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1 Introduction

The last twenty years have witnessed a revolution in observational cosmology, with an in-
credible growth of data available to cosmologists. When interpreted within the cosmological
standard model, one consequence of the observations is the need for an accelerated expansion
of the Universe. To drive this acceleration a new constituent is required, called dark energy.
The main candidate model for the dark energy is the cosmological constant A, but this model
suffers from severe fine-tuning issues. Even though cosmologists have been very active and
have invented a large number of other possible models, including modifications to general
relativity as the theory of gravity, none of them appear like natural candidates for the dark
energy (see e.g. [1-6] for reviews).

The jury is therefore still out concerning the nature of the dark energy, and it may be
preferable to approach the problem from the observational side, by characterising the possible
observational consequences of the dark energy, and then investigating the link between those
and its physical nature. (See e.g. [7] for a short review, as well as [8-12] for recent works on
parameterised or effective action approaches.)



Useful quantities that are close to the observations are the functions that describe the
metric [9, 13-16]. If we only use quantities up to first order in perturbation theory, and keep
only scalar perturbations, then the metric can be written as

gudrtds” = a* {— (1 +2¢) dn® + (1 — 2¢) §;;dz'da’} | (1.1)

where we used the longitudinal gauge. The relevant quantities then are the scale factor a(n),
or equivalently the Hubble parameter H(n), and the two gravitational potentials ¢(k,n) and
¥(k,n). The evolution of the Hubble parameter is measured by probes like the luminosity
distance to type-la supernovae (SN-Ia) or the baryonic acoustic oscillations (BAO). Possible
probes of the gravitational potentials include weak lensing which measures the integral of
¢+ 1, the motion of test particles which is governed by v or also the integrated Sachs-Wolfe
(ISW) effect of the cosmic microwave background (CMB) or the large-scale distribution of
galaxies.

The standard dynamical dark energy model invokes an additional minimally coupled
scalar field, possibly with a non-canonical kinetic term. An important feature of this class
of models is that the scalar field does not support any anisotropic stress in linear theory, i.e.
the space-space part of its energy-momentum tensor has only a trace contribution. So-called
modified-gravity models, which include scalar-tensor, f(R), brane-world and similar models,
generically have a non-zero (effective) contribution to the anisotropic stress. As a non-zero
anisotropic stress manifests itself through a gravitational slip, ¢ # 1, the effective anisotropic
stress provides a crucial observational test for the nature of the dark energy [17, 18].

Much of the effort in the literature has so far focused on determining observational
bounds on the background evolution, usually for scalar field models without anisotropic stress
(e.g. [1, 3, 6, 19]). In this paper we will investigate specifically how a non-zero anisotropic
stress impacts the dark energy and dark matter perturbations, as well as the CMB. For this,
we use phenomenological prescriptions that are motivated by the typical behaviour of the
anisotropic stress for a range of modified gravity models. We focus on two model ingredients:
externally and internally sourced anisotropic stress which reflects a simplified version of a
more general structure proposed in [9]. The paper is structured as follows: in the next section
we briefly present the perturbation equations including anisotropic stress, which also serves
to define our notation, as well as our closure relations for the pressure perturbations and the
dark energy anisotropic stress. We then study the phenomenological impact of the presence of
a nonzero anisotropic stress in section 3, before discussing observational constraints from the
CMB and geometrical probes in section 4. In section 5 we relate the effect of the anisotropic
stress to the ‘modified growth’ parameterisations that are commonly used in the literature.
We finally conclude in section 6. The appendices contain more detailed explanations for
the stability analysis as well as some exact but cumbersome solutions of the perturbation
evolution.

2 Models of anisotropic dark energy

2.1 Perturbation equations

We have already given the perturbed metric in longitudinal gauge in Eq. (1.1). A prime
will stand for the derivative w.r.t. conformal time, 7, and H = a’/a = aH is the comoving
Hubble parameter while H is the physical Hubble parameter that takes the value of the
Hubble constant Hy today when ay = 1. The continuity and Euler equations for the dark



energy perturbations read [20-22]

0Py
(5:16 + 3H ( P de _ w6d6> + (1 + w)kvde — 3(1 + w)(f)l =0 (2.1)

de

0 Pye 2T ge
Uéle—’—,H(l_?’cg)vde_k(?’/)‘F(1+w)pd —3(1+w)>—0 (2.2)
where the adiabatic sound speed is
P’ w’
2 _ ~de

=2 =w—-—-". 2.3
= YT BHA Fw) (2:3)

The evolution equations for the dark matter are the same, but with w,, = 6P, = 7, = 0.
Notice that in terms of the often used variable o for the anisotropic stress [22] we have that
™= (3/2)(1+w)o.

In addition to these evolution equations we need the Einstein constraint equations to
compute the impact of the dark matter and dark energy perturbations on the metric. For
the scalar perturbations considered here, there are two independent Einstein equations which
we can take to be

— k¢ = 41Ga® (pmAm + paelac) » (2.4)
k2(¢ - ¢> = 87TGG2Pde7Tde . (25)

Here we wrote the Poisson equation (2.4) directly in terms of the comoving density perturb-
ation A which is linked to the density perturbation in the longitudinal gauge § by a gauge
transformation, A = 0 +3H(1+w)v/k. In the equation for the slip (2.5) we further used that
mm = 0 (which is strictly speaking only true at first order in perturbation theory [23]). From
the two equations (2.1) and (2.2) one can derive a single second order evolution equation for
dge by solving the continuity equation (2.1) for vg4. and substituting that (and its derivative)
into the Euler equation (2.2). We find

/
8, 4+ (1 — 6w) Hly, +3H <6dee> +3 [(1 —3w)H? + H’} <5§de — w5d€> — 3HwW 64
de de
_ 7 _ w e 0Py, _ %
=3(1+w) [qb + <1 3w+(1+w)%> Hqﬁ} k [(1+w)¢+ e 37rde] .(2.6)

To this point we did not make any assumptions on § Py, mg. and w. However, already the
last term makes clear that k?mg. acts as a source for d4 while the pressure counteracts the
gravitational collapse. —k?1 is also a source because ¢ = ¢ for vanishing anisotropic stresses
and —k%¢ oc H2 Ao

2.2 Modelling the DE pressure perturbation

We define the effective, non-adiabatic sound speed of DE in its rest-frame, 0, FPy. = czé’upde.
This is the form of the sound speed that e.g. K-essence type models exhibit, with ¢2 = 1 for

a canonical scalar field. When we perform a gauge transformation to the longitudinal gauge,

we find
0Py _
p—d =264 +3(1+w) (¢ — ) k" Hoge - (2.7)
de

We keep the sound speed ¢ as a free parameter, but assume it to be a constant.



