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Chapter 1

Introduction

1.1 Background

In recent years, there has been an increase in the demand for electric actuators. Heretofore, elec-

tric actuators were mainly used in the industrial field. However, recently, they are being incorporated

into many consumer electronic devices. Furthermore, the applications of medical robots and nursing

robots have also expanded. Moreover, recent researches have promoted the development of human assist

robots[1–7]. With the increase in demand for such applications, there has been an increase in the demand

for small electric actuators.

Electric actuators can be roughly classified into direct current (DC) motors and alternate current (AC)

motors, as shown in Fig. 1-1. In addition, AC motors can be classified into induction motors, permanent

magnet synchronous motors (PMSM), and reluctance motors. For applications related to robots, a highly

accurate control is required, especially in the low-speed region. Therefore, brushed DC (BDC) motors

and brushless DC (BLDC) motors, which have high control performance in the low-speed region, are

widely used. The BLDC motor is categorized as a PMSM. Furthermore, the control is achieved by using

high-resolution mechanical sensors such as encoders. However, a mechanical sensor has drawbacks

such as increase in the size of the entire system, increase in the cost of the robot, increase in the number

of connections, increase in the failure rate, and increase in the maintenance cost. These disadvantages

are obstacles to the advancement of both the electric actuator industry and the robot industry. Therefore,

techniques to estimate the angle and velocity of the rotor without any mechanical sensors are proposed[8–

13].
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DC motor

AC motor Induction 
motor

PMSM

Reluctance 
motor

Fig. 1-1: Types of electric actuators.

1.2 Previous researches and orientation of this research

Encoderless estimation methods for the PMSM have been studied extensively. Estimation methods

can be roughly classified into methods based on the counter electromotive force (EMF) [14–18], methods

based on the saliency of the motor [19–24], and methods using low-resolution sensors such as Hall

sensor [25–28]. However, in the research field of encoderless estimation, the improvement of estimation

accuracy in industrial applications is the mainstream. Therefore, the estimation accuracy around the

zero-speed region is not considered. In the estimation method based on the counter EMF, the desired

signal around the zero-speed region is hidden by noise and cannot be detected. Thus, accurate estimation

of the angular velocity is impossible. In the technique based on the saliency of the motor, the angle is

estimated by measuring the inductance with angle dependency. However, most methods focus on the

frequency of the inductance. Therefore, they cannot perform accurate estimation around the zero-speed

region. Similarly, even in methods using low-resolution sensors, complementary methods for estimating

the angle in the high-speed region have been proposed.

Although not as much as that for the PMSM, many encoderless estimation methods have been pro-

posed for the BDC motor. Kambara et al. proposed counter EMF observer (CFOB) for the BDC motor

and estimated the angular velocity by using the estimation result from the observer [29, 30]. However,

as mentioned before, methods using the counter EMF cannot perform accurate estimation around the

zero-speed region. Radcliffe et al. focused on inductive spikes and estimated the angular velocity by

observing their periods [31]. Estimation methods based on the frequency of the current ripple have
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also been proposed [32–34]. These methods focus on estimation in the high-speed region. Knezevic et

al. aimed to perform angle estimation in the low-speed region, and proposed a direct angle-estimation

method using the shape of the current ripple [35]. However, the estimation error increases around the

zero-speed region.

1.3 Chapter organization

The rest of this thesis is organized as shown in Fig. 1-2. This paper aims to realize highly accurate

encoderless angle estimation around the zero-speed region. The purpose of this paper is twofold: first,

to achieve high accuracy angle estimation of the BLDC motor by using only a Hall sensor; second, to

realize high accuracy angle estimation of the BDC motor by using only electrical signals.

Chapter 2 describes the motion control based on robust acceleration control. As a method to realize

robust control, Disturbance OBserver (DOB) is explained. Then, Reaction Torque OBserver (RTOB),

which estimates the environmental reaction torque is explained. The angle control and torque control

based on the acceleration control are introduced. Furthermore, as a space restricted application, the

motion control of a two-link manipulator equipped with a biarticular muscle mechanism, which is con-

sidered to be utilized for humanoids, is outlined.

Chapter 3 presents an algorithm to achieve precise angle estimation by using digital Hall signals and

counter EMF for a BLDC motor. This method uses Hall sensors for accurate and periodic detection of

the position. In addition, interpolation between the detection positions is performed using the counter

EMF. By using the proposed method, accurate smooth position information can be obtained, and a high-

performance operation can be achieved. The effectiveness of the proposed approach is verified through

simulations and experiments.

Chapter 4 describes the sensorless angle estimation method for the BDC motor. In order to estimate

the angle of the rotor without any mechanical sensors, the proposed method uses impedance variation

by contact switching. The impedance is measured by using high-frequency signal injection and discrete

Fourier transform. This method can be used to estimate the angle of the rotor directly. Therefore, it is

possible to estimate the angle accurately at low speeds. The validity of the proposed method is verified

through experiments.

Chapter 5 concludes this research. The symbols and subscripts are shown as in Table 1.1 and Table 1.2.
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Chapter 2�Motion Control

Chapter 3�

Angle Estimation method of Brushless DC Motor 
using Digital Hall Sensor and Counter EMF

Chapter 5� Conclusions

Chapter 1� Introduction

Chapter 4�

Sensorless Angle Estimation for 
Brushed DC Motor using Impedance Variation

Fig. 1-2: Chapter organization.

Table 1.1: Symbols utilized in this thesis

Symbols Descripsions Units

θ, Θ Angle rad
τ , T Torque Nm
J Moment of Inertia kg· m2

Kt Torque constant Nm/A
i, I Current A
v, V Voltage V
R Resistance Ω

L Inductance H
Z Impedance Ω

M Mutual inductance H
ω Angular velocity rad/s
e counter EMF V
Ψ Armature flux linkage Wb
Φ Interlinkage magnetic flux Wb
s Laplace operator -
p Differential operator -
g Cutoff frequency rad/s
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Table 1.2: Superscripts and subscripts utilized in this thesis

Superscripts and subscripts Descripsions

⃝m Motor
⃝a Armature

⃝load Load
⃝dis Disturbance
⃝int Internal
⃝ext External
⃝c Coulomb friction
⃝g Gravity

⃝fluct Fluctuation
⃝env Environmental
⃝u,v,w Phase of u, v, w
⃝α,β Axes of α, β
⃝d,q Axes of d, q
⃝L Low frequency band
⃝H High frequency band
⃝cmd Command
⃝ref Reference
⃝res Response
⃝̇ First order differential
⃝̈ Second order differential
⃝̂ Estimated value
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Chapter 2

Motion control and biological mechanism

2.1 Introduction

This chapter describes motion control based on robust acceleration control and a two-link manipulator

equipped with a biarticular muscle mechanism. First, a simple model of rotary motors and their dynam-

ics are explained in Section 2.2. Second, as a method to realize the robust control, disturbance observer

(DOB) is explained. Next, reaction torque observer (RTOB), which estimates the environmental reac-

tion torque is explained. The angle and torque controls based on acceleration control are introduced in

Section 2.5. Furthermore, as a space-restricted application, the motion control of a two-link manipulator

equipped with a biarticular muscle mechanism considered for use in humanoid machines is outlined.

2.2 Modeling of rotary motor

This section describes a simple rotary motor model. The driving torque of the rotary motor τm is given

by

　　τm = Ktia,　　 (2.1)

where, Kt is the torque constant and ia is the armature current of the rotary motor. The motion equation

of the rotary motor is given by (2.2) using the moment of inertia of the rotary motor Jm, and the angle

response θres.

　　τm = Jmθ̈res　　 (2.2)
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Fig. 2-1: Dynamics of rotary motor.

When the gain of the inner-loop current controller is sufficiently large, the current reference irefa and

armature current of the rotary motor ia can be regarded as the same value. Therefore, (2.3) is derived.

　　τm = Jmθ̈res = Kti
ref
a 　　 (2.3)

In a practical driving system, the external torque due to contact with the environment and the load torque

due to gravity and friction can be observed. Assuming that the full load torque applied to the motor is

τload, the dynamics of the rotary motor is expressed by (2.4).

Jmθ̈res = Kti
ref
a − τload (2.4)

Furthermore, (2.4) is rewritten as (2.5) by Laplace transformation.

Jms2Θres = KtI
ref
a − Tload (2.5)

Here, Θ, I , T , and s are the frequency-domain representations of θ, i, τ , and the Laplace operator,

respectively. The block diagram is shown in Fig. 2-1. The load torque Tload is represented by

Tload = Text + Tint + Tg + Tc +DsΘres, (2.6)

where Text, Tint, Tg, Tc, and DsΘres denote the external torque affecting the system, internal inter-

ference torque such as Coriolis or centrifugal torque, torque generated by gravitational acceleration,

Coulomb friction, and viscous-frictional torque, respectively.

