF (BC 1066-BC T71)
Eastern Zhou H[F (BC T10-BC 256)
Spring and Autumn (BC T770-BC 476)

#Ek
Warring States (BC 475-BC 221)
R
Qin %= (BC 221-BC 206)
Western Han  PGEE (BC 206-AD 23)
Xin Hr (AD 9~ 25)

Eastern Han HEK (25— 220)
Centuries of '
Disuni ty =B ( 220- 265)
Western Jin  FE= ( 265- 316)
North and  EgibsH
South Dynasties ( 317- 581)
Sui F& ( 581- 618)
Tang B ( 618- 907)
Five Dynasties FHfC ( 907- 960)
and Ten Kingdoms
Northern Song bk ( 960-1127)
Southern Songggk (1127-1279)

Jin £ (1115-1234)
Yuan 3¢ (1279-1368)
Ming B (1368-1644)
Qing # (1644-1911)

Republic BE (1912-1949)
People's Republic (1949~
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(BC 1c-668)

Silla
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( 668- 936)
Koryo
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( 918-1392)

Yi =
(1392-1910)

Pepubl ics (1945

JAPAN

Jomon #Ewe (?7-BC lc)

Yayoi 9gRE
(BC 1c-AD 3c)

Large Tombs

THE (AD 3c-6c)

AsukafRE ( 538~ 645)
Nara Z58 ( 645~ 794)

- HelanPz ( T94-1192)

Kamakura
S (1192-1333)
Muromachi

=W (1336-1573)
Edo T/~ (1603-1867)
Empire  (1867-1945)
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ABBREVIATIONS

csJC
ESHS

GXIBCS

SKES

SSJZRAJ

SKZ

SISS
MZNSS

WM

2GR

ZGSXSJB
Z5SRC

Cong-Shu. Ji-Cheng #&ESERR. SWYSG.

Edo Shoki Wasan Sensho {LFFIHAIRREE. see Shimodaira Kazuo et al
(eds.), 1990-.

Guo Xue Ji-Ben Cong-Shu  BIEHASEE. SWYSG.

Kexue Chubanshe FHERifiRe:

St Ku Quan Shi PUREDE

Shu Shu Jiu Zhang Yu Qin Jiushao HENFERZFE/M. see Wu Wemam
(ed.), 1987.

Shangwu Yinshuguan BESEIERHE (Commercial Press)

Seki Kowa Zenshu BEZEA1£24E. see Hirayam Akira, Shimodaira Kazuo and
Hirose Hideo (eds}, 1974.

Suan Jing Shi Shu S+ see Qian Baocong (ed.), 1963.

Meiji-Zen Nihon Sugaku-shi HAIGHTH ZA$EE. see Nihon Gakushiin
(ed.) 196,

Wasan no Hojin Mondai FIELOSHRIRE. see Mikami Yoshio, 1917.
Zhonghua Shuju FEEESE (China Press)

Tol Gunsho Ruijn  HBFESREE. soo Zol Gunsho Ruiju

Zhomgguo Shwaie-shi Jian Bian  FEIEERSHER. see Li Di, 1984,

Zhong Sum-shi Lin Cong  FHEEHHE. see Li Yan, 1933; 1954,
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SSTZRJ.

Jing Yi Koo &#E. Zhu Yicun 48#, 1679. China.
Studies of Chinese Classics.
SKES.

Jinko-ki FEEGRC. Yoshida Mitsuyoshi HEEAI. 1627. Japan.
Permanent Mathematics.
ESVS: ]9%. VOl.]"?).

Jiw Zhamg Suon Shu  FiEEEMy. 2.1c?. China.
Nire Chapters on the Mathematical Arts
Bai Shangsthu, 1983. SJSS.

Juji Hatsumei $SeWREgERA. Seki Kowa BEZEF. 1680. Japan.
Coments of' the Works and Days Calendar.
SKZ.

Jujireki-kyo Risse no Ho REFEENIBRZ . Seki Kowa BEZER1. 1681, Japan.
Methads of Manual Tables of the Works and Days Calendar.
.SKZ.

Kai RFuadai no Ho RAREEZH:. Sekd Kowa §H2f0. 1683. Japan.
Methods of Solving Secret Questicns.
SKZ.

