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ABSTRACT

We extend effective medium theory (EMT) to composite hollow fiber mixed matrix membranes,
considering the asymmetric filler volume fraction profile arising from finite system size. This
volume fraction profile leads to strong variation of the driving force (i.e. pseudo-bulk
concentration gradient) in the regions adjacent to the composite ends, and to sensitivity of the
effective permeability of the composite to the geometrical configuration. The new theory is
validated against rigorous simulations of the transport in mixed-matrix membranes (MMMs) using
both concentration-independent and concentration-dependent diffusivities in the MMM
constituent phases. Both theory and simulations show that flat mixed-matrix membranes (F-
MMMs) have higher effective overall permeability than hollow fiber mixed-matrix membranes
(HF-MMMs) upon comparison of systems having identical operating conditions, filler phase
loading and particle size. Furthermore, we show here that the sensitivity to the geometry vanishes
with increase of inner radius of the hollow fiber membrane with fixed thickness. Under this latter
condition, the effective permeability of a HF-MMM is found to asymptotically approximate that

of a F-MMM.
KEYWORDS

Effective medium theory, hollow fiber membrane, flat membrane, finite size system, permeation,

concentration-dependent diffusivities.
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NOMENCLATURE

Abbreviations

EMT

FCA

FEM

F

HF

MMM
NRMSE
CV(RMSE)

Latin letters

Effective Medium Theory

Force-Biased Algorithm

Finite Element Method

Flat Film

Hollow Fiber

Mixed-Matrix Membrane

Normalized Root-Mean-Squared Error

Coefficient of Variation of the Root-Mean-Squared Error

a flat composite film side [m]

A, cross-sectional area [m’]

A, n™order coefficient [ mol/m™"'s]

b,

pseudo-bulk concentration in the continuous phase [mol/ m’ ]

Ar / D, C; [dimensionless]

coefficients for K, in Chiew-Glandt model [dimensionless]

A
>0,

C  pseudo-bulk concentration [mol/ m’ ]
CC

C:

saturation concentration in the continuous phase [mol/ m’ ]

C; pseudo-bulk concentration in the filler phase [mol/ m’ ]

C, / C; [dimensionless]

C; saturation concentration in the filler phase [mol/ m’ |

pseudo-bulk concentration in the composite [mol/ m’ ]

C.,/C, [dimensionless]
C.../C, [dimensionless]
C..,/C, [dimensionless]

C,, [mol/m’]
rdC, /d 1 [dimensionless]

ml

Permeability [m?/s]

D
D. local continuous phase permeability (evaluated at C_) [m® / s]
D;

D, /D, [dimensionless]

¢ local filler phase permeability (evaluated at C, ) [ m? / s]

D, /D, [dimensionless]

pseudo-bulk concentration in the retentate side of the composite [mol/ m’ ]

pseudo-bulk concentration in the permeate side of the composite [mol/ m’ ]
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effective permeability in the continuous phase (evaluated at C ) [m’ / s]
D,./D,; [dimensionless]

effective permeability in the filler phase (evaluated at C_ ) [m® / s]

D, /Dy [dimensionless]

effective overall permeability of the composite [ m* / s]
D,y / D, [dimensionless]
effective local permeability of the composite [ m” / s]
D, / D, [dimensionless]
corrected diffusivity (mobility) in the continuous phase [ m” / s]
corrected diffusivity (mobility) in the filler phase [ m’ / s]
local value of a given property of the composite at location (R, ¢, z)
mean value of a given property of the composite at location R
permeant molar flow rate in the flat composite [ mol/s]
permeant molar flow rate in the hollow fiber composite [ mol/s]
steady-state flux at position (R,,2) [mol/ m’s]
steady-state flux through the continuous phase at position (R, ¢, Z) [mol/ m’s]
steady-state flux through the filler phase at position (R, ¢, z) [mol/ m’s]
flux through the composite [mol/ m’s]
JnR,/DyC, [dimensionless]
net flux through the filler particle [mol/ m’s]
J.R, / D, C; [dimensionless]
affinity constant in the continuous phase [m’ / mol]
affinity constant in the filler phase [m’ / mol]
Henry’s law constant in the continuous phase [dimensionless]

Henry’s law constant in the continuous phase (linear adsorption model)
[dimensionless]

K, . [dimensionless]

Henry’s law constant in the filler phase (linear adsorption model) [dimensionless]
Ky.; [dimensionless]

coefficient of Chiew-Glandt model [dimensionless]

K.C. [dimensionless]

K,C; [dimensionless]

K, [dimensionless]

cylindrical composite length [m]
composite thickness [m]

Page 4 of 48



N number of terms in summation [dimensionless]
N number of filler particles [dimensionless]

Py gas permeance [m/s]
Py Pu /(Dy /) [dimensionless]
P n™-order Legendre polynomial [dimensionless]
R location in the composite [m]
R, location of the retentate side of the composite [m]
R, location of the permeate side of the composite [m]
R,,,R, position-dependant integration limits [m]

R" location inside the particle relative to position in the composite [m]

I location in particle [m]

r, particle radius [m]
R, ideal gas constant [m® Pa/mol K]
T, operating temperate [K]

Z axial distance from the center of this sphere [m]
Z axial location in the hollow cylinder [m]

Greek letters
a« D, /D, [dimensionless]
B (a—-1)/(a+2) [dimensionless]
¥ C,/C: [dimensionless]
6 D,/D, [dimensionless]

>
O

3

concentration difference across the composite (C_, —C_,) [mol/ m’]

>
O

3 %

C.,—C. [dimensionless]
R'/R, [dimensionless]

R/R, [dimensionless]

(R-R,)/¢ [dimensionless]

angular position in the particle [rad]
R,/R, [dimensionless]

r/r, [dimensionless]

VY T OO I =

r,/R, [dimensionless]
p/t=r,/t [dimensionless]
¢/R, [dimensionless]
C,/C; [dimensonless]

angular position in the hollow cylinder[rad]

S S Q9 v >

filler volume fraction [dimensonless]
filler volume fraction in a flat composite [dimensonless]

ASS
3
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filler volume fraction in a hollow fiber composite [dimensonless]
locally averaged filler volume fraction [dimensonless]

mean filler volume fraction [dimensonless]

nominal filler volume fraction [dimensonless]

Z/r, [dimensonless]

area occupied by the i" -phase in the flow direction [m*]
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1. INTRODUCTION

Membrane-based separations is a dynamic and rapidly growing field (Chung et al., 2007; Galizia
et al., 2017). Issues such as high concentrations of greenhouse gases in the atmosphere (Dai et al.,
2012; Seoane et al., 2015) and urgent need to develop smaller footprint technologies to carry out
conventional industrial gas applications (e.g. cryogenic distillation, pressure swing adsorption,
chemical absorption) have reinforced membrane-based processes as a feasible technological
option (Basu et al., 2011; Sanders et al., 2013). Furthermore, membrane technologies have become
increasingly attractive for implementation of potentially new large-scale applications, of which the
most significant are natural gas purification (Askari and Chung, 2013), olefin/paraffin separation

(Galizia et al., 2017) and CO, capture (Seoane et al., 2015).

Amongst membrane technologies, mixed-matrix membranes (MMMs) have received increased
attention over the last decades (Chung et al., 2007; Galizia et al., 2017; Seoane et al., 2015), mainly
because such composite membranes have been found to overcome technical limitations of
conventional polymer and inorganic membranes (Aroon et al., 2010; Ismail et al., 2015). A mixed-
matrix membrane (MMM) comprises a selective inorganic (porous or non-porous) filler phase
dispersed in a non-porous polymer matrix (Rezakazemi et al., 2014; Zornoza et al., 2013). In this
way, MMMs combine benefits of both constituent phase materials, thus offering high selectivity
and permeability (flux) with good mechanical properties while exceeding Robeson’s (Robeson,
2008) trade-off curves between selectivity and permeability (Adams et al., 2010).