2.3 Model 1: externally sourced anisotropic stress

In the quasi-static limit of DGP, the metric potentials are directly linked to the matter
perturbations through a time-dependent function [24] and consequently also the anisotropic
stress is proportional to A, [17] with, in general, a time-dependent coefficient. Another mo-
tivation to link the dark energy anisotropic stress to the matter is the possibility of couplings
between dark energy and dark matter. To keep the model simple we use

Tge = era" A, (2.8)

with a constant coefficient e,;. We will see that this term will act as an additional source for
dde- When looking at the constraints from data in section 4 we will fix n = 0, which is also
roughly the behaviour of the effective anisotropic stress in the DGP model.

2.4 Model 2: counteracting the pressure perturbation

In [25] a coupling of the anisotropic stress to the pressure perturbation was proposed, o
8Pj./pae, linking isotropic and anisotropic stresses which appears quite natural'. For non-
zero sound speed the pressure perturbation is related to the density perturbation by our
model (2.7). Here we formulate the dependence directly in terms of the comoving density
perturbation since this is a gauge-invariant prescription. In addition, we allow for a different
behaviour on small and large scales, with a transition scale kp

kel N, ke = ge(@) (2.9)

Tde = fww

with constant parameters f, and g,. We can then write this model also as

fx

= WA@. (2.10)

Tde

For fr = (3/2)c? the anisotropic stress cancels the pressure perturbation in the Euler equa-
tion (2.2) on sub-horizon scales, but not in the continuity equation (2.1) and the Einstein
constraints.

The dark energy model used here corresponds actually to a subset of the closure relations
given in Eq. (2.47) of [9], although we originally started this work before those relations
were derived. The pressure perturbation is just the first term of the first equation in their
(2.47) with ¢2 = C? (plus the usual contribution to ¥; from the gauge transformation).
The externally sourced anisotropic stress contribution parameterised by e, belongs in this
context to the dark matter coupling term with parameter 3,;. The second contribution to the
anisotropic stress here corresponds to the first term in their (2.47), parameterised by II. The
scale-dependence in our prescription leads to a suppression on large scales, and then ‘turns on’
the anisotropic stress on scales k > kr, similar to the behaviour of the non-minimally coupled
K-essence model described in the second part of [9] where the authors found a ‘perfect’” and
an ‘imperfect’ regime. (However, here we limit ourselves to a case where effectively Mé =0
and ' = 0.) For a detailed comparison to [9], notice that we use a different sign convention
for the metric, and that their (k/a)27 is our pgemqe.

Our model also satisfies the constraint equations derived in [10]. These are a consequence
of the Bianchi identities, which lead to VuG‘,f = 0, and of the covariant conservation of the

! A similar link was also exploited in [17] to define the pressure perturbation when mimicking DGP.



matter energy-momentum tensor V7, }' = 0. The constraint equations are equivalent to the
covariant conservation of the energy momentum tensor of the dark energy. For a general
fluid they are equivalent to the conservation equations (2.1) and (2.2).

Anisotropic stress perturbations in dark energy have been studied before, see e.g. Refs.
[26-29]. However, note that the approach taken in these references is very different to ours
(and that of Refs. [17, 25]). In the former, the Boltzmann hierarchy of a generic fluid
of collisional particles is truncated at the level of the anisotropic stress [30]. A viscosity
parameter c%is is introduced and the behaviour of anisotropic stress of radiation (up to the
quadruple) is recovered for ¢ = 1/3. It turns out that such anisotropic stress, often referred
to as viscosity, tends to wash out fluctuations in the dark energy and, therefore, makes dark
energy perturbations even harder to detect than in the absence of anisotropic stress. On the
contrary, the models discussed here are designed to imitate typical modified gravity scenarios
and therefore aim at creating very different effects, e.g. detectable gravitational slip on sub-
horizon scales.

3 Phenomenology

From now on we consider the equation of state w as a free parameter, but assume it to be a
constant. From the evolution equation of d4., Eq. (2.6), we can see that the effective source
term at high k& (on sub-horizon scales) is proportional to

— Crp| 2 | EAg — S| 3.1
. 37Td] [Cs de = 37d (3.1)

K [(1+w)y +

Here we neglected the velocity contribution o v/k and the potential v, as both are suppressed
by inverse powers of k relative to A. We then have a second-order equation for Ay, with
the above term proportional to Ag.. If the pre-factor of Ay in this expression is positive,
then it will lead to an oscillatory behaviour of Ay, and the behaviour of the dark energy
perturbations on small scales will be stable. In this case Eq. (3.1) can be used to define an
effective sound speed for the dark energy. If on the other hand the pre-factor is negative
then we expect rapid growth of the perturbations on small scales which in general renders
the model unviable.

Based on these considerations it makes thus sense to define an effective sound speed,
which for the models described in the last section takes the form

e =ct - % . (3.2)
It is this effective sound speed that characterises the propagation of perturbations and the
pressure support (and hence the clustering properties) on small scales (see also [9, 28, 29]
where the same combination was found to be relevant). Here we also assumed that the scales
of interest satisfy k2/H?2 > ¢2.

Since the full system of differential equations cannot be solved analytically in general,
we will focus in the next subsections on limiting cases for which dark matter and dark energy
perturbations decouple from each other. In some of them we compare our results with the full
numerical solutions explicitly, however we have checked for all of them that the approximate
expressions show a behaviour that is representative of the full numerical solution in the
relevant regime (see Fig. 3). We found it to be convenient to solve the 4-dimensional system



(2.1)-(2.2) for the dark matter and dark energy perturbations by using the dimensionless
variables
kv kvge(1 +w

Vi, = — m ’ Vie = — de( ) 7 (3.3)
H
along with the density contrast variables d,, and d4.. This choice makes it simpler to expand
the equations consistently in powers of k to study separately the super- and sub-horizon
behaviour, and we checked that we are are able to recover the solutions for dark matter and
dark energy perturbations in the matter dominated era found in [31].

3.1 Sub-horizon scales

On sub-horizon scales, k/H > 1, we find three scenarios where dark matter and dark energy
perturbations decouple. These correspond to: i) dark matter domination ii) dark energy
domination without dark matter contribution to the dark energy anisotropic stress (e, = 0)
and iii) the particular case where fr = —1/2. Although for the last case we find analytical
solutions for dark matter perturbations, they do not seem to have a special physical relevance
and we will not discuss this case further.

