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1. Introduction

We begin with a discussion of the simple harmonic oscillator which has equation of
motion

mx = —-mw*x (8]

1
where the potential corresponding to the restoring force is written as V(x) = Emco2 x* . The

‘e’ appearing in the potential is the frequency of the periodic motion as can be seen from
the integral of equation (1) which is

x(t) = Acos ot + Bsin ot 2)

where A and B are constants which can be determined from the initial values of x(t) and
x(t). The energy E of the particle is given by the sum of the kinetic (K) and the potential
energies and is found to be

_1 .2 1 2.2 1 2( A2
E-me +5mo'x’ =20 (A +Bz), (3)

The frequency of motion is a constant w determined by the strength of the potential and is
independent of the initial condition. The energy which determines the size of the orbit in the
phase space (the x - x space) is, however, dependent on the initial condition. We can
calculate the average kinetic and the potential energies, (K) and (V) respectively, over a
cycle as

A B

171 ., 1
K=zl gmidt=3m| 3+ 2 (4
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2.2 A B
and (V)= fygmaxiot=gmo (? 2) (@b)
Clearly, (K)=(V) for simple harmonic oscillator.

If we consider the more general potential V = m-;X (with 1> 0), then equation of

motion is
X =-Ax?" (5)
which for all u#1 is a non-linear equation. The first integral is the energy expression

1

2#
E= 2 —mx? +— 2 mzlx (6)
If ‘a’ is the amplitude of the motion, then the total energy is given by :
= _1_ 24
E= 20 mia @)

since at the maximum displacement x = 0. Combining equations (6) and (7) we get :

X2 =%(azu _ xz“) (8)

= m:JZ——dx—— .
u ,(aZu_XZﬂ) 9)

The time period T is the time required to go from x = 0 to x = a and thence to x = -a and
return to the origin. Since things are symmetric about x=0, we have

g A dx _4 |Aru(z__cOS6dE
R 1 e R R gy el (o

Setting sin* @ =sing , with usin*~'cos06 = cos¢dg and using the relation (7)

L
T=4J%a"“fsin“ '¢d¢ (11)
1 1
e 2 2uE) 2# F(E)F(-ﬂ)
m,l I_(l+_1_J ' (12)

2 2u

For u=1, we have T = 27 = -2—”-, if we write A = w?to make the potential agree with that
A @

taken in equation (1). This is as expected from our previous analysis. For u # 1, the period
depends on the energy and hence on the initial conditions. Interestignly enough, Tincreases
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with increasing energy if u <1 and decreases with increasing energy Efor x> 1. The latter
could be understood if we associate with larger E, a faster motion and hence a shorter

period. This does not explain the situation for uz<1. To get a different perspective, we
calculated the average kinetic and potential energies

1¢71 . m(T.,dt _m¢.
(K)=;05"’x’ -E-T-jox*—dx-ﬂ}xdx

Q=2 [ =22 oo =y 9

while,
1

V- e R R e
A ou
M"“\F I;W —\F % \[—}T (14

The ratio of the average kinetic to the average potential energy turns out to be

J‘" 2“ dy J—sm" 6cos® 6d6

vV 1y dy
() 01— y2* J;_sm“ 6d6

- ﬁEL ﬁ(Zu 2) r( )'{
" e ] ”)’(2) "

For pu=1,(K)=(V) and the time period is energy independent. For u > 1, the kinetic
energy dominates, hence the particle moves faster relative to the simple harmonic oscilla-
tor and the time period decreases. For u < 1 on the other hand, the kinetic energy dimin-
ishes and the period increases with increasing energy.

We would like to end this section by pointing out the existence of a non-simple harmonic
potential for which the time period is independent of the amplitude. This is the potential (see

Figure 1)
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Figure 1. In the sketch, the curve ‘a’ represents V(x)~ x**, where y is an integer. Compare it with
the shape of the curve ‘b’ which is the plot for the potential

V(x)=[x2 +%); 1>0. (16)

Suppose the total energy of the oscillator E is entirely due to potential energy at the posi-
tions x = a and x = b (at these points the oscillator is at rest), i.e.,
1 1
E=){a2 +;2—J=/1(b’ +F)' (17)
Hence, the time-period T is given by

T=4f" & ’
LHE-A{X’+%—)]' (18)

Using the expression (17) to find a and b in terms of A and E, we can calculate T from
relation (18)

T=”
2x

which evidently is independent of the amplitude!

(19)
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2. Frequency of Undamped Anharmonic Oscillator : Direct calculation
The typical anharmonic oscillator has a potential energy which can be written as :
1 Am
V(x) = — ma?x* + =—x*
(x)=2 2 (20)

with equation of motion

X=-0’x-Ax*". (21)
The motion is bounded and periodic with the first integral expressing the energy conserva-
tion as :

1,1, Am
E—-2~mx2 + 5 mo x2+—2-;x ., (22)
The period of motion T is given by the integral
T= -3 [ ’ ax .
8 =X + (@ — x) (24)
uw

For any value of A and the total energy E (this determines the amplitude ‘a’ from equation
(23)), the time period can be found from equation (24) by a numerical integration for all
positive values of u . In general, the integral in equation (24) cannot be evaluated analyti-
cally and so we can resort to some approximations to get a feeling for what the time period
looks like.

The first approximation that we can try is a small value of non-linear term in equation of
motion. In this case, we can write the expression (24) as

T = .:—)J: dy2u-2
J 2_ 2 Ad 1_y2u) (25)

.sl—y+#m2

A [1_,1a2"'2("”2")} (26)

w°J1_y2l 2un® 1-y°

(the expansion parameter is Aa™ / (w?a”), the ratio of the potential energy for the anharmonic

term to that for the simple harmonic term). The period to O(A) accuracy

M

2u-2 1- 2
-7 il Und i PR

4 o  pp® b 2
(1-v°)?

__21:__2/132"‘2‘[;1—sin2“0
o uw® % 1-sin’@
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Since we need the correction only upto O(4), we can substitute for ‘a’ from equation (23) as
a=2E/ (mwa), so that the above relation becomes:

2n 2,1a( 2F ,

"o wo® (mo? @7)
I"In+%)1‘(%
where | =Z“"- . For the most studied case of the potential
g =0 TI'(n+1)

V(x) = %mcozx2 +%—x‘i.e., =2, we have to O(A),

2n 3 ME 2=xn 1_§_/1E

0 4me (28)

From equation (27), we note that the dimensioniess parameter for the perturbation series is

AE*Y (m“"wz“) i.e.for u > 1, the expansion will break down as easily at high A as at high

E.

If AE*”'/(m*”'@™)>>1, then the second term in the denominator of R.H.S. of the
relation (24) dominates and the leading term in the time period is found to be given by
equation (12). Specialising for the case of u = 2, we and for AE/ (mw‘) >>1

| 1)
m )4 r(4
T“‘/E(Ei) _r(g) : (29)
4
The next correction in equation (29) can be obtained by reverting to equation (24), setting
=2 and expanding as
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=222 a '_:‘Y__z,liﬁa "’22 ) &
Aa -[0 -y Aa" Aa 'LJ(1+yz)3(1__yz) (30)

At this point, we note that the energy expression has to be expanded as

1 1
E=— 4 + Zmow?a?
4m/13 +2ma)a (31)

mA (32)

a(4EVE|, mo?(aEY:
“lma selm) |- (33)

1
«_4E 2mw’a® 4E 2mo? (45)5

1

(45)5 ;. mo* (4EE __)_’i) 2Jy2Jm o’ m(4E]

1 |m 4E
T = ]— —_—
2\/; i 4E (m/l)

mA 8E (ma r(g) 4 E\m
4
J;(Ln_\% = L"_“_’_(_E] oyt ™
AE rl % 4E \mA E% ).3
1 3
1 — —_
=J7z("m“)‘$—1+ e 1a) (=)
AE r(g) 4JmEA ,/;r(1) mA
4 4
1 3
irn-— =
PRt = S
AE r(§) Er )4 Jn r( 1 (34)
4 4
where, /= dy Once again the expansion parameter is the dimensionless

J(Hy ) (1-v?)

quantity AE /(ma*), which we hereafter denote by B. The perturbation series of equations
(28) and (34) can now be expressed as

=%(1—%ﬁ+...) B<<1 (35a)
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r( ) —+.. f>1.
@ 1f3) (

The series for B>1 is what known as an asymptotic series.
The B <« 1 and B >> 1 forms of equations (35a) and (35b) allow us to introduce a common

technique for connecting the low 8 and the high 8 ends. We note that what is required is a
function f(B) such that

(35b)

= f(B) (36)
with
f(ﬂ)=1—%ﬁ+..., B<<1 (37a)
f(B)= r( ; ) B>>1
2J- ) /3‘ * ' (37b)

A Padé approximant constructs f(8) as N (B)/D (B), where N (B) and [1) (B) are polynomi-

als of the appropriate power of . From equation (37b), we notice that g+ = ¢ is the appro-
priate choice of the variable for a polynomial and we have

1-=a'+.., a<<1

f(ﬁ) - g(a) - r(%) 1 (1 —i2+...) a>>1 (38)

z—ﬁ@a

4

Clearly, Ma) has to be a polynomial of order three, while D(ct) has to be a polynomial of
order four to match the known results of equation (38). We try

g(a)=

the coefficients a,'s are the same in the numerator and denominator so that for a«1,the
coefficients of a,c? and a® may cancel out and

g(@)=1-ba* (40)
This fixes

3
3, (41)

1+a,a +aa’ +a,a’
4
1+ a,a + a,a° + a,a° + ba

(39)
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The large o expansion for g(a), reads

G by R

So that comparing with the expression (38) we can set

.ai -1
2V7 {3 (43)
4
it
=) = _L_i
8Vn F( 3 ) (44)
4
where we have used the relation (41). And,
a, &
s 5" )
1
& _ 3 \4
%% t6r ,.(g] (46)
4
Finally,
1
8 ( 8, 28 J _1 F(Z)
b\b; b 2n r( 3 (47)

leading to

1
8= 4L
8V r[g [21: r(g) (48)
4 4
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Thus,
1 1 2 1 2 1
f2) G s o) z)
3 4) 1 4 < 3 4 1 3 4|32
1+ - -1 184+ — B2 + p*
8ym (3)|27| (3 16n| (3 8 3
r (4) F(4) d (Z) “r(3)
1 1))° T 1
Ir— r|— I — -
3 4) 1 (4) i3 {4) i.].3 (4) $ (3
1+ Bﬁr(g) o r(g) -111B* + T6n ;—g')- B2 + ol r(g) B4 +(Z)ﬂ
4 4 4 4

is the required Padé approximant.

3. Lindstedt poincare perturbation theory

In this section, we demonstrate how a perturbation theory can be developed for the
anharmonic oscillator of equation (21) written as

X+w?x=-Ax*". (50)
We first begin with the naive expansion
X=Xg + A%, + Xyt . (51)

and inserting in equation (50) equate the same power of A on either side. This leads to,
at the zeroth order,

Xy +0°x, =0 (52)
with the solutions

X, = Acos ot (53)
with the initial conditions: x, = Aand X, =0 . Turning to ((2),

X+ @?x, =-x2" = A" cos®* it . (54)

We note that cos®~' wt can be expanded as a Fourier series. The coefficient of cos?~' wtis

11
T ﬁlﬂ +—2-."2‘J , SO
cos** 't = 2 ﬁ(u + %,%)cos wt + other harmonics wt. (55)
n

Consequently, equation (54) becomes

X, +0ix, = —%A""‘“ﬁ(p + %,-;—)coswt + other harmonics of @t .