In an actual system, the inertia Jm and torque constant Kt vary from the nominal values Jmn and Ktn
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Fig. 2-2: Dynamics of rotary motor based on nominal model.
　　　　

as follows.

Jm = Jmn +∆Jm (2.7)

Kt = Ktn +∆Kt (2.8)

The fluctuation torque Tfluct caused by the above parameter variations is expressed by

Tfluct = ∆Jms2Θres −∆KtI
ref
a . (2.9)

Hence, the disturbance Tdis including the load torque Tload and parameter variations is derived as

Tdis = Tload + Tfluct,

= Text + Tint + Tg + Tc +DsΘres +∆Jms2Θres −∆KtI
ref
a . (2.10)

Thus, the dynamics of the rotary motor based on the nominal model is expressed by (2.11) and Fig. 2-2.

Jmns
2Θres = KtnI

ref
a − Tdis (2.11)

2.3 Disturbance observer

The typical outputs in motion control are angle and torque. The second differential of the angle is

acceleration, which is calculated by dividing torque by inertia. Thus, acceleration is a common factor

between the angle and the torque. Therefore, if the acceleration can be controlled with high accuracy,

then the angle and the torque can be controlled with high accuracy as well. For this reason, this section
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Fig. 2-3: Disturbance observer.

describes acceleration-based robust motion control. By using the deformation in (2.11), the disturbance

Tdis is expressed by

Tdis = KtnI
ref
a − Jmns

2Θres. (2.12)

Disturbance observer (DOB) estimates the disturbance torque Tdis from the input and output of the mo-

tor. DOB achieves robust motion control via the compensation current Icmp obtained from the estimated

disturbance T̂dis [36]. The disturbance torque Tdis is estimated by the current reference Irefa and accel-

eration response s2Θres. The acceleration response is calculated by the second differential of the angle

response or the first differential of the angular velocity response. However, when differentiation is per-

formed in the control system, the influence of high-frequency noise caused by the quantization error of

the encoder included in the disturbance becomes large. Therefore, by incorporating a pseudo-derivative

including a low-pass filter (LPF), the influence of the high-frequency noise can be suppressed, and the

estimated disturbance is obtained as

T̂dis =
gdis

s+ gdis
Tdis. (2.13)

Here, gdis is the cutoff frequency of DOB. The block diagram of DOB is shown in Fig. 2-3, and is

expressed by the integrator and feedback of the compensation current, as shown in Fig. 2-4. The feedback

from the compensation current provides the robust acceleration control.

Fig. 2-4 can be equivalently converted to Fig. 2-5. the low-frequency band of the disturbance Tdis is

suppressed by a high-pass filter (HPF). The HPF Gs(s) is called the sensitivity function, which means
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Fig. 2-4: Feedback of estimated disturbance using disturbance observer.

that the disturbance does not affect the low-frequency band with frequencies of less than gdis, though it

will impact the high-frequency band, at frequencies greater than gdis.

Gs(s) =
s

s+ gdis
(2.14)

Assuming that the error between the input acceleration reference and the actual acceleration is p, the

control system becomes Fig. 2-6. The equivalent acceleration disturbance p is the error of the control

system in the acceleration dimension. The amplitude of the equivalent acceleration disturbance p is

determined by the performance of the sensitivity function Gs(s).

p ≡ s2Θref − s2Θres

= Jmn
−1Gs(s)Tdis (2.15)

2.4 Reaction torque observer

Reaction torque observer (RTOB) [37,38] is the application of DOB. DOB estimates and compensates

all disturbances, whereas RTOB is an observer that estimates only the environmental reaction torque
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Fig. 2-5: Equivalent block diagram of robot system.
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Fig. 2-6: Equivalent acceleration disturbance.

Tenv, which is almost equivalent to the external torque Text. The block diagram of RTOB is shown in

Fig. 2-7. In the rotary motor, the load torque, excluding the viscous-friction, can be neglected. Fur-

thermore, assuming that the nominal torque constant Ktn matches the actual torque constant Kt, the

environmental reaction torque Tenv is derived as

Tenv = Tdis −DsΘres −∆Jms2Θres. (2.16)

Equation (2.16) denotes that the environmental reaction torque can be obtained by subtracting the viscous-

frictional torque and the influence of inertial variation from the disturbance torque. Thus, the estimated

environmental reaction torque is given by

T̂env =
greac

s+ greac
Tenv. (2.17)

the inertial variation ∆Jm can be identified by a constant-acceleration test, and the viscous-frictional

coefficient D can be identified by a constant-velocity test.
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Fig. 2-7: Reaction torque observer.

2.4.1 Constant-velocity test

By moving the motor at a constant speed without touching the environment, the viscous-friction torque

can be extracted from (2.16) and derived as

Tdis = DsΘres. (2.18)

Because the viscous-friction torque is linear, DOB can estimate the viscous-friction coefficient from the

output.

2.4.2 Constant-acceleration test

By removing the viscous-frictional torque obtained by the constant-velocity test from the output of

DOB and providing a constant acceleration input, the disturbance due to inertial variation is extracted as

T̂dis − D̂sΘres = (Jm − Jmn) s
2Θres = ∆Jms2Θres. (2.19)
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Fig. 2-8: Angle control using disturbance observer.

Therefore ∆Jm can be identified by

∆Jm =
1

s2Θres

(
T̂dis − D̂sΘres

)
. (2.20)

2.5 Acceleration-based control system

Acceleration is a low-order state variable in the dynamical system, and if the acceleration can be

controlled, the angle and the torque can be controlled with high accuracy. This section describes the angle

control and torque control and, derives the acceleration reference from the angle and torque controllers.

2.5.1 Angle control

In order to perform ideal angle control, regardless of any disturbance or parameter variations, the

angle output must follow the desired value. This is equivalent to the fact that the transfer function from

the angle command to the angle response becomes 1, as　　　　

Θres

Θcmd
= 1. (2.21)

Assuming the system is a second-order system, the acceleration reference s2Θref is expressed by (2.22)

using the proportional gain Kp and derivative gain Kv.

s2Θref = s2Θcmd +Kv

(
sΘcmd − sΘres

)
+Kp

(
Θcmd −Θres

)
(2.22)

In general angle PD control systems, the acceleration reference is calculated by removing the first term

on the right side of (2.22). In a nominal model system that does not take into consideration the effects
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of disturbance and parameter variations, the response becomes critical damping when (2.23) is satisfied.

The convergence is fast, and the response with no vibration can be obtained.

Kv = 2
√
Kp (2.23)

Thus, (2.22) can be written as follows by using PD controller Cp(s).

Cp (s) = Kp +Kvs (2.24)

s2Xref = Cp (s)
(
Xcmd −Xres

)
(2.25)

The block diagram of angle control using DOB is shown in Fig. 2-8.

2.5.2 Torque control

The ideal torque control tracks the actual force output to the desired value. Therefore, the accelera-

tion reference s2Θref can be determined by calculating the error between the torque command and the

environmental reaction torque as the torque response, such as in

s2Θref = Cf (s)
(
T cmd − Tenv

)
, (2.26)

Cf (s) = Kf . (2.27)

In the equation, Cf (s) is the torque controller, which is assumed to be equal to the torque gain Kf in

this paper. When DOB is used in torque control, the relationship between the torque command and the

environmental reaction torque is as follows.

T cmd − Tenv =
1

Kf
s2Θres − 1

Kf
· s

s+ gdis
Tdis (2.28)

From (2.28), the error between the torque command and the environmental reaction torque is reduced

as the torque gain increases. The block diagram of torque control using DOB and RTOB is shown in

Fig. 2-9.

2.6 Two-link manipulator equipped with biarticular muscle mechanism

The technology for realizing humanoid robots is in development. In order to accomplish such ma-

chines, the incorporation of a biological mechanism is indispensable [39–42]. As an example of motion

control, this section introduces a two-link manipulator equipped with a biarticular muscle mechanism.
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Fig. 2-9: Torque control using disturbance obserber and reaction torque observer.
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Fig. 2-10: Two-link manipulator with muscle model.