Within current challenges in progressing MMMs beyond Robeson’s upper bound, the proper
selection of the combination of filler and polymer has been largely found to be critical in the

attainment of enhanced MMM performance (Chung et al., 2007; Tanh Jeazet et al., 2012). Yet, the
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membrane geometrical structure has been identified to play a significant role in the implementation
of membrane technologies in practical applications (Rownaghi et al., 2017; Sutrisna et al., 2017).

Commonly, MMMs are prepared either with (1) symmetric or (il) asymmetric structure (Basu

et al., 2011; Chung et al., 2007; Zhang et al., 2016). The former of these (symmetric MMMs)
consist of a uniform dense composite film (self-supported flat films), in which such an structure is
expected to provide both good mechanical properties and high performance (permeability and
selectivity) (Chung et al., 2007; Tanh Jeazet et al., 2012). Alternatively, asymmetric MMMs
comprise a selective (composite) dense skin layer coated on a highly porous non-selective core
layer (Aroon et al., 2010; Nordin et al., 2014; Zhang et al., 2014). Here, the non-selective support
layer is expected to provide mechanical integrity (Galizia et al., 2017; Rownaghi et al., 2017), and
the dense composite layer to offer the desired selectivity and permeability (Jiang et al., 2005; Liang
et al., 2017). Further, these asymmetric structures are known to have lower fabrication cost than
that of symmetric, since they use reduced amounts of expensive materials (e.g. low cost of the
support layer) (Sutrisna et al., 2017; Zhang et al., 2014). This latter benefit posits asymmetric
MMM s as a highly attractive alternative for commercial applications (Seoane et al., 2015).
Asymmetric MMMs can be generally arranged as flat films (F) (Basu et al., 2011; Fernandez-
Barquin et al., 2017; Nordin et al., 2014) or hollow fibers (HF) (Chung et al., 2007; Dai et al.,
2012; Jiang et al., 2005; Zahri et al., 2016). Of these geometrical configurations, hollow fiber
mixed-matrix membranes (HF-MMMs) have found popularity in recent years (Liang et al., 2017;
Seoane et al., 2015; Zahri et al., 2016; Zhang et al., 2014). This emergent interest in HF-MMMs
is due to their larger specific area (mass transfer area per unit volume) (Aroon et al., 2010;
Bernardo et al., 2009; Zhang et al., 2016), superior flexibly (Jiang et al., 2005) and excellent
scalability (with straightforward handling in modular design) when compared to flat mixed-matrix

membranes (F-MMMs) (Aroon et al., 2010; Bastani et al., 2013). Thus, these potential properties
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make HF-MMMs suitable for achieving high production rates and high packing densities typical
of industrial separations (Aroon et al., 2010; Wang and Kang, 2015).

To date, numerous experimental works have focused on optimization of preparation methods of
HF-MMMs (Husain and Koros, 2007; Li et al., 2012; Seoane et al., 2015; Yang et al., 2015; Zhang
et al., 2014). Nevertheless, it has not been possible to establish whether the hollow fiber
configurations offer superior performance compared to flat configurations, or vice versa (Yang et
al., 2015; Zhang et al., 2014). This limitation on the membrane characterization is because the
effective permeability has been largely found sensitive to morphological defects caused either by
poor particle-polymer adhesion (Aroon et al., 2010), particle agglomeration (Zhang et al., 2014)
and/or incompatibilities amongst selective and support layers (Zhang et al., 2016). Such
morphological defects cloud any effect the membrane geometrical configuration may have on the
MMM performance.

While few works (Basu et al., 2010; Fernandez-Barquin et al., 2017) have reported successful
preparation of defect-free HF-MMMs, a parallel between the effective transport properties of
existing HF-MMMs and F-MMMs is not possible in practice. In general, prepared MMMs have
different thicknesses and particle size distributions (Fernandez-Barquin et al., 2017). Thus,
because these system specific properties have been shown to have an strong effect on the effective
overall permeability of the membrane (G.M. Monsalve-Bravo and Bhatia, 2017a; Gloria M
Monsalve-Bravo and Bhatia, 2017), they also mask geometry-related effects on the overall
performance of the MMM. Therefore, further technological developments are needed to prepare
defect-free F-MMMs and HF-MMMs with identical synthesis conditions (i.e. materials,
membrane thickness, volume, filler particle size and distribution) to be able to accurately assess
the effect of the geometry on the transport properties of such membranes from an experimental

standpoint.
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On the other hand, existing models for permeation in MMMSs overlook the effect of membrane
geometry on the effective permeability. Such models are founded either on the resistance model
approach (RMA) (Henis and Tripodi, 1981; Nielsen, 1967) or the effective medium theory (EMT)
(Davis, 1977; Davis et al., 1975; Maxwell, 1873). The former of these (RMA) uses an analogy
between an electrical resistance (Ohm’s law) and mass transfer resistance (Fick’s law) to derive
an expression for the effective overall permeability of the membrane (Ebneyamini et al., 2017,
Karode et al., 1996; Pinnau et al., 1988). Such an approach has been particularly widespread in
modeling non-idealities (e.g. rigidification) in the filler-polymer interface (Chehrazi et al., 2017,
Chung et al., 2007; Hashemifard et al., 2010; Mahajan and Koros, 2002). The EMT is grounded
on the assumption that the MMM may be considered as an effectively infinite homogeneous
system, in which local inhomogeneities in the effective permeability are treated as fluctuations in
the effective homogeneous medium (Acrivos and Chang, 1987; Davis, 1977; Maxwell, 1873). This
approach has been extensively applied to model transport in dispersed composites having both
ideal (Bruggeman, 1935; Chiew and Glandt, 1987; Maxwell, 1873; Pal, 2008) and non-ideal (Di
Maio et al., 2017; Felske, 2004; Vu et al., 2003a) filler-polymer interface.

Although RMA and EMT foundations differ one from another, both theoretical approaches lead
to similar expressions for the effective permeability of the MMM. With either theory, the effective
permeability of the MMM results depending only on the filler volume fraction and constituent
phase (filler and polymer) permeabilities, with all assumed to be constant (Chung et al., 2007,
Ebneyamini et al., 2017; Gonzo et al., 2006; Sadeghi et al., 2016). Furthermore, these early
approaches disregard finite system size effects that arise when filler particle size is not negligible
relative to the membrane system size (Chang and Acrivos, 1986, 1987), and therefore cannot

predict system size-related effects.
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Some progress in this direction has been made in recent simulation work using the finite element
method (FEM) to solve the diffusive transport problem in three-dimensional (3d) MMMs (Yang
et al., 2015). In such work, the effective permeability of HF-MMMs was found to be higher than
that of F-MMMs upon comparison of semi-infinite composite membranes of identical thicknesses,
phase permeabilities and finite filler particle size. Further, such MMMs were assumed to operate
in the Henry’s law region and the simulations therefore used concentration-independent
diffusivities in the composite constituent phases. Thus, while this numerical approach advances
the understanding of real composite systems, the interplay between the composite membrane
geometrical configuration and isotherm nonlinearity (i.e. concentration-dependent diffusivities in
the composite constituent phases) remains to be explored through such an approach.

In this work, we advance the EMT to embrace nonlinear geometry-related behavior, by solving
the transport problem in a finite cylindrical composite system, and following our earlier approach
for the calculation of the transport properties in F-MMMs (Monsalve-Bravo and Bhatia, 2017a;
Monsalve-Bravo and Bhatia, 2018). In this manner, we extend the application of the EMT to
hollow fiber particulate composites by deriving a self-consistent model for pure gas permeation in
HF-MMMs while accounting for effects of isotherm nonlinearity, finite filler particle size and
finite membrane thickness. These finite system size effects lead to a nonsymmetrical filler volume
fraction profile in the hollow fiber system, arising from curvature change in the HF composite in
the regions neighboring the membrane ends. Such an effect, absent in flat systems, leads to
sensitivity of the effective permeability to the membrane geometry, and has been until now
overlooked.