The cos wt term on the R.H.S. of equation (56) causes a resonance which is spurious
since the solution of equation (50) is quite well defined as we have seen in the earlier
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section. Terms causing spurious resofiances are known as secular terms and they have
arisen because we have not paid attention to the fact that the frequency of motion is no
longer w, but has to be changed to some new value Q which can be expanded in power of

Aas
QP =0® + A0? + X0} . (57)

This is what we have seen in the earlier sections and this is what we need to do to make
the perturbation theory work.

We rewrite equation (50) as
X+ Q%% =-Ax*" + A0? + Pwl. (58)

This is an identity since equations (57) and (58) simply reproduce equation (50). We now
carry out the expansion of equation (51) and equating the same power of A" on the either

side of equation (58), obtain at the O(1)

Xy +92%°x,=0 (59)
with
X, = Acos Qt (60)
for the same initial condition as before. At O(1) , we now get :
X, +0°x, = -x2*" + w?x, (61)
- 2 2 2u-1 1 1 2
= X+ X =-—AYf p+ 7,2 |00 Qf +w; ACOS O + other harmonics of Qt .(62)

The correction to the frequency is an unknown and we choose it so that the resonance
inducing cos Qt term is removed from the R.H.S. of equation (62). This leads to :

2 - 11
—A "’ﬂ(u+-2-.—2-)- (63)

1 A
Since the energy E is given by E = -2-’"(02'42 +‘2";A2", as have

[2E
A= \{ ma? T o) (64)
and hence
:_2(2E ( 11)
wwu(mwz) ﬂﬂ+2.2 ) (65)

Correct to O(4), we get

u-1
Q=0+ 13( 28 ) B(u +-;-.-1-) (66)

n\ mo?




An introduction to nonlinear oscillators : a pedagogical review 1127

2 11
2= —( —— 2
= aHmo\mw‘ #+2 2‘I+0(3~) ’ (67)
For the special case of u =2
3( AE
@=o +Z(m )*OW (68)

in exact agreement with the resuit obtained in the previous equation (28). This method of
doing perturbation theory is known as the Lindstedt Poincare technique.

4. Multiple time scale perturbation theory

We can imagine to do the perturbation theory in yet another fashion. The final result, where
the frequency gets shifted means that if we consider the displacement of the oscillator to
occur with the unperturbed frequency, then the phase of the oscillator, instead of being
constant gets shifted slightly in time i.e., it picks up a slow time variation. We picture the
displacement x being a function of different time scales t, t,, t, ... efc., where t,=A"t,
n=0,1,2,3... Thus, x= x(4, t,, t,,...) and

ox at, ox
o =2 Ao (69)
Similarly, for the acceleration
dx\dt, J°x 9’x
= +22 +... .
¥ 23, (dt) ot A o, (70)
Returning to equation of motion (50) and specialising to the case of u = 2,
3*x °x » 2
—+24 A0 X = —AX7 .
a e, i
We also need to expand x= x,(t, t,, b....)+Ax(k, &y, by...)+.... . At the zeroth order,
o x° 2+ +0%x, =0 (72)

leading to x, = Acos(wt, +8), where A and 6 can be functions of £, t,, ¢, ... etc. At O(4),

equation (71) yields

2
IX1 4 oty +2-0-%%0 3 =~ A cos® (a, +6) (73)
ot o,

9A %
Now, %o - o sin(wt, +6) and hence 5~ : Q&J = -—-wsin(t, +6)- Awcos(at, +6)—-
"ot ot \ ot at, ot

which leads to
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%x A . 26 A
3’07‘- +0’x, + 2[—-5-Ew sin(wt, +8) — Awcos(wt, + 0)51—] = -7[3 cos(wt, +6) + cos 3(wt, + 0)].
(74)
Equating the coefficients of the different time harmonics, we have
oA _
o, (75a)
2 3,3
-20A—=-=A
20 = (75b)
X, A 3(wt, +6
3t§ Lrwix, = ——4_008 (wty +6) . (75¢c)

A2
We note that A remains a constants at this order while 6 = aew

t,. The solution for x

becomes

2
x = Acos| wt, +§8—'2—t, |+ Ax, +...

2
—Aoos[mt+,1§itJ+zx+

= Acos Qt + Ax,+... (76)
where,
2
Q=m+l'?;A +.=0+ 3/1E3 +0(A9) (77)
w

in exact agreement with the resuits of the previous sections.

The perturbation theory, delineated in this section, is the multiple scales perturbation
theory and is designed to work when we have a periodic and an almost periodic solution
which can be captured by a slowly varying amplitude and/or phase over an unperturbed
periodic state.

5. Coordinate perturbation

In this section we again fall back on equation (50); setting A=-¢ and w=1, for convenience,
we write

X+x=ex. (78)

Suppose we formulate it into an initial value problem by supplementing this equation
(78) with initial conditions :

x(e0)=1
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We assume |g| <«<1 and so write the following perturbative form of the solution to equation
(78)
x(&,t) = X, (€) + ex,(t) + ex,(f)+.... (80)

and set out to find an approximate solution. We shall encounter a subtleness involved in
finding the solution and in the process touch upon the possible existence of a class of
problems known as singular perturbation problems and a method to deal with them.
Substituting the expression (80) in-equations (78) and (79) and subsequently equating the
coefficients of the power of €, we get following set of infinite set of coupled differential
equations and corresponding initial conditions :

Xy + X, =0 X,(0) =1, x,(0)=0

X +x=-x3 x(0)=0, x,(0)=0. (81)
elc. ete.

Solution to the leading equation of the set (81) is cos ¢ putting which in the next equation of
the set (81) we arrive at :

1 3, . 1
1) =—cost+—tsint ——cos 3t .
x(&t) 3 + 8 % 0s 3 (82)
Hence, the solution (80) approximates to :
1 3, .. 1
x(e,t)=cost + e(-gé-cos t+ Etsmt ~55008 t) +0(8) . (83)

Obviously, this approximation is non-uniform in the range ¢ < t < . due to the the presence
tsin tterm. This point about non-uniformity is clarified later in a section. For the time-being
it suffices to note that for large t(i.e.,>>0(1/¢)),terms of O(e? t*) dominator and the series
(80) is no longer convergent. So, what is the way out? Well, setting

t=T(e,1) =T+ €T,(7) + €T(T)+... (84)

we, expand the independent variable t in the powers of €. Here 7 is called the strained or
perturbed coordinate. Putting the expression (84) in the relation (83), we get :

. 1 3 . 1
x(e,t)= X(e,7)=cosT + e(—T,(t)smt +3p 008 T +g TSinT - 75008 31) +0(&) . (85)

Now is the time to force T,(t) to take such a value so that the term (t sin f) which causes

non-uniformity of the approximation (83) vanishes. This method is called coordinate
perturbation method. This means that from the expression (85), we choose :

T1('r)=§r- (86)
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Hence, within the error of O(e?) we have the solution to equation (78) as :

x(e,t)= X(g,7)=cost + é%(cos 7 -€0s37) (87a)

where,

l=‘t+-§-6‘1+0(£2). (87b)
This process can be carried out ad infinitum reducing the error at each step by finding
successive values of T, T, efc. so that culprit terms are forced out of the solution.
6. Non-perturbative approximation (“Hartee Approximation” or equivalent
linearisation)
Returning once again to equation (50), we want to explore how we can think of it as a linear

system. This would require replacing x**~' by a linear term. Keeping the dimensionality of
the term unaltered, we can imagine making the replacement

x# = a(x’)’Hx (88)
where ais a dimensionless number. Since the motion is periodic, we can think of (x2 ) asan
average over a cycle. We do not a priori know what <x2 ) is therein lies the strength of the
method. The determination of (xz) in self consistent manner leads to a non-perturbative
determination of the frequency of the oscillator. This is similar to the mean field theory of the
ferromagnetic transition and the Hartee approximation in the many body context. The
equation of motion (50) is, under the approximation of relation (88),

g A 2\F ) e g2,
X+w (HF()() )x-x+.Q x=0 (89)
where,
Ac u-1
Q= (1+ — (%) ) (90)
from which we find the time period of the oscillation. The energy of the oscillator of equation

1
(89)is E= Em-Q"’A"' and the amplitude A is given by 2<x2) for the simple harmonic motion.
Consequently,

<x2) ms? 2 Aa u-1
mo?(1+25 (2" @1)
= L) +()-—r =0 ©2)

This is the self consistent equation which determines (x*) and thence determines  from
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2\# 1
equation (90). It is instructive to examine the limiting cases. If )'<x 2 is small, then from
(0]

E
equation (92), we can write <X2> iy and equation (90) becomes

2_ 2 E
2®=w +a/1(mw2J . (93)
Comparing with the expression (67), we can see that the correct structure has been obtained
and the exact agreement can be achieved if we can choose
N 1)
n 2'2) (94)

Now, we switch to the other extreme, ,1<x2>" / w? >>1, a limit that is totally inaccessible in
the perturbation theory. In this case, the relation (92) yields

() == (95)
and from equation (90), we find
11 1 1 1
AR e C N ) S

The time period in this limit is

1 101

_2u Az“[m n

=2 2 2
ks Cl e o
Br272

The exact answer in this limit, according to equation (12) should have been

TM

1) { 1
g mpn ] (E) ZJ
2 2u

The A, mand E dependences tally exactly; the perfecter, however, is different. For the usual

3

- 1
o (4] (_8_ )‘

case of m =2, the ratio of the two prefactors is I“( 1 ] 3 ) , which is quite close to

4
unity and is an indicator of the accuracy of our method.
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For u=2, we can solve equation (92) exactly and get:

~1* 1+4aE:1
i

- 20 ’ (99)
ra
From eq. (94), a = 3/2 and keeping only the positive square root

1+—6—/1—E4—-—1
)L

34 (100)
ws
and from eq. (90)
w? 6AE
.Q2=(o2+-2-—[ 1+mw‘ -1] (101)

This formula gives an extremely good rendering of the frequency of the oscillator with
1 1
the potential V(x) = Emwzxz + ZmAX‘ for all values of A. By noting that £ is dependent on

the dimensionless parameter g E/ mep* which is nothing but the B used in expression
(49), this result (101) may be compared with the Padé approximant.

To end this section, we show that the perturbation theory of Lindstedt and Pioncare can
be vastly improved by using some appropriate scalings coming from the non-perturbative
results of equations (100) and (101). Starting with

X+wix=-Ax® (102)
we write it as
X+ (a)2 + —3—<x2)x)x = —A(x’ - ?—(xz )x) (103)
2 2
= 3'(+.(22x=—/1(x3 —g-(x"’)x) (104)
2
X

with Q given by equation (101) and (xz) by equation (100). We define 7 = Qt and ¥ = 1,

1
x%)2
to write (

3
paed “:T(”’ 'Ey)' (105)
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We note that

3/1{1 +—1—[ 1+ 6)”€ —1]}
@& 2\V mo

(X’)2 [ ,14,%5; _1] ' (106)

This quantity goes to a constant viz. mq* / £ for 4 — 0 and goesto 34 /2 for } — o .
Ergo, the scaled coupling

-

A=A"g (107)
is of the ¢(4) for 1 — 0 and is 2/3 for A — « . This 1 never becomes too large and is ideally
suited for carrying out a perturbation calculation for the dynamics of equation (105) which
can be rewritten as :

2

Yy _ [, 3
—+y= A(y 2}’) (108)
we can now carry out the standard Lindstedt Pioncare perturbation theory.