2.6.1 Modeling

A model of three pairs of antagonistic muscle mechanisms is shown in Fig. 2-10, where f1, e1, f2,

and e2 represent monoarticular muscles, and f3 and e3 represent biarticular muscles. The kinematics of
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the two-link manipulator is expressed by

x = l1 cos θ1 + l2 cos(θ1 − θ2), (2.29)

y = −l1 sin θ1 − l2 sin(θ1 − θ2), (2.30)

where l1 and l2 are the length of each link. From these equations, the Jacobian matrix Jaco is derived as

(2.31)

Jaco =

(
Jaco11 Jaco12

Jaco21 Jaco22

)
Jaco11 = −l1 sin θ1 − l2 sin(θ1 − θ2)

Jaco12 = l2 sin(θ1 − θ2)

Jaco21 = −l1 cos θ1 − l2 cos(θ1 − θ2)

Jaco22 = l2 cos(θ1 − θ2)


(2.31)

The Jacobian matrix can transform the joint space to a workspace as

ẋ = Jacoθ̇. (2.32)

Here,

x = [x y]T , (2.33)

θ = [θ1 θ2]
T . (2.34)

The two-link manipulator of this section is the plane configuration. Therefore, the effect of gravity can

be ignored. Furthermore, the centripetal and Coriolis forces are exceedingly small. Thus, the dynamics

is expressed by

T = Mnθ̈, (2.35)

where

T = [T1 T2]
T , (2.36)

Mn =

(
M11 0

0 M22

)
M11 = m1l

2
g1 +m2l

2
1 +m2l

2
g2 + J1 + J2 + 2m2l1lg2 cos θ2

M22 = m2l
2
g2 + J2

 . (2.37)
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In the above equations, Mn, J◦, m◦, and lg◦ are the nominal mass matrix, inertia moment of each joint,

mass of each link, and distance to the center of each link, respectively. In this paper, the output of each

muscle is defined as F∗, (∗ = f1, e1, f2, e2, f3, e3). The torque of each joint is expressed by

T1 = τ1 + τ3, (2.38)

T2 = τ2 + τ3. (2.39)

Here,

τ1 = r(Ff1 − Fe1), (2.40)

τ2 = r(Ff2 − Fe2), (2.41)

τ3 = r(Ff3 − Fe3). (2.42)

Equations (2.38) and (2.39) can be written as follows.

T = Gτ (2.43)

G =

(
d1 0 d3

0 d2 d3

)
(2.44)

τ =

(
τ1
d1

τ2
d2

τ3
d3

)T

(2.45)

Here, d1, d2, and d3 are the desired real numbers. This section refers to G as a moment arm matrix. The

problem of torque sharing is solved by utilizing a pseudo inverse-moment arm matrix G+, represented

by

G+ = GT
(
GGT

)−1

=
1

D

d1d
2
2 + d1d

2
3 −d1d

2
3

−d2d
2
3 d21d2 + d2d

2
3

d22d3 d21d3

 , (2.46)

D = d21d
2
2 + d22d

2
3 + d23d

2
1, (2.47)

τ = G+T, (2.48)

2.6.2 Mechanism and control system

A proposed mechanical model of the two-link manipulator is shown in Fig. 2-11. The biarticular mus-

cle mechanism is composed of four linear motors. The monoarticular muscle mechanism is composed
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Fig. 2-11: Model of two-link manipulator.
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End-effecter

Joint 2
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Fig. 2-12: Two-link manipulator (entire picture).

of two linear motors. Therefore, the two-link manipulator is actuated by eight linear motors. The overall

view of the two-link manipulator is shown in Fig. 2-12.

In this section, an antagonistic control system is proposed. Furthermore, a biarticular muscle control

sysmtem combining the antagonistic control system and the moment arm matrix is proposed. A block

diagram of the proposed system is shown in Fig. 2-13, in which the broken line represents the antagonistic

control system. The details are shown in Fig 2-14. The transformation matrix H in Fig. 2-14 is expressed

as

H =

(
1 1

1 −1

)
. (2.49)
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Fig. 2-13: Block diagram of biarticular control system.

Fig. 2-14: Block diagram of antagonistic control system.

The relation between the tension response F res
ten , the antagonistic muscle output response F res

τ , and each

muscle output response F̂ res
f , F̂ res

e is expressed by (2.50).(
F res
ten

F res
τ

)
= H

(
F̂ res
f

F̂ res
e

)
(2.50)

When the minimum value of the tension is set by F cmd
ten , the acceleration reference in antagonism control

is derived as

ẍreften = Cten

(
|F res

τ |+ F cmd
ten − F res

ten

)
. (2.51)
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Furthermore, the acceleration reference in position control is expressed as

ẍref = Cp

(
xcmd − xres

)
. (2.52)

In (2.51) and (2.52), Cten and Cp are the proportional force controller and the proportional-derivative

position controller, expressed as

Cten = Kten, (2.53)

Cp = Kp +Kvs. (2.54)

The antagonist muscle output reference F ref
τ and the tension reference F ref

ten are obtained from the mus-

cle output reference using the inverse matrix H−1, as in(
F ref
f

F ref
e

)
= H−1

(
F ref
ten

F ref
τ

)
. (2.55)

Thus, the force references of each linear motor are calculated.

2.6.3 Experiment

Outline of experiment

At the position command in this experiment, in order to avoid the singularity point where the determi-

nant of the Jacobian matrix becomes zero, the command to bend the second joint by 90◦ is given in 10

seconds. After that, the command was set to (2.56) and (2.57).

xcmd = 0.115 + 0.03 sin

(
2

15
πt

)
(2.56)

ycmd = 0.205− 0.03 cos

(
2

15
πt

)
(2.57)

These equations indicate that the command was a circular orbit with a radius of 3 cm in 15 seconds.

Here, the tension command was set to 1 N. The values of d1, d2, and d3 in the moment arm matrix were

set to 1.0. The parameters utilized in this study are shown in Table 2.1

Experimental results

The experimental result of position control is shown in Fig. 2-15 and 2-16. From Fig. 2-15, although a

minor error occurred due to the influence of static friction, accurate position tracking was achieved using
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Table 2.1: Parameters utilized in experiment.
Symbol Meanings of the parameter Value
Kp Position feedback gain 1600 1/s2

Kv Velocity feedback gain 500 1/s

Kten Force feedback gain 0.8
gdis Cutoff frequency of DOB 50 rad/s
greac Cutoff frequency of RFOB 50 rad/s
Mn Nominal mass 0.5 kg
Ktn Nominal thrust constant 1.0 N/A
l1 Length of link1 0.115 m
l2 Length of link2 0.175 m
lg1 Length to center of gravity of link1 0.0652 m
lg2 Length to center of gravity of link2 0.0307 m
m1 Mass of link1 1.474 kg
m2 Mass of link2 0.865 kg
r Radius of rotation of joint 0.015 m

the proposed control system. Furthermore, from Fig. 2-16, the realization of an antagonistic drive by the

proposed antagonistic control system was confirmed. In addition, the distribution of the muscle outputs

was demonstrated by the proposed biarticular control system using the moment arm matrix.
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Fig. 2-15: Experimental result of position response.
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Fig. 2-16: Experimental result of force response.
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2.7 Summary

In this chapter, the motion control of the rotary motor and the two-link manipulator equipped with a

biarticular muscle were explained. The rotary motor was modeled, and DOB for robust acceleration con-

trol and RTOB for estimating the external torque were described. The angle control and the torque control

using DOB were constructed. Finally, the control method of the two-link manipulator was proposed. the

validity of the proposed control system was confirmed by experiment. The biological mechanism could

be accomplished by eight linear motors; therefore, a disadvantage, that the number of actuators is larger

than the number of joints in biological mechanisms, was found. Thus, encoderless estimation is used to

solve the problem.
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Chapter 3

Angle Estimation method of Brushless DC
Motor using Digital Hall Sensor and

Counter EMF

3.1 Introduction

Chapter 1 introduced the different types of electric actuators. PMSMs can be classified into Interior

Permanent Magnet Synchronous Motors (IPMSM) and Surface Permanent Magnet Synchronous Motors

(SPMSM), as shown in Fig. 3-1. The IPMSM and SPMSM can be classified according to their mecha-

nistic difference. The magnets of an IPMSM are buried in the rotor, while the magnets of an SPMSM are

mounted on the rotor surface. The rotor structures of these PMSMs are shown in Fig. 3-2 and Fig. 3-3.

These kinds of motors have differences not only in their mechanisms but also in their characteristics.

The IPMSM has high saliency, whereas the SPMSM has very small saliency. The saliency is caused by

fluctuations in the magnetic resistance. The IPMSM is susceptible to magnetic saturation, whereas the

SPMSM is less susceptible. The IPMSM is adopted for large motors since their magnets are embed-

ded in the rotor. For compact synchronous motors, the SPMSM is mainstream. This paper focuses on

small electric motors used in home environments and in human-assist robots. Therefore, the SPMSM is

discussed in this chapter.

This chapter presents an algorithm to achieve precise angle estimation using a digital Hall sensor

and counter EMF. Hall sensors are widely used in applications of BLDC motor to provide phase angle

information. However, the low-resolution angle information provided by the Hall sensor cannot achieve

precise angle control. In the proposed method, the angle and angular velocity of the rotor are estimated
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by combining the digital Hall sensor and counter EMF based estimation methods. This method uses

Hall sensors for accurate and periodic detection of the angle. Furthermore, the interpolation between the

detected angles is performed by the counter EMF. The effectiveness of the proposed approach is verified

through simulations and experiments.

This chapter is organized as follows. Section 3.2 describes the modeling of BLDC motors and digital

Hall sensors. Section 3.3 describes the angle estimation method and the control method for BLDC motors

using counter EMF signals and Hall sensor signals. Simulations and experiments of the proposed angle

estimation method are shown in Section 3.4. Finally, a summary of this chapter is provided in Section

3.5.
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Fig. 3-4: Equivalent electrical circuit model of BLDC motor.