With the proposed model, we find also sensitivity of the driving force (pseudo-bulk
concentration gradient) and phase transport coefficients (effective phase permeabilities) to the

membrane geometry upon comparison of flat and hollow fiber mixed-matrix membranes. Further,
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we show here that such sensitivity to the membrane geometry vanishes with increase of inner
radius of the hollow fiber membrane, at fixed composite thickness and particle size. Under these
conditions, local HF-MMM behavior resembles that of F-MMM and the effective overall
permeability asymptotically approximates that of a F-MMM of the same thickness and particle
size. We validate the proposed theory via rigorous simulations of the transport in 3d MMMs using
both constant phase diffusivities and concentration-independent diffusivities, i.e. linear and
nonlinear sorption isotherms in the composite constituent phases, respectively. In this way, we
also advance the use of the FEM to solve the coupled 3d partial differential equations for systems

operating beyond the Henry’s law region.

2. METHODS

2.1. Theory

Consider the asymmetric MMMs depicted in Figure 1, in which a flat configuration is shown in
Figure la while a hollow fiber configuration is shown in Figure 1b. In both configurations,
permeation occurs along the R coordinate. Thus, the retentate side in the F-MMM corresponds to
the bottom end while the permeate side corresponds to the top end, as depicted in Figure la.
Similarly, the retentate side of the HF-MMMs corresponds to the inner side of the hollow cylinder
while the permeate side corresponds to the outer side, as depicted in Figure 1b. Here, the gas
permeation is considered to be governed by the diffusion through the skin layer, as the mass
transport resistance in the support layer is well accepted to be negligible in comparison to that of

the skin layer (Galizia et al., 2017; Seoane et al., 2015).
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Figure 1. Schematic representation of an asymmetric mixed-matrix membrane: (a) flat configuration, (b)

hollow fiber configuration.

1 With the above detail, our model system comprises only the composite skin layer containing
2 uniformly sized spherical particles dispersed in a finite polymer matrix. Further, we consider the
3  system to be at steady-state, as membrane units for gas separation typically operate under
4  continuous (steady-state) conditions at industrial scale (Seoane et al., 2015). In this way, to
5  incorporate the effect of membrane geometry in the permeation model, we first consider the

6  transport problem through the composite, as follows.

7  2.1.1. Transport through the composite
8 The steady-state transport through composite is described by the one-dimensional continuity
9  equation, following

1 d

10 ——
R™ dR

[Ri—lomm) ddCRm}:o (1)

11 with i =1 for flat geometry and i =2 for the hollow fiber geometry. In Eq. (1), we use the pseudo-

12 bulk concentration (C, ) in the mixed-matrix membrane as field variable with the following

13 boundary conditions:

14 R=R, C

1> m= le (2)
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where C_, and C_, correspond to retentate and permeate pseudo-bulk concentrations at the skin
layer surfaces, respectively. Here, the thickness of the skin membrane layer is /=R, - R, (c.f.
Figure 1). Further, the effective local diffusivity in the membrane, D, (R), in Eq. (1) is estimated

using the Chiew-Glandt model (G.M. Monsalve-Bravo and Bhatia, 2017a; Gloria M Monsalve-

Bravo and Bhatia, 2017), thus

1+25¢(R)+| K, =3 |#*(R)
1-p¢(R)

with B=(a-1)/(a¢+2), a=D, (R)/D.(R), K,=b,(8)+h, ()¢ (R) (Chiew and Glandt,

D;,(R) = D (R) (4)

1983; Gonzo et al., 2006). In Eq. (4), ¢7 (R) is the locally averaged filler volume fraction, defined
in Section 2.1.2. Further, the effective filler (D, ) and continuous (D, ) phase diffusivities in Eq.

(4) are characterized in Section 2.1.3.
2.1.2. Filler phase volume fraction profile

Upon recognizing the finite particle size in the composite system (Chang and Acrivos, 1986,
1987), the filler volume fraction profile in a flat composite is given by (G.M. Monsalve-Bravo and

Bhatia, 2017a):

A
FRZ[&’O—R] RI<R<R1+2|’0

0

d(R) = {4, R +2r, <R<R,-2r, (5)

%,
FRQ[T)I’O—R] R2—2r0<R<R2

0

in which it is considered that there are no particle centers in R, <R <R, +r and R, -1, <R <R,.

Similarly, the filler volume fraction in a in the hollow fiber composite is given by:
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3¢ 0% (RP+RI-r2+22
R) =" o R'dZdR’ 6
p(R) === [ [cos [ rr (6)

0 R, 0

where the lower and upper limits of the outer integral vary with R, as given in Section A-1 of

Appendix A, where a detailed derivation of Eq. (6) is presented. Thus, R, =R, +r, and R, =R+,
in RR<R<R+2r, R,=R-r,and R =R+r, in R +2r, <R<R,-2r ,and R, =R-r, and
R,=R,-r in R,-2r <R<R,.

In Egs. (5) and (6), the ratio ¢(R)/¢, in either case (i.e. flat or hollow fiber composite) equals

the probability that a given point within the composite belongs to the filler phase, and measured
with respect to the filler particle center. Therefore, for a finite composite system, Egs. (5) and (6)
account for the variation of the filler volume fraction in the regions neighboring the membrane
ends. In this way, a difference in the geometry of the system leads variation of the filler volume

fraction in the regions R <R <R, +2r, and R,-2r <R<R,. In particular, for a cylindrical
composite, the probability of finding a sphere (or portion of sphere) in the region R, <R <R, +2r,
is greater than in the region R,-2r <R<R, because the area enclosed in the region
R, <R <R, +2r, is always smaller than that in the region R, —2r, <R <R, . Consequently, filler
particles are more closely packed in R, <R <R, +2r, than R,-2r, <R<R, for a cylindrical

geometry. For a flat composite, on the other hand, the decrease of the filler volume fraction in both

end regions R < R<R +2r and R, -2r <R <R, is the identical, as the areas enclosed by these

regions are the same in a flat geometry (G.M. Monsalve-Bravo and Bhatia, 2017b).

We note that in practice effects such as non-uniform particle distribution may lead to variation
of the filler volume fraction profile as well as variation of the transport properties in the composite.
While these effects over the filler volume fraction are not included here, our model can still

accommodate such non-ideal effects by substituting Eqs. (5) and (6) with chosen expressions for
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the volume fraction (e.g. regular packing or experimentally based profiles). Here, the modified
EMT model is still applicable because the proposed model assumes the composite to be locally

homogeneous through the calculation of D, (R) via EMT (c.f. Section 2.1.1). This is a distinct
feature of the current approach, as early EMT-based models fail by considering the entire
composite as an effective homogeneous medium and therefore neglect nonlocal effects discussed
here.

The mean filler volume fraction is given by:

[ g(RR™dR
ST — (7
[RMdR

Rl
for either geometry, with i =1 for flat geometry and i = 2 for the hollow fiber configuration. Then,
the locally averaged volume fraction profile, ¢ (R), to be used in Eq. (4) is given by (Monsalve-

Bravo and Bhatia, 2017a,b):

Ih

_ 3 , )
¢(R)_F”¢(R(R,r,9))r sin @d odr (8)

0 00

Here, 0 is the angular position in the particle, r is radial position in the particle and R'(R,r,6)
corresponds to any location inside the particle relative to position R in the composite, depicted in
Figure 2 for both flat and hollow fiber geometries. Location R'(R,r,€) in the composite is based
on the associated geometry (i.e. flat or hollow fiber configuration) following trigonometric
identities and triangle identities, given by Bhatia (1997). In this manner, for flat system,

R'=R+rcosd €[R,,R,] based on the right triangle AABC depicted in Figure 2a. Similarly, for a

cylindrical system, R’ =+/R*+r*+2Rrcos@ e [R,,R,] based on the triangle ADEF depicted in

Figure 2b.
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R R'= R+ rcosf

(b)

R
: VR2 + 12 + 2Rrcosf

Figure 2. Location inside the partiDcle relative to the R coordinate: (a) flat configuration, (b) hollow fiber
configuration.
1 2.1.3. Effective filler and continuous phase transport coefficients
2 The effective filler (Def ) and polymer matrix (Dec) diffusivities follow the Darken relation
3 (Ashand Barrer, 1967; Bhatia, 1997). Here, we use the pseudo-bulk concentration as field variable
4  (rather than the adsorbed concentration), thus our diffusivities have similar connotation as
5  permeabilities. Further, to characterize both constituent phase diffusivities (permeabilities), we
6  consider two cases: (i) concentration-independent diffusivities, and (ii) concentration-dependent
7  diffusivities, described as follows.
8 (i) Concentration-independent diffusivities: Upon considering the MMM operating at low
9  pressures (i.e. in the Henry’s law region), the effective phase diffusivities for use in Eq. (4) are
10 then estimated as:
11 D,. =D, Ky . 9)
12 Dy =Dy Ky ¢ (10)
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with D, and D, being the corrected diffusivities in the continuous and filler phase, respectively.
Here, K, ;and K,  are the Henry’s law constants in the continuous and filler phase, respectively.