Kaiht Hompen no Ho BI/TEEEEZIE. Seki Kowa BHZEAN1. 1685. Japan.
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Overturm Methods of Solving Higher Degree Equations.
SKZ.

Kaiho Sanshiki BEAFEt. Seki Kowa [Z2f01. 1685. Japan.

Formuilae of Solving Higher Degree Fquations.
SKZ.

Kai Indai no flo SRPSREEZ 3. Seki Kowa BE3fn. 1685. Japan.
Methads of Solving Concealed Questions.
SKZ.

Kai Kendai no Ho FRREZIL. Seld Kowa BZEA. 1685. Japan.
Methods of Solving Findable Questions.
SKZ.

Kak Ho narabini Endan Zu FHRIFHREE. Seki Kowa BH22F0. 1683. Japan.
Methods of Angles and Figures of Japanese Algebra.

See Katsuyd Sampo.

Kanja Otogizoshi EhEGEMINEET-. Nakane Hikodate sFRZEHE. 1743. Japan.
Mathematicians' Fairy Tales.
MZNSS. WM.

Kao St Gen (Si) Fa ZE#dR (PY) Pk. Li Shanlan ZEfy. 1872.
Four Methods of Studying Prime Numbers.

ZhongXi Wenjianlu PEEIRER, no.2, mo.3, no.l4 (1873).

Katsuyo Sampo 1EEZEH:. Seki Kowa B3I, 1712, Japan.
Essential Points of Mathemstics.

SKZ.
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Kemmon Zakki REHMES. Soshd 527k, about 1466, Japan.
Notes of Experience.

2GR,

Ketsugi-Sho To-jutsu BRERHMEHT. Seki Kowa BZfn. 16727, Japan.
Answers and Methods of the Sampo Ketsugi-Sho-
SKZ.

Kign Hosit ZF{EA . Shimada Sadatsugu fEH]E#47. about 1653. Japan.
(dd and Even Squares.
MS. kept at Weseda Univ. Lib.

Kign Hosu &4, Ando Yleki Zjfefife. 1694. Japan.
0dd and Even Squares.
MS. kept at Nihon Gakushiin Lib. WHM. MZNSS.

KitaL Yomei Sampo BIEETERAEH:. Seki Kowa RBEZEF1. 1663. Japan.
Fssential Mathematical Methods of Measures.
SKZ.

Kokon Sampo-ki TH4EHSE. Saweguchi Kazupuki  #M—. 1671. Japan.
Mathematics of All Ages.
‘M. kept at Nihon Gakushiin Lib. MZNSS.,

Ko Ko Gen Sho F/sfi%gp. Hoshino Sanenobu EIFIEE. 1672, Japan.
Manuscript on the Sides of Right Triangles.
MS. kept at Nihon Gakushiin Lib. MZNSS. WM.

Kuchizusami O, Minamotono Tamenori EEE. 970. Japan.
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Humming.
7GR. Koten Hozonkai ez ed, 1924,

Ku-shi [ho ABGERE. Kurushima Yoshita AR E3ek. 1755. Japan.
Posthumous Manuscripts of Mr. Kurushima.
MZNSS. WHM,

Kvitketstu Henke So ERBRENEAL. Seki Kowa BHZA0. 1685. Japan.
Manuscript. of Transformation of Spheres.

SKZ.

Kyiseki K. Seki Kowa [35F1. 1685. Japan.
Computations of Area and Volume.
SKZ. Kaitei Shiseki Shivan TCESEEERE.

[ Zh. Tang Shu My 4182 E. Ye Sheng #88%. 15c, China.
Bibliography of Ye Sheng's Library (Lu Zhu Tang).
TSJC, 1935. SSJzZ4J.

Ni Chii Rebi . 2. 14c. Japan.
Two Hard Almanac.
7GR,

Nihon-Koku Kenzaisho Mokuroku HZABRAFZHE. Fujivara—no Sukeyo R,
891. Japan.

Catalogue of Books Seen in Japan.

Yajima Kurcsuke, 1984,

Qi Gu Suan Jing $HEEE. Wang Xiaoctong F35/. 620, China.
Contimiation of Ancient Mathematics.
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SJSS.

Qing Shi Gao 7EYHG. Zhao Brxun  HYEESE et al. 1927. China.
Draft of History of the Qing Dynasty.
ST, 1977.