3.2 Modeling

3.2.1 Modeling of brushless DC motor

This chapter focuses on the three-phase surface permanent magnet BLDC motor. The equivalent

electrical circuit model of a BLDC motor is shown in Fig. 3-4. the voltage equation of the model is

expressed as vuvv
vw

=
Ra + pLu pMuv pMwu

pMuv Ra + pLv pMvw

pMwu pMvw Ra + pLv


iuiv
iw

+
euev
ew

 , (3.1)
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with 

Lu = la + L′
a − Lm cos 2θe

Lv = la + L′
a − Lm cos

(
2θe +

2

3
π

)

Lw = la + L′
a − Lm cos

(
2θe −

2

3
π

) , (3.2)



Muv = −
1

2
L′
a − Lm cos

(
2θe −

2

3
π

)

Mvw = −
1

2
L′
a − Lm cos 2θe

Mwu = −
1

2
L′
a − Lm cos

(
2θe +

2

3
π

) , (3.3)



eu = ωeΨ0 cos 2θe

ev = ωeΨ0 cos

(
2θe −

2

3
π

)

ew = ωeΨ0 cos

(
2θe +

2

3
π

) . (3.4)

These equations are called the three-phase coordinate system. In the case of a non-salient-pole machine

such as the SPMSM, the value of Lm is zero. Therefore, the inductances are not functions of the rotor

angle. The three-phase coordinate system can be transformed into a stationary coordinate system, with

αβ-axes, by using the transformation matrix uvwc
αβ .

uvwc
αβ =

√
2

3


1 −

1

2
−
1

2

0

√
3

2
−
√
3

2

 (3.5)

Thus, (3.1) can be transformed into (3.6) by applying (3.5) as[
vα

vβ

]
=

[
Ra + pLa 0

0 Ra + pLa

][
iα

iβ

]
+

[
eα

eβ

]
, (3.6)
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with

La = la +
3

2
L′
a, (3.7)eα = −ωeΨ sin θe

eβ = ωeΨ cos θe
, (3.8)

Ψ =

√
3

2
Ψ0 . (3.9)

From these equations, the stationary coordinate model includes the actual angle and angular velocity

information. To control the BLDC motors, a transformation from αβ-axes to dq-axes is required. The

dq-axes are called rotational coordinates. The d-axis indicates that it is not related to torque generation.

The q-axis indicates that it is related to torque generation. The stationary coordinate system can be

transformed into a rotational coordinate system by using the transformation matrix αβc
dq.

αβc
dq =

[
cos θe − sin θe

sin θe cos θe

]
(3.10)

Thus, (3.6) can be transformed into (3.11) by applying (3.10) as[
vd

vq

]
=

[
Ra + pLd −ωeLq

ωeLd Ra + pLq

][
id

iq

]
+

[
0

ωeΨ

]
, (3.11)

where

　　 Ld = Lq = La.　　 (3.12)

Finally, the torque generated by the BLDC motor is expressed as follows.

Ta = Ψ0

{
−iu sin θe − iv sin

(
θe −

2

3
π

)
− iw sin

(
θe +

2

3
π

)}
(3.13)

= Ψ {−iα sin θe + iβ cos θe} (3.14)

= Ψ iq (3.15)

3.2.2 Hall sensor

In many practical applications, three digital Hall sensors are mounted on the three-phase BLDC motor.

As shown in Fig. 3-5, the Hall sensor signals are generated by the motion of the BLDC motor. The

signal of one Hall sensor is repeated high and low every 180 electrical degrees. During the operation
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Fig. 3-5: Angle generation from digital Hall signals.

of the BLDC motor, the waveforms of the output signals can be divided into six sectors of 60 electrical

degrees, because the Hall sensors are placed 120 electrical degrees apart. Therefore, three digital Hall

sensors can provide the electrical angle of the BLDC motor with a resolution of 60 electrical degrees.

3.3 Angle Control Method for BLDC Motor

The angle control method for the BLDC motor is described in this section. The counter EMF ob-

server (CFOB)-based angular velocity estimation method[29, 30] is explained in 4.3.1. Thereafter, the

angle control method based on Hall sensors and counter EMF is described in 3.3.2.

3.3.1 CFOB-based angular velocity estimation for BLDC motor

From (3.6) and (3.8), the current in the αβ-axes is derived as

iα =
1

Ra + pLa
(vα − eα) , (3.16)

iβ =
1

Ra + pLa
(vβ − eβ) . (3.17)
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In a real control system, the supply voltages vα and vβ are calculated by the current controller as voltage

references vrefα and vrefβ , respectively, and the phase currents are measured by the current sensors as the

current responses iresα and iresβ . The motor parameters fluctuate from the nominal values due to modeling

error, temperature alteration, etc. Therefore, the motor parameters are described by (3.18) and (3.19).

Ra = Ran +∆Ra (3.18)

La = Lan +∆La (3.19)

Here, the subscript n denotes the nominal value. Therefore, (3.16) and (3.17) can be rewritten as

iresα =
1

Ran + pLan

(
vrefα − vdisα

)
, (3.20)

iresβ =
1

Ran + pLan

(
vrefβ − vdisβ

)
, (3.21)

where

vdisα =
∆Ra + p∆La

Ra + pLa
vrefα +

Ran + pLan

Ra + pLa
eα, (3.22)

vdisβ =
∆Ra + p∆La

Ra + pLa
vrefβ +

Ran + pLan

Ra + pLa
eβ. (3.23)

CFOB estimates the counter EMF and the voltage disturbance, as shown in Fig. 3-6. Moreover, the

angular velocity can be calculated by the estimated counter EMF and interlinkage magnet flux. From
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Fig. 3-6: Counter electromotive force observer.

Fig. 3-6, the estimated counter EMF is calculated by

1

Ψn
êα =

1

Ψn
LPF

[
vdisα

]
, (3.24)

= LPF

[
1

Ψn

∆Ra + p∆La

Ra + pLa
vrefα

+
Ψ

Ψn

Ran + pLan

Ra + pLa
eα

]
, (3.25)

= −ω̂res
e sin θe, (3.26)

1

Ψn
êβ =

1

Ψn
LPF

[
vdisβ

]
, (3.27)

= LPF

[
1

Ψn

∆Ra + p∆La

Ra + pLa
vrefβ

− Ψ

Ψn

Ran + pLan

Ra + pLa
eβ

]
, (3.28)

= ω̂res
e cos θe. (3.29)
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Fig. 3-7: Angle/velocity estimator for BLDC motor.

From these equations, the absolute value of angular velocity is derived as

|ω̂res
e | =

√
(−ω̂res

e )2 sin2 θe + (ωres
e )2 cos2 θe,

=

√(
1

Ψn
êα

)2

+

(
1

Ψn
êβ

)2

, (3.30)

=

√
1

Ψ2
n

(
ê2α + ê2β

)
. (3.31)

When the modeling error and parameter fluctuations are sufficiently small, CFOB can estimate the ab-

solute value of angular velocity without any angle sensors. However, CFOB cannot estimate around the

zero-speed region because of the signal-to-noise ratio degradation. Furthermore, the rotational direction

cannot be determined.

3.3.2 Angle and velocity estimation by Hall sensor and CFOB

The angle and angular velocity estimation method for the BLDC motor based on a Hall sensor and

CFOB are described in this section. Accurate angle information can be obtained, and high-performance

operation can be achieved. In the proposed method, the angle and angular velocity are estimated by

combining the digital Hall sensor and CFOB. This method can accurately detect the angle periodically by

digital Hall sensor. Furthermore, interpolation between the detected angles is performed by the counter

EMF. The block diagram of the proposed estimation method is shown in Fig. 3-7. In this method, the

absolute value of the electrical angle is calculated by (3.30). Subsequently, the rotational direction is
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Fig. 3-8: Whole block diagram of proposed control system.

determined by the angular velocity response from the Hall sensor. The estimated angular velocity is

derived as

ω̂res = LPF [ωres
hall] + HPF

[
1

N
ω̂e

]
. (3.32)

Here, N denotes the number of pole pairs. Moreover, the estimated angle is derived as

θ̂res = LPF [θreshall] + HPF

[
1

N
θ̂e

]
. (3.33)

In these equations, the LPF cut out the sudden change in signals, because of low resolution. The HPF cut

out the zero-point shifting and the drift phenomenon caused by modeling errors and parameter variations.