7. Renormalisation and the non-linear oscillator

The nonlinear oscillator can be used to illustrate another very significant development in the
theoretical physics-the idea of renormalisation. The necessity for renormalisation arose
when one tried to calculate physical quantities like cross-section in the quantum theory of
the electromagnetic field-quantum electrodynamics. Perturbation calculations lead to
divergence which had to be removed by invoking the concept of dressed masses and
charges. In what follows, we will see how that approach can be invoked in our case. We
have already seen, that a blind perturbation theory will lead to resonances. Let us take that
approach at its face value and write down the divergent solution upto O(A). We write the
zeroth order solution as (see sec. 3)

X, = A, cos(wt +6,) (109)
Specialising to the case m = 2 the O(A) correction, x,, is

X, + 02X, = -x3 = -Aycos®(wt +6,) (110)

= X +0’x =-%[300s(w!+6,,)—ooss(wt+eo)]. (111)

The solution can be written down as

34 , A
x,(t)=Hcos(wt+eo)—-§;(t—to)sm(wt+00) 207 cos3(wt +6,) (112)
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If we maintain the boundary condition that x = x, + Ax,+...= A at t=-0,/w, then Ris
forced to be Ag/(32w?) and the solution for x(f) to O(4) is

A3
202

x(t)= A, cos(wt +6,)+ 1[3 {cos(wt +6,) - cos 3(wt + 6, )} - :—f(t - ty)sin(wt + 00)]+...

(113)

We note that the initial condition can be considered arbitrary and the solution can be written
starting from any point in true. This freedom allows us to set up a renomalisation group flow.

This is the divergent solution which is obtained at O(4) . Our aim is to define the
renormalisation constants Z, and Z, for the amplitude and the phase to absorb the infinities
that occur. Accordingly,

Aly) = Ao=Z,(ts, T)A(7) (114a)

0(t,) =6, =0(1) + Z,(t,,7). (114b)

In the above 7 is an arbitrary time scale which can always be introduced since
t-t,=t-7+7-1,. The Z,,are to be perturbatively calculated as

Z =1+ Y al" (115a)

n=1

Z,=Y b (115b)

n=1

Working to O(), we can write
x(t) = At)(1+ a,A)cos{wt + 6(z) + bA)

+A A {cos(wt +8,) - cos3(wt +8 )}—-3—'5‘1(t-t )sin(wt +6,) [+ O(A3)  (116)
32‘02 0 0 860 0 0

= x(t)= Ar)(1+a)(cos(wt +6(r)) - bAsin(wt + 0(1)))

+}{3:'Z’2 {cos(wt +6,) - cos 3(wt +8,)} ~%’§-(t ~t,)sin(ot + eo)] LOR) (117)

=  x(t)= Ar)cos(wt +6(r)) + A[a,At)cos(wt + 6(r)) - bAT)sin(wt + 6(r))

sapcHos{ot o) -cosdlor+)} - 25 e st () + 0, 19

(g}
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Now, & and b, have to be chosen such that they connect t, and . This is possible for b,
since t -1, in the coefficient of sin(wt +6) in equation (118) can be split as t -7 + 7 — ty.
However the coefficient of cos(wt + 6) does not allow for this facility. Ergo, we choose
a=0 (119a)
3A%

b, =- (1-—to). (119b)

With this choice, the solution of equation (118) becomes upto O(A) :

x(t,7) = Acos(wt + 6) + ,1[ 3:';2 {cos(wt +6) - cos 3(wt + 0)}- %(t - 7)sin(wt + 0)] )

(120)
But 7 is an arbitrary time on which the solution cannot depend. Hence, we demand

——=0. (121)

Differentiating the relation (120) with respect to T we arrive at :

dx dA do dA do
pratn cos(wt +6) - A sm(wt +0)+ A sm(cot +6)+0(A)terms in — it
(122)
Which in accordance with the condition of equaton (121) yield :
dA
praid (123a)
2
do _, 3A (123b)
dr 8w

2

. 3A
leading to 6 = T
8w

. Inserting this solution for 6 in the expression (120), we get :

2 3 3
x(t7)= Acos(wt + 3;2 r] + ,1[ 3:(0 5{cos(wt +6) - cos 3(wt + 0)} - %(t - 7)sin(wt + 0)]

(124)

we now remove the divergence in equation (124) by choosing 7=t, whence

3
x(t,7)= Acos(m + 3;‘:2 1} + A[ 3'24(02 {cos(a)t +6) - cos3(wt + 0)}] (125)

and we recognise the new frequency as
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3AA° (126)
8w
which is in accordance with the previous results in relations (28) and (68).

Q=0+

8. Resonances in forced systems
The forced system

X+w’x=((1) (127)
has a particularly straightforward solution when f() is oscillatory i.e. f(t) = Fcos wt. The
solution

x(t) = Acos(wt +6) + o? + 02 % Qt (128)

where A and 0 are to be determined from the initial condition. Resonance occurs when
2 =®. The solution can no longer be written in the form given in equation (128). Instead it
becomes

x(t) = Acos(wt + 0) + 2Ft2 sin Qt (129)
w

which clearly shows that even if we have x=x=0 at ¢t=0, the solution x(t)exists and
actualy increase with time. The solution changes if we are dealing with a non-linear oscillator

X+w’x+Ax® = FcosQt - (130)
For small A, we can replace the non-linear oscillator
x+{w2+§AA21x=Fcos.Qt (131)
with the solution
x(t)= A cosd + A, sindt + Feost
w? - @2+ 3R (132)

If o =8, and Ais small, the last term in the R.H.S. of eqation (132) will dominate (also in
any realistic system, the damping will eventually diminish the first two terms) and we have

(with @ = (1+ 6))

x(t)=- Feos <t ., =1 Acos {2t
(26.{22 + %Mz (133)
depending on the sign and magnitude of & and this implies
A% =. F?
2502 + 347 (134)

4
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This determines the amplitude ‘A’self-consistently via the cubic equation in A2. We pause
rather abruptly here to jump onto the topic of parameteric resonance in the next section.
Discussion on the issue discontinued here will be taken up later in this review after extending
the scope to damped oscillators.

9. Parametric resonance

Unlike in the previous section, where resonance was produced because of a coordinate
independent periodic external force, a parametric resonance occurs when a parameter in
equation of motion becomes a periodic function of time. In the context of our simple harmonic

oscillator X + w?x = 0 , this means that the frequency  becomes a function of time, i.e. ,
we now have

x+w?(t)x=0 (135)
with
o(t)=w(t+T) (136)

making w a periodic function of time. We imaging that x;(t)and x,(t)are two linearly
independent solutions of equation (135). Then any other solution can be written as a linear

combination of x,(t)and X,(t). In particular, we note that if x(t)is a solution of equation

(135), sois x(t+T) due to the relation (136). Then both x,(t + T) and x,(t + T) are solutions
of equation (135) and we must have

Xy (t +T) = Cpy X, (1) + Cpp X, (1) (137b)
The matrix of the coefficient c,can be diagonalised with the eigenvalues 4,,and in that

basis the solutions X;(t) and X,(t) have the property

Xi2(t+T) = A2 X (1) (138)
Returning to equation (135), we note that :

%+w(t)x, =0 (139a)

X+0®(t)x, =0. (139b)

Multiplying equation (139a) by x, , the second on i.e., equation (139b) by x, and subtracting
one from the other, we get

2 (ks — Ypx,) =0 (140)

= X,X, — X, X, = constant (141)
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Thus,
X,(1)x,(1) = X, (1)x,(1) = X,(t + T)xy(t+ T) = Xp(t + T)x,(t + T) (142)

for any pair of solution x,(t) and X,(t). When applied to our pair of X,(f)and X,(t) (see
equation (138)), equation (142) yields the vital relation

A, =1. (143)
From equation (138)

Xo(t+nT) =27, X,,(1) ' (144)

for any integer n. We now note that if the A’s are real then, we have two possibilities :

1. 4,>14, <1 :Inthis case, one of the solutions X, grows with time and the motion is
unbounded leading to instability.
2. 1, =4, =11 If we have the positive sign, then the solution is periodic with period T.

If the negative sign holds, then the solution has period 2 T- the phenomenon of period
doubling.

If the A,, are complex, then they need to be complex conjugate and if we write 4, in the
form re”, equation (143) yields r=1 making 4,, = gt# . The solution X{t) has the general
structure

X(t) = ATI(D) (145)
where I1(t) is a periodic function of t with period T. This ensures X(t+T)=AX(t). The
motion X(t) can be have the following form :

1. It A>1, X(t)is unbounded.

2. IfA =11, X(t)is periodic with period T and for A = -1, X(t)is periodic with period 2T.

3.If 1 =6, X(t) is bounded and quasi-periodic in general since em% is periodic with

0=—
frequency onT

The periodic orbits separate regions of bounded and unbounded motion. The eigenvalues
A are usually known as Floquet multipliers.
The most studied equation of this class is the Mathieu equation, where

¥ +(w} +ecosQt)x=0. (146)

The situations which can be tackled analytically is the one where € « 1 and perturbation
theory can be used. We note that for £ = 0, the solution is x, = Acosw,t + Bsinw,t . When

€ is switched on, we find the term &cos($2t)x will contribute a response at frequency w,, with
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x(t) approximated as x, provided Q=2w,. This implies that Q = 2w, will provide a
response at O(e). Any other Q will respond at a higher order. We accordingly let

Q = 2w, + 6 and seek a response of frequency w, + & /2. The trial solution for x(t) is written
as

_ é . é
x(t) = A(t)cos(a)o *E)‘ . B(t)sm(wo +§)t_ (147)
We have deliberately made A and B weakly time dependent since the response is not

expected to be exactly periodic from our previous discussion. We will be able to explore the
region near the resonance by the form that we have assumed in equation (147). Weak time

dependence of A and Bimplies that A> A, B> B. With this in mind, we try equation (147)
as a solution to equation (146). So we have :

. 5\ 5\, .. 5. )
X= —A(wo + 3) cos(wo + -2—]t - 2/{(00 + 5) sin (wo + E)t
8Y .. &Y, oaf . .6 s
—B(wo + —2-) sin (wo + —2-)1‘ + ZB(wo + -5) cos(mo + EJt (148a)

wix= a)SAcos(a)o + g)t + wﬁBsin(wo + g)t (148b)

excos(2w, + 8t)t = —Z—[Acos(awo + §2£)t + Acos(a)o + g)l

148
+Bsin(3w° + -:225—)1 - Bsin(a)0 + —g—)t] . (148c)

The trial solution x(t) gives (on adding equations (148a) to (148c))

. . AT é : é é
x+(a>§ +ecos(2w, + 6)t)x= -2A(wo +-2—Jsm(a)o +5)+2{w° +-2—)cos(mo +5)t

5\ ) sY , s
—A[(wo + -2—J - wﬁ]cos(w,, +5)t - %(wo +—2-) - wﬁ]sm(w,, + '5)'

+-§Acos(m, + g)t - %Bsin(w ot -g)t

, 38
+-§—Acos(3a),, +-32£)t—-;-Bsm(wo +—2—)f (149)

For x(f) to be a solution, the R.H.S. has to be zero. The different harmonics and the sines
and cosines have to separately vanish. We have to ignore the harmonic 3(w, +6/2) since
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the trial solution did not have such term to begin with. It is easy to check that if equation
(147) had contained terms A, cos3(w, +8/2)t and B sin3(w, +8/2)t, then the corre-

sponding equation (149) would have immediately shown that A, ~ O(eA,) . Consequentiy,
for the lowest order calculation in g, A, and hence the higher harmonics can be dropped.