(if) Concentration-dependent diffusivities: Considering a MMM operating at high pressure (i.e.

beyond the Henry law region), we use superposition of Henry's law and the Langmuir isotherm to
characterize gas adsorption in the polymer; this superposition is widely used for characterizing
sorption equilibrium in glassy polymers (Chung et al., 2003; Moore and Koros, 2007; Ning and
Koros, 2014; Saberi et al., 2016; Vu et al., 2003a). Thus, the effective phase diffusivities for use

in Eq. (4) are estimated following:

K.Ce
Dec(R)_Doc|:Kh+1+KCCm(R):| (11)
__J(R)
Def (R) - [—de/dR] (12)

In Eq. (11), K, is Henry’s law constant, K. the gas affinity constant and C; the saturation
concentration of the gas in the continuous phase. Further, dC, /dR in Eq. (12) is the pseudo-bulk
concentration gradient at position R, evaluated at the particle center, following Eq. (1), and J,(R)

is the net flux through the particle given by (Gloria M Monsalve-Bravo and Bhatia, 2017):

J(R) = 22]05 A (R 1=(n+3)cos” 8 | P, (cos 0)sin 0d 0 (13)
n=0
where P (cos#) are Legendre functions with N=1,2,3,---,00, and coefficients A (R) depend on

the filler-to-matrix interfacial sorption equilibrium. Further, we consider Langmuirian adsorption
in the filler phase, which has been found to fit the adsorption isotherm of various carbon molecular
sieving materials and zeolites (Fu et al., 2015; Moore and Koros, 2007; Ning and Koros, 2014;

Sheffel and Tsapatsis, 2009; Vu, 2001; Vu et al., 2003a, 2003b). Thus, coefficients A (R) in Eq.

(13) follow:
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A(R)—2n+1DOfC j In[1+K,C, (R(R.T,.0)) | P,(cos )sin 0d O (14)

0

with K, being gas affinity constant for the filler and C; corresponding saturation concentration
(maximum capacity) of the permeant in the dispersed phase. In Eq. (14), R'(R,r,,8) corresponds

to the dispersant particle surface. Thus, R'(R,r,,8) =R +r1, cosé in a flat composite (c.f. Figure

s 1o

2a) while R'(R,r,0) = \/ R?+1,” +2Rr, cos@ in a hollow fiber composite (c.f. Figure 2b). Further,
the pseudo-bulk concentration at the particle surface, C (R'(R,r,,0)), in Eq. (14) follows

C,(R(R,r,,0)=C,, at R(R,r,,0)<R and C, (R(R,r,,0))=C,, at R(R,I,,0)>R,.

slo» s1o»

It is worth clarifying that even though we consider superposition of Henry's law and the
Langmuir isotherm in the continuous phase via Eq. (11), and Langmuir isotherm in the filler phase

via Eq. (14), in the calculation of the effective diffusivity of the composite (D,,) in Eq. (4),

arbitrary adsorption isotherms can be used in conjunction with the above model, by replacing Egs.

(11) and (14) with expressions derived from the chosen isotherms.
2.14. Effective overall transport properties of the composite
The effective overall permeability of the composite membrane, D, , may be estimated from the

steady-state flux through the composite (J,,). In this way, the effective overall permeability of a

dc,
3Ry [_Dm R }

T (-AC,)  (-AC,)

flat composite membrane is given by:

(15)
where /=R, —R, and J_(R)is constant along the R coordinate for the flat membrane, evident

from Eq. (1). Similarly, the effective overall permeability of a hollow fiber membrane is given by:

Page 19 of 48



10

11

12

13

14

15

16

17

18

19

dc,
_[RI(R)]In(R,/R) _ [‘RDm(de}ln(Rz/R])
eff — (_ACm) B (_ACm)

(16)

where the product RJ_ (R)is constant, evident from Eq. (1). Besides, AC, =C_,-C,, 1is the

ml
pseudo-bulk concentration difference between the skin layer surfaces in Eqgs. (15) and (16) (c.f.

Figure 1). Furthermore, D,

[

« 10 Eq. (16) is corrected by both inner (R,) and outer (R,) radius of

the hollow fiber membrane. This is a distinct feature of the current modeling approach in

comparison to experimental characterization of asymmetric HF-MMMs, where the gas permeance,

P« =D, /, is often used to evaluate overall membrane performance (Li et al., 2002; Liang et

al., 2017; Zahri et al., 2016). Yet, we recognize that R, R,and J_ (R) may be challenging to
measure in practical applications, we therefore estimate P, = D / ¢ for both flat and hollow fiber

composite membranes. Thus, for a flat membrane, the gas permeance, is calculated as:

S - (17)
'%Fross (_Acm ) (_Acm )

where F. =a’J,, is the permeant molar flow rate in the flat membrane, with a being the

P

€

composite film side depicted in Figure la. Further, A, =a’is the cross-sectional area in the flat

membrane. Then, for a hollow fiber membrane, the gas permeance follows

P " — I:HF — R‘] m ( R)
) A:Fr{z'):ss (_ACm ) Rz (—ACm )

(18)

Here, F; =27RJ_ (R)L is permeant molar flow rate in the hollow fiber composite, with L being

HFE
ross

the cylindrical composite layer length (c.f. Figure 1b). Thus, 2zR,L is the outer cross-

sectional area of the composite (c.f. Figure 1), as commonly considered in practice (Li et al., 2002;

Liang et al., 2017; Zahri et al., 2016).
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In summary, Egs. (1)-(5), (7)-(10), (15), (17) comprise the model with concentration-
independent (constant) phase diffusivities for the flat membrane, and Egs. (1)-(4), (6)-(10), (16),
(18) for the hollow fiber membrane. Similarly, Egs. (1)-(5), (7), (8), (11)-(15), (17) comprise the
model with concentration-dependent diffusivities for the flat membrane, and Eqgs. (1)-(4), (6)-(8),
(11)-(14), 16, (18) for the hollow fiber membrane. The above model is solved in dimensionless
form using Matlab®, following the solution algorithm depicted in Figure 2 of our recent work
(Gloria M Monsalve-Bravo and Bhatia, 2017). Therefore, we also present the dimensionless model

in Section A-2 of Appendix A.
2.2. Simulation details

The above models have been validated against rigorous simulations of three-dimensional (3d)
flat and hollow fiber composite membranes. To do so, we implemented the finite element method
(FEM) to solve the coupled 3d partial differential equations for the diffusion of a pure component
gas in both F-MMMs and HF-MMMs using COMSOL Multiphysics® software package with
LiveLink™ for MATLAB®. Simulations consist of three main steps: (i) generation of filler phase
packing structure, (i) formulation and solution of the steady-state transport problem, and (iii)
characterization of the composite membranes. Here, we limit ourselves to description of
simulations of the HF-MMMs, as simulations of the F-MMM s are described in detail in our recent
work (Gloria M Monsalve-Bravo and Bhatia, 2017).