Finally, a whole block diagram of the proposed control system is shown in Fig. 3-8. Here, the current

controller is a proportional-integral controller, and the dq-axes current references are expressed as

irefd = 0, (3.34)

irefq =
Jmn

Ktn

{
Kp

(
θcmd−θ̂res

)
+Kv

(
ωcmd−ω̂res

)}
. (3.35)

3.4 Simulations and Experiments

3.4.1 Outline of simulations and Experiments

The parameters utilized in simulations are shown in Table 3.1. These parameters are assumed for

the surface permanent magnet BLDC motor “MDH-7018” made by Microtech Laboratory Inc. This
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Table 3.1: Parameters utilized in simulations
Symbol Meanings of the parameter Value
Jm Actual moment of inertia 8.6×10−5kg ·m2

Ψ Actual EMF/torque constant 0.3 Nm/A or V/(rad/s)
Ra Actual resistance 2.4 Ω

Lu, Lv, Lw Actual inductance of each coil 3.0 mH
Ld, Lq Actual inductance in dq-axes 4.0 mH
Kp Proportional gain 6400 1/s2

Kv Derivative gain 160 1/s

Kii Integral gain of Ci 10
Kpi Proportional gain of Ci 200
N Number of pole pairs 10
− Cutoff frequency of CFOB 1000 rad/s
− Cutoff frequency of LPF 50 rad/s
− Cutoff frequency of HPF 50 rad/s
− Cutoff frequency of pseudo differentiator 500 rad/s

section describes the confirmation of the validity of the proposed control method. The purposes of the

simulations are to compare the performance and robustness against the modeling error of the counter

EMF-based method, the method using Hall sensor response, and the proposed method. As mentioned in

section 4.3.1, EMF-based angular velocity estimation cannot determine the rotational direction. How-

ever, to compare the performance, it is assumed in this simulation that the actual rotational direction can

be identified. Furthermore, to confirm the robustness of the modeling error, the nominal value of Ψ that

indicates the counter EMF constant and torque constant was changed by 10 % from the actual value.
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3.4.2 Simulation of angle estimation

This section shows the angle estimation results of the counter EMF-based control method, the control

method using the Hall sensor response, and the proposed method. The estimation results are shown in

Fig. 3-9 to 3-17. In these figures, the red solid line, black dashed line, blue chain line, and green dotted

line denote the command value, actual value, estimated value, and error between the actual and estimated

values, respectively. From Fig. 3-9, 3-12, and 3-15, the counter EMF-based method could estimate the

angle with high accuracy when the modeling error was zero. However, when the modeling error existed,

the estimation accuracy by the counter EMF-based method deteriorated. From Fig. 3-10, 3-13 and 3-16,

in the method using the Hall sensor, the estimation accuracy was not affected by modeling error. From

Fig. 3-11, 3-14 and 3-17, the proposed method achieved highly accurate angle estimation regardless of

the modeling error.
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Fig. 3-9: Estimation result of counter EMF-based method. (Ψn = 1.0Ψ)
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Fig. 3-10: Estimation result by using Hall sensor response. (Ψn = 1.0Ψ)
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Fig. 3-11: Estimation result of proposed method. (Ψn = 1.0Ψ)
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Fig. 3-12: Estimation result of counter EMF-based method. (Ψn = 0.9Ψ)
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Fig. 3-13: Estimation result by using Hall sensor response. (Ψn = 0.9Ψ)
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Fig. 3-14: Estimation result of proposed method. (Ψn = 0.9Ψ )
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Fig. 3-15: Estimation result of counter EMF-based method. (Ψn = 1.1Ψ )
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Fig. 3-16: Estimation result by using Hall sensor response. (Ψn = 1.1Ψ)
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Fig. 3-17: Estimation result of proposed method. (Ψn = 1.1Ψ)
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3.4.3 Simulation of angle control

This section shows the simulation results of angle control using the counter EMF-based control

method, the control method using the Hall sensor response, and the proposed method. The simula-

tion results are shown in Fig. 3-18 to 3-26. As in section 3.4.2, the red solid line, black dashed line,

blue chain line, and green dotted line denote the command value, actual value, estimated value, and error

between the actual and estimated values, respectively.

From Fig. 3-18, 3-19, and 3-20, the counter EMF-based method showed the highest performance in a

situation without modeling error. However, the counter EMF-based method was weak against modeling

errors, as seen in Fig. 3-21 and 3-24. From Fig. 3-19, 3-22, and 3-25, there was no influence observed

from modeling error on the control method using the Hall sensor response. However, the angular velocity

response was very oscillatory due to the pseudo-differentiator in the low-resolution sensor. If the cutoff

frequency of the pseudo differentiator decreased in order to reduce the vibration of the angular velocity

response, phase lag of the angle occurs and control becomes impossible. Finally, from Fig. 3-20, 3-23,

and 3-26, the proposed method achieved the highest control performance. Furthermore, the robustness

against modeling errors was also confirmed.
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Fig. 3-18: Simulation result of counter EMF-based method. (Ψn = 1.0Ψ)
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Fig. 3-19: Simulation result by using Hall sensor response. (Ψn = 1.0Ψ)
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Fig. 3-20: Simulation result of proposed method. (Ψn = 1.0Ψ)
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Fig. 3-21: Simulation result of counter EMF-based method. (Ψn = 0.9Ψ)
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Fig. 3-22: Simulation result by using Hall sensor response. (Ψn = 0.9Ψ)
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Fig. 3-23: Simulation result of proposed method. (Ψn = 0.9Ψ )
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Fig. 3-24: Simulation result of counter EMF-based method. (Ψn = 1.1Ψ )
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Fig. 3-25: Simulation result by using Hall sensor response. (Ψn = 1.1Ψ)
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Fig. 3-26: Simulation result of proposed method. (Ψn = 1.1Ψ)
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Table 3.2: Parameters utilized in experiments
Symbol Meanings of the parameter Value
Jmn Nominal moment of inertia 8.6×10−5kg ·m2

Ψn Nominal EMF/torque constant 0.3 Nm/A or V/(rad/s)
Ran Nominal resistance 2.4 Ω

Lun, Lvn, Lwn Nominal inductance of each coil 3.0 mH
Ldn, Lqn Nominal inductance in dq-axes 4.0 mH

Kp Proportional gain 6400 1/s2

Kv Derivative gain 160 1/s

Kii Integral gain of Ci 10
Kpi Proportional gain of Ci 200
N Number of pole pairs 10
− Cutoff frequency of CFOB 1000 rad/s
− Cutoff frequency of LPF 50 rad/s
− Cutoff frequency of HPF 50 rad/s
− Cutoff frequency of pseudo differentiator 500 rad/s

3.4.4 Experiment of angle estimation

In this section, the validity of the proposed estimation method is confirmed by experimental results.

The parameters utilized in experiments are shown in Table 3.2. The experimental results are shown from

Fig. 3-27 to 3-29. As in simulations, the red solid line, black dashed line, blue chain line, and green dotted

line denote the command value, actual value, estimated value, and error between the actual and estimated

values, respectively. As seen in Fig. 3-27, estimation error occurred in the counter EMF-based method.

Furthermore, the drift phenomenon was confirmed in the angle estimation result. In an actual system,

the modeling error cannot be reduced to zero. Therefore, the estimation error cannot be eliminated.

From Fig. 3-28, the actual angle was detected in the method using the Hall sensor. However, a large

estimation error existed in the angular velocity, which was caused by the pseudo-differentiator in the

low-resolution sensor. Finally, from Fig. 3-29, the proposed method achieved accurate angle estimation.

Angular velocity estimation was also possible; although a slight error occurred, an actual value could be

roughly estimated.

– 46 –



CHAPTER 3 ANGLE ESTIMATION METHOD OF BRUSHLESS DC MOTOR USING DIGITAL
HALL SENSOR AND COUNTER EMF

0

2

4

6

8

10

0 1 2 3 4 5

A
n

g
le

 [
ra

d
]

Time [s]

Command

Response(real)

Response(estimation)

Estimation Error

(a) Angular response

-30

-20

-10

0

10

20

30

40

0 1 2 3 4 5

A
n

g
u

la
r 

v
el

o
ci

ty
 [

ra
d

/s
]

Time [s]

Command

Response(real)

Response(estimation)

Estimation Error

(b) Angular velocity response

Fig. 3-27: Experimental result of counter EMF-based method.
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Fig. 3-28: Experimental result by using Hall sensor response.
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Fig. 3-29: Experimental result of proposed method.

– 48 –



CHAPTER 3 ANGLE ESTIMATION METHOD OF BRUSHLESS DC MOTOR USING DIGITAL
HALL SENSOR AND COUNTER EMF

3.5 Summary

In this chapter, an algorithm to achieve a precise angle estimation for the BLDC motor using the digital

Hall sensor and counter EMF was proposed. The validity of the proposed method was confirmed by using

simulations and experiments. Based on the results, the proposed method could achieve high-performance

angle estimation in comparison with other methods. Furthermore, robustness against modeling errors

was also confirmed.
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Chapter 4

Sensorless Angle Estimation for Brushed
DC Motor using Impedance Variation

4.1 Introduction

The BDC motor can be classified precisely, as shown in Fig 4-1. First, the BDC motor can be classified

as a winding-field DC motor or a permanent-magnet DC motor. In the past, the winding-field DC motor

was mainstream. However, the permanent magnet DC motor is now predominant due to the performance

improvement realized with permanent magnets. The permanent-magnet DC motor can also be classified

into those with even numbers of slots and odd numbers of slots. In the case of the even-slots DC motor,

a driving torque from the outside is required at the start of operation. The rotating direction also differs

depending on the direction of the torque at the start time. This feature is not suitable for control around

the zero-speed region. In the odd-slots BDC motor, the rotation direction is uniquely determined by the

voltage polarity. For these reasons, in the field of small actuators, the odd-slots BDC motor is widely

used. Therefore, this chapter focuses on the odd-slots BDC motor.