Qiv Yi Shu Tong Jie sK—HpBfE. Huang Zongxdan #5528, 1862. China.
Coments of the Technique of Acquiring One.

Bai Fu Lam Suan Xue Cong Shu BRFHEEEE, 1872-1876.

Qiw Yi Suan Shu R—E4i. Zhang Dnren #E3{~. 1803. China.
Mathematical Methods of Acuiring Ore.

SSJZA].

Rakusho Kigan #5E868%. Tanaka Yoshizane MHrhE(E. 1683. Japan.
Mirror of *“ " (“Luo Shu") on the Turtle.
MZNSS. WHM.

Renchii-sho e #P. Fujiwarano Suketaka BEEERE. 12¢c. Japan.
Records of the Court.

Kaitei Shiseki Shiivan SCESRFEER. MS. kept by Noguchi Taisuke, 1739.

Ri-Ben Fang Shu Zhi HAGFER. Yang Shoujing #57K. 1881. China.
‘Research of Chinese Bocks in Japan.
Taibei: Guanwen Shuju EEERE. 1967.

Ritsu Hojin M AfE. Kurushims Yoshita ZBJEREK. 1755. Japan.
Magic Cubes.
MZNSS. WHM.
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Sampo Choho-ki  BEHEEEE. Suzuki Shigetsugu $AENR. 1694, Japan.
Records of Mathematical Treasures.
MZNSS. WHM.

Sambo Doshi Mom ELp-eFRY. Murai Chizen . 1784. Japan.
Mathematical Methods of Pupils' Questions.

MZNSS. WHM.

Sampo Fuddankai EIH18idk. Murase Yoshieki #izgs. 1673. Japan.
Mathematical Methods of Not Worrying to Correct.
MZNSS.

Sampo Hojin Enjin-jutsu FEHFMEEMRT. Satd Mototatsu {LHEOTRE. 1819-18%.
Japan.
Mathematical Technique of Magic Squares‘ ad Mpgic Circles.
WHY. MZNSS.

Sampo Ketsugi Sho BHEBERRD. Tsomra Yoshinori RfffE. 1659. Japan.
Solving Mathematical Questions.
od ed. Kashivagaki Sampo Ketsugi Sho SREEH:BRASERD. 1661. Japan.
Solving Mathematical Questions with Author's Comment.
Kotani Shizue (ed.), 1985.

Sampo Kongen—ki HHARIE. Satd Masaoki #5HEEH. 1669. Japan.
Origin of Mathematics.
WHM. MZNSS.

Sampo Semmon. Sho  BEHEEIPP. Ckayu Yasumoto  filsZcAR. 1840, Japan.
Manuscript of Mathematical Methods of Fasy Questions.
WIM. MZNSS.
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Sandatsu no Ho, Kempu no Ho BBEZH:. SeFr< . Seki Kowa [H2ERN. 1683. Japan.
Methods of Solving Josephus Questions, Methods of the Check of Sign.
SKZ.

Sanso . Miramatsu Shigekiyo FHASHRE. 1663, Japan.
Cutting Board for Mathematics.
Satd Ken'ichi (ed.), 1987. MZNSS.

Sanyo-ki  ¥LFEE. 7. 16c?. Japan.
Calculation Manual.
MS) 19%- VO].. ]—2. u‘

Se-jong Sillok {HE2EER. Yun Hoe FHE et al (eds). 1453. Korea.
Veritable Records of King Sejong's Era.

See Yijo Sillok.

Sekivyil Go Hojin Hensu Jutsuro narabini Sukai BFRFAAHERRATEEIRAE. Yamji
Shuju  (#g38%. 1771. Japan.
Transformation Methods and Comments of Five Degree Magic Squares at Seki
Kéwa's School.

WHM. MZNSS.

Seki Teisho BRTE. Seki Kowa BHz¥F0. 1686. Japan.
Seki Kowa's Amendments. '
SKZ.

Shao Guang Zheng Fu Shu VEEEEM. o Shilin g3k, 1843, China.
The Technique of Positive and Negative about Sides.
Zhi Hai f5¥ secand serdes, 1931.
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Shi Hojin flensi PUFid#esey. Ishiguro Nobuyoshi AEfEr. 1760-1836. Japan.
Variables of Four degree Magic Squares.
WM.