First, we generated random filler structures based on simulations of monodisperse hard-spheres
using a Force-Biased algorithm (FBA) (Baranau et al., 2013; Moscinski et al., 1989), implemented
by Baranau (Baranau and Tallarek, 2014). Following our previous work (Monsalve-Bravo and
Bhatia, 2018), we generated filler packing consisting of non-overlapping uniform size spheres in

a simulation box in which a hollow cylinder of thickness /=R, —R, and length L is inscribed.
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Then, the final filler packing structure comprises sphere centers falling inside the annular region

R, < R<R, and axial region 0 <z < L. The mean filler volume fraction is calculated as the ratio

of the total volume of the particles to that of the hollow cylinder following

(¢) =4Nr) /3L(R; —=R?), with N being the number of particles within the hollow cylinder. An
exemplary final assembly of sphere centers is depicted in Figure 3, and for which r, =2um,
(=R, -R =25um, R =50um and <¢> =0.4. Here, Figure 3a corresponds to a 3d view of the

system zooming in a portion of the HF while Figure 3b depicts the frontal view of the HF.

Figure 3. Typical structure of sphere centers within the hollow cylinder: (a) 3d view, (b) 2d frontal view.

10

11
12
13

14

15

16

Second, our simulations consider the steady-state transport through the composite, following

V-3=0 (19)
with boundary conditions:
R=R. C,(R.0.2)=C,, (20)
R:RZ’ Cm(Rzﬁq)’z):sz (21)

where J is the steady-state flux at any position (R,¢,z), with ¢ the angular position in the
hollow fiber. Fick’s law is used to describe the flux in both dispersed (J,) and continuous(J,)

phases:

J,=-D,VC, (22)
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J, =-D,VC, (23)
with VC_ and VC, being the pseudo-bulk concentration gradients in the polymer and filler,
respectively. Equality of fluxes and pseudo-bulk concentrations (continuity condition) are
automatically set as boundary conditions at particle surfaces while periodic boundary conditions
are applied at the membrane ends in and z -direction (c.f. Figure 3a).

In Egs. (22) and (23), D,and D, are the local permeant diffusivities (permeabilities) in each
phase, respectively. Such diffusivities follow the Darken relation. Thus, for the case using constant

diffusivities, they follow Egs. (9) and (10), respectively. Alternatively, for the case having

concentration-dependent diffusivities, they are given by:

D.(C,) = Dy | Ky +—— e (24)
1+K.C.(R,0,2)

D,(C,)=D, KCs 25

A A} 1+Kfo(R,¢),Z) (25)

Here, simulations consider combination of the Henry’s law and Langmuir isotherm in the polymer
and Langmuir isotherm in the filler, similar to the proposed model (c.f. Section 2.1.3). We note

that even though D, =D, and D, =D, for the case using constant diffusivities, D, # D,, and
D, # D, for the case using concentration-dependent diffusivities. The reason for this difference

between theoretical and simulation-based diffusivities is because the proposed model considers
effective transport properties evaluated in each phase, at local pseudo-bulk concentration of the

composite, C_(R), while simulations consider local transport properties evaluated at local
continuous, C_(R,¢,z), and dispersed, C; (R, ¢,z), phase pseudo-bulk concentrations.

In summary, simulations using constant phase diffusivities involve solution of Egs. (9), (10),

(16), (18)-(23) while those with concentration-dependent diffusivities comprise solution of Egs.
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(16), (18)-(25). In each case, a stationary fully coupled linear direct solver (MUMPS) is used to
determine the numerical solutions. Here, tetrahedral meshes are used to implement the FEM, in
which maximum and minimum element sizes are set to decrease with increase of the mean filler

volume fraction in the simulated hollow cylinder. In this way, minimum mesh density is

20 elements/um’ for the overall study, which corresponds to the pure polymer hollow fiber, while
maximum mesh density is 450 elements/um’ for the overall study corresponding to HF-MMMs
with particle size of r, =2um and filler loading equal to <¢> =0.4. All meshes are optimized to

avoid highly large elements and inverted elements. Further, simulation results are checked to have
converged with respect to the mesh quality and system size.

Third, we characterize the MMM performance through the calculation of the overall effective
transport properties, as described in Section 2.1.4. To do so, we first calculate the mean value of

the transport properties across the composite, following

”Q,(R)Q(Ra(/’,Z)quodz

_UQi " Rdpdz

where g(R, ¢, 2) is the local value of a given property at location (R, ¢,z) and g,(R) corresponds

9 (R)=

(26)

to the mean value of g(R,@,z) in the phase i, and at location R . Here, we define the subscript
i=c, fand m as the continuous phase, filler phase and composite (as a whole), respectively.
Further, ©(R)is area occupied by the i" -phase in the flow direction.

Then, by following Eq. (26), we calculate the permeant mean flux in the R -direction in the

continuous phase, J.(R), filler phase, J,(R) and composite, J, (R). This latter flux is used to

calculate the effective overall permeability via Eq. (16) and gas permeance via Eq. (18) of the

mixed-matrix membranes. Furthermore, we note here that J,(R) in Eq. (13) differs from J, (R)
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calculated via Eq. (26), as the former of these, J,(R), corresponds to the through-flux over a
particle, while the latter, J, (R), corresponds to mean flux through the filler phase (as a whole),
for which surface area is ), (R) at a given position R in the composite.

The above steady-state mean fluxes (J_,J,,J,) are also used to calculate local transport

properties in the HF-MMMs, following the Fick’s law as

Ji(R)

= e, ar]

27

where D,(R) is local Fickian diffusivity of phase i, dC,/dR the mean pseudo-bulk concentration
gradient of phase i and at location R, calculated via Eq. (26). Here, the mean pseudo-bulk
concentration of phase i, C,(R), also follows Eq. (26). Finally, the filler volume fraction at

position R may be calculated as:

1
= 28
p(R)=———|], . Rdodz (28)
which completes the composite membrane characterization. To avoid packing-related artifacts, we
averaged all membrane properties over five independent random particle configurations for every

considered packing fraction (mean filler volume fraction). The simulation-based data in Section 3

correspond to averaged values, with error bars corresponding to one standard deviation.
3. RESULTS AND DISCUSSION

In this section, we compare results of proposed models and simulations for hollow fiber
composite membranes to those of flat composite membranes. We refer to the case using

concentration-independent diffusivities as Case A, and to the case using concentration-dependent
diffusivities as Case B. Parameter values used in the models and simulations are summarized in

Section A-3 of Appendix A, in which Table A-1 corresponds to Case A, Table A-2 to Case B
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and Table A-3 to common parameters for both Case A and Case B. All parameters are explicit
in the models and simulations (c.f. Sections 2.1 and 2.2). For Case B, parameters correspond to
permeation of CO, in CMS —-Ultem MMMs, and found in good agreement with theoretical
predictions in F-MMMs (Monsalve-Bravo and Bhatia, 2018). Further, because increase of filler
particle size was found to have a significant effect of transport properties of F-MMMs (G.M.
Monsalve-Bravo and Bhatia, 2017a), we here consider a relative particle size p=r, /¢ =0.08 for
both simulation and theory. In this way, we are able to evaluate the effect of the geometry on the
composite membranes performance under identical system conditions. Following this, simulated
hollow fiber and flat composite membranes are in all cases of the same volume and thicknesses.

Thus, for a given hollow fiber composite of thickness ¢ =R, —R,, its length (L) is calculated by

equating the volume of the flat membrane to that of the hollow fiber. In this way,
L =ra’/z(R?-R?), with @ being the box side of the flat membrane (c.f. Figure 1).