3.1.1 Dark matter domination

During dark matter domination the evolution of the conformal Hubble parameter and (neg-
lecting decaying modes and focusing on sub-horizon scales) the solutions for matter perturb-
ations are given by (e.g. [31])

Qm
H? = ng, 6m = Vi = oa (3.4)

where J is a constant. Using the solutions (3.4) it is possible to find a second order equation
for the dark energy density perturbations (assuming that k2/H? > 9(1 + w)/4ea™) during
matter domination which we can write as

g o [3 0wt Afx] 5 N 9HZ (1 — 6¢2¢) (g + 2= — w) + A frg2 H3 Uy + 6aczh? 5
de 2 de 6a2Hng de
20perak?
— 2ot T (3:5)
3HZQ,

In Principle, this equation can be solved analytically in terms of Bessel and hypergeometric
functions (see Eq. (B.1) of Appendix B). The argument of the Bessel functions is propor-

tional to 4 /czﬁ, and as in the case of dark energy domination in Sec. 3.1.2, the perturbations

grow exponentially fast for cgﬁ« < 0 because the argument of the Bessel functions becomes
imaginary. It is however more instructive to look separately at super- and sub-sound horizon
limits where we can simplify the equation further and so obtain more tractable solutions.

Super-sound horizon (but sub-horizon)

The sound horizon is set by H /ceg, i.e. a given k is super-sound horizon but sub-horizon
if H < k< H/cor. So for a clean separation of scales we need ceg < 1, which means we can



just take the limit cog — 0 in Eq. (3.5). We notice from Eq. (3.2) that if 0 < ¢2 < 1, then
0< fr <3/2.2 We find

3_6w+4f7r] s+ |:3(2f77_3w)+4f7rg72r
T o | Yde

25pe a"k?
1" — ™
e+ [ 2a 6a?

Sge =
= T3H2Q,,

(3.6)

The homogeneous part of the equation clearly has power-law solutions, in general the
solution for Eq. (3.6) is of the form

2. 24n
bie = A’ 5 + B 5+ 3H§Qn[2(1 iécojwf 5:71(3 +atn) o
where
o 30— 321) +4frg2 (38)
o % (3.9)
5:\/1—204—1-062—419 (3.10)

and A; and Bj are two constants of integration. The last term in Eq. (3.7) is a growing mode
driven purely by the external anisotropic stress (the part of the anisotropic stress coupled to
A,,), and it can more clearly be written as

(ex) k2 2a™
N . 11
dac” = end <H2> 32(1 +a) + 9+ n(3+a+n)) (3:-11)

The factor (k/#)? in this expression interpolates between 1 on horizon scales (where k = H)
and 1/c; on sound horizon scales (where cek = H), i.e. between the terms containing e, in
Egs. (3.28) and (3.15).

We show the exponents of the homogeneous solutions as a function of the parameters
fr and g in Fig. 1. For g, < 1 we find a growing mode when f; < —1, and for very negative
f= this mode can grow very quickly. This rapid perturbation growth will eventually lead to a
conflict with observations so that we expect to find a lower limit for f; around f; ~ —3 to —5
based on the growth of dark energy perturbations during dark matter domination. For g, > 1
the dark energy perturbations grow extremely fast as soon as f; becomes negative, rendering
this part of parameter space unviable. (For f; > 0 the exponent is purely imaginary, so that
the dark energy perturbations oscillate without growing.) We will see in the next section
that this g, dependent lower limit on f; is indeed clearly visible.

With Eq. (3.7) we can also find an expression for the dark energy velocity perturbation,

l1—a—p

[Bi(1+4fr — 6w —a+ B)a’ + A1(1 +4f, — 6w —a — B)la
2
2e:k%50(2 + 2fr — 3w 4+ n)a?t"
BH2+ 9 +2a+n(B+n+a)y

Vde =

(3.12)

Sub-sound horizon

2If ¢2 can take negative values then fr can be negative as well since fr = 3¢2/2 when co = 0. This is not
a problem for the stability of the perturbations, as that is governed by ces.
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Figure 1. The dark energy perturbations during matter domination in the sub-horizon but super-
sound horizon regime have a power-law behaviour. Here we show the exponents of the first two terms
in Eq. (3.7) for a range of values of the parameters f, and g, (the parameter e, leads to an additional
growing mode driven by the dark matter). Real and imaginary parts for the exponent of the first
term are plotted in red dashed and magenta dot-dashed lines, respectively. For the second term the
real part is plotted in blue and the imaginary part is shown in black dotted lines. Positive real parts
correspond to growing modes, not necessarily instabilities.

The equations for dark energy velocity and density perturbations in this case are given

by
1 — 6c2 2. k2 )
/ eff eff 0 n+17.2 2
— Ay, = — 8ge + ——— [de, k H?(1 Qnl, (3.1
Vi + 5 g o, d +6H§Qm[e a +9HF(1 + w)Qp| . (3.13)
2 _
g, 4 S0 ‘3 (3.14)

Here we re-introduced the second, sub-dominant term in Eq. (3.13) for the special case e, = 0.
Like [31] we can argue that if we want to avoid large velocity perturbations, then we expect
the source terms in Eq. (3.13) to cancel to a high degree. It follows that

2e,a"  3HZQ, (1 +w)

e = ab s o-m 3.15
de = 400 [ 3c2g 2ac?;k? (3.15)
2

Vie = ady [Qewa” {1 + 3(cgﬁa —w)+2fr + n}

3¢y

3H?Q, {3(c2 —w) +2f- (1 +
2acigk




where the last term in each equation is only relevant if e = 0. We see that during matter
domination the dark energy perturbations in the sub-sound horizon regime only grow if the
coupling to A,, is non-zero. In that case d4. is proportional to a"d,,. If e; = 0 then the dark
energy perturbations become constant on sub-sound horizon scales in matter domination.
However, it should be mentioned that we have here neglected modes that are usually decaying
(as in appendix B of [31]). As mentioned at the start of the section, if ¢%; < 0 then the full
solution of Eq. (3.5) grows exponentially.