Shi Hojin Ren—jutsu PUPggeMT. 2. 18&c. Japan.
Begimers' Methods of Four Degree Magic Square.
WHM.

Shi Hojin Sen—jutsu PUREREM. 7. 18. Japan.
Advanced Methods of Four Degree Magic Square.
WM.

Shi Ji $HEd. Sim Qian HEE et al. 90 B.C.. Chima.
Historical Record. or Memoirs of the Historiographer.
ZHSJ, 1962.

Shivo Sampo PUfEFk. Seki Kowa B25fn. 1697. Japan.
Mathematical Methods of Computing Four Points on the Lunar Orbit.
SKZ.

Shoyaku no Ho &E¥IZH:. Seki Kowe BHZFAT. 1683. Japan.
Methads of Reduction.

. See Katsuyd Sampo.
Shukuyd Sampo TEWERH:. Seld Kowa BEZEfN. 1714, Japan.

Mathematical Methods of Constellations.
SKZ.

St Du Yon $0%RT. Fang Zhongtong 5. 1661, China.
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Generalisations on Numbers.
ZSSKC.

Shu Shu Jiu Zhang $EHE. Qin Jiushao Z&/i#. 1247, China.
Mathematical Treatise in Nine Sections.

GXJBCS, 1937. Libbrecht, 1973.

Stu St Jiu Zhang Zha Ji #ENFAE. Song Jingchang SEH. 1842, (hina.
Impressions of Mathematical Treatise in Nine Sections.
GXIBCS, 1937.

Shu St Ji Yi BUfEE. Zhen Luan . 6c. China.
Memoir on some Traditions of Mathematical Art.
SJSS.

Si Di Zhai Ji BEF4E. Gu Qianli ggTH. 18c. China.
GQu Qianli's (Si Di Zhai) Diary?
SSJZ4J.

Si Ku Quen Sk PUEASE. Yu Meizhong T, Liu Tongjun BHM et al (eds.).
1782. China.

Complete Works of the Four Categories.

SWYSG (Taiwan), 1984-1988. (Wenyange version)

Si Yum Yu Jion POTESE. 2 Shijie ZSefift. 1303. China.
Precious Mirror of the Four Element.

KXJBCS, 1937.

Sum Fa Tong Zong Bpsgiss. Cheng Dawel FEAhr. 1592. Chian.
Systematic Treatise on Arithmetic.
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Saoye Shanfang §33E|lE edition. 1883.

Suan Jing Shi Shu BEE. Dl Zhen R (ed.). 1774, China.
The Ten Mathematical Maruals.

Qian Baocong (ed.), 1963.

Sumn Xue Qi Meng BEREEE, 7hu Shijie 4efiift. 1299. China.
Introduction to Mathematics Studies.

Ruan Yuan repub. edition. 1839.

Sun Shi Ci Tang Shu Mu Nei Bian FREKWIZEEHME. Sun Xingyan $REfT. 18c.
China.

Bibliography of Sun Xingyan's Library (Sun Shi Ci Tang)

(SJC. 1935. SSJZaJ.

Sun—zi Suan Jing FRFEE. Sunzi #&7-. about U400. China.
Master Sun's Mathematical Marmal.
[am Lay~Yong and Ang Tian Se, 1992. SJSS.

Taisei Sankyo KEREE. Seki Kowa B3f1, Takebe Kataaki BHERESNY and Takebe
Katahiro BeigEEl. 1710. Japen.

Complete Mathematical Maral,

SKZ.

Tar' i Sampo ¥EREELH:. Kemmochi Masayuki @ii#3#4T. 1840. Japan.
Searching of Bringing-up in Mathematics.

Temmon Sugal Zatcho. ROCHEBFEE. Seki Kowa BHZH1. 1699. Japan.
Notes of Astronomy and Mathematics.

SKZ.
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Tian M Bi Let Cheng Chu Jie Fo HIAHSBREREERR. Yang Hul  #3. 1275. China.
Practical Rules of Arithmetic for Surveying.

e Yang Hui Sumn Fa.

Toyoshima Sankyo Hyorin BEEEEE. Aida Yasuaki  @[H%cAf. 1804. Japan.
Cotments of Toyoshima's Mathemstical Manusl.
MZNSS.