In the subsequent sections, we adopt the following conventions. Simulation-based profiles are
depicted using symbols with corresponding error bars depicted along with the symbols while
theoretical profiles are depicted using lines. Percentage deviation between theory and simulation
accompany all theoretical trends when compared to analogous simulation-based trends. Unless
otherwise indicated, this percentage deviation is calculated as the percentage normalized root-
mean-squared error (NRMSE), using the span of simulation-based data to normalize all root-mean-
squared errors. All calculation are presented in dimensionless form, with dimensionless variables
and parameters for both theory and simulation defined in the nomenclature section. Finally, local
position-dependent trends for the hollow fiber membranes use as reference the inner radius of the

hollow fiber for ease of analysis. Thus, plots for these trends use as abscissa 7 rather than 7, also

defined in the nomenclature section.
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1 3.1. Comparison of the filler volume fraction profiles

2 We compare here theoretical and simulation-based filler volume fraction, ¢(77), profiles for both

3 membrane geometries in Figure 4, with the filler volume fraction profile given by Eq. (5) for a flat

4  membrane and by Eq. (6) in a hollow fiber membrane. Here, we consider a relative filler particle

5  size equal to p=0.08 and three different mean filler volume fractions equal to <¢> =0.2,0.3,0.4

6  for both hollow fiber and flat configurations. The filler volume fraction profiles for the hollow

7  fiber membrane, ¢, (77), are depicted in Figure Sa while those of the flat membrane, ¢.(7), are

8  depicted in Figure 4b.

20% T 2.1% T 3.92% 17% " 1.3% T 31%
0.5+ o E 0.5} .
i :
0.4+ 0.4}
0.3+ 0.3}
<Y
& <

0.2} 0.2+F
0.1 0.1}

(I ot

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) (b)
Figure 4. Theoretical and simulation-based volume fraction profiles for relative particle size p =0.08. (a)

Hollow fiber configuration, (b) flat configuration.

9 In Figure 4, the theoretical profiles are in excellent agreement with the simulation-based profiles,

10 having at most 3.2% for the hollow fiber configuration when <¢> =0.2 (c.f. Figure 4a). Here, the

11 filler volume fraction steeply decreases towards the membrane ends for both geometrical

12 configurations, as expected, due to the finite character of the systems (c.f. Section 2.1.2). Further,
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1 although the volume fraction profiles in Figure 4a and Figure 4b appear similar, those of the hollow

2 fiber are non-symmetric in the regions 0<7<2p and 1-2p<7<1. Furthermore, the filler
3 volume fraction is larger in 0 <7 <2p than 1-2p <7 <1. This tendency is more clearly observed
4  from the simulation based profile for <¢> =0.4 in Figure 4a. Figure 5 illustrates this
5  nonsymmetrical behavior in ¢(77), by depicting the ratio of the volume fraction profile of the
6  hollow fiber to that of a flat membrane (g, /@) with position and upon increment of the inner

7  radius of the hollow fiber from R =5um to R, = o, with constant relative filler particle size

8 p=0.08.
1.18 ——— Ry =5um
- = =R =10pm
————— Ry =25um
Ry = 100pum
1111 mEE R >
<
~
<
1.04 +
-B-5-E-5-2--5-2-5-B- " .
\\
0.97 +

0 02 04 06 08 1

n
Figure 5. Theoretical ratio of the volume fraction profile of the hollow fiber membrane to that of a flat

membrane varying the inner radius of the hollow fiber for a relative particle size p=0.08.

9 In Figure 5, ¢, (17)/# (17) is higher in the region adjacent to the inner end (i.e. 0<7<2p) of

10  the composite and lower in the region neighboring the outer end (i.e. 1-2p<7<1). This
11 asymmetric behavior of ¢, (77) is associated with variation of the cross-sectional area with

12 position in the hollow fiber configuration. Thus, while for a flat MMM the cross-sectional area
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(Al =@%) is independent of position, for the hollow fiber, it increases with the radial position

HF

and also yielding an increase in the cross-sectional area (A,

=27zRL) . Further, it may be noticed

from Figure 5 that the filler volume fraction profile for the hollow fiber asymptotically

approximates that of a flat composite membrane with increase of the inner radius, i.e. ¢, /g —1

HF
ross

when R, — o, as expected, due to the decreased variation of in the hollow fiber with

increase inR,.

3.2. Comparison of the effective transport properties

A key purpose of this work is to establish the significance of the geometrical configuration on
the overall performance of the composite membrane. To do so, we characterize the overall

membrane performance via: (i) the effective overall permeability (Dj ), and (ii) the gas
permeance in the MMM (P, ) (c.f. Section 2.1.4). A comparison of these performance properties
for HF and F-MMMs is presented as follows.

Figure 6 compares theoretical and simulation-based effective overall permeabilities (D, ) for

the hollow fiber and flat membranes with increase of mean filler volume fraction, calculated via
Egs. (15) and Eq. (16), respectively. Further, Figure 6a corresponds to the case using
concentration-independent diffusivities (Case A), and Figure 6b corresponds to the case using
concentration-dependent diffusivities (Case B). Here, we consider R =10 um and R =50 um
for the HF-MMM. In each case, the membranes have the same relative filler particle size equal to
£ =0.08. In Figure 6, we also show the original Chiew-Glandt model for reference.

In Figure 6, the theory matches the simulation-based profiles having at most 2.1% deviation for

Case B when the inner radius of the hollow fiber membrane is R =10 um. Alternatively, the
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1 Chiew-Glandt model overpredicts the effective overall permeability of both hollow fiber and flat

2 membrane, as expected. This early model disregards the variation of the filler volume fraction

3 across the system, and thus overlooks the effect of both particle size and system geometry. Further,

4 both simulations and theory show that the effective permeability is lower when the inner radius of

5  the hollow fiber is R, =10 ym and asymptotically approximates that of the flat membrane when

(o)

7  permeability is sensitive to the geometrical configuration.

R =50um for both Case A and Case B. This behavior suggests that the effective overall

0.037 ¢ 1.3% 6.2 1.4%
o.08f 7 AT art AT
o5 R LO% |, vy 1.3%
S T .- e S T
0.019 3.2+
Chiew-Glandt Chiew-Glandt
¢ -5 F Ri—o© -5 F Ri—
= % —HF, R, = 50um = % — HF, R = 50um
o1l € st HE Ry = 10pum Lol @ = HE. Ry = 10m
Case A . . . . Case B . . ‘ .
(a) 0 0.25 0.32 0.36 0.4 (b) 0 0.25 0.32 0.36 0.4
(¢) (¢)

Figure 6. Effective permeability profiles for relative particle size p=0.08, using (a) concentration-

independent diffusivities (Case A), and (b) concentration-dependent diffusivities (Case B). Abscissa in

potential scale, with power =3.0.

8 The decrease in the permeability in Figure 6 of the hollow fiber configuration relative to that of

9 the flat membrane is also evident in Figure 7, which depicts a comparison of theoretical and

10 simulation-based gas permeance (P ) of the hollow fiber and flat membranes for both Case A

11 (c.fFigure 7a) and Case B (c.f. Figure 7b). Insets in Figure 7 corresponds to the ratio of permeant
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1 molar flow rate of the hollow fiber to the flat membrane (F,,-/F:). Only for these latter profiles,
2 the percentage deviation is calculated using the mean value of F,. /F. , referred as the coefficient

3 of variation of the root-mean-squared error CV(RMSE), in place of the span of simulation-based

4 F.=/F: . The CV(RMSE) is more appropriate to use than the NRMSE when the reference data (in

5  this case the simulation data) set is nearly uniform since the span in the NRMSE in a uniform

6  profile approximates to zero, thus leading to incorrect estimation of the error.
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0.6 0.6
0.02 t 4L
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= = = =]
ae 1.0% |AL :
pe .
0.01+ £ a8 . 2+ 0
pe& gEE
F, Ry — F, Ry — o0
OF  2.0% ~ A2 “HF, Ry =50um| 1 0F 9219 ~ A T HF, R = 50pum
“UHE Ry = 10pum s HE Ry = 10um
Case A . . . . Case B . . . .
0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
(a) () (b) ()

Figure 7. Gas permeance profiles for relative particle size 0 =0.08, using (a) concentration-independent
diffusivities (Case A), and (b) concentration-dependent diffusivities (Case B).