3.1.2 Dark energy domination and e, =0

Considering that during dark energy domination the conformal Hubble parameter can be
approximated by

QQx

2 _
H = Hi 5 (3.17)

we find a homogeneous second order equation for the dark energy density perturbations,

3+4f.—9 143w 2 2 292 —9 —27
(5:1/@ I + f7r w 5(/16 4 a geﬁ” + fﬂ'( 9r . w)
2a a?HFQ, 3a

3(cZg + 262) [6(cZ + 2) = (14 4f + 3w)| +3(1 - w)(1+ 3w) }5 ;
- de = Y-

(3.18)

2a?
Again we can look at both super and sub-sound horizon limits for this equation.
Super-sound horizon

In the super-sound horizon limit Eq. (3.18) becomes

_ _ 2 _ 2 _ —_
5// + |:3+4f7T 9’UJ:| (5éle+ [4f7r( 3+g7r 9w)+9(3w 2’11) ]') 5d6:0 (319)

de 2a 6a?

which again has power-law solutions given by

l1—a3—fB3 1—a3+03

Ode = Asa™ 2 + Bsa~ 2 (320)

where

3+4f: — %
2
Afe (=3 + g2 — 9w) + 9(3w? — 2w — 1)
6

B3 = \/1 — 203+ af — 403 (3.21)

a3 =

U3 =

We plot the behaviour of the exponents in Fig. 2. Overall, the behaviour is similar to the
one shown in Fig. 1: For small g, the perturbations can grow rapidly if f; < —3 while for
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Figure 2. The dark energy perturbations during dark energy domination in the sub-horizon but
super-sound horizon regime have a power-law behaviour, with the exponents given here for a range
of values of the parameters f, and ¢g.. Here we plot the exponents of the two terms in Eq. (3.20):
red dashed (real part) and magenta dot-dashed (imaginary part) lines correspond to the first term
whereas blue (real part) and black dotted (imaginary part) lines correspond to the second term.

large g, they grow quickly whenever f. < 0. For velocity and matter perturbations we have

1-a3—pB3
Vde = % |:Bga63(1 + 60? — 6w — az + 53) + Ag(l =+ 665 — 6w — asg — 63)]
l1-a3—pB3 BgCLB3
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( f) (1—0434-,33)(2—310—0434-53)
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+ +0
(=1 +as+B3)(=2+ 3w+ ag + 03) °
l—ag—p
Vo 3(1+2fr)a 5 [Az(—2+3w+0z3 —53)+BSG53(—2+3“’+0‘3+53)]/3 22)
m \9-

(2 — 3w — as +B3)(—2—|—3U)—|—Oé3 —f—ﬁg)
where we have neglected a decaying mode in the matter density perturbation. We can see
that the dark matter density perturbation §,, follows the dark energy perturbations and
grows at the same rate (in addition to a constant mode).

Sub-sound horizon

On the other hand, in the sub-sound horizon limit and if we assume

ek fr(202 —9—2Tw) 32 [6¢2 — (14 4fx + 3w)| + 3(1 — w)(1 + 3w)

~10 -



equation (3.18) reads

34+4fr — 9w 2 k?
5" m 5 eff 5 . = 92

and we expect to have exponential growth if ¢%; < 0. The general solution of Eq. (3.23) is
given by

l—ay
T w
Oge = (5) T LAy Iy (23) + By Iy, (23)} (3.24)
where
3+4fr — 9w
oy = —————
2
oy — 1
vy =
1+ 3w
1+3w
2 k
gy = & 2 Ceff (3.25)

(14 3w)Hov/Q,

and A, and By are constants.® We see that for cgﬁ < 0 the argument x3 of the Bessel
functions becomes imaginary, and indeed the perturbations will grow exponentially. Stable
perturbations in this regime thus require f, < 3c2/2. We can also see that the overall pre-
factor of Eq. (3.24) behaves like a!=®4)/2_ where the exponent is linearly decreasing with f;,
i.e. the dark energy perturbations grow faster for more negative f,. We therefore expect also
a lower cutoff for f,, around f, ~ —7.

3.2 Super-horizon scales

When considering super-horizon scales, k/H < 1, we find that dark matter and dark en-
ergy perturbations decouple from each other again in matter and dark energy domination.
However, we could only find analytical solutions during matter dominance.

3.2.1 Dark matter domination

Since scales larger than the horizon are also super-sound horizon scales, we can set cog = 0
which according to Eq. (3.2) is equivalent to setting ¢ = 2f,/3. Then, if we use Eq. (3.4)
for the Hubble parameter and neglect decaying modes, we find the following set of solutions
for matter and dark energy perturbations

3HZQ,
Vi = Soa, 6m = o ]22 , (3.26)
B dera” 3(1 4+ w)
Ve = doa |:4f7r ~3 o + 3_df, | (3.27)
3HZOm, dera™(2fr — 3w) 3(1 4+ w)
e = 69— — . 3.28
de = 2072 [(4fﬂ—3—2n)(2fw—l—n—3w) Afr —3 (3.28)

We see that outside of the horizon the dark energy density perturbation grows like a™ — in
the particular case when n = 0 or e, = 0, the dark energy density perturbation (like the dark

3Gamma functions, similar to those appearing in solutions in Appendix B, have been absorbed in the
constants A4 and Bs4. These constants are fixed by the initial conditions.
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matter one) is always constant on super-horizon scales. We also notice that it is non-zero
only if either the dark energy is coupled to the dark matter through e, # 0 or if w # —1 .
We also note that we recover the solutions found in [31] in the absence of anisotropic stress.

scales rapid growth
matter dominance | dark energy dominance (e, = 0)

. sub-sound 2. <0 e <0
sub-horizon eff off

Ow o< 27w? — 18w — 9
T 43— g2+ 9w)

- d L ——F5~
super-soun fr 203+ 247)

Table 1. Regimes and regions in parameter space where dark energy perturbations grow rapidly.

We summarise in Tab. 1 the regions in parameter space where we expect rapid growth of
the perturbations that is not compatible with the existence of a stable universe. The growth
of the perturbations on sub-sound horizon scales for Czﬁ« < 0 is exponential and corresponds
to the usual instability for negative sound speeds. For theories with a given ¢2 this provides
an upper limit for the parameter f, namely f, < 3c2/2. On scales that are sub-horizon but
lie above the sound horizon, the perturbations grow as a power law with a very high power
for sufficiently negative fr, as indicated in the table.® This provides a lower limit for f, as
such a rapid growth of the dark energy is again not compatible with the data.

In the next section we are going to vary ceg > 0 and f, independently, so that ¢ can
take any value. For this reason we will not see the upper cutoff on f, from the instability
arising due to cgﬁ < 0, as we never enter in this regime, but we will see the lower cutoff.
Also, as in the approximate solutions shown in Fig. 3, we will limit ourselves to n = 0 for
the model 1 defined by Eq. (2.8).

4 Observational constraints

In this section, we investigate the parameter degeneracies and the constraints on the aniso-
tropic stress models for dark energy imposed by different cosmological observations. We use
a modified version of the CosmoMC code (version Mar 13 [32, 33]) to perform Markov-chain
Monte-Carlo explorations of the model likelihoods. The sampler calls a modified version of
the CAMB code® (version Mar 13 [34, 35]) to compute the linear theory CMB spectra for a
given model. In all cases we use constraints on the number of relativistic degrees of free-
dom at Big-Bang nucleosynthesis (BBN) [36] and put a prior on the age of the Universe
to be between 10 and 20 Gyrs. In addition we use the CMB likelihood code of the Planck
collaboration (version 1.0 [37, 38]) which includes the Planck first data release combined
with WMAP 9yr low-multipole polarisation data [39]. Moreover, we add the high-multipole

4But notice that on sub-horizon scales a non-zero anisotropic stress of the dark energy itself can drive
the dark energy perturbations even if w = —1 and e, = 0, see section 3.1.1. However, for our model 2 the
perturbations only grow if fr < —5/4 and only in the sub-horizon but super-sound horizon regime.