Tu Shu Bian FEE#E. Zhang Huang . 1562. China.
On Map and Books of Encyclopeadia.
SKES.

Warizan Sho EPEE, Mori Shigeyoshi Ef[EEEE. 1622, Japan.
Division Book.

ESWS, 1990.

Wen Yuan Ge Shu My HIRBGEE. Yang Shiql #A3F. 144, China.
Bibliography of Wenyuange Library.
GXJBCS, 1937.

Wu Cao Suan Jing FEEE. Zhen Luan Ep#. 6c. China.
Mathematical Manual of the Five Government Departments.
SJSS.

W Jing Suan Shu FAXE M. Zhen Luan S, 6c. China.
Arithmetic in the Fiwe Classics.
SJSS.

Xia-Huo Yang Suan Jing EFEGHE. Ban Yan §EE. 5007, China.
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Xialuo Yang's Mathematical Marual.
SJSS.

Xin Zhai Za 7y O58BH. Zhang Chao §E#. b.1650. China.
Slip Cutting Board of the Heart.
ZGSXSJB. ZSSRC.

Xu Chou Ren Zhum #FSEAfH. Luo Shilin  §FE-F. 1840. China.
Biographies of Mathemsticians and Astronamers, part 2.
GXJBCS, 193b.

Xu Gu Zhai Qi Suan Fa SGHAHEIE. Yang Hul #38E. 1275. China.
Continuation of Ancient Mathematical Methods for Elucidating the Strange
(Properties of Numbers).

See Yang Hui Sumn Fa.

Yang tui Sum Fa #HHEEIE. Yang Hul M. 1275. China.
Yang Hui's Method of Computation.
Kodama Akio, 1966. Lam Lay-Yong, 1977.

Ye Shi Yum Shu My HEEZEH. Qian Zeng £§&. 17c. China.
Bibliography of Qian Zeng's Library (Yeshiyuan).
Luo-Xue-Tang Xian-Sheng Quan-Ji ﬁ%sﬁ'ﬁi:%“% 1968, Taiwan: Wenma Shuju
XHEER- SSIZAJ.

Yi Jing S48 ?. Zhou dynasty?. China.
The Book of Changes.’
Wilhelm (tr.), 1950. SKGS.

Yi Ku Tang Ti Ba BRRUERERR. Lu Xinyuan BBONEL. 19c. China.
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Bibliography of Lu Xinyuan's Library (Yikutang).
Taiwan: Guangwen Shuju FEESCGER. 1968, SSJZ4QJ.

Vi Shu Gou Yin Tu Sr##fRME. Liu M @ 10c. Chima.
The Hidden Number-Diagrams in the Book of Changes Hooked Out.
SKES.

Yi Tong Zi Wen SFEFRY. Ouwang Xiu EkEf&. 11c. Chima.
SHQS.

¥i Tu Ming Bian Si[E9AE. Hu Wei #878. 1706. China.
Clarification of the Diagrams in the Book of Changes.
SHES.-

Yi Xue Qi Meng SEEE. 7Zhu X1 4. 1186, China.
Elements of Changes Studies.
See Yi Xue Qi Meng Tong Shi.

Vi Xue Qi Meng Tong Shi SESEs5E#E. Hu Fangping #i7°F. 1289. China.
Coments for “Elements of Change Studies".
SKGS. '

Yijo Sillok Z=E 5. Veritable Record Office. 1413-1865. Korea.
Veritable Records of the Yi Dymasty.

Kuksa P'yorch'an Winvdnhoe EISRECRES. 1981.

Yong e Da Dian k&AM, Jie Jin #2E% et al (eds.). 1U407. China.
Great Encyclopeadia of Yongle reigmperiod.
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Zhang Qiu-Jian Sum Jing REEEE. Zhang Qiujian  jRf-E. 466. China.
Zhang Qiujian's Mathematical Manual.
SISS.

Zheng Tang Du Shu Ji SfEEEE. Zhou Zhungfu ¥4, 19c. China.
Descriptions of Zhou Zhongfu's Impression.
KXJBCS, 1940. SSJZQJ.

Zhi Zhai Shu lu Jie Ti EEFEGHE. Chen Zhensun  BffRER. 13c. China.
Bibliography of Chen Zhensun's (Zhi Zhai) Library.
KXJBCS, 1939. SSJZAJ.