7 In Figure 7, theoretical profiles are in agreement with those from simulation for both Case A

8 and Case B. Besides, while the permeant molar flow rate for the hollow fiber is only slightly lower

9  than that of the flat membrane (F,./F: ~1.0) when the inner radius of the hollow fiber is
10 R =50 um (c.f. Insets in Figure 7), the permeant molar flow rate for the hollow fiber having
11 R =10 um is about 15% lower than that of the flat membrane (0.85<F,./F- <0.90). This

12 sensitivity to the geometrical configuration is also evident from the gas permeance profiles in
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Figure 7, and is in agreement with the effective permeability profiles depicted in Figure 6. Thus,
the flat configuration provides superior performance than the hollow fiber configuration when the
composite is considered to have finite thickness and filler particle size. Furthermore, this behavior
differs from recent simulation work (Yang et al., 2015) reporting increase of the effective
permeability of the HF-MMM relative to that of a F-MMM. This discrepancy is likely to be
associated to inaccuracies in the implementation of the FEM, which also led to incorrect
conclusion that the permeability is sensitive to changes in the value of the product ratio

Ky 1 Dyr /Ky Dy » as discussed elsewhere (G.M. Monsalve-Bravo and Bhatia, 2017a).

3.3. Comparison of local profiles in the membrane

While we relate the decrease in overall transport properties in the hollow fiber configuration to
the asymmetric character of the filler volume fraction profile, the decrease in the effective transport
properties is fundamentally associated with the effect of the filler volume fraction profile on the
local transport properties in the composite membrane. In particular, the effect that the volume
fraction profile has on the driving force (i.e. pseudo-bulk concentration gradient) across the
composite. To illustrate this, we compare the position-dependent profiles of the hollow fiber and

flat configurations for: (i) the pseudo-bulk concentration, C’(77), (il)the pseudo-bulk
concentration gradient, dC, / d7, and (ili) effective local diffusivity (permeability) of the
composite, D, (7).

Figure 8 depicts a comparison of theoretical and simulation-based pseudo-bulk concentration

profile, C.(7) for the hollow fiber and flat membranes, with Case A shown in Figure 8a and
Case B in Figure 8b. In both cases, mean filler volume fraction is <¢> = 0.4 and relative particle

size is p=0.08, and for the hollow fiber, we consider a inner radius of R =10 gum and
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R, =50 ym. Further, a linear pseudo-bulk concentration profile is also depicted in Figure 8 for

2 reference. This linear profile corresponds to any EMT-based model, as all of them consider the
3 driving force to be constant across the MMM. Thus, we simply relate this profile to the Chiew-

4 Glandt model.

~ ~

n n
Figure 8. Pseudo-bulk concentration profiles for relative particle size o =0.08, with mean filler volume

0 02 04 06 08 1 0 02 04 06 08 1
(a) (b)

fraction (¢)=0.4, using (a) concentration-independent diffusivities (Case A), and (b) concentration-

dependent diffusivities (Case B).

5 In Figure 8, the theoretical profiles are in excellent agreement with the simulation-based profiles,

6  with at most 0.8% deviation for Case A when the inner radius of the hollow fiber is R =10 um

7 . The Chiew-Glandt model, does not provide good match with the simulations-based profiles with

8  percentage deviations between 8.3—18.8% for Case A and 10.9-24.9% Case B. For both
9 Case A and Case B, the pseudo-bulk concentration profile for the flat membrane is visibly

10  different from those of the hollow fiber with R, =10 x#m, while profiles for the hollow fiber with
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R, =50 ym approximate that of the flat membrane. This behavior is consistent with profiles of
overall transport properties in Section 3.2.

In Figure 8a, the curvature change in C, (77) near the membrane ends is symmetric for the flat
configuration while those of the hollow fiber are non-symmetric. Further, the pseudo-bulk

concentration profile for the hollow fiber with R =10 gm is steeper in the region 0 <7 <2p than

in 1-2p<7<1. This nonsymmetrical curvature indicates the sensitivity of the pseudo-bulk
concentration to variation of filler volume fraction. In Figure 8b, all profiles for the pseudo-bulk
concentration are asymmetrical. However, the asymmetric curvature of the flat configuration in
this case is due to the nonlinear dependence of the effective phase diffusivities on the pseudo-bulk
concentration through the Darken model (c.f. Section 2.1.3). The combination of such an effect
with that of geometrical configuration yields the asymmetry in the pseudo-bulk concentration
profiles for the hollow fiber in Figure 8b.

In Figure 9, we compare profiles of theoretical and simulation-based pseudo-bulk concentration

gradients, dC_ /dﬁ , for both hollow fiber and flat membranes. Here, Case A corresponds to
Figure 9a and Case B corresponds to Figure 9b. In both cases, mean filler volume fraction is
<¢> = 0.4 and relative particle size is 0 =0.08. Similar to Figure 8, two cases for the hollow fiber
configuration are depicted in Figure 6: when the inner radius is R, =10 gm and when R =50 um

. Further, a uniform profile (grey semi-dashed line) for the pseudo-bulk concentration gradient is
also depicted in Figure 9, which arises in the Henry’s law limit, and is referred to as the Chiew-
Glandt model result.

In Figure 9, the Chiew-Glandt model is unable to mimic any of the simulation-based trends, with

percentage deviations between 19.4—26.6% for Case A and about 20% Case B. Here, the
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1 theory matches the exact calculation with at most 3.1% deviation for the flat composite membrane
2 in Figure 9a. Additionally, dC_ / dn for the flat configuration is symmetric in Figure 9a and
3 asymmetric in Figure 9b. This curvature difference for the flat configuration in Figure 9b is related
4  to isotherm nonlinearity in the composite constituent phases, similarly to Figure 8b. Further, the
5  pseudo-bulk concentration gradient profiles for the hollow fiber configurations exhibit non-

6  symmetrical curvature near the membrane ends for both Case A and Case B, also in agreement

7  with the corresponding pseudo-bulk concentration profiles in Figure 8.
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Figure 9. Pseudo-bulk concentration gradient profiles for a relative particle size p =0.08 with mean filler
volume fraction <¢> =0.4, using (a) concentration-independent diffusivities ,(Case A) and (b)

concentration-dependent diffusivities (Case B).

8 On comparing dC,, / dn for the hollow fiber and flat membranes in Figure 9a, it may be noticed

9  that while the driving force decreases in all membranes in this region (due to the finite character
10 of'the system), the decrease in the flat membrane is smaller than in the hollow fiber configurations.

11 Thus, the smaller the inner radius of the hollow fiber membrane, greater the decrease in the driving
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force in the region 0<7<2p. An opposite behavior may be seen in the other end region
1-2p<7 <1, in which the decrease of the driving force in the HF-MMM with R =10um is
smaller than that of the F-MMM. Nevertheless, because the magnitude of dC_ / d7 is similar in

1-2p<n<1 for all configurations but not in 1-2p <7 <1, the steady-state flux through the
composite is always lower for a hollow fiber membrane. Moreover, for this configuration, the
permeant flux will be at most the same than that of flat membrane of equal thickness, volume and
particle size, when R, — o (c.f. Figure 6).

Figure 10 depicts a comparison of theoretical and simulation-based effective local diffusivity of

the membrane, D, (77), for the above hollow fiber and flat membranes. Here, D, (77) profiles for
Case A are depicted to Figure 10a and for Case B in Figure 10b. Thus, all membranes have a
mean filler volume fraction is <¢> =0.4 and relative particle size p =0.08. Further, the Chiew-

Glandt model result is also displayed for reference. Similar to Figure 9, this profile is uniform, as
from the use of the Chiew-Glandt model with the Henry’s law isotherm, the permeability in each
phase in concentration-independent.