A sensorless angle estimation method for the BDC motor is proposed in this chapter. In order to

estimate the angle of the rotor without any mechanical sensors, the proposed method uses the impedance

variation via contact switching. In typical sensorless angle estimation methods, the angle of the rotor is

estimated by the counter EMF. However, methods based on the counter EMF cannot estimate the angle

accurately during standstill or at low speeds. Furthermore, estimation errors occur due to the modeling

error. In the proposed method, the angle of the rotor is estimated using the angle-dependent impedance.

The impedance is measured by high-frequency signal injection and synchronous detection. This method
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DC motor winding-field 
DC motor

PM DC 
motor

Even-slots 
DC motor

Odd-slots 
DC motor

Fig. 4-1: Types of BDC motor.

can be used to estimate the angle of the rotor directly. Therefore, it is possible to estimate the angle

accurately at low speeds. The validity of the proposed method is verified through experiments.

This chapter is organized as follows. Section 4.2 describes the modeling of the BDC motor. Next,

section 4.3 describes the angle estimation method for the BDC motor with an odd number of slots based

on counter EMF and position-dependent impedance. Experiments on the conventional and proposed

methods are shown in section 4.4. Finally, this chapter is concluded in section 4.5.
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Fig. 4-2: Electrical system of brushed DC motor.

4.2 Modeling of Brushed DC Motor

This chapter focuses on the permanent-magnet BDC motor. The electrical system of the BDC motor

is shown in Fig. 4-2, in which the circuit equation is expressed as

v = Rmi+ Lm

di

dt
+ e, (4.1)

with

e = Keθ̇, (4.2)

where v is the applied voltage to the BDC motor, i is the current flowing through the BDC motor, e is the

counter EMF, Rm and Lm are the resistance and inductance of the BDC motor, respectively, Ke is the

counter EMF constant, and θ̇ is the angular velocity of the BDC motor. As expressed in (4.2), the counter

EMF is dependent on angular velocity. Therefore, conventional methods estimate the angular velocity

by using the counter EMF[30]. The mechanical system of the BDC motor, considering the electrical

system, is expressed as

Jmθ̈ = Kti− Tload. (4.3)

Here, Jm is the inertia of the BDC motor, Kt is the torque constant, Tload is the load torque, and θ̈ is the

angular acceleration.

In a practical system, the rotor of the BDC motor consists of some number of slots. In particular, small
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Fig. 4-3: 3-slots concentrated-winding brushed DC motor.

BDC motors have odd numbers of slots in order to uniquely determine the rotational direction due to the

applied voltage. For example, the mechanism of the 3-slots concentrated-winding BDC motor is shown

in Fig. 4-3.

In the BDC motor, because the direction of the current flowing through each armature winding changes

in accordance with the switching of the contacts between the brush and the commutator, torque is always

generated. Ignoring the change in magnetic flux due to the current change for simplicity, and considering

only the magnetic flux of the permanent magnet. The flux linkage of each armature winding is expressed

by

Φ1 = B0 cos θ, (4.4)

Φ2 = B0 cos

(
θ +

2

3
π

)
, (4.5)

Φ3 = B0 cos

(
θ −

2

3
π

)
. (4.6)

Here, B0 is the maximum value of interlinkage magnetic flux, Φ1, Φ2, Φ3 are the interlinkage magnetic

flux of coil 1, 2, and 3, respectively. The mutual inductance contributing to the output torque of the

– 53 –



CHAPTER 4 SENSORLESS ANGLE ESTIMATION FOR BRUSHED DC MOTOR USING
IMPEDANCE VARIATION

motor fluctuates with the increase/decrease of the absolute value of the interlinkage magnetic flux, and

influences the torque ripple. Furthermore, the influence of interlinkage magnetic flux affects not only

the mutual inductance, but also the leakage inductance appearing on the equivalent circuit of the motor.

Therefore, the inductance value of each coil is derived as

L1 = L0 − La cos(2θ), (4.7)

L2 = L0 − La cos

{
2

(
θ +

2

3
π

)}
, (4.8)

L3 = L0 − La cos

{
2

(
θ −

2

3
π

)}
, (4.9)

where L0 is the average value of inductance variation, La is the maximum value of the variation range

of inductance, and L1, L2, and L3 are the inductance value of each coil, respectively. In consideration

of magnetic saturation, L0 and La fluctuate depending on the current. However, in the use situation

of an actual motor, the motor is selected such that the desired control can be realized without causing

excessive current to cause magnetic saturation. Therefore, it was assumed that L0 and La are constants

independent of the current value. Thus, the inter-terminal inductance of the motor Lm is determined by

the combination of each inductance. From the above equations, the variation in each inductance value is

a function of the rotor angle. From (4.4) and (4.7), the relationship between interlinkage magnetic flux

Φ1 and inductance value L1 is shown in Fig. 4-4. In Fig. 4-4, La is assumed to be 5% the value of L0.

The resistance of each coil R1, R2, and R3 does not depend on the angle, and can be considered an equal

value R0 as in

R1 = R2 = R3 = R0. (4.10)

The inter-terminal resistance of the motor Rm is also the combination of each resistance, as well as Lm.

4.3 Sensorless Angle Estimation Method for BDC Motor

Angle estimation methods for the BDC motor are described in this section. As a conventional method,

the counter EMF observer (CFOB) for the BDC motor is explained in section 4.3.1, and an estimation

method based on impedance variation is described in section 4.3.2.
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Fig. 4-4: Variation of interlinkage flux Φ1 and inductance L1.

4.3.1 Sensorless estimation by CFOB for BDC

From (4.1) and (4.2), the motor current is derived as follows in the frequency domain.

I =
1

Rm + Lms
(V −KesΘ) (4.11)

In an actual control system, the supply voltage V is calculated by a current controller as reference voltage

V ref , and the motor current is measured by a current sensor as current response Ires. Furthermore, the

motor parameters fluctuate from the nominal values due to modeling error and temperature alteration.

The motor parameters are described by (4.12) and (4.13).

Rm = Rmn +∆Rm (4.12)

Lm = Lmn +∆Lm (4.13)

Therefore, (4.11) can be rewritten as

Ires =
1

Rmn + Lmns

(
V ref − Vdis

)
, (4.14)

where

Vdis =
∆Rm +∆Lms

Rm + Lms
V ref +

Rmn + Lmns

Rm + Lms
KesΘ

res. (4.15)
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CFOB estimates the counter EMF from a voltage disturbance. Moreover, the angular velocity can be

calculated by the estimated counter EMF and EMF constant, as shown in Fig. 4-5. From Fig. 4-5, the

estimated angular velocity is calculated as

sΘ̂res =
1

Ken

gcfob
s+ gcfob

Vdis (4.16)

=
gcfob

s+ gcfob

( Ke

Ken

Rmn + Lmns

Rm + Lms
sΘres

+
1

Ken

∆Rm +∆Lms

Rm + Lms
V ref

)
. (4.17)

Furthermore, the angle is derived as

Θ̂res =
1

s
sΘ̂res. (4.18)

When the modeling error and parameter fluctuation are sufficiently small, the CFOB can estimate the

angular velocity and angle approximately without any mechanical sensors. However, in an actual sys-

tem, the modeling error and the parameter fluctuation will not become zero, and the disturbance, such

as observation noise of the current sensor, also remains. Therefore, the estimated accuracy of CFOB

deteriorates, especially around the zero-speed region.

4.3.2 Sensorless estimation by impedance variation

Modeling the impedance fluctuation, taking into consideration the connection state change of the brush

and commutator of the BDC motor, is expressed in this section. A sensorless angle estimation method

using the impedance variation is then proposed.

As mentioned in section 4.2, the inter-terminal resistance and the inter-terminal inductance of the

motor depend on the connection state of each armature winding. The schematic diagram of the motor

and the equivalent circuit of the armature winding in the connection state, excluding the moment when

the contact point of the brush and the commutator switches, are shown in Fig. 4-6 to Fig. 4-11. From

these figures, the reciprocal of the inter-terminal inductance of the motor in each connection state is
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Fig. 4-5: Angular velocity estimation by CFOB.

expressed by

1

Lm
=



1

L3
+

1

L1+L2
(0<θ<

π

3
or −π<θ<−

2

3
π )

1

L1
+

1

L2+L3
(
π

3
<θ<

2

3
π or −

2

3
π<θ<−

π

3
).