5The regions in the table correspond to the sub and super-sound horizon limits of the second order Egs.
(3.5) and (3.18). Note that according to the general solution for matter dominance and sub-horizon scales,
Eq. (B.1), there is also exponential growth on super-sound horizon scales for ¢Zg < 0.

5The modified codes are available at http://cosmology.unige.ch/content/cosmomc-and-camb-
early-dark-energy-and-anisotropic-stress and the chains (1.4GB) can be downloaded from
http://theory.physics.unige.ch/~kunz/traces-anisotropic-dark-energy/ade_chains.tar.gz.
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Oge O Oge Vde Ve Vde
-1
e, =0, f,,zlg )
g,=10 3

Figure 3. The figure shows the behaviour of the variables d4. and vg. for k = 1.5 x 1072, ¢2 = 1071,
w = —1.05, n = 0 (the power in Eq. (2.8)) and different combinations of parameters e, fr and
gr. The blue and cyan curves are the numerical solutions. Green dashed and magenta dot-dashed
curves are analytical solutions on super horizon scales, Eqs. (3.27)-(3.28). On the other hand, the
red dashed and black dot-dashed curves are analytical solutions on sub-sound horizon scales given
by Egs. (3.15)-(3.16). The vertical lines give the scale factor at which the mode enters the effective
sound horizon (dashed line) and the Hubble horizon (dotted line). We consider a longer dynamic
range in a to illustrate the transition from super-horizon to sub-sound horizon scales more clearly,
without however including radiation in the numerical solution.

temperature data from the South Pole Telescope (SPT) [40] and the Atacama Cosmology
Telescope (ACT) [41]. In the following, we use the abbreviation CMB data for the com-
bination of Planck temperature, WMAP9 low-multipole polarisation, and ACT and SPT
temperature (referred to as Planck+WP+highL in the Planck papers). We expect the CMB
data to provide constraints not only on the parameters that describe the primordial power
spectrum and the re-ionisation history but also to mildly constrain the late-time evolution
of the gravitational potentials through the integrate Sachs-Wolfe effect and CMB lensing.
To further constrain the parameters that are relevant for the late-time evolution of the
background geometry, the density parameter and equation of state of dark energy, we also
use constraints on the distance-redshift relation from baryon acoustic oscillations (BAO)
and type Ia supernovae (SNe). Currently, there are seven BAO measurements available: two
from the Sloan Digital Sky Survey (SDSS) DR7 [42, 43|, one from the 6dF Galaxy Survey
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[44], three from the WiggleZ Dark Energy Survey [45], and one from the SDSS-IIT Baryon
Oscillation Spectroscopic Survey (BOSS) DR9 [46]. In case of the supernovae, we use the
compilation of 473 SNe Ia provided by the SuperNova Legacy Survey (SNLS) team [47].
The fact that Planck prefers a slightly different value for Hy than local measurements of the
Hubble parameter in a flat ACDM cosmology raises concerns about the compatibility of these
data sets [38]. For this reason we chose not to include constraints on the local expansion rate.
If we included the Hy constraint of [48] we would find that the confidence intervals for w are
shifted slightly towards more negative values, with w = —1 sitting close to the 2¢ limit. On
the other hand, we would not find significant changes in the constraints on the parameters
that govern the dark energy perturbations when including Hy data.

Using large-scale structure data like the galaxy power spectrum P(k) correctly in the
context of dark energy and modified gravity models is quite involved. There are hidden
model assumptions in the analysis of the data and the construction of the likelihood. For
example, the background cosmology is used when converting angles and redshifts to & vectors.
Moreover, the impact of modifications of gravity on galaxy bias and non-linear clustering is
mostly unknown. For these reasons we limit ourselves for the time being to the data sets
mentioned above.

For the parameter estimation we vary a base set of seven parameters (those of the
flat wCDM model). These are the amplitude, In[10'°A,], and the tilt, ng, of the spectrum
of primordial scalar curvature perturbations (modelled as a power law normalised at k =
0.05Mpc~1), the reionisation optical depth, 7, the physical baryon and cold dark matter
energy fractions, Qph? and Q.h?, 100 times the ratio of the sound horizon to the angular
diameter distance to the last-scattering surface, 6, and finally the constant equation of state
parameter of dark energy, w. In the figures we will replace the “fundamental” parameters
As and 6 by the variance of fluctuations in spheres of 8 Mpc today, og, and the value of the
Hubble parameter today, Hp (in units of km/s/Mpc), that are both derived parameters.

In addition to the base model, we vary or fix the values of the parameters that describe
the properties of the dark energy perturbations: the effective sound speed, log;, Cfo: the
external anisotropic stress parameter, e, and the internal anisotropic stress parameter, f;,
with its transition scale, log;y g-. We use flat priors for all parameters, set adiabatic initial
conditions for the evolution of the cosmological perturbations, and ignore vector and tensor
modes for simplicity.

Let us first take a look at the effect of the different data sets on the parameter con-
straints. In figure 4 we show the marginalised posteriors and the marginalised 2d-likelihood
contours of a parameter subset in the full model, i.e. varying all dark energy parameters in-
cluding the anisotropic stress model, er, fr, g= (for n = 0). We compare the effect of adding
more data: blue is CMB data only, red is CMB+BAQO, and black and the likelihood density
plots are CMB+BAO+SNe. For parameters that are not related to dark energy anisotropic
stress the likelihood contours shrink considerably when adding the low-redshift data, as they
contain much information on the late-time expansion and therefore on w. The constraints on
the anisotropic stress parameters are not much altered by adding low-redshift data because
BAO and SNe do not contain information on the growth of structure that is affected by the
dark energy clustering. To improve those constraints we would need to add information on
galaxy clustering, redshift space distortions and cosmic shear.