Zhow Bi Suan Jing [HREEEE. 2. Chima.
The Arithmetical Classic of the Ghomon and the Circular Paths of Heaven.
SJSS.

Zhow Yi Qian Zuo Du FASEEYE. 2. the Zhou dynasty?. China.
Prophecy Book of "Qian".
SKas.

Zhui Shu . Zu Chongzhi #Mnz. about 463. China.
Bourd Methods. [7]

no version extant.
Zoku Gunsho Ruiju SEEEEHS. Haniho Kiichi fC— (ed.). since 1793. Japan.

Fncyclopaedia of Wagaku Kodansho, FIEESESkRR part 2.
Tokyd: Mobunsha 33k, 1925, 3nd ed. 1974,

—236—



(2) Other works, by author

Oriental Periodicals

Beijing Shifan Daxue Xuebao JLHUMIREAERERHR. Beijing.
Fuji Ronso E-4-5fi. Tokyo.

Kagalai-shi Kenkyn FE2HPFZE. Tokyo.

Kaogu . Beijing.

Shuxue Tongbao HERE#HR. Beijing.

Shuxue Tongrun  BEZ@ER. Beijing.

Stugaku-shi Kenkyii $EBSBHI3E. Tokyo.

Syuzan Syunjii.  BRECERK. Tokyd.

Toho Galuho FF7E2R. Tokyd.

Toyo Gakuho FPFEHR. Tokyd.

Ziran Kexue-shi Yanjin ERFEREDISE. Beijing.
Zhongguo Kexue Shiligo "BIFRRSEEL. Beijing.
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Abe Gakuh® [[&Bgs /. 1976, “Yoki Sampd ni Aru HAjin" #fifierzkicd 54k (Magic
Square in the Yang Hui Sum Fa. Sugaku-shi Kenkyi T0: 11-32.

Andrews, W. S.. 1908. Magic Square and Cubes. Chicago: The Open Court. 2rd ed.
1917. Repub. 1960. New York: Dover.

Bai Shangshu [, 1964, '"Qin Jiushao Cewang Jiuwen Zaoshu Zhi Shentao" ZEf,
HBNEEER ST (Studies of Qin Jiushao's Nine Surveying Questions) in
pp.290-303 of Qian Baocong, 1964b.

———. 1983. Jiu Zhang Suan Shu Zhw Shi NEFMAE (Modern Coments of Nine
Chapters on the Mathematical Arts). Beijing: KXCBS.

—. 1985. (Ce Yuan Hai Jing Jin Shi HIEH#EEESE (Colloquial Version, with
Comrents of of Sea Mirror of Circle Measurements). Ji'nan @pj: Shangdong

Jiaoyu Chubanshe ([[IBREE HikH .

Beijing Shifan Daxue Kexue-shi Yanjiu Zhongxin (ed.). {batfifiicetile spigerhs
(Centre of History of Science, Beijing Normal Univ.). 1989. Zhongguo Kexue—
shi Jiangyi TEIEEHH#3E (Transeripts of Lecture on History of Science).
Beijing: Beijing Shifan Daxue Chubanshe {bEtfRiAEHRAE.

Boyer, Carl. 1968. A History of Mathematics. New York: Wiley. 2nd ed. 1989.

Bourbaki, N.. 1974. Elements d’ Histoirve des Mathematiques, Paris: Hermarm.

Brown, George Spencer. 1969. Laws of Form. London: George Allen and Unwin Ltd.

Cammann, Schuyler. 1960. “The Evolution of Magic Squares in China". Journal of
the American Oriental Society 80: 116-24,
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—— . 1963. "Old Chinese Magic Squares". Sinologica vol.T: 14-53.

Chen Cheng-Yih g E— (ed.). 1987. Science and Technology in Chinese

Civilization. Singapore: World Scientific.

Chen Meidong BZETH et al (eds.). 1992. Jigwing Zhongguo Kezhi—shi Hua. {GRA
BRI EE (Brief Stories of History of Science and Technology in China). 2
vols. Taibei: Mingwen Shuju A ERF.

Chen Zungui BE#US. 1955. Zhongguo Tiawenxue Jian-shi HBEIRICEMSE (Brief
History of Chinese Astronomy). Shanghai: Shanghai Renmin Chubanshe _FigAR
HiRR4E.