The sine terms in equation (149) need to satisfy:

p S 5%) ¢
ZA(wo5+—2-)+B\w05+—2-)+EB=O
while the cosine terms yield
. 8 ( ) €
2Blwy+— |- Al w6 +— |+—=A=0
( 0 2) |“° 4) 2

Keeping only the leading order terms in 4,

\
A+B[S £
2 4o, )

B+A(-§+ £ J=O
2 4w,

=0

The solutions for A and B are of the form g#t, with

u 8 ¢
_é.+-e_2 40)0 =0
2 40, u
1 ’ , &
=t—= || -6 + —
H=%3 [ 4(03)

yielding

(150)

(151)

(152a)

(152b)

(153)

(154)

Ifé< Is / 20)0| , 4 has a positive root and the solution is unbounded. If -£/2w, > > +€/2w,,
then u is purely imaginary and the solution x(f) of equation (147) does not have a definite
periodicity. Periodic solutions are obtained on the dividing line: 6 = te/2w, . The periodicity
of the solution is twice the periodicity of the forcing term corresponding to the eigen value
A = 1in equation (138). Thus, forw, /2 =1/2, we have in the ¢-§ plane two branches
starting out from w, / 2 =1/2, along which period doubled solutions exist separating the
regions of unbounded and bounded trajectories. The higher order corrections to the curve
6 = e/ 2w, is obtained by keeping the higher harmonics in a systematic manner.

Shifting to the region w, / 2 =0, we have the differential equation :

X+(e8,+€® 8,+.+ecos M)x =0

(155)
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where we have used wj =0+ e, + €75, + . Using the perturbative expansion of x(t) in the
powers of £ in equation (155), we get

X, =0
X, = —X, COS 2t — 8,X,
X, = —X,C08Q2t - 6,x, - 8,x, (156)
ete...
From these equations we have
Xo = A (157)

as the periodic solution. Where A, is a constant. Putting relation (157) in the second equa-
tion of the system (156), we obtain

x,:%oosam, 5,4{ +C,IJ (158)

Where A, and C, are constant. Periodic solution sequences &, = 0 . Again, using (157) and
(158) in the second equation of (156), we arrive at

(5% + 2?2"2 ) A"Z‘:‘:’f 2, A'cosm +At+ A (159)
and demanding periodicity of 2/ Q implies :
2'%"'292 =0, A=0. (160)
Therefore, periodic solutions are obtained for
§o=-oz (161)
= aj=-e. (162)

As a final example, we explore the region where Q = w, i.e., we write equation (146) in the

form

X+wix+excos(w, +6)t =0 (163)

We seek a solution which will have the same period as the forcing i.e.,
x(t) = At)cos(w, +8)t + B(t)sin(w, + )t (164)
clearly, this solution is inadequate and we need to introduce

X(t)= Alt)cos{w, + )t + B(t)sin(w, +8)t + exi(t) (165)
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~4

Figure 2 . This is a rather exact plot obtained numerically in contrast to the perturbative analysis done in the
review. The shaded region is unstable while the unshaded one have all bounded solutions and hence is
unstable. The dashed lines correspond to the periodic solutions with angular frequency £2 whereas the solid
curves represent solutions of angular frequency £22.0ne may check that the perturbation technique adopted
gives correct hints about the solutions.
with

. 2 A B

¥ + 0oX, = = (1+cos2(w, +8)t) - -cos2(w, + )t (166)
leading to

A A cos2(w, +J)t B sin2(w, +6)t
205 2 [2(@, +¢‘>‘)]2 -0f 2[20, +¢')‘)]2 -0}

‘=

(167)
Trying equation (165) in equation (163), we find
—2A(@, +8)sin(w, + )t +[co§ —(wo + c‘)‘)Z]Acos(m0 +6)t

+2B(w, + 8)cos(w, + &)t + [w§ —(wo + c‘i)z]Bcos(a)o +)t

e2A e2A\cos(w, +8)t (2B sin(w, +8)t
(2‘0.3, JCOS((DO +5)f+ ( 2 J 3(05 + 2 30)5 =0 (168)

where we have kept only the leading order terms in € and § and the lowest harmonics.
Equating the coefficients of cos(w, +6)t and sin(w, + 8)t separately to zero.

A=| -6+ B (169a)

1203

] 2
B=(8+ Se )A (169b)

120)
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Trying A B~ exp(uf), we have

5¢2
2=-6- 6+ —
i P AT (170)

c 5¢2

Clearly, 12 is positive for 8 < 1207 and 8 >- 1203 where there is unbounded motion.

2 2
. . E 8
The peri odic motion occurs on the curves 9 =——— and 4 =-7-—% and outside these
12w, 120,

curves the motion is bounded but in general aperiodic. Starting from the points
w,/2=01/23/2,..., we have curves which limit the unbounded motion. As the amplitude

of the modulation increases, the width of the region of the unbounded motion increases and
at a critical ¢, the regions starting from different parts on the w,/ 2 axis merge and the
bounded motion disappears altogether. Refer to Figure 2.

It is instructive to consider an exactly solvable version of this problem. Instead of the
sinusoidal modulation of equation (135), we consider a situation, where the modulation is

such that w®(t)=wj +€ for 0<t<T/2 and w2 —efor T/2<t<T. We now have
X+(wh+€)x=0 0<t<T/2
x+(0f-€)x=0 T/2<t<T (171)

yielding respectively :

x(t)= Acos"(wﬁ +e)t+ Bsin\’(wﬁ +e)t,  O0<t<T/2 (172)
and x(t)= Ccos"(w?, —e)t+ Dsin‘/(wf, —elt,  T/2<t<T. (173)

Matching the position and the velocity at t=T7/2, one gets respectively (defining

Qt=Jwdte

Acos.f2+£+Bsin.Q+£=Ccos.Q-£+Dsin.Q-——;- (174)

T
-A.Q+sin.Q+—7é-+B.Q+cos.f2+—;-=—C.Q—sin.Q-£+D.Q—cos.Q—5. (175)

Again, matching the values of the position and the velocity at the boundaries of the periodic
domain [0, 7] we obtain respectively :
+A=CcosRX.T+DsinQ.T (176)
1BQ, =-CosQ_T+DR_sinQ.T (177)
+ sign is to include two different directions of the possible periodic motion — clockwise and
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anti-clockwise respectively. For a non-trivial solution for A;B;C;D, the determinant of the
matrix formed from the coefficients of the A,B,C,D in equations (174) to (177) should be
zero. This means

T . T T . T
— - -cosR_—  -sing, —
cos (2, 5 sing2, > -3 inQ2, >

T T T
i_ . L _ N £ . LA .
Q,sinQ, - -Q2,sinQ, > Q_sinQ_ > 2, sinQ, ':TI -0,
11 0 -cosR.T -sinQ_T (178)
0 +Q, £_sing2._ 'E -Q2,cos2.T|

Expanding which one gets :

T Q, Q T
2(i1~cos.Q —COS._ 5) (Q_ —Q—:Jsm.Q —sinQ_—=0. (179)

Thus, if Q =27/ 7T thenin the limit ¢ — 0, periodic response are available for w, / 2= nrn
and anti-periodic responses are available for w, / 2 =(n+1/2)n (where, n€{0,12,...}).

10. Rapidly oscillating external force
We consider a particle subjected to a potential V(x) and an osicillating force f(x,t) that can

be expressed as

f(x,t) = f,(x,t)coswt + f(x.t)sinwt . (180)
Equation of motion is

mi:—%#(x,t). (181)

The frequency w is high compared to the frequency associated with the motion under V.
The magnitude of fis not small but because of its high frequency, we assume that the
oscillations produced by fhave a small amplitude.

The motion is assumed to be a regular motion with small oscillations about this smooth
part. Accordingly we split

x(t)= X(t)+ &(t) (182)
where &(t)is the effect of the oscillations. Over a period 27/ w,(t) averages to zero and

x(t)=X(t). (183)
Trying out the solution of equation (182) in equation (181)

E)f

m{% + 5)—-5%—51! FHXA)+E (184)
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This equation has both “oscillatory” and “smooth” terms, which must separately be equated
For the oscillatory part, .

We drop the second term since it involves the small terms & . It should be noted that £ can

not be dropped because of the high frequency. Thus,
f

T T me- (186)

Taking the time average of equation (184), we find

av . of
ax " ®ax

S LA N

== Ven (187)

where
1
4mw

The regular motion occurs in an effective potential field which is the regular potential
augmented by the mean kinetic energy of the oscillation.

Ver =V +

(5 +1%). (188)

11. Unforced damped linear oscillator

A. Unforced Damped Linear Oscillator
We commence our study on damped systems by considering linear oscillators :

X+kx+w?’x=0, k>0. (189)

The oscillator has been assumed to have unit mas, ¢2x? /2 is the potential corresponding

to the restoring fore and multiplying both the sides of equation (189) by x and rearranging,
we get :

2
= |=—kx (190)

— ——kx*<0 191
=>dt < (191)
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where E is energy (the sum the kinetic energy and the potential energy at every instant) of
the particle. It is seen to decrease with time; hence kxin equation (189) is acting as a
damping term.
Trying solutions of the form x = Ae™ , where Aand mare constants, we get from equation
(189) the characteristic equation :
m?+km+w?=0 (192)
which has two roots viz. :

m=m, =(-k+D) (193)

when the discriminant D is k® - 4w”. According as the discriminant D is equal to zero or
not, we have respectively the following solutions to equation (189) :

x(t)= (A + Azr)e'g' (194a)

x(t)=Ae™ + Ae™ (195)

. we focus on the trajectories of the system (196) in the 2-D phase space (x,y). Equation
(196) has only one fixed point at the origin (0,0). To get an idea of stability of the point, we
formally note that the matrix

(9% %)

M: ax 3}./ 0 1
dy d -0 -k (196)
Lox dy)

has the eigenvalue equation (m being the eigenvalue)

ox  ox

ax dy =0

o

ox dy

which yields nothing but the relation (192). So, (i) for the case of critical damping
(D=0,m, =m, =-k/2<0)origin is degenerate stable node, (ii) for weak damping

1 ,
(D<0,m =m, =§(~ki '\ﬂa)) the fixed point is stable spiral, and (ji)) for the strong
1
damping (D >0,m=m,, = 5("‘ t \/ﬁ )) , one has stable node at the point (0,0).

12. Unforced damped non-linear oscillator

Having recalled linear oscillator, let us ponder over the non-linear damping. Let the 2-D
autonomous system be
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x=y

y=-h(x.y)-g(x). (199)
Unifying them, one may write

X+ g(x)=—h(x,x). (200)

If it is assumed that there’s only one isolated fixed point and that too at the origin implying
h(0; 0) + g(0) = 0. The condition h(x, 0)}+g(x) =0 = x =0, so that we have h(0, 0) = 0. These
simplifying assumption lead us to interpret (200) as a model for a particle on a spring where
free motion is a conservative system X +g(x)=0 and is acted upon by an external force
-h(x,x which can inject or take out energy of the system.

However one must resist from wrongly thinking that the mere presence of x -dependent
terms in an equation means the existence of damping. Taking for example the following
equation :

X%+ xx® +ax-1=0, a=constant (201)

where the second term in the L.H.S. depends on x, we simply rewrite equation (201) in

terms of X=x2/2,

avax -0
‘/ﬁ (202)

which is conservative. Hence, the presence of X in a system is not enough for the system to
be dissipative.

Historically, the research on non-linear oscillators in large scale was initiated with the devel-
opment of vacuum tube technology wherein it was observed that many oscillating circuits
follow Liénard’s equation which basically is a second order differential equation of the type:

X+

X+ h(x)x+g(x)=0 (203)
where we have written equation (200) with a special form of h(x,x). In other words,

Xx=y

y=-g(x)-h(x)y. (204)

Liénard’s theorem : Without proof, we state an extremely interesting and useful result
concerning Liénard’s system. If in equation (203) g(x) and h(x) are such that :

1. g(x) and h(x)are continuously differentiable.