The (fr, logiggr) plane also shows nicely the lower limit on fr from the rapid growth
of perturbations. As argued in the discussions of the sub horizon / super-sound horizon
perturbation evolution in section 3.1 and shown in Figs. 1 and 2, a very negative value of fr
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Figure 4. Marginalised 2d likelihoods and 1- and 2-0 contours of combinations of the model para-
meters {w, ex, fr, 10g1g gr, log;o 2z} We compare the use of different data sets: blue is CMB data
only, red is CMB+BAO, and black and the likelihood density plots are CMB+BAO+SNe. In all cases

we vary all parameters.

is in conflict with observations as the dark energy perturbations become large. We can also
see how the lower limit on f; changes as a function of g, with g > 1 requiring f; > 0.

It is interesting to note that the marginalised likelihood in the (log; Cgﬁ‘, f=) plane peaks
where f; is negative and log;, cgﬁ close to 0, while the (fr, loggg-) plane shows that the
likelihood for negative f; is much lower than for positive f;. Note that this is a volume effect
of the marginalization. If we were to fix ceg = 1, then the high plateau of the likelihood
in the (fr, log;ggr) plane would shift from the positive—positive to the negative-negative
quadrant, and the situation would be quite different.

Thus, if we had additional observables that even more strongly prefer c.g¢ = 1, we would
conclude f; < 0. The constraints on e, would not be affected as it is virtually not degenerate
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with loggc%. There is a hint that this could actually be the case: the CFHTLens weak
lensing survey [49] as well as the Planck cluster counts [50] prefer og and £, considerably
lower than Planck alone (in the ACDM model). We added a toy constraint on the combination
05(2,,/0.27)%6 that reflects the weak lensing and cluster counts, and noticed that it is passed
through the parameter degeneracies in such a way that it constrains cgﬁ ~ 1 and f; and
logy g both negative. In this case fr turns out to be strongly constrained and fr = 0 is
already in quite some tension with the toy data. We interpret this as a hint that additional
dark energy degrees of freedom are able to reconcile apparent tensions between different
current data sets. However, we emphasise that the analysis of the weak lensing and cluster
count likelihood needs to be done fully correctly within the framework of a generalised dark
energy model like ours, and the constraints quoted in the literature [49, 50] cannot directly
be implemented since they are derived for the ACDM model.

Next, let us study the anisotropic stress model parameters. In figure 5 we show the
marginalised posteriors and 2d-likelihoods using the full data set, CMB+BAO+SNe. We
compare the different models: for green we fix (ex, fr, logipgr) = (0,0,0), for blue we fix
(fr, logig gr, logo %) = (0,0,0), for red we fix (fr, log;o gx) = (0,0), and for black and the
likelihood density plots we vary all parameters. We observe that in case of no anisotropic
stress, green, the dark energy sound speed is only very mildly preferred to be close to 1, as
expected from earlier studies, see e.g. [51, 52]. Finally, in figure 6 we show the marginalised
posteriors for the remaining six base parameters, {Q,h?, Q.h2, ng, 7, 0s, Ho}, that are not
directly related to dark energy. We note that all models with dark energy anisotropic stress
slightly prefer a higher og than in the smooth dark energy case, cog = cs = 1 (see [53] for
a study of the impact of w on og in smooth dark energy models). This is compatible with
the discussion above on the slight tension between constraints on og from Planck CMB and
Planck cluster counts as well as weak lensing.

5 Modified growth parametrisations

In this paper we used prescriptions for the “hydrodynamical” closure relations that define
0P and 7 in terms of other variables, in order to complete the system of equations. Instead
of defining the dark energy momentum tensor, it is also possible to introduce functions that
describe the change to the matter growth rate [55, 56] or that modify the Einstein equations
with an effective Newton’s constant and a gravitational slip [13]. The latter parametrisation is
in principle equivalent to giving 0 P and 7 as shown explicitly in [23], but the modified growth
rate on its own is not sufficient and needs to be supplemented by an additional condition.
We will call these approaches ‘modified growth’ parameterisations, see also section 1.3.2 of
[6] for a more detailed introduction.

As the modified growth approach is quite popular and since several groups have derived
predictions for the accuracy with which these parameters can be measured (e.g. [13, 57, 58]),
we give here the expressions necessary to compute these quantities in general and discuss the
links between them and our parametrisation. We then show what bounds we can infer on
these modified growth parameters from the data that we use, in the context of our model.

5.1 Definition of the modified growth parameters

In general the presence of a dark energy fluid or of a modification of General Relativity will
affect the growth rate of the dark matter perturbations. We define the growth factor g as
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Figure 5. Marginalised 2d likelihoods and 1- and 2-0 contours of combinations of the model para-
meters {ns, os, w, er, fr, 10g1ygr, l0g1oc%s}. We compare the different models: for blue we fix
(frs l0g1g g, logyo c2g) = (0,0,0), for red we fix (fr, log;yg=) = (0,0), and for black and the like-
lihood density plots we vary all parameters (except for the scaling exponent n of model 1 which is
always set to n = 0). Here we are using the full data set, CMB+BAO+SNe.

the logarithmic derivative of the comoving matter density perturbation,

dlog A,
= ——— 5.1
g dloga (5.1)

The growth factor is often approximated using the growth index, -y, as

g = Qnla)? (5.2)
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Figure 6. Marginalised posteriors of those model parameters not directly related to dark energy
{Quh?, Qch?, ng, 7, 08, Ho}. Left panel: comparison of different data sets as in figure 4. The addition
of background data sets helps to constrain especially Hy and og. Right panel: comparison of different
models as in figure 5. The constraints on these parameters do not change significantly when the
anisotropic stress is non-zero, with the exception of og which prefers a slightly higher value.

where Q,,(a) = 87Ga%p,,(a)/(3H?). In general, g and ~ are space and time dependent
functions. To investigate v we express it in terms of g

log g
T log Q,(a) (5:3)
and we have implemented these expressions in CAMB so that we can obtain limits on g and
~ as derived parameters from our MCMC chains.

However, in general we have two scalar degrees of freedom, related to the possibility to
choose independent closure relations for both 0P, and w4 in the fluid picture. To model
these two degrees of freedom, we introduce a parameter () which describes either an effective
Newton’s constant QG or an additional contribution to the clustering from Ag. through the
Poisson equation for ¢. In addition, we parameterise the gravitational slip (the difference of
the gravitational potentials which is in our model due to the anisotropic stress of the dark

energy) as 17,

_ 1.2
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Figure 7. CMB angular power spectra (left panel) and matter power spectra (right panel). The
concordance model is shown in blue. In green we plot a model with internally sourced anisotropic
stress whose parameters are allowed by the cosmological constraints. Two models with parameters
excluded by cosmological constraints are depicted in red (internally sourced anisotropic stress) and
cyan (externally sourced anisotropic stress). For those models different from the concordance model
we used w = —0.95. In the CMB the differences appear on large scales as the ISW effect is strongly
affected by the late-time anisotropic stress of the dark energy. The impact on the matter P(k) is less
strong and on scales smaller than the peak appears mostly as a shift in the normalisation (and thus
a shift in og), although this is different on large scales (that are however difficult to observe in galaxy
surveys). The effect looks degenerate with an early dark energy contribution (see e.g. Fig. 5 of [54])
and it may also be difficult to distinguish observationally from galaxy bias.