——. 1980-1984. Zhongguo Tianwenxue-shi FEIKEB$ (History of Chinese
Astronomy). 3 vols. Shanghai: Shanghai Renmin Chubanshe | ARHEE.

Cohen, I. Bernmard. 1985. Rewvolution in Science. Cambridge, Massachusetts:
Belknap Press of Harvard Univ. Press.

Cullen, Chiristopher. 1977. “Cosmographical Discussions in China from Early
Times up to the T'ang (Tang) Dynasty". Ph.D thesis of Universty of London.

Dongbei Shifan Daxue Guji Zhenli Yanjiusuo Cidian Bianjishi FEAuARHIAEELERR

Dt ERasE (ed.). 1987, Jianming Zhongguo Guji Cidian fGi8H " BIirisis
(Concise Bibliography of Chinese Classical Books). Changchun f#%: Jilin
Wenshi Chubanshe TSR HIREE.

Du Shiran #EF3R et al (eds.). 1985. Zhongguo Kexue Jishu Shi Gao "PEREEHTE
f% (Manuscripts of History of Science and Technology). 2vols. Beijing:
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KXCBS.

Endd Toshisada ZEFIE. 1896. Nihon Stugaku-shi H AR E (History of

mathematics in Japan). Tokyd: Iwanami Shoten E#EE[E.

—— . 1918, Zoshii Nihon Sugaku-shi 3§ HKEERE (History of mathematics in
Japan Enlarged ed.). Tokyd: Koseisha Koseikaku {2 E4R. 2nd ed, 1960.
3rd ed. 1981.

Gauss, Karl Friedrich. 1801. Disquistiones Arithmeticae. Libsiase: Gerh

Fleischer.

Graham, Angus Charles. 1989. Disputers of the Tao. La Salle, Illinois: Open
Court.

Guo Shuchun #FE:F. 1988. "“Jia Xian ‘Huangdi Jiu-Zhang Suan-Jing Xi-Cao' Chu
Tan; 'Xiang-Jie Jiu-Zhang Suan-Fa' Jiegou Shi Xi" BEEK<ETEAESENED
FIHE; <<FHRNBEHOSERSWHT (Study of Commentary of Yellow [mperor Nine
Chapters on the Mathematical Arts Written by Jia Xian; The Analysis
Includes of Yang Hui's Commentary of Nine Chapters on the Mathematical
Arts). Zivan Kexue-shi Yanjiu vol.7 (1988), no.l: 328-34,

Hashimoto Keizd #EAdiis. 1973. “Bai Bur-Tei (Mei Wending) no Sigaku Kerkyd® #F
R OPERE (Mathematical Study about Mei Wending). Toho Gakuhs M 233-
79.

Hayashi Tsuruichi #4#8— 1937. Hayashi Tsuruichi Halushi Wasan Kenkyd Shiivoku #k

B—ETREHAES (Complete Studies of Japanese Mathematics by Dr.
Hayashi Tsuruichi). 2 vols. Tokyd: Tokyd Kaiseikan HERiBHRRAE.
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Hirayama Akira E([j&F. 1959. Seki Kowa BZ#1 (The Studies of Seki Kéwa).
Toky3: Koseisha Koseikaku e JEE/EH=B4.

—— . 1980. Enshiiritsu no Rekishi BIHZEOEES (History of 7). Osaka: Osaka
Kybiku Tosho AfREHBEREE.

— . 1988. “Chfsen Sansho Mokuroku" ERFErEEHE: (Catalogue of Mathematical
Books in Korea). Sugaku~shi Kenkyn 116: 53-7.

Hirayama Akira and Abe Gakuhd [M[EZ75. 1983. Hojin no Kenkyd HFHEOWSE (The
Studies of Magic Square). Osaka: Osaka Kydiku Tosho AREEEE.

Hirayama Akira, Abe Gakuhd P/ and Toya Seiichi F&AR—. 1984, “Yoki
Sanpd no HGjin nitsuite" BHEEEDHRUZDT (Magic Square in Yang Hui
Suan Fa). Syuzan Syunju 58: 134-50.