1

L2
+

1

L3+L1
(
2

3
π<θ<π or −

π

3
<θ<0)

(4.19)

Here, focusing on the case of π
3 < θ < 2

3π and −2
3π < θ < −π

3 , which are the second row of (4.19), the

inter-terminal inductance is expressed by substituting (4.7) from (4.9) as

Lm =
2L2

0 − L0La cos 2θ − L2
a cos

2 2θ

3L0
. (4.20)

In the case of 0 < θ < π
3 and −π < θ < −2

3π, by converting the angle to (4.21), the inter-terminal
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inductance becomes (4.22).

θ′ = θ −
2

3
π (4.21)

Lm =
2L2

0 − L0La cos 2θ
′ − L2

a cos
2 2θ′

3L0

=

2L2
0−L0La cos

{
2

(
θ−

2

3
π

)}
−L2

a cos
2

{
2

(
θ−

2

3
π

)}
3L0

(4.22)

The case of 2
3π < θ < π and −π

3 < θ < 0 can also be derived similarly to the above equations.
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At the moment the point of contact between the brush and commutator switches, such as θ = 0, ±π
3 ,

±2
3π, ±π, the inter-terminal inductance is modeled by a different expression from the above equations

because no current flows through one armature winding. For example, when θ = 0, π, the schematic

diagram and equivalent circuit of the BDC motor are shown in Fig. 4-12 and 4-13. From the figures, the

reciprocal of the inter-terminal inductance is expressed by

1

Lm
=



1

L2
+

1

L3
(θ = 0 and θ = π)

1

L1
+

1

L3
(θ =

π

3
and θ = −

π

3
)

1

L1
+

1

L2
(θ =

2

3
π and θ = −

2

3
π)

. (4.23)

By solving (4.23) and substituting (4.7) into (4.9), the inter-terminal inductance is calculated as (4.24) in

every case.

Lm =
1

2
L0 +

1

4
La

(
θ = 0,±π

3
,±2

3
π,±π

)
(4.24)

Therefore, the inter-terminal inductance of each case is derived as follows

Lm =



2L2
0 − L0La cos

{
2

(
θ −

2

3
π

)}
− L2

a cos
2

{
2

(
θ −

2

3
π

)}
3L0

(
0 < θ <

π

3
or −π < θ < −

2

3
π

)
2L2

0 − L0La cos 2θ − L2
a cos

2 2θ

3L0

(
π

3
< θ <

2

3
π or −
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(4.25)

To consider the inter-terminal resistance, as the resistance value of each armature winding is same

regardless of the angle from (4.10), the inter-terminal resistance, excluding the moment of switching
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Fig. 4-12: Mechanical connection (θ = 0 and θ = π)

3LV
2L

(a) θ = 0

2LV
3L

(b) θ = π

Fig. 4-13: Connection of inductance (θ = 0 and θ = π)
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contact between the brush and commutator, is expressed by

1

Rm
=

1

R0
+

1

R0 +R0

Rm =
2

3
R0

(
θ ̸= 0,±π

3
,±2

3
π,±π

)
. (4.26)

The inter-terminal resistance at the moment of switching contact between the brush and the commutator

is expressed by

1

Rm
=

1

R0
+

1

R0

Rm =
1

2
R0

(
θ = 0,±π

3
,±2

3
π,±π

)
. (4.27)

As a result, in the BDC motor, the angle dependence of the inter-terminal impedance variation combining

inter-terminal inductance and inter-terminal resistance can be modeled.

In this research, the inter-terminal impedance is measured by applying a high-frequency voltage and

detecting the current response. In order to analyze the response of a high-frequency band, the current

flowing through the BDC motor is converted to

i = iL + iH , (4.28)

where subscripts L and H denote the low and high-frequency components, respectively. The signal

related to the motion control of the motor is treated as the low-frequency band. The signal related to

the voltage applied for the impedance measurement is treated as the high-frequency band. Because of

the mechanical time constant of the motor, the effect of the high-frequency current component will not

appear in the motion control. By substituting (4.28) into (4.1), (4.29) is derived as

v = RmiH +RmiL + Lm

diH

dt
+ Lm

diL

dt
+Keθ̇. (4.29)

In (4.29), because the counter EMF depends on the angular velocity of the motor, it can be regarded as a

component in the low-frequency band. Thus, by decomposing the counter EMF into low-frequency-band
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components and high-frequency-band components, the following equations are obtained.

v = vL + vH (4.30)

vL = RmiL + Lm

diL

dt
+Keθ̇ (4.31)

vH = RmiH + Lm

diH

dt
(4.32)

As mentioned before, vH denotes the high-frequency voltage used for impedance measurement. There-

fore, the injected voltage signal vinj is expressed by

vinj = vH = vA sin(ωt), (4.33)

where, t, vA and ω denote the time, amplitude and angular frequency of the injected voltage signal,

respectively. When vinj is expressed by (4.33), the current response caused by the injected voltage iH is

derived as

iH = iA sin(ωt+ ϕ), (4.34)

where iA and ϕ represent the amplitude of the current response iH and the phase difference between

the voltage and the current, respectively. From (4.32), (4.33) and, (4.34), the relation between each

amplitude is derived as

vA = iA

√
Rm

2 + (ωLm)2, (4.35)

= iA|Zm|. (4.36)

Zm is the impedance of the motor. This research does not consider a floating capacitance of the motor.

Therefore, the phase difference between the voltage and the current is represented as

ϕ = tan−1
ωLm

Rm
, (4.37)

and by solving (4.35), an absolute value of impedance |Zm| is derived as

|Zm| =
vA

iA
. (4.38)

This equation exhibits the inter-terminal impedance of the BDC motor calculated by high-frequency

signal injection. Here, the amplitude of the injected voltage vA is a known value that has been set by the
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Fig. 4-14: Conceptual diagram of estimation algorithm.

user, and the amplitude of the current response iA can be calculated from the current values measured by

the current sensor and synchronous detection. For synchronous detection, this research uses the discrete

Fourier transform (DFT). The impedance measurement becomes possible without influence from the

frequency related to motion control because of DFT.

To estimate the angle from the inter-terminal impedance, the pulse variations of inter-terminal impedance

are modeled by (4.26), (4.27), and (4.25). From the model, the pulse variation of the impedance has pe-

riodically occurred. Therefore, by setting the impedance threshold Zth in advance, a virtual comparator

is arranged. The comparator detects the inter-terminal impedance-fluctuation pulse waveform; then, the

estimated angle is updated. However, this method cannot detect the direction of rotation. In order to

solve this problem, this research incorporates an angular velocity estimation value from CFOB into the

signum function and performs rotational direction detection. The angle estimation method using the

proposed method is expressed by

θ̂new =


θ̂old (when undetect the pulse),

θ̂old + sgn
(
ˆ̇
θ
) π

3
(when detect the pulse),

(4.39)

where the subscripts new and old are the values after and before the update, respectively. The concept

of this method is shown in Fig. 4-14. Hence, this algorithm can emulate the low-resolution encoder
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in sensorless systems. Therefore, the proposed method can be combined with the method described in

Chapter 3, and the estimated angle is derived as

Θ̂res =
g

s+ g
Θ̂′res +

s

s+ g

1

s
sΘ̂res. (4.40)

Here, g denotes a cutoff frequency of the low- and high-pass filters, and Θ̂′res is an estimated value based

on the impedance detection. As a result, a block diagram incorporating the sensorless angle estimation

method proposed in this chapter into the angle control system is shown in Fig. 4-15 and 4-16. Here, Cp

and Ci are the proportional-derivative position controller and the proportional-integral current controller
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Fig. 4-17: Schematic diagram of experimental setup.

expressed by (4.41) and (4.42), respectively.

Cp = Kp +Kvs (4.41)

Ci = Kpi +Kii
1

s
(4.42)

To reduce the effect on the current controller caused by the high-frequency signal injection, the low-pass

filter is inserted into the current loop.

4.4 Experiments

This section describes the confirmation of the validity of the proposed estimation method. First, model

verification experiments are carried out to verify the validity of the angle-dependent impedance model.

After that, the state of pulse detection while increasing the angular velocity is verified, and the range

of angular velocity to which this method can be applied is checked. Finally, the proposed estimation

method is incorporated into the angle control system and the estimation accuracy is verified.