1 should not be confused with conformal time, obviously. This parameter is occasionally
called w in the literature.

We can now derive some relations between different parameters. For example we have
that

1 2 PdeTde 2pde7rde
=14 = =1 . 5.5
n Q pmAm pmAm + pdeAde ( )

In a pure model 1 situation, i.e. with f; = 0, we then have that

! 26 pae

=14+ 1+2ﬁﬂde —3w 2en
n

= %1_’_7’
Q pm Q QU Q

where the final expression is valid at late times for our averaging (see below).

(5.6)

5.2 Constraints on the modified growth parameters in our model

In general the modified growth parameters are functions of scale and time. We limit here
our investigation to the late-time behaviour, by averaging the parameters over the range
z =0...1 using 10 values linearly spaced in z. The scale dependence can be important, so
we consider separately ‘large’ scales, k = 1073 h Mpc ™! and ‘small’ scales, k = 10~ h Mpc~1.
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Figure 8. Scatter plots of samples of accepted models in our MCMC chains for f; = 0 and e, varying,
when using the full data set, CMB+BAO+SNe. The lower row of figures shows the behaviour on large
scales (k; = 1073 hMpc_l)7 while the upper row depicts smaller scales (kg = 107! hMpc_l). First
column: the sound speed is held fixed, ¢; = 1, and the growth index, 7y, nicely parametrises the single
allowed line in the (@, 1) plane. Second column: the sound speed is allowed to vary, a whole area is
sampled in the (@, n) plane, and the growth index only parametrises one direction. Third column:
the other direction is parametrised by the sound speed.

In Fig. 8 we show @ and 7 values of a sample of ‘type 1’ models accepted by the MCMC
algorithm where e, varies and f; is zero. In the first column we also fix ¢s = 1 (which is
equivalent to ceg = 1 as fr = 0), and in this case we can access only a narrow region in (Q, )
space. This is not unexpected as in general we need to vary both 6 Py, and m4.. When doing
so in the second and third column, and now a much larger part of the (Q,n) parameter space
is accessible. This also illustrates that our models are able to probe quite generally the space
of modifications of the growth parameters.

We can also see very nicely from the colours in the first two columns of Fig. 8 how a
non-zero e, changes the growth rate v, with pretty much a one-to-one mapping between the
two on small scales. The sound speed on the other hand leads to a rotation in the (Q,n)
parameter space on small scales.

We can understand this latter behaviour with the help of the relation (5.6): The presence
of an anisotropic stress induced by e, impacts not only 7, but also (). On sub-sound-horizon
scales and during matter domination the induced dark energy perturbations are given by Eq.
(3.15),

2 n 2 n
Age ~ 0ge a50< e ) ~ < ort )Am, (5.7)
3¢y 3cig
and therefore we have in that limit that
Q14 2n b Ly Ocgent"pi (5.8)
3y pm M 2exa" pae + 325 pm

For high sound speed, ¢; =~ 1, we find from the MCMC exploration that at 95% CL —0.01 <
er < 0.18, and the allowed region shrinks around e, = 0 as the sound speed decreases, see
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the red contours in Fig. 5. Plotting the curves Q(er; cof) and n(ex; co) for the allowed values
of e, leads to a figure that corresponds very well to the region visible in the upper row of
Fig. 8. We notice that for e, = 0 we have that () =1 and n = 1 independently of the sound
speed. This behaviour is clearly visible in the figure. We can also see that as ceg — 0 the
slip vanishes, 7 — 1, even if e; # 0, while the impact of e; on @ is enhanced, explaining the
horizontal line visible in the top right-hand panel of Fig. 8 for low sound speed.

On large scales, the impact of cog is more indirect, by changing the size of the sound
horizon. We can see that for a lower effective sound speed we have a larger @) for a given 7,
as the dark energy is able to cluster more easily. On super-sound (but sub-horizon) scales
and during matter dominance, dark energy density perturbations are given by (Eq. (3.7))

n 2
Age ~ 2ena” Am L (5.9)
32(1+a)+9+n(B3+a+n) H?
2exa" pge k?
3 pm H2

(5.10)

6era" pde

-1+
3pm + 2€7ra"/)deqlf722 Rl+a)+d+n3+a+n)]”

(5.11)
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On the other hand, if we consider solutions on super-horizon scales, that is, Eq. (3.26)-
(3.27), we have

dera™ — 3(1
Age = Ay { - ?;),( al ’ (5.12)
4 Dde 1 6era”pge
=14+ |—=eza" + 1-1-10] = —=1+ 513
Q 36m ( ) Pm n 3Pm — [4e7ra” - 3(1 + w)] Pde ( )

The last equation shows that on horizon scales dark energy can cluster even if e, = 0. This
is the reason why there is no ‘clean’ intersection of the curves at Q = 1, n = 1 in the lower
row of Fig. 8.

6 Conclusions

In this paper we study effective fluid dark energy models that have a non-zero anisotropic
stress m4.. These models can represent not only dark energy, but also modified gravity models
[17]. We consider specifically two scenarios, one where the dark energy anisotropic stress is
linked to the dark matter density perturbations by a parameter e, and another model where
T4e is linked to the dark energy density perturbations by a parameter f.. These are only
two out of a range of possibilities that arise naturally in general models like the Horndeski
Lagrangian, but we think that they illustrate rather well the impact of a non-zero anisotropic
stress that is either internal to the dark energy (model 2) or externally sourced (model 1).
In addition we allow for a free sound speed ¢, for the dark energy perturbations.

When studying the evolution of the perturbations, we find that the internal anisotropic
stress changes the effective sound speed of the dark energy, see Eq. (3.2). This means that
the anisotropic stress can stabilise the dark energy perturbations even if ¢2 < 0, but also that
cg > 0 does not guarantee stability, as the relevant quantity is cgff = cg —2fr/3. We also find
that a sufficiently negative mg. (relative to Age) can lead to rapid growth of the dark energy
perturbations in the regime that is sub-horizon but outside of the sound horizon (cf Tab. 1).
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We further find that the contribution to w4, from A,, acts like an external source of
dark energy perturbations. This coupling can lead to growing perturbations both inside the
dark energy sound horizon and outside of the Hubble horizon, at least as long as the dark
matter is dominating the evolution of the universe. With the purely ‘internal’ anisotropic
stress of our model 2 (where mg. ~ Ag.) this does not happen. If the coupling to the matter
perturbations is zero, then the dark energy perturbations become constant on sub-sound
horizon or super-Hubble horizon scales during matter domination, even in the presence of an
internal 74, (except when the effective sound speed of the dark energy becomes imaginary).