2. 9(-x)=-g(x) vx.
3. g(x)>0 vx>0
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4. The integral /(x)= j:h(x’)dx' has the following properties :

(@) (-x)=-l(x) vx

(b) It has exactly one positive zero at x = x, .
(c) (x)<0 Vxe(0,x,)

(d) (x)>0 Vx> x,

(e) -gxi 20 Vx> x,

(f) (x)—> e as x—>o.
then equation (203) has a unique, stable limit cycle surrounding the origin in the 2-D phase
space. ‘

By the way, limit cycle is essentially a non-linear phenomenon, for, linear systems cannot
have an isolated closed orbit, thanks to the fact that if X is a solutionto x = Ax then cx wil
also invariably be a solution for any constant c. (Here, x is a n-dimensional vector and
A = nxn matrix Limitcydes basically model systems that exhibit self-sustained oscillations
i.e., the system which oscillates even in absence of external forcing. Obviously, conditions
needed to satisfy Liénard theorem indicate that g(x), being odd, behaves like a restoring
force to reduce any displacement and f{x) is such that large oscillations are damped down
whereas smaller ones are energised, thereby helping the systém to settle into a limit cycle
for some intermediate amplitude.

13. Van-der-Pol oscillator : weak non-linear limit
X+€(x* - u)x+w?*x=0, & u0=constant (205)

is a Liénard equation which satisfies the condition written earlier while stating the Liénard
theorem. For the sake of convenience, we use 7 = ot and let prime denote differentiation
w.rt. © to rewrote (205) as :

X"+ r:(x2 - y)x' +x=0 (206)

where & has been redefined accordingly. In what follows in this section, we shall always

assume that u > 0 and the non-linearity is small i.e., 'e[ «<1.

As we have already mentioned that equation (206) has a limit cycle in accordance with
the Liénard theorem. What we wish to illustrate in this section are the various techniques
useful in determining the properties of that eriodic solution without making the difficult at-
tempt of solving the equation altogether. Let us begin with the use of power of polar coordi-
nates to investigate equation (206) that can be spilit as:
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x=y
y=-¢(x*-py-x. (207)
We remind ourselves that any point (x(t),(t)) on a trajectory in 2-D Cartesian coordinate

when expressed using the polar coordinates (r(t),6(t))follows the transformation rules ac-
cording to the relations :

rP=x*+y? (208a)
_Y
tano = (208b)

Relations (208a) and (208b) imply, upon differentiation w.r.t. time :

poXXtyy
r
6= Xy — yx

g (209b)

Using equations (207) in the (209a) and (209b), we get the polar form for the Van-der-Pol
equation :

(209a)

i = —¢rsin® 6(r’ cos® 0 - u)

6 = -esingcosO(r’ cos” 6 - u) -1 (210)
which on mutual division yields :

ar  ersin®6(r? cos® 6 - )

do .c:sinecosti’(r2 cosze—y)+1 @n)
which is the equation for the trajectories. Now that we are for the features of the limit cycle
i.e., a periodic solution with a period T(say)—r(t+T)=r(t) Vt— we shall denote its

amplitude by a(f). We choosea=a,, 6 =2n at t=0 we have a=a,, 6=0 at t=T so
that as t increases, 8 decreases just to be consistent with the clockwise evolution of the
orbits in accordance with the first of equations (207). Equation (211) was quite general in
the sense that there was no restriction on the values on £ which we now put as |e| <«<1.
Therefore from expression (211), we have

da .
2@ sin®§(a® cos® 6 - u) + o(?) (212)
:(f:)da = I:, easin® 6(a® cos? 6 - p)d6 + O(e*) (213)

a)=a, + J:: easin® &9(.32 cos? 6 - )b + 0(62) (214)
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= af)=a,+ e‘[:na,, sin? 6(a* cos® 6 - u)d6 + O(¢?) (215)

where in the Ist step, due to very mild non-linearity, we have put a=a, + O(zz2 ) in the sec-

ond term on the R.H.S. for 8 = 0, the preceding equation (215) yield on equating the coeffi-
cient of € on both the sides :

J':' a, sin” 6(ag cos® 6 - ujd6 =0 (216)

= a8 =2Ju (217)

which is the approximate estimate of the amplitude of the limit cycle. The polar coordinates
may even be used to find the estimate for the time-period ‘T" in the following manner:

o do J‘Z" de

T
T=| dt=) —=
I° 22 6 P 1+gsinBcos6(a’ cos® 6 - u) (218)

where we have used second of equations (210). Again substituting a = &, + O(¢) and keep-
ing terms upto O(¢) after expansion, we arrive at :

T=I:"[1+ssineoose(a§ oosze-p)PfHO(e) (219)
= T=21+d¢’). (220)

Hence, the angular frequency of the limit cycle is 2z /T i.e., 1+0(€?)

For this Van-der-Pol oscillator, alongwith the limit cycle being talked about, origin is a fixed
point and the phase diagram for the system in a bounded region wherein the origin lies
consists of trajectories which can be determined approximately. By looking at the structure
of Eq. (212). One can use a Fourier series valid for all & to expand the R.H.S. as:

-g:- =eA)(a)+ ei A,(a)cosnb + ei B,(a)sinnd ++0(¢?) (221)

n=1 n=1

For 0 <6 <2z this represents of one loop of the spiral. Therefore, using a(8) = a(0) on
the loop to the lowest order of accuracy

gg = eA(a(0)) + eg A,(a(0))cos ne + eg B, (a(0))sinne + o(s’) (222)

When averaged over the range 0 <6 < 2r, there can be no contribution from the higher

harmonic terms in the order O(e) and using the relations (212) and (222) A;(a(0)) may be
obtained as :
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eAy(a(0) = -2—1; J: ) [88(0) sin® ¢(a(6)’ cos? ¢ - u)]d¢ = %{% a’ - u) (223)

that basically is the average value of £a(6)sin® t9(a(0)2 cos? 6 - y) over a loop passing through

the point having (a(a).e) as the polar representation. So the separation between successive
loops of the trajectory is generated by

%=?(Za —H (224)

is correct upto O() as no contribution come from the higher harmonics.

This procedure inherently assumes lsj <<1 so that the curves generated by equation
(224) are nearly circular. Using second of the relations (210) and chain rule, we get :

da da

dt GE N % +0(e?). (225)
From equations (224) and (225) one has :

da_ fﬁ( LI

a 2\4 (226)

The value for 4=0 i.e., a= 2\/5 corresponds to the limit cycle as discussed earlier.
Solution of equation (226) is obtained as :

J'(') da J" 1 edt

“© a(a - 2,/u)(a +2,/u) (227)
1 ¢« -2 1 1 _Eq
=840 7 a2 u+a+2ﬁJ'3fod' (228)
| & -4n |2°0))__
= In[laz(O) —4u| &° | ut (229)

J[1_{ -;‘:_(%)e-w] (230)

As t — =,a(t) - 2,[u i.e., towards the limit cycle.
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To find x(t) we need to know 6 (f). One could start ab initio to perform similar averaging
procedure to get a relevant expression for 6 (). But one can guess the result having under-
stood the essence of the calculation done to arrive at (226). Basically, all hat has been done
is that one has replaced the R.H.S. of the first of the relations (210) with the average value

of it over the loop containing the point (a(6,6)) in the limit [¢] «<1 so that inaccuracies of only

order higher than O(¢) creeps in; which, thus, are negligible. In the same manner, one

hopes to replace the R.H.S. bf the second of the relations (210) by the similar value aver-
aged over looped trajectory. So, it yields :

dg 2r
= f;jo sm¢cos¢[a’(6)cosz 0- 1]d¢ +0(e%)=-1++0(e?) (231)
= o(t)=-t+(¢) (232)

where we have put 6(0) = 0 . Using equations (230) and (232), we note that upto the , O(¢) the
approximate time solutions to the Van-der-Pol equation are given by :

1-(1- 4 ]e"“'] (233)
a

The approximate amplitude and frequency, and the approximate solution to the Van-der-
Pol equation can be found in yet another fashion, viz., harmonic balance which is a rather
more formal way of arriving at the results already obtained. Let us illustrate the procedure:
We first of all rewrite the Van-der-Pol equation as:

X+ x=—¢(x* - p)x (234)
Assume,

X =acoswt (235)
and put it in the relation (234), to get :

(~aw* + a)cos wt = £(a” cos® wt - p)aw sinwt (236)

= (1-0*)acosot = so(a® - p)asinot - ea’wsin® ot (237)
2 a . a’w .

= (1-0*)acosot = eo) ~ ~H#|sinet + —=sin3ot (238)

Ignoring the higher harmonic -sin 3wt and matching the terms cos wtand sin @t on both the
sides of the expression (238), we arrive at :

1-0?=0=30=1 (239a)



An introduction to nonlinear oscillators : a pedagogical review 1153

82
G oH=0=a=2u (239b)

respectively. The results (239a) and (239b) matches what was earlier in the results (220)
and (217).

To obtain approximate solutions to the Van-der-Pol equation, harmonic balance may be
used to pseudo-linearise the non-linear equation. By this we actually mean that a linear
substitute would be found out as follows. As discussed in he equations (234) to (238), we
have

2 3

—&(x% - p)x = eaco[a? - u)sinmt [

Again, using the assumption (235), have

X =-awsinot (241)

Substituting the relation (241) in the expression (240) and ignoring the higher harmon-
ics, we get :

—&(x* - p)x = —Ew[% - #]f( (242)

which can be used to rewrite equation (234) as :

2

ool - ulit x=0
X+ew —-~px+x=0. (243)

It may be noted that a = 2 corresponds to limit cycle in which case the damping term
vanishes. As far as the non-periodic solution are concerned, we use the initial conditions
x(0) = a and x(0)=0 that is equivalent to the initial conditions used to arrive at the result
(233) which is what we wish to verify. Obviously, the solution of equation (243), in consis-
tence with the initial conditions, is

x(t)=a exp[é[%-”]'] cos(\m —%2( Sy (244)

4

To verify that the solutions (233) and (244) are same, one may expand them to see that
in the limit et «< 1 both are same.

An even more important fact that may be extracted from here is that the spiral inside a =
2 grows and the spiral outside a = 2 gets damped onto the limit cycle described by the loop
a = 2; thereby, hinting at the fact that the limit cycle is stable. This stability test is better
checked using energy balance method discussed below; which by the way, as we shall see,
prove to be another way of getting a hint of amplitude of the limit cycle.