4.4.1 Outline of experiments

A schematic diagram of the experiment is shown in Fig. 4-17, and an actual experimental setup is

shown in Fig. 4-18. In this research, a 3-slot BDC motor “RE260-RA” made by MABUCHI MOTOR

CO., LTD. was utilized. A 500-pulse rotary encoder “MES-6-500P” made by Microtech Laboratory Inc.

was used for measuring the real angle. For calculation processing and the input/output of the control
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Fig. 4-18: Actual experimental setup.

system, “PE-Expert4” made by Myway Plus Corporation was utilized. In the PE-Expert4, the operation

clock of the DSP board (MWPE4-C6657) was 1.25 GHz, the resolution of the AD converter in the PEV

board (MWPE4-PEV) was 14 bits, and the resolution and range of the DA converter in the DA board

(MWPE4-DAC) were 16 bits and ±10 V, respectively. The sampling time of the current controller and

position controller were 10 µs and 100 µs, respectively. The high-frequency voltage signal expressed by

(4.43) was injected to the BDC motor.

vinj = 2.0 sin(2000.0πt) (4.43)

Equation (4.43) indicates that the amplitude and frequency of the injected signal are 2.0 V and 1 kHz,

respectively. By setting the amplitude to 2.0 V with respect to the constant operating voltage of the motor

of 3.0 V, sufficiently high-frequency current response value acquisition is realized. The frequency of the

applied voltage should not influence the motor drive, and high frequencies are desired in order to reduce

audible acoustic noise. However, DFT needs to be performed with a sufficient number of samples. Based

on the above viewpoints, a 1 kHz was adopted in this research. The window size of DFT was set to 1 ms

to analyze the response of 1 kHz, and the calculation was performed on 100 sample data every 10 µs.

The parameters utilized in this chapter are shown in Table 4.1.
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Table 4.1: Common parameters utilized in experiments.
Symbol Meanings of the parameter Value
Jmn Nominal moment of inertia 15.95×10−7kg ·m2

Ktn Nominal torque constant 1.98 mNm/A
Ken Nominal counter EMF constant 2.05 mV/(rad/s)
Rmn Nominal resistance 1.6 Ω

L0n Nominal inductance 0.34 mH
Lan Nominal inductance 0.03 mH
gcfob Cutoff frequency of CFOB 10 rad/s
g Cutoff frequency of LPF and HPF 2 π rad/s
Zth Threshold of impedance 2.9 Ω

Kii Integral gain of Ci 1000.0
Kpi Proportional gain of Ci 2.0
− Cutoff frequency of LPF(Ires) 300 rad/s
Kp Proportional gain 3600 1/s2

Kv Derivative gain 120 1/s

4.4.2 Experiment for model validation

The validity of the impedance model shown in (4.26), (4.27), and (4.25) is verified in this section.

The impedance value was measured by the method using DFT described in section 4.3.2. The rotational

velocity in this experiment was set to an extremely low value of 3 rpm in order to remove the effect

of counter EMF as much as possible. A comparison result of the modeled inter-terminal impedance

and the measured inter-terminal impedance is shown in Fig. 4-19, where the red solid line denotes the

measured inter-terminal impedance and the black dashed line denotes the impedance calculated by the

model. From the figure, the pulse variation of impedance is accurately matched. Therefore, the validity

of the model is confirmed.

4.4.3 Experiment for applicability range confirmation

In the proposed estimation method, due to the mechanism of detecting impedance pulses by DFT,

restrictions exist in the applicable angular velocity ranges. The restriction depends on the structural

elements of the motor, the contact area between the brush and the commutator, and the parameters of

the proposed method such as the frequency of the applied voltage and the sampling frequency during

DFT operation. In this section, the range of angular velocity to which the proposed estimation method
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Fig. 4-20: Experimental result of angular velocity limit verification.

can be applied was confirmed by experiment. In the confirmation experiment, the pulse variation of

the impedance was detected while rotating the motor at a constant acceleration in a fixed direction. For

each detection, π
3 was added to the estimated angle and compared with the actual angle measured by

the encoder. The experimental result is shown in Fig. 4-20. From Fig. 4-20, pulse skipping occurs from
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around 70 rpm. The range of applicable angular velocity can be expanded by raising the frequency of

the applied voltage, and raising the sampling frequency of the computing unit. However, the aim of the

proposed estimation method in this research is to estimate the angular velocity at low speeds.. Therefore,

the experimental result indicates that the currently applicable range is sufficient. Outside of the angular

velocity range, to combine with conventional methods such as counter EMF, the angular velocity can be

estimated in a wide range by combining with conventional methods such as counter EMF. The range that

can be estimated will be widened.

4.4.4 Experiment for sensorless angle estimation

In this section, the validity of the proposed estimation method is confirmed by experimental results.

The threshold value of the impedance used in the proposed estimation method is 2.9 Ω, according to the

model and nominal value, and the angle command of the experiment was a 0.1-Hz sinusoidal wave. In ad-

dition, the cutoff frequency of CFOB was set to 10 rad/s because the objective is only a positive/negative

judgment, and the influence of noise should be eliminated as much as possible. The experimental results

of the conventional method (CFOB) and the proposed method are shown in Fig. 4-21, Fig. 4-22, and

Fig. 4-23. In these figures, the red solid line, black dashed line, blue dash-dotted line, and green dotted

line denote the angle command, actual angle response, estimated angle response, and error between the

actual and estimated values, respectively. According to the conventional method shown in Fig. 4-21,

a drift phenomenon occurred, and an accurate angle estimation could not be achieved. Therefore, the

estimation error increased with the passage of time. In the proposed method shown in Fig. 4-22, the es-

timation error was within 0.7 rad at the maximum. This error is caused by the principle of the proposed

method of detecting the switching between the brush and the commutator based on impedance variation.

The behavior of the estimation error varies depending on the initial angle, and it can be a value such as

0 ∼ π
3 rad, π

3 ∼ 0rad, or −π
6 ∼ π

6 rad. Therefore, depending on the condition, an estimation error of 1

rad occurs. However, no phenomena, such as an increase in estimation error due to the passage of time,

occur. Furthermore, it was confirmed that a more accurate angle estimation could be achieved compared

with the conventional method, because the conventional method calculates the angle after estimating

the angular velocity, whereas the proposed method can directly estimate the angle. The estimated angle

determined by combining the proposed method in this chapter and the method in chapter 3 is shown in

Fig. 4-23. From Fig. 4-23, accurate angle information can be obtained by the proposed methods.
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Fig. 4-21: Experimental result of conventional angle estimation.
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Fig. 4-22: Experimental result of proposed angle estimation (only impedance detection).

4.5 Summary

In this chapter, a sensorless angle estimation method for the BDC motor using impedance variation

due to contact switching was proposed. The validity and usefulness of the proposed impedance model
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Fig. 4-23: Experimental result of proposed angle estimation.

and proposed estimation method were shown by the experiment. The experimental results confirmed that

the proposed method can estimate the angle more accurately than the conventional method using counter

EMF, without causing a drift phenomenon.
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Conclusions

Electrical actuators are widely used in various applications, such as vehicles, home appliances, robots,

fans, and drones. Furthermore, many applications that are necessary to control the position and velocity

of actuators are becoming increasingly popular. These controls are achieved by using high-resolution

position sensors. However, high-resolution sensors increase the maintenance requirements, failure rate,

size of systems, and cost. They require special machine construction, such as a second shaft end to couple

the sensor. In order to solve these problems, interest in precise control with sensorless or low-resolution

encoders is increasing. The purpose of this research is to achieve precise control using the sensorless or

low-resolution encoder for the rotary electric actuator.

Chapter 1 summarized the background and previous studies about sensorless and low-resolution tech-

niques. Chapter 2 described the fundamental technology of motion control based on robust acceleration

control with DOB. Angle control and torque control based on the robust acceleration control were ex-

plained. Furthermore, as a space-restricted application, the motion control of a two-link manipulator

equipped with a biarticular muscle mechanism considered for use in humanoid machines was outlined.

Chapter 3 described the angle estimation method for the BLDC motor. The model of the three-phase

BLDC motor was explained. The usage of the Hall sensor as a low-resolution angle sensor was de-

scribed, and then the method to extend CFOB to the BLDC motor was explained. By combining these

methods, a method using the digital Hall sensor and counter EMF was proposed. The sensorless angle

estimation method for the BDC motor was explained in chapter 4. CFOB for the BDC motor was also

described. Furthermore, the angle dependence of the inter-terminal impedance variation combining inter-

terminal inductance and inter-terminal resistance was modeled. The proposed method focused on pulse
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variation due to contact switching. The impedance was measured by high-frequency signal injection

and synchronous detection. The proposed method detects the inter-terminal impedance-variation pulse

waveform and then adds or subtracts it to estimate the angle. Additionally, the proposed method incor-

porates the angular velocity estimation value by CFOB into the signum function and performs rotational

direction detection.

In summary, the proposed algorithm for the BLDC motor using the Hall sensor and counter EMF

could achieve high-performance angle estimation and control in comparison with the counter EMF based

method and the method only using the Hall sensor. Robustness against modeling error was also confirmed

by simulations and experiments. The proposed algorithm for the BDC motor using the impedance vari-

ation could estimate the angle without causing a drift phenomenon, and was more accurate than the

conventional method using counter EMF.
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