For all of these special cases we provide analytical approximations for the behaviour
of the dark energy perturbations. On the one hand, these are useful to understand the
behaviour of the dark energy and the resulting observational constraints, and on the other
hand, they can be used to correctly set initial conditions for numerical codes.

When looking at the constraints from the cosmic microwave background, augmented by
distance data from BAO and SN-Ia, we find that the external contribution to g, is quite
well constrained, —0.01 < e, < 0.13 at 95% CL for f; = 0 (marginalised over log(ceg)), and
—0.01 < e; < 0.23 when also marginalising over f, and g, see Fig. 5. The internal contribu-
tion is much less constrained, and is limited mostly by the stability of the perturbations. We
also considered the resulting constraints on the ‘modified growth’ parameters like the growth
index 7, the effective Newton’s constant ) and the gravitational slip n, shown in Fig. 8.

Overall, adding anisotropic stress to dark energy models (effectively turning them into
modified gravity models [18]) opens up a new region of parameter space that is poorly
constrained by the primary CMB anisotropies alone. Constraining these models requires
additional data that probes the evolution of the perturbations, like weak lensing observations,
redshift space distortions, the galaxy distribution and the growth rate of structure. Currently
ongoing and future experiments will provide a wealth of data to improve our understanding of
the dark energy, but it is important that the data sets are analysed carefully and consistently
by taking into account the full cosmological model, without assuming ACDM or smooth dark
energy from the beginning.
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A Stability

The non-autonomous system of coupled differential equations (2.1)-(2.2) for density and
velocity perturbations can be written as

X' = B(a;0;) X, (A.1)

where XT = (61, Vin, ddes Vae), B is a 4 x 4 matrix which depends on the parameters 6; =
{Ho, w, Qn, Qz, Cs, €x, fr, g}, on the mode k and the scale factor a. In order to obtain
information about the parameter space, we assess the stability of the system (A.1). We
compute the eigenvalues A;(a, 6;) of the matrix B(a; #;) numerically and look at the regions
in the ¢;—space where all eigenvalues have negative real parts for the whole time interval we
consider, that is, from matter domination to the present time.

For the system (A.1) we find one eigenvalue which does not have a region in §;—space
where Re (A (a, 6;)) < 0. Then, since we know that in matter dominated era and on sub-
horizon scales matter perturbations grow linearly, that is, J,, « a, we use the following
approach to assess the stability of the system. First, we rescale the variables X dividing them
by a power a™ of the scale factor, y = a™™X. It follows that the system (A.1) becomes

Y =Aa;0)) ¥, (A.2)

where A(a;0;) = B(a;0;) — 21, with I the identity matrix. Second, we find regions in
parameter space where all the eigenvalues of the matrix A have negative real parts. We
study models with e, = g, = 0 since the effective sound speed cgff is only defined in terms of
cs and fr; moreover we check the robustness of our method with different powers m. Fig. 9
shows regions where all eigenvalues have real part negative in the time interval relevant for
both super and sub-horizon scales. Since we use ¢? = 1 we can see clearly an upper limit on
fr = 3/2, which nicely agrees with c¢2¢ > 0.

Then we study the impact of the parameter g, on the stability of the system. For a
given scale factor a we determine regions in the plane cog — fr for which the system (A.2)
is stable for both gr > 1 and g, < 1. Fig. 10 shows again the stable regions for large and
small scales.

B General solutions

In Sec. 3 we study some limiting cases in the 4—dimensional system (2.1)-(2.2) for which
dark matter and dark energy perturbations decouple from each other. In this appendix we
give some solutions which are a bit cumbersome to be written in the main body of the paper.

On sub-horizon scales and during matter dominance, dark energy density perturbations
are governed by Eq. (3.5) whose full solution is
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Figure 9. The figure shows the region in the f,—space for which all the eigenvalues of the matrix A
in Eq. (A.2) have negative real parts. The red region (upper panel) corresponds to a mode on super-
horizon scales (k = 5Hp) in matter domination. The blue region (lower panel) shows a sub-horizon
mode (k = 300H,). We have used ¢2 = 1, w = —1.05, e, = 0 and g, = 0. In each column, from left
to right, we rescale the variables by using powers m = 2, 3, 4.
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1 0—2—4f7r+6wk74f7,+6w
Bs = o5 e 0, 2306y ese (wvs) T (a6) T () T (a9) ,  (B.11)
0

1 C—2—4fﬂ+6wk—4fﬁ+6w
By = — —eff prEay Q;I+2f"_3w7r5g csc (mvs) T (ag) T (19) T (ag) ,  (B.12)
0

24

As, Ag are constants of integration and ;Fb stands for the regularized generalized hyper-
geometric function. The last two terms in Eq. (B.1) are due to the external anisotropic
stress.

On the other hand, for sub-sound horizon scales, during dark energy domination and
without external contribution to the dark energy anisotropic stress (e, = 0), we find (by
using Eq. (3.24)) for dark energy velocity perturbations

1 23\ Tros
Vie =3 (g) s { [6(c§—w)+l —oa;} X

X [B41“ (W‘) Ty, (z3) + A4 T (M) Jin (wg)]

1+ 3w 1+ 3w
x3(1 + 3w 243w —ay
+ 4) |:B4 r (1_'_31”) [Jo1—u, (23) — J1—p, (23)]
3w+ ay
+ Ay T (1+3w> [Jo140 (@3) = Jigu, (333)]] } ; (B.13)

while for dark matter velocity perturbations

3(1+ 2fr) _2-catvi43w(ity) —Ireatmtdvr )
Vm = WZ 1+3w Tq 143 A4 $3V1 (B.14)
« T 3w+ ay r 2—as+3w(v —1)+ 1
1+ 3w 24 6w
2- -1 4— 1 1
1Py ag +3w(vy — 1) + 14 1, ag+ v+ 3w(l + 1) Lo
24 6w 24 6w 4
+ B,AT 243w —oa) 24t +3wl+u)
14 3w 2 + 6w
2—ay— 1) — 4— oy —vy —3w(-1 1
« | Fy ay — 3wy +1) — 1y i ay — vy — 3w(=1+1q) ’_7m§ ,
24 6w 24 6w 4

where ay, 11 and z3 are given by Eq. (3.25). By means of this solution we can easily find an
expression for dark matter density perturbations by solving the differential equation

o =, (B.15)
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