We focus on the form (234) of the Van-der-Pol oscillator. If we set € = 0, solution to it
would be
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x(t)=acos(t + ¢) a,¢ = integration constants (245a)
Obviously,
y(t) = x(t) = ~asin (t+9). (245b)

For convenience we settle at ¢ =0 and A > 0. The relations (245a) and (245b) describe a

circular orbit in the phase plane; the circle has a period T=2x. Nowas ¢z 0 but ¢ 0,
one may still assume to approximate:

x(t) =~acost, y(t)=-asint, and T=2x. (246)

As the term in the R.H.S. of equation (234) gives estimate for the change in the energy E

over the period 0 < t< T (treating —¢(x* — u)x as an external force) is :
T - -
AE = E(T) - E(0) = _[o [—:s(x2 - u)x]xdt (247)
One may think of the integrand of the expression (247) as the input power. For a limit cycle

AE should be zero; hence using the expressions (246) in the relation (247) we arrive at, for
the limit cycle:

AE = —z~:«:112‘[:'t (a® cos® t - u)sin® tdt = 0 (248)
2 [&

= -£a n(—4— - u] =0 (249)

= a=2u . (250)

Thus, we again arrive at the approximation to the limit cycle for mild non-linearity. Again, if
A E< 0 for any spiral trajectory in the region outside a = 2 and A E< O for any spiral trajectory
in the region inside a = 2, both the trajectories respectively, loose and gain energies over a
loop to fall onto the limit cycle which hence could be termed stable. More formally, stability
would mean

d
—AE(a)} <0.
[da Limi Cycle (251)
For the Van-der-Pol oscillator this cirterion would mean :
d (a"’ )J
——fan—-u <0 252
[da 4 o (252)

= [-ean(a’ - 2;1)]2 < 0 (253)
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~2euna<0 (254)

which is true and hence the limit cycle is stable.

The stability of the limit cycle may be analysed in yet another fashion by invoking the
“method of slowly varying amplitude and phase”, also known as KBM (Krylov-Mitropusky)
method. Once more we rearrange the Van-der-Pon oscillator’s equation to look like.

X+Xx= —E(Xz - ;1))'( (255)

Had the R.H.S. of equation (255) been zero, the solution would have been sinusoidal in
time, hence, inspiring one to write

x(t) = a(t)cos(t + ¢(t)) (256b)
There is no approximation involved. Differentiating the expression (256) with respect to
‘f one gets :

X = acos(t+¢) - a(1+ ¢)sin(t + 9). (257)
Again differentiating with respect to ‘t’
acos(t + ¢) - 2a(1+ ¢)sin(t + ¢) - agsin(t + ¢) - a1+ 4':)2 cos(t +9). (258)

Inserting the relations (256), (257) and (258) in equation (255), we arrive at :
acos(t + ¢) - 2a(1+ ¢)sin(t + ¢) — apsin(t + ¢) - a(2¢ + $*)cos(t +¢9)
+e [a'cos(t +¢) - a(1+ ¢)sin(t + ¢)Ia"’ cos?(t +¢) - u] =0 (259)

At this point we introduce the idea of KBM method. We assume, in the light of the small
non-linearity i.e., |s| << 1, the amplitude and the phase vary slowly over the time scale of the
oscillation period for the trajectory near the limit cycle. In other words, for such trajectories

we may treat 4 and ¢ as constants over one full period of oscillation. Further a/a and

¢/ <<1, so that Eq. (259) reduces to
~2asin(t + ¢) - 2agcos(t + ¢)+ € [écos(t +9)—a(1+¢)sin(t + ¢)]

[.ﬁl2 cos?(t+¢) - p] =0. (260)

Using the principle of harmonic balance at this point, we see that to O(¢)

2
B -:—a(u-% (261)
& = dez) (262)

which brings us back to eq. (226).
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Now, for doing the limit cycle’s stability analysis we note that 4= gives the limit cycle’s
amplitude a = 2‘[; = g (say). Let d be the infinitesimal perturbation on the limit cycle i.e.,

d=a-a (263)
So, putting the expression (263) in equation (262a), we get
. ea( a*
d=f(d+a*), fla)=-Z|7-# (264)
4 * 2
=d=f(a*)+d aal,* 0(a?) (265)
= d=-eud (266)
= d~e™*. (267)

Thus, as the perturbation decreases with time, the limit cycle is stable in conformity with
what has been arrived at earlier.

14. Van-der-Pol oscillator : strong non-linear limit

As has been already mentioned, the Liénard equation X + h(x)x + g(x)=0, when it satis-

fies certain conditions, does possess a closed path i.e., a periodic solution. There is a
particular choice of variable (x; y) say, in terms of which a particular phase plane — Liénard
plane — may be defined; in this plane the Liénard equation is given by :

x=y~-I(x)

y=-g(x (2ee)

where /(x)= J.:h(x’)dx' . If one defines f(x)=y*/2+ _’: g(x’)dx’ , then by calculating fon

closed path “C” in the plane one can arrive at the Liénard criterion :
§(x)ay =o0. (269)

To be specific, the variables for the Liénard plane in the case of Van-der-Pol equation

%+€(x® - u)x+ x=0 may be constructed as follows :
X+e(x* - p)x+x=0 (270)
.q. X+ -X—G- -
=¢w 3 ﬂX”— X (271)

._.-_,}"=_x (272)
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. x3 x®
where Y =X+ f(? - W‘) ; thus by setting I(x) = 5(_3‘ - ) , We arrive at :

x=y-1I(x)
y=-x. (273)
It can be used to find the approximate time period of the limit cycle of the Van-der-Pol

oscillator in the strongly non-linear limit viz., |¢|>>1 without going into the mathematical

rigour which could be seen to be too involved as would be discussed sketchily later. To do
that let us further change/define the variables

v-:-%,uz-x, F(U)E,(Tx). (274)
So that we have
0 =elv-Fu)
u (275)

vV=——

€
Now consider the nulicline v= F(u) in theLiénard plane (u;v) (see Figure 3). The nullcline is

a cubic and has maximum at u = —/u and minimum at u =/ which let be denoted by the
points A and C respectively. If we have an initial condition above the nullicline,
v-Fu)>0=u>0, then the trajectory moves sideways toward the nullcline and that too
with the horizontal velocity much greater than the vertical velocity. This is so because if

v-Fu)~0(1), then [i]/[V] ~ O(e)/ O(™") ~ O(e?) >> 1. As soon as the trajectory comes so

close tov = F{u) such that v = F(u) ~O(¢2), then |d|/[V] ~ O(e™")/ O(e™") ~ 1, the nulicline
is crossed vertically by the trajectory which then in effect crawls slowly along the segment .
B— C. Again as the point C is reached, the picture discussed repeats for the path
C — D — A symmetrically w.r.t. the path A B — C. Thus, we claim that all the trajecto-
ries, including the limit cycle behaves the way discussed in the Liénard plane. Obviously,
justification of this claim can come only from the rigourous calculations which we are not
quite going into.

Now, what we discussed above implies that total time period ‘T of the limit cycle is the
total time spent on the slower branches viz., B— C and D — A . As on the slower branches

v=Fu), so

Q

v=2 %"‘i=(u2 - p)u (276)

Tat
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Figure 3. Typical trajectory of strongly non-linear van-der-Pol Oscillator in Liénard plane.

Using the second of equations (275), we get

2 —
dt=—£(uu ) (277)
Therefore,
2 -—
T= j:dt + j:dt =2 j: dt = jz‘f/—‘;—f(—u—u—”)du (278)
= T=eu3-2In2). (279)

By the way, if one carefully considers the time needed to traverse the knees as A and C,

one gets correction terms of 0(6"’3). But this requires quite a lot of mathematical calcula-

tions. Actually just because the regular perturbation theory fails in the case of strongly non-
linear Van-der-Pol oscillator, it becomes tough to analyse it; by the regular perturbation we
simply mean the procedure we have been carrying out extensively by using the perturbative

series solution of the form x(t,) = x,(t) + £x,(t) + £2x,(t)+... and expecting it to converge.

Let us iliustrate with a simple example how in general the regular perturbation theory fails.
Consider the differential equation with initial conditions:

X+ex+x=0, |f<<t; X0)=1. (280)
It can be easily be solved to get :
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2 et). [Ja-¢
x(t.e)= Wexp(—;)sv{ 28 t]- (281)

And, the regular perturbation method would yield :

x(t,e) = sint—%sint +0(¢%). (282)

If the expression (281) is expanded in the power series in ¢, the first two terms are given by
the expression (282). For fixed t, the relation (282) is a good approximation as long as € is
small enough so that &t << 1. But since in practice, €is kept fixed and t grows, we can expect
the relation (282) to hold good only for t << O(1/€) because only then the error O(€t?)) are
small enough to be neglected (otherwise error dominates). Thus, regular perturbation may
be said to have failed for larger t and we may say that the expression (282) does not provide
an approximation that is valid uniformly in the range [0, = 1) of t.

In fact it is of very common occurrence that regular perturbation theory fails to provide a
uniform approximation to the solution of the corresponding differential equation; such cases
of failure are generally termed as singular perturbation problems, already introduced earlier
in the section on coordinate perturbation method. Such problems are also showcased by
certain boundary value problems in which a small parameter multiples the highest deriva-
tive terms. These cases may be treated by so-called boundary-layer method in which differ-
ent parts of the solution curve are approximated differently and then matched appropriately.
It is this very technique that we shall now briefly introduce and in the process learn the
concepts of the stretched coordinates and the method of dominant balance to apply them to
the Van-der-Pol oscillator in the large non-linearity limit.

For this we resort to some illustrative examples as follows. Let us use the perturbative
expansion :

X = Xg + EXy + E2 Xp+... (283)
to solve the following algebric equations :

X +ex=1 (284a)

(284b)

ex?+x=1.
Substituting the expression (283) in equation (284a) and equating the coefficient of the
like powers of ¢ step by step we recover the following two series :

2
x=1-£+5 . (285a)
2 8

2
=-1-§+%+... (285b)
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which corresponds to the expansion of the exact roots (-6/ 2+ y1+€?/ 4) of equation
(284a). The solutions (285a) and (285b) are the examples of regular perturbation series.

One may note that since H <<1, solutions (285a) and (285b) to equation (284a) differ very

slightly from the result when ¢ =0 (x = 11, when £=0). Again, putting the trial series (283)
in equation (284b), on similar considerations we manage to get only one solution, viz,

x=1-€+2e%+.. . (286)

The exact solution of equation (284b) is

x=-élg(-11~/1+4e) (287)

the solution (286) corresponds to the expression (287) with positive sign chosen from +
-sign; the solution that could not be recovered is the one with the negative sign i.e.,

1 1
x=_2;(_1_,/1+45)=--£-—1+e+... ) (288)

This is an example of singular perturbation expansion i.e., result for small ¢ differs greatly
from the result for € = 0. The root (288) no way could have been obtained using the series
(283) due to the presence of the 1/e term in the solution (288) and absence of such a term
in the series (283). So the perturbation expansion fails when a small perturbation multiplies
the highest power of x in the algebric equation (284b). It is in such scenario that the method
of dominant balance comes in as a handy tool in which one assumes a trial expansion of
the form :

X = X6 4 x,6M 4 x,6" 4., Ao <Ay <Ay <o (289)

and investigates all the possible leading order balances, checking each for self-consis-
tency. So, substituting (289) in equation (284) we get :

xee?o* 4 x et =1 (290)

where we have kept only the largest contributions to each term. Now, the possible leading
order balances in equation (290) are :
where we have kept only the largest contributions to each terms. Now, the possible leading
order balances in equation (290) are :
1. xje***'balances x,e’°: This implies A, =-1 and x, =0,~1. Thus, the non-trival
solution is x = —1/ ¢ (upto the given order) which obviously corresponds to the root
(288).
2. x,e* balances 1 : This implies 4, =0and X, =1which obviously indicates the
root (286).
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3. xpe*'*' balances 1: This implies A, =-1/2 and X, = 1. But this is a contradiction

of the of the philosophy of balancing, for, then x,&* becomes the most dominating
term contrary to what has been assumed in this case.
Having illustrated the method of dominant balance to treat the singular expansions, let
us see how it applies in the similar vein to the boundary value problem for ordinary differen-
tial equations. Consider a rather simple example:

ex+x=1 X(0)=0,X(1)=a, |£<<1| (291)
where, a is a positive numerical constant. One can readily check that the trial solution :
x(&,8) = Xo(t) + €x,(1) + €2 X, () +-.. (292)

fails to yield solution for equation (291) because substituting the expression (292), we get
following infinite set of differential equations :