Hirayama Akira and Matsuoka Motohisa #AFIT/A (eds.). 1966. Azima Naonobu
Zenshi ‘REEE 24 (Collection of Azima Naonobu). Tokyé: Fuji Tanki
Daigaku Shuppanbu g 4EU R RS

Hirayama Akira and Naitd Jun pygEsE (eds.). 1987. Matsunaga Ryosuke ¥k B
(Collection of Matsunaga RyGsuke). Tokyd: Matsunaga RyGsuke Kankdkai #A7kE
wHfTE.

Hirayama Akira, Shimodaira va:121.10 FF1k and Yirose Hideo fEERFEHR (eds.).
1974, Seki Kowa Zenshi BEZEf144£ (Collection of Seki Kowa). Osaka: Osaka
Kydiku Tosho AREEEE.

Ho Peng-Yoke {f[P9ff. 1973. “Magic Squares in East and West". Papers on Far

Eastern History, Australian Natiomal University, Dept. of Eastern History, 8
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(1973): 115-U1,

——. 1991. "Chinese Science: The Traditional Chinese View". Bulletin of the

School of Orient and African Studies, Univ. of London, vol. LIV, Part 3:
506-19.

Ho Peng-Yoke {R[P9ff and Ho Kuan—Piao {aj5fg. 1983. Zhongguo Keji—shi Gairun 9
BIRH SR (Outline of History of Science and Technology in China). Hong
kong: CHSJ (Hong Kong).

Horner, W. G. 1819. “A New Method of Solving Numerical Equations of All Orders,

by Continuous approximation". Philosophical Transactions of the Rovyal

Society 109: 308-35.

Hosoi Sosogu #idFEE. 1941. Wasan Shisc no Tokushitsu FMEEE OBE
(Specificity of Japanese Mathematical Thought). Tokyd: Kydritsusha 3:i7if.

Hua Yinchun #EEI#. 1987. Zhongguo Zhusuan Shi Gao "PEIZREESFS (Manuscript of
History of Abacus in China). Beijing: Zhongguo Caizheng Jingji Chubanshe
B AT B R

Hu Mingjie #JBift. 1991. “Siyuanshu De Yibanxing ChengduPuitarig—ARrErnr
(The Generalization of the Chinese Four Elements Algebra). Ziran Kexue-shi
.Yamjiu vol.11 (1991), no.1: 8-16.

Ishida Ichird HH—R. 1989. Nihon Bunka-shi HZAI{LSE (History of Japanese
Culture). TokyS: Tokai Univ. Press i k@HIR.

Jeon Sang-woon  2fH#E. 1974, Science and Technology in Korea. Cambridge, Mass.: ‘
The MIT Press,
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Jochi Shigeru k. 1987. “Ritsuryéki no Slgaku Kydiku #4HOHEHEE
(The Mathematics Teaching in Japan from 8 to 12c¢). Sigaku-shi Kenkyi 117:
13-21. |

——. 1991a. "Nitchii no Hoteiron Saikd" A O AFEHE#E (A Reconsideration of
Higher Degree Equation in China and Japan. Sugaku—shi Kenkyi 128: 26-35.

— . 1991b. “Geng Xiang Jian Sun Fa Dui Guan Xiache (Seki Kéwa) De Yimxiang"
EHEIEEM ISR (The Influence of The Chinese Fuclid Algorithm on
Japanese Mathematics). Conference paper of the International Conference of
Jiuzhang Suanshuy and Liu Hui's Mathematical Thought, Beijing Normal
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ZU CHONGZHI'S DA MING ALMANAC AND COMPUTE 7(

Shigeru Jochi
(Department of Mathematics) A
‘ Abstract ,

Da Ming Almanac’s new device is the method of computing a tropical year,
which uses the concept of ‘lii’ (linear ratio), a Chinese traditional one.

So the pre‘sent writer sét up by a hypothesis that the method of Zu Chongzhi’s
computing # and Liu Hui’s one was the same, If Zu Chongziii_ used same method
and computed down to sgv'enhdecir‘nal places, he had ‘to compute 24 576 polygonai
area. But even if the figures were increased, this method cannot compfxte down
here because it used fixed point operation, not floating point operation. So he,
pefﬁaps used the forxi\uia of Liu Hui, and had the approximate value of z. .

Key words  computing a tropical year,. the:concept"of 1i' (linear ratio), fixed
point operation. ' . Co o
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