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In our previous papers [S. Odake and R. Sasaki, J. Phys. A 46, 245201 (2013) and S. Odake
and R. Sasaki, J. Approx. Theory 193, 184 (2015)], the Wronskian identities for the Hermite,
Laguerre, and Jacobi polynomials and the Casoratian identities for the Askey—Wilson polynomial
and its reduced-form polynomials were presented. These identities are naturally derived through
quantum-mechanical formulation of the classical orthogonal polynomials: ordinary quantum
mechanics for the former and discrete quantum mechanics with pure imaginary shifts for the
latter. In this paper we present the corresponding identities for the discrete quantum mechanics
with real shifts. Infinitely many Casoratian identities for the g-Racah polynomial and its reduced-
form polynomials are obtained.

Subject Index A10, A64

1. Introduction

New types of orthogonal polynomials, the exceptional and multi-indexed orthogonal polynomials
{Pp(n)In € Zxo}, have seen remarkable progress in the theory of orthogonal polynomials and
exactly solvable quantum-mechanical models [1-28]. Our approach to orthogonal polynomials is
based on the quantum-mechanical formulations: ordinary quantum mechanics (0QM), discrete quan-
tum mechanics with pure imaginary shifts (idQM) [22-25], and discrete quantum mechanics with
real shifts (rdQM) [26-28]. For oQM, the Schrodinger equations are second-order differential equa-
tions. In discrete quantum mechanics, they are replaced by second-order difference equations with
a continuous variable for idQM or a discrete variable for rdQM. The Askey scheme of the (basic)
hypergeometric orthogonal polynomials [29] is well matched to these quantum-mechanical formu-
lations: the Jacobi polynomial etc. in 0QM, the Askey—Wilson polynomial etc. in idQM, and the
g-Racah polynomial etc. in rdQM. From the exactly solvable quantum-mechanical systems described
by the classical orthogonal polynomials in the Askey scheme, we can obtain new exactly solvable
quantum-mechanical systems and various exceptional orthogonal polynomials with multi-indices by
the multi-step Darboux transformations with appropriate seed solutions. One characteristic feature
of these new types of polynomials is the missing degrees. We distinguish the following two cases:
the set of missing degrees Z = Zxo\{deg Pyln € Z>o} is case (1): Z = {0,1,...,£ — 1}, or case
2):Z #£1{0,1,...,¢ — 1}, where ¢ is a positive integer. The situation of case (1) is called stable in
Ref. [6]. When the virtual state wavefunctions are used as seed solutions, the deformed systems are
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exactly iso-spectral to the original system and the case (1) multi-indexed orthogonal polynomials
are obtained [8,10,12,13]. When the eigenstate and/or pseudo virtual state wavefunctions are used as
seed solutions, the deformed systems are almost iso-spectral to the original system but some states
corresponding to the seed solutions are deleted or added, respectively, and the case (2) multi-indexed
orthogonal polynomials are obtained [20,21].

For oQM and idQM, the deformed systems obtained by M -step Darboux transformations in terms
of pseudo virtual state wavefunctions (with degrees specified by D) are equivalent to those obtained
by multi-step Darboux transformations in terms of eigenstate wavefunctions (with degrees specified
by D) with shifted parameters [20,21]. The deformed system is characterized by the denominator
polynomial Ep(n; A) and the above equivalence is based on the proportionality of the denominator
polynomials for each deformed system:

Ep(n;1) o Ep(1;A); (1.1)

see Refs. [20,21] for details. Here we explain the necessary notation only. Two sets D and D are
defined for positive integers M and N (A is a set of parameters and § is its shift):

D ={d,d>,...,dy} (d; € Z>¢ : mutually distinct),

Nzmax(D), d¥N-d, iEr-W+1s, VEN+1-M, (1.2)

= def ~ = = def

DEA0,1,...,.N\(d1,da,...,du} = fer,ea,...,e5).
(Exactly speaking, D and D should be treated as ordered sets. By changing the order of the d;,
Ep(n; A) changes its overall sign. For the proportional relation (1.1), however, such an overall sign
change does not matter). The proportional relation (1.1) gives the Wronskian identity for oQM and
the Casoratian identity for idQM. We write down the Casoratian identities for the Askey—Wilson
polynomial:

v

o ()™ Wy l€ay Eays - > Eay 106 2) X @ ()T Wy [Pey, ey, o, Pe1061). (13)

(See Appendix A.1 for definitions of év(x; A), 13,1 (x; 1), and @,/(x)). Here the Casorati determinant
(Casoratian) of a set of n functions {f;(x)} for idQM is defined by

Wy lfisfor - fil ) E 0D det(7 (x + i —)y)) (1:4)

1<jk<n

(forn = 0, we set W, [-](x) = 1) and y = loggq for the Askey—Wilson case. Based on the discrete
symmetry of the system, the pseudo virtual state polynomial &,(x; 1) is obtained from the eigen-
polynomial P,(x; 1) by twisting parameters. The Casoratian identities (1.3) represent the relation
between Casoratians of the orthogonal polynomials with twisted and shifted parameters, and dis-
play the duality between the state adding and deleting Darboux transformations. The shape-invariant
properties of the original systems play an important role.