X =1 X(0)=0,x,(1)=a (293a)
X, +x,=0; x(0)=0,x,(1)=0 (293b)
elc. etc.,

and the solution to equation (293a) is x,(f) = t + A, where unfortunately, A — the integration
constant — cannot be uniquely determined so as to let the solution satisfy both the bound-
ary conditions simultaneously. This anomaly arises from the possibility that on 0 < t< 1, x(f)
can change rapidly enough so as to make ¢x too large to be ignored even for ¢ — 0 . This
situation is tackled by considering the existence of a boundary iayer(s) near t = 0 or(and) t
= 1 where x changes quite rapidly with t. Let's assume that a boundary layer exists near
t = 0. Guessing the position of the boundary layer is an art which comes to one with expe-
rience. One may check that in this problem, there exists no boundary layer near t= 1. Now,
we introduce the very important idea of stretched coordinates. To get an approximation
near t = 0, it is of no use to work with t =fixed which is covered (as we shall see) by an
approximation (292). Hence, we consider t — 0 with ¢ as follows:

t(e)=¢'t (294)

in which 7 can take any value. This 7 is called stretched coordinate; it has helped us to
zoom the boundary layer to the width O(1) . Now, in the boundary layer, we assume :

x() = Xo(7) + Xy (7). (295)

Using the relations (294) and (295) to rewrite (291), we get upto the leading order :
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adX | 2@

& e prm

=1. (296)
Invoking the method of dominating balance, the three possible candidates for balancing in
the expression (296a) are :

21 02X, -2 aX i
"2 =22 plances € — : Thisimplies 4 =1 and x(t)= B+Ce™"*. Band Care

€
1. ar? dr
constants.
woa B2 Xy . . ,
2, € e balances 1 : This suggests 1 =0 and x(t)=t+ A which is nothing but
the solution to equation (293a).
1-24 dzxo . . . . . 4.
3. € balances 1 : This means A =1/2 which obviously is a contradiction as

Ca

-2 dX,
the term €™ 712 in equation (296) turns out to be the most dominating.

Thus, to the leading order we have the solution to equation (292) as :

x(t)=t+A=x,,(say) O<t<1

x(f)=B+Ce™ = Xy, near t=0. (297)

Obviously, in accordance with the boundary condition : A= a-1 and B=-C. Again, matching
the solutions at the edge of the boundary layer i.e., imposing

lim lim

t—-)0x°m=t-—)°°xu (298)

we get, A =B, i.e, B= a-1. Hence, we have ultimately found an approximate solution to
(291) which has uniform validity in the range of t€[0,1]; the solution is formally written as :

X(t) = Xoy + X, — cOMMon terms (299)
= x(t)=(t+a-1)+(a-1)1-e")-(a-1) (300)
= x(t)=a-1+t-(a-1)e™"". (301)

Now let us see how the concept of stretched coordinates may be used to get the limit cycle
in the usual phase plane (x, y) (and not in the Liénard plane has we have done earlier) for

the van-der-Pol oscillator for strong non-linearity (|| >> 1) .
Putting ¢ = 5" that |8] << 1, we rewrite the Van-der-Pol equation as:
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which may be broken into following two differential equations of first order :
x=y
. (-n)y
ys-—m—m-Xx. (303)

Dividing these two equations (303), we get the differential equation of the trajectories in the
phase space (x,y) as :

x 6 v (304)

The thing to note in equation (304) is that as x—-x and y — -y, equation remains
invariant. Thus, if the part of limit cycle is found for y>0, then the lower part may be con-
structed using this symmetry. As in the boundary layer problems, we go on to solve equa-

tion (302) by putting

Therefore, we get (using prime to denote the differentiation w.r.t. 7) :
8" x"+874(x* - p)x’ +8x=0. (306)

The first term in the L.H.S. of equation (306) cannot balance the last term as it would led
to a contradiction. However, the first term can balance the second termtoleadto A =1 i.e.,

t=67 (307)
and,

X" +(x? - p)x’=0 (308)
if at y = 0, x = a then the solution to equation (308) may be written as :
x’=%~(x-—a)(3y—a"’ -ax-x?) (309)

R R @10)

This means that in case a> +J;4- ,then x’>0(i.e., y>0)in the range

%(—a+,/12y—3a’)<x<a. (311)

Again the second and the third terms in the L.H.S. of the relation (306) can balance each
other to yield :
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/1=-1=>r=§ (312)

and (¥* - u)x’+x=0 (313)
X

= X’=-x2—p . (314)

This equation (314), owing to the singularity present at —/u is valid in the region y > O only

for - a< x < -/ . The region in the neighborhood of x = —/u is problematic; the solutions
(310) and (314) may be joined together therein by another equation. Before we seek that
equation, just note that, to the required order, the trajectory given by the expression (310)
should touch the x-axis at x = —ﬁ ; which means that by stretching the solution to x = —,[;

and using the relation (311) we get a=2,/u on equating (—8+J12ﬂ-332)/ 2=-Ju,.
Now, to get the approximation about x = p, we zoom the region in the phase plane by
substituting

x—(—Jﬁ)=x+,/;7=6‘§ (315)

where £ is the stretched coordinate. Substituting the expressions (305) and (315) in equa-
tion (302) we reach at

81—24\-@150 + 8-).+3§€2§1 _ 2ﬁa-l+2i§§: + 61+E+§ - SJ;; =0 (316)

where first, third and fifth terms in the L.H.S. can balance each other with values for Aand }
and 2/3 respectively, i.e.,

g -2Jute’-Ju=0 (317)

is the approximate differential equation giving solution in the region about x = —/u . Simi-

larly, we zoom the neighbourhood around x = —2‘[; by defining a stretched coordinate n
such that

x+2fu-8™n. (318)
Inserting the expressions (305) and (318) in equation (302) we arrive at :
51—2).4»71,7” +6-4933n2n; _4&5-).#21’"7: + aua-hin; +51Jn *'25J[7 =0. (319)

A possible balance is obtained n equation (319) among the first, the fourth and the sixth
terms, i.e., with A= 1 and 7 = 2, which gives :

n”+3un’ -2u=0. (320)
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Theretore, without solving every differential equation (in fact, equation (317) does not
have an elementary solution) we merely state that the upper half of the limit cycle is given
by the solutions of the differential equations (308), (318), (314) and (320) valid in the range

2fuzx>-Ju+0(6*), -u +0(¢52’°)>x>,/;-0(52’3) . -,[ﬁ+0(52’3)>x>—2 u+0(8%)
and -2\/u +0(52)> x2-2,/u respectively and the lower half is obtained by invoking the
symmetry earlier just after writing equation (304).

15. Forced damped oscillators

A. Linear forced damped oscillator

To start with, we sketchily consider a damped oscillator (the damping force being propor-
tional to the instantaneous velocity) with unit mass and being acted upon by an external
sinusoidal force. Mathematically, we thus have a non-autonomous system:

X+ kx+wx=FcosQt: w8 F kareconstants and w,2>0,ke(020w). (321)

The solution is given by

T
(0*-27)

x(t) = Aexp(—f t)cos[(a)2 - k—zJ - BJ + (322)
e 4 \/sz - )2 + K2 Q?

which is, respectively, combination of free oscillation and forced oscillation. Aand 6 are the
arbitrary constants of the complementary function that basically is a transient term vanish-
ing at t — « . Initial conditions decide the values for A and 0 . In the steady state, thus,

F cos| 2t —tan™'

x(t)(= x,(t) say) settles into the particular solution

Fcos| 2t —tan™ —kg-—z
(0" -2?)
o -2y < ke
whose amplitude is
a= (324)

Yo -2 + R
Treating F, k,  as fixed, one may verify that da/dQ?=0= Q?=w?-k*/2 at which

d’a/ d(.Qz)2 <0 . Hence the maximum value of ais &,,, given by
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=———li-——
2
_k (325)
4
As Q - @ (damping is very samll), &, ». This state of the system is well-known as the
state of resonance.
16. Duffing’s equation

A non-autonomous equation of form :
X +ax + bx + cx® = F{t), a,b,c = constants (326)

is known as Duffing’s equation with a forcing term. Actually such an equation emanates
from the standard form of equation of a forced pendulum :

6+ kb + w? sin = F(t) (327)

@ is the angular displacement from the vertical. For small, 6, sin 6 =9 to give us back the
linear damped oscillator which we had discussed earlier. However, approximating

sind =0 -6°/6, one gets a Duffing's equation. Now, let us take periodic forcing F(f) =
F(t)=Fcost, put ¢=x and define r=Qtw?=(0/Q)°, &, =w?/6, k, =k/Qand
f=F/Q toget

?x , dx
-d—tz—'l'kfa'i'w,X“E,Xa:fCOST . (328)
Note that ¢, is a constant, a are k,,w, and £. In order to treat ¢, as a parameter we replace

it by £ which is a continuous variable occupying an interval that has e=0and also €= ¢,as
elements. So, letting prime to denote differentiation w.r.t. 7, we shall consider the following
equation :

X" +kx +w?x—-ex® = fcost. (329)
We again assume || << 1 in what follows.

1. Resonances

This phenomenon, as we have seen earlier, is most vivid when the damping is small; so let
k, =0 for the time being and represent the solution of the resulting equation as:

x(&,7) = X, (7) + &x,(7) + E% %, (T)+... . (330)
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Inserting which in the relation (329) (remembering k =0) and equating the coefficients of the
like powers of €, we arrive at following set of infinite differential equations

Xg +w?xy = fcosT

X7+ 02X, = Xg (331)

ete. elc.

The dominating equation of this set, i.e., the first of equations (331), has the same periodic
solution as the linearised undamped version of equation (329) has. Hence, the perturbation
series helps us in finding only those solutions that bifurcate (due to the presence of mild
non-linearity) from the solution of the linearised equation. And, thus by invoking this procedure
we are basically restricting ourselves into the investigation of the periodic solutions having
period 2r of the forcing term, i.e.,

x(e,t+2m)=x(e,7) Vet (332)

= x(r+2n)=x,(1) i=0123 (333)

which follows from the expression (330). Now, the solution to the first of equations (331)
subject to the condition (333) is :

fcost
w? -1

Xo(7) = (334)

putting which in the second of equations (331) and subsequently solving the resulting
equation subject to the condition (333), we have

_3fcost 1 focos3r
i1 A9 er-9) o

Note that implicitly we have assumed in what has been calculated above w, #135,... s0

that the series (330) converges. These values of w, correspond to near-resonance condition.
Evidently, @, = 1corresponds to linear resonance while the other values can be associated
with non-linear resonances as they can be attributed to the higher harmonics being fed
back by the non-linear term x°. Using the solutions (334) and (335), the solution

fcost 3 ficost 1 f3cos3z 2
0(e*)

Mo T F@ i),

(336)

thus, corresponds to the forced osicllations far from resonance.
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2. Periodic solutions near resonance with weak excitation

“Near resonance” would obviously mean that

0’ =1+¢,0 (337)
and that the excitation is weak would allow us to write

f=¢¢ (338)
Again, consider the damping to be weak for simplicity, /.e.,

k. =€ (339)

Thus, putting the relations (337), (337) and (339) in equation (329), we get on
rearranging :

X"+ x=¢(pcost— xx' -wx+x°), ¢,7>0; ¢,70=constant (340)

where we use ¢ for ¢, the sake of generality. Again using the series (330) as solution of
equation (340), we get following set of infinite number of differential equations

Xo+X,=0
X[+ X, = §COST — X5 — WXy + Xo (341)
etc. elc.