In Figure 10, theoretical profiles are in good agreement with simulation having at most 6.0%
deviation for Case A when R, =10 um, which is largely related to scatter of simulation results.
The Chiew-Glandt model does not provide good match with the simulation-based results, having
a deviation of about 30%. Here, all D (17) profiles overlap in Figure 10a mimicking those of
volume fraction in Figure 4a. This behavior suggests that the local diffusivity is not sensitive to
the geometrical configuration. On the other hand, the D, (77) profiles for the flat membrane lie

below those of hollow fiber membranes in Figure 10b. This tendency indicates that constituent

phase diffusivities are sensitive to the geometrical configuration in this case, since for nonlinear
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1  isotherms the phase permeabilities are dependent on the driving force, which is found highly

2 sensitive to variation of the filler volume fraction (c.f. Figure 9b).
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Figure 10. Effective local diffusivity of the MMM for relative particle size p=0.08 with mean filler
volume fraction (¢)=0.4, using (a) concentration-independent diffusivities (Case A), and (b)

concentration-dependent diffusivities (Case B).

3 Comparing Figure 9a and Figure 10a, it may be concluded that decrease of the effective transport

4 properties (D, , P ) for the hollow fiber composites with R, =10 gm for Case A (c.f. Figure 6a
5 and Figure 7a) is associated with depletion of dC, / d7 in the region 0<77<2p, as D] (7) is
6  insensitive to the effect of the geometrical structure. For Case B, while D (77) is, in general, lower
7  for the F-MMM than the HF-MMMs (c.f. Figure 10b), the magnitude of dC;, /d7 in 0<7/<2p

8 is greater than magnitude of D] (77) in 2p <77 <1-2p for the hollow fiber membrane (c.f. Figure

9  9b). Thus, this yields a decrease in the overall permeant flux through the membrane, decreasing
10 the effective transport properties. Therefore, in either case (linear or nonlinear sorption), we find

11 here flat configurations to yield better performance than hollow fiber configurations.
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1  3.4. Comparison of filler and continuous phase diffusivities

2 In the previous section, we indicated that increase of the local membrane diffusivity, D, (77), in

3 Figure 10b is due to the sensitivity of the phase diffusivities (permeabilities) to variation of the

4 volume fraction profile, and particularly on how this non-uniformity of the volume fraction locally

5  affects the driving force. Therefore, we compare theoretical effective phase diffusivities (D, D,,)

6  of the hollow fiber and flat membrane for Case B in Figure 11. Here, the effective phase

7  diffusivities used in the Chiew-Glandt model are also shown in Figure 6. Further, while no

8  convenient comparison can be made between the theoretical effective phase diffusivities (D, , D, )

9 and simulation-based local phase diffusivities (D, D;) as indicated in Section 2.2, we also

10  present these latter diffusivities for reference. Thus, profiles for filler phase diffusivities (D, D})

11 aredepicted in Figure 11a and continuous phase diffusivities (D,
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ef »
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Figure 11. Theoretical effective phase diffusivities and local simulation-based diffusivities for relative

particle size p =0.08, for mean filler volume fraction <¢> = 0.4 . (a) Filler phase, and (b) continuous phase.
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In Figure 11a, D (7)) and D;(77) profiles for the hollow fiber configurations lie above of that
of the flat configuration. This behavior is consistent with the profile for the effective local
permeability of the membrane, D, (77), in Figure 10b. In Figure 10a the maximum in the effective
filler phase profiles in the region 1-2p <7/ <1 is due to the combined effects of increase of the
net flux through the filler particles, J; (7)), and decrease of the driving force, dC’ / d7, in such
region via Eq. (12). Further, simulation-based profiles closely overlap those of theory in the region
2p<n<1-2p, which suggests that the effective phase diffusivities and the local phase
diffusivities are comparable.

In Figure 11b, profiles for D, (77) and D_(77) for the hollow fiber configurations lie above of
that of the flat configuration, which is also consistent with D, (7) in Figure 10b. Further, D_.(77)
inversely follows the pseudo-bulk concentration profile (c.f. Figure 8b). Thus, D_.(77) increases
with position while C;(77) decreases with position. This behavior is expected as the continuous

phase diffusivity is based on pointwise use of the local pseudo-bulk concentration in the composite

via Eq. (11). Finally, the simulation-based profiles closely overlap those of the theory. Thus, while

this result clearly shows that D (77) and D;(77) are sensitive to the membrane geometry, it also
highlights the significance of basing D (7) on both mean flux through the filler phase and non-

uniform pseudo-bulk concentration gradient via Eq. (12), which leads to an accurate prediction of

D, (1) (c.f. Figure 10b). Here, pointwise use of the local pseudo-bulk concentration to calculate
D, (7) will leads to incorrect estimation of D, (77), as the non-uniformity of the pseudo-bulk

concentration gradient arising from isotherm nonlinearity will be neglected (Gloria M Monsalve-

Bravo and Bhatia, 2017).
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CONCLUSIONS

We have extended the effective medium theory to hollow fiber membranes, by solving the
transport problem across the composite (c.f. Section 2.1.1) while accounting for end effects that
arise in finite sized systems, as well nonlocality arising from the variation of filler volume fraction
over the space occupied by the filler particle. Further, the theory also incorporates the dependence
of the effective filler and continuous phase permeabilities (diffusivities) on the pseudo-bulk
concentration through the Darken model, with arbitrary sorption isotherms in the constituent phase
materials (c.f. Section 2.1.4). As result, the effective transport properties, derived here self-
consistently, are not only sensitive to system and particle size effects, but also to isotherm
nonlinearity in the constituent phases, with these effects visibly identified in the model. This
represent a distinctive feature of the current modeling approach in comparison to early EMT-based
models, which fail in the presense of nonlinear isotherms.

By comparing the overall performance properties (i.e. effective permeability and gas permeance)
of flat and hollow fiber composite membranes having identical operating conditions, we have
found that flat configurations offer slightly superior performance in comparison to hollow fiber
configurations. Here, the reduction in the performance of the hollow fiber system is associated
with decrease of the driving force (i.e. pseudo-bulk concentration gradient) in the region near the
inner membrane end. This driving force is highly sensitive to variation of the filler volume fraction

across the composite, which is shown to be asymmetric in the regions adjacent to the composite

ends. Consequently, we find sensitivity of local pseudo-bulk concentration (C,), pseudo-bulk

concentration gradient (dC_ /dﬁ) and composite diffusivity (D,) to the geometrical

configuration. Further, we find here that increase of the inner radius of the hollow fiber, at fixed

thickness, system volume and particle size, yields an increase of the effective overall permeability
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to asymptotically approximate that of a flat membrane. This tendency is also evidenced in the local
behavior of the HF-MMMs, in which C; , dC” / dn and D, profiles are found to approximate
that of F-MMM of the same thickness and filler particle size, with increase of the inner radius of
the hollow fiber composite. Furthermore, the effective filler phase and continuous phase

diffusivities (D, D;.) are found to be highly sensitive to membrane geometry, and of the same

order as local simulation-based filler and continuous phase diffusivities (D}, D;) . This latter result

is a significant outcome of the current theory, as no prior analytical model is able to appropriately
incorporate the dependence of these phase-specific diffusivities on the non-uniform pseudo-bulk
concentration gradient across the composite.

Finally, theoretical calculations are found to be in excellent agreement with rigorous simulations

of the transport in 3d MMM s. Here, percentage deviation between theory and simulation is about
2.0% in the estimation of the effective overall permeability (D) and gas permeance (P, ) in
the composite. On the other hand, the unmodified EMT is found to overpredict the effective overall
permeability of all membrane systems, and with percentage deviations between 7.0 -10.0% . Here,
profiles based on the new models for the local pseudo-bulk concentration (C’), pseudo-bulk
concentration gradient (dC, / d7) and membrane diffusivity (D) are found to closely match

those from the exact calculations, having percentage deviations of about 1.0%, 3.0% and 5.0%,
respectively. The conventional EMT-based result did not match these local simulation-based
profiles and showed large deviations, as it disregards both effects of finite size (particle size and

geometrical configuration) and isotherm nonlinearity.
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