We, being in search of periodic solution of period 2= of the forcing term, still assume condi-
tion (333) to hold; therefore, solution to the first equation of the set (341) is

Xo(7) = Ajcost + B, sint (342)

A, and B, being the integration constants that can be determined from the initial conditions.
Using the solution (342) in the second equation of the set (341), we get:

” 3 3
X+ X = [¢ - XB, + An('w + zag )]WST +[Z'4o + Bo(—a) + Eag )] sin 7+ higher harmonics
(343)

where g, = ‘Mf + B2 = amplitude f the “generating” periodic solution (342). Condition (333)
implies that the coefficient of cos 7 and sin T must be zero i.e.,

2By —Ao(-w +-3-a§)=¢ (344a)

XA-BOLW+%£)=0- (344b)
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Squaring and adding the relations (344a) and (344b), we get

aﬁ[xz +(—3—a§ —a))z] =2
4 (345)
9 3

=~ 15(&) -F0lE) +(x ~0%)(e)-¢" =0. (346)

Invoking Descartes rule of sign, we notice that this equation for &2 can have at most three
positive roots and hence a,, being positive, also can have three values. Of course, this will
depend on the value of @, ¥ and ¢ . Whatever it may be, the point is that there can very well

be three distinct solutions of the periodically weakly forced During equation (329) near
resonance. Each of the solutions basically bifurcate from a distinct generating solution given
by the expression (342).

Amplitude-phase perturbation technique

There is yet another technique of getting the relation (345) starting from equation (340). it is
worthwhile to ponder over that technique known as amplitude-phase perturbation tech-
nique because it gives a way of obtaining higher approximations to the amplitude obtained
earlier. The trick is to assume following form of solution for equation (340):

x(€,7) = acos(t + &) + higher harmonics (347)
where, a=a, +¢a, +£%a,+...
and, o =a,+Ea,+E0,+...

As might be guessed that since both the amplitude and the phase are perturbed
simultaneously we call the technique amplitude-phase perturbation technique. The state of
art suggests to make following relabellings:

dy

T=t+a, y(&T)=x(e1) 753_;

which helps us to rewrite equation (340) as :

y+y=eocos(t-a)-x7-wy+y’] (348)

One may carefully note that all we have managed to achieve by the innocent looking changes
is that o has crept into equation (348) explicitly; this is the key step and what follows is just
the repetition of what we have been doing all the time in the earlier sections. We put two
conditions:
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y(e0)=0 (349a)
y(eT+2n)=y(e,T) (349b)

which respectively are to adjust the origin of time (and hence the phase) and to probe for
only the periodic solution of period 2z of the forcing term. The conditions, in view of the

following assumed solution of equation (348)

V(&) = ¥, (7) + ey (T (350)
reassert themselves as (fori=1,2,3,...)

¥/(0)=0 (351a)

yi(eT+2m)=y,(e7). (351b)

Putting the series (350) in equation (348) and collecting the coefficients of the like powers of
€, we obtain following set of differential equations:

70 +Y,=0
i+ ¥, =0c0S(T - o) - x¥o ~ 0¥, +¥a (352)
etc. elc.

The term cos(T - a,) in the R.H.S. of the second equation of the set (352) comes due to
the use of Taylor series COS(T ~a,)=C0S(T -, ) + £, SiN(T - ;) . Solutions of the first
equation of the set (352) obeying the conditions (351a) and (351b) invariably are

~ Yo(?)=aycosT, a,>0. (353)
Substituting which in the second equation of the set (352) we are left with

= 3 — . -
Yoty = (¢°°5ao -8, + 233 )COST +(78, +¢sina,)sinT + higher harmonics .  (354)

As argued earlier, imposing the condition (351b) we have from preceding equation (354)
the vanishing of the coefficient of cos7 and sin7

$cosar, =08, - 248 (3558)

gsina, =-xa, . (355b)
Dividing the expression (355b) by the expression (355a), we get :
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3 (356)

where a, is the solution of

85[12 +(w-§8§)2] = ¢?
4 ’ (357)

This relation has been obtained by squaring and adding the relations (355a) and (355b).
One can note that the relation (345) has been rediscovered. By the way, if one wishes to
find the improvement &a, over a,, then one merely has to solve equation (354) with higher
harmonics on the R.H.S. and use the found solution that obeys the conditions (351a) and
(351b) alongwith the solution of the first equation of the set (352) in the differential equation
for y,, impose the condition (333) to set the coe ficients of cos T and sin Tto zero and hence
proceed to find &, and a,. Further improvement are possible to find in a similar manner.

Stability of solutions and jump phenomenon

We now ask the question that out of the three possible amplitudes (see equation (357))
which one is settled on by the oscillator. Actually, it is the set of initial conditions which
decides which state of oscillation the system is ultimately going to adopt. Here in this sec-
tion we shall sketchily deal with this issue and also on the stability of the solutions. For
convenience, lets deal with the following form of the forced Duffing’s equation :

X+kx+x+Ax® = FcosQt- (358)
Assuming the truncated Fourier series
x(t)= A, cos 2t + B, sint (359)

as an approximate solution to equation (358). Here, A and B, are constants. One may
compare it with relation (342). Substituting (359) in (358) and matching the coefficients of

cos 2t and gin Qt . we get

Bo(.(f -1-%Aa2)+kmo =0 (360a)

Ao(.Q"’ -1 —%u"’)— kQB, =-F (360Db)

where a= Ji\? +B2 =amplitude. We have neglected the higher harmonics. One can com-
bine equations (360a) and (360b) to yield:
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a"'[k’a’ +(9’ —1—%“’)2}= F. (361)

So, we have at most three possible values for a. If one wishes to study the stability of these
oscillations, one should better look at the transient states by letting A, and B, depend very
slowly on time and investigate if the transient states converge towards or diverges away
from the corresponding periodic state. Mathematically, we start by assuming:

x(t) = A(t)cos 2t + By(t)sinQt; A << A, B, <<B,. (362)

Putting this in equation (358) and neglecting the higher harmonics as before, we arrive at
the following autonomous system of equations on matching the coefficients of cost and sint.

-l

4 2
-__'io_( 2_4.8,2 k& F
-1 e i sy (363)

Note that equation (361) correspond to the equilibrium point of this system of equations.
Hence the possible states of oscillations are the fixed points in the van-der-Pol plane (i.e.,
the phase plane of A;B,). Now, the usual linear stable analysis about these fixed points can
be carried out to find (a) if there exists only one response then that response is stable and
(b) if all the three responses are present then only the responses with minimum and maxi-

mum amplitude are stable.
Again if one carefully notes that initial conditions for equations (363) can be given in
terms of the initial conditions of equation (358) as follows

A(0) = x(0)

8,(0)= _*(:) (364)

(where we have taken A,(0), B,(0) to be negligible) then it should be immediately evident

that it is the initial condition of the original forced Duffing equation that decides which state
of oscillation the system is going to adopt. More clearly speaking, for the initial conditions
residing in the basin of attraction of a particular amplitude (that is the stable fixed point) in
van-der-Pol plane, the system would eventually oscillate with that particular amplitude.
The stability of the forced oscillation of the Duffing equation can be studied by the gen-
eral method of so-called solution perturbation technique set up below. Let the solution (359)

of equation (358) be denoted by x* and let x*=y* Then, the solution (Xx* =y *) for equa-
tion (358) rewritten in the following form
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X=y
y=-ky-x-2Ax® - Fcos Qt (365)

may be checked for stability (linear stability) by considering a perturbation (é(t), n(t)). So
putting

E=x-x"*

n=y-y*
in equations (365) and chuming out linearised equations :

(366)

E=1
f1=—kn-E-3A(x*)’¢.

Using expression (359) and the two equations (367) together, we arrive at :

(367)

E”+ K& +(v+ecosT)E=0 (368)
where we have put : A COSQt+ B, sinQt =-acos(Qt+9¢), 7=2Qt+2¢, K=k/2Q,
v=(2+312°)/82° and ¢-324?/80? and defined & =d¢/dr. Further substituting
&(t) = exp(-Kt/ 2)p(7) yields :

. K?
p”+ V-T+£COST p=0 (369)

which is nothing but the Matheiu’s equation already discussed extensively in the section on
parametric resonance. One can, thus, now extend the arguments developed therein to get

at the stability of the solutions here. By the way, whenever y - g2 /4 and € take values
such that equation (369) has only bounded solutions, equation (368) must have only bounded
solutions owing to the relationship deffined between p and ¢£.

We close this section with a brief discussion of the so-called jump phenomenon. We rewrite
equation (361) as:

a[kzaz +(92 —1+%a)]= f? (370)

where we have assumed k; k,2,F>0 and A <0 and defined o = —1a? and f=Fy-1

In experimental situation if one keeps k and f fixed at a favourable value and increases Q
from zero then the amplitude of the oscillation suddenly jumps at a critical frequency. This is

called jump phenomenon.
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Let us see how one explains it within the domain of the theory developed here. It may be

noted that equation (370) is a cubic polynomial(¢(cx) =0, say) in a and has at least one
positive root; we, by the way, are interested only in a—Q. For certain parameter values

¢

(a20 (a.k S2.f), ¢(cx)=0 will have three real roots if o 0 has two distinct real roots; on

exploiting the positivity of a, this condition yields:

.Q<-%(\/3k2 +4- kﬁ). (371)

Thus keeping k, £ fix in accordance with inequality (7), one has the generic curve in f - ¢
plane as in Figure 4. This figure shows the existence of two stable oscillations as discussed
earlier in this section. The jump phenomenon is best illustrated in the ¢ — Q plane. The
generic figure for the phenomenon is given in the Figure 4. Obviously, the dotted path will

not be followed and the amplitude will jump from «, to a, at = c as the frequency in

increased from zero.
Reconsider equation (329), rewritten here for the sake of convenience

X"+ KX +w’x-ex® =fcost. (372)

In the preceding few pages we have confirmed ourselves in investigating the periodic solu-
tion of period 2r of the forcing term. Can we have other kinds of periodic solutions? The
answer to this question, as we shall see in what follows, is in affirmative. Suppose x(7) is a
periodic solution with period T. Then the Fourier series corresponding to it is :

- 2 < . 2n
x(t)=A+Y A, cos =+ yB, sin=7. (373)
n=1 n=1
Substituting this series in equation (372), we obtain a relation of the form

ZD+EZ,,cos-2—;f£fr+E§,,sin?;,-_'f-r=fcosr (374)
n=1 n=1{

where each 4, and each B, are functions of A''s ans B,’s. Now ponder over the case
when T = 27m which when applied in the relation (374) yields

A,=f, A,=0 Vm=zn, B,=0 vmeN.

Thus, if such periodic solutions exist then we have the oscillator responding with the angular
frequencies £2/nthat are aptly known as subharmonics of order 1/n(n=2; 3; 4; ... ). Obviously,
all of subharmonics will, in general, not exist; stability check must be done on a subharmonic
solution to see if at all the response is possible. In fact, for the forced Duffing oscillator with
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small damping and non-linearity, only the subharmonic of order 1/3 is stable and hence
existent. The possible existence of subharmonics indicates that the discussion in the
preceding section is not complete because the van-der-Pol plane there does not identifies
any region of initial conditions which would lead to the subharmonic responses. Detailed
analysis would show that the subharmonics show up for a relatively narrower ranges of
initial conditions. The mode of such an analysis, by the way, would involve only the techniques
discussed already in the context of periodic solutions taken up earlier; hence re-discussion
of the techniques is dispensed with herein.
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