In this paper we consider the Casoratian identities for discrete orthogonal polynomials appearing
in rdQM. A natural way to obtain them is the following: (a) define the pseudo virtual state vectors
by using discrete symmetries of the system; (b) deform the system by multi-step Darboux transfor-
mations in terms of the pseudo virtual state vectors; and (c) compare it with the deformed system
obtained by multi-step Darboux transformations in terms of the eigenvectors with shifted parameters.
We present a one-step Darboux transformation in terms of the pseudo virtual state vector by taking
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the g-Racah case as an example in Appendix B. However, calculation for multi-step cases is rather
complicated. So, instead of the natural method mentioned above, we use a “shortcut” method in
this paper. We derive the Casoratian identities for the g-Racah polynomial (3.36) from those for the
Askey—Wilson polynomial (1.3) by using the relation between the g-Racah and Askey—Wilson poly-
nomials. The discrete orthogonal polynomials in the Askey scheme are obtained from the g-Racah
polynomial in appropriate limits. The Casoratian identities for those reduced-form polynomials can
be obtained from those for the g-Racah polynomial in the same limits.

The Casoratian identities imply equivalences between the deformed systems obtained by multi-step
Darboux transformations in terms of pseudo virtual state vectors and those in terms of eigenvectors
with shifted parameters. For each (exactly solvable) rdQM system, we can construct the (exactly
solvable) birth and death process [30], which is a stationary Markov chain. The Casoratian identities
provide equivalence among such birth and death processes.

Similar Casoratian identities were studied by Curbera and Duran [31]. Their method is different
from ours and the identities are presented for the Charlier, Meixner, Krawtchouk, and Hahn poly-
nomials only, which have the sinusoidal coordinate n(x) = x. In our method various polynomials
having five types of sinusoidal coordinates [26] n(x) = x,x(x+d), 1 —¢*, g —1, (¢~ =1 (1 —dg*)
are covered.

This paper is organized as follows. In Sect. 2 we recapitulate the discrete quantum mechanics
with real shifts. Section 3 is the main part of this paper. After presenting the data for the original
(g-)Racah systems in Sect. 3.1, we discuss their discrete symmetries and present the pseudo virtual
state polynomials by using the twist operations in Sect. 3.2. The Casoratian identities for the (g-
)Racah polynomials are derived starting from those for the Askey—Wilson polynomial in Sect. 3.3.
In Sect. 4 the Casoratian identities for the reduced-form polynomials are presented. Section 5 is for
the summary and comments. In Appendix A some necessary data for orthogonal polynomials are
presented. In Appendix B the pseudo virtual state vectors and one-step Darboux transformation are
discussed by taking the g-Racah system as an example.

2. Discrete quantum mechanics with real shifts

In this section we recapitulate the discrete quantum mechanics with real shifts (rdQM) developed in
Refs. [26,28].

The Hamiltonian of rdQM H = (H,,) is a tri-diagonal real symmetric (Jacobi) matrix and its
rows and columns are indexed by integers x and y, which take values in {0, 1, ..., N} (finite) or Zx
(semi-infinite):

Hey & —V/BEODG + 1) byp1y — vVBG — DDE) 81, + (BG) + D)8y, (2.1)
The potential functions B(x) and D(x) are real and positive but vanish at the boundary, D(0) = 0
for both cases and B(N) = 0 for a finite case. In this paper we consider the case that these B(x) and
D(x) are rational functions of x or ¢* (0 < ¢ < 1). For simplicity in notation, we write the matrix H
as follows:

H=—Bx)D(x+ 1) e’ — /B(x — 1)D(x) e~ ? + B(x) + D(x)

= —VBx) e’ /D(x) — /D(x) e"*\/B(x) + B(x) + D(x), (2.2)
where the matrices e*? are
e = (€)y), @)y Eoary, (@) =, (2.3)
3/30
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and we suppress the unit matrix 1 = (8y,) : (B(x) + D(x))1 in Eq. (2.2). The notation /(x)4g(x),
where f'(x) and g (x) are functions of x and 4 is a matrix 4 = (4,,), stands for a matrix whose (x, y)-
element is /' (x)Ay,,g(y). Note that the matrices e? and e~? are not inverse to each other: et ¥ £ 1
for a finite system and e~ ?e? # 1 for a semi-infinite system. This Hamiltonian can be expressed in
a factorized form:

H=AT4, AY /Bx)-e"/Dx), A =/Bx)—/Dx)e. (2.4)
The Schrodinger equation is the eigenvalue problem for the Hermitian matrix H:
Hopy(x) =Enpp(x) (n=0,1,2,...), 0=& <& <& <--- (2.5)

(n=0,1,...,N for a finite case). The ground state eigenvector ¢g(x), which is characterized by
A¢o(x) = 0, is chosen as

x—1
B(y)
= — > 0. 2.6
o (x) U Bo+T) (2.6)
y=0
n—1
We use the convention [] % = 1, which means the normalization ¢¢(0) = 1. We remark that the
k=n

boundary condition D(0) = 0 and B(N) = 0 for a finite case is important for the zero mode equation
Heo(x) = 0; cf. Eq. (B.6). For the original systems (not the deformed one) considered in this paper,
the eigenvectors have the following factorized form:

$n(x) = poPa(x),  Pu(x) € Py(n(w). 2.7)

Here P, (n) is a polynomial of degree » in n, and the sinusoidal coordinate 7 (x) is one of the following
[26]:n(x) = x,€'x(x+d), 1—¢", g —1,€' (¢ —1)(1 —dg*), (¢ = £1), which satisfy the boundary
condition 1(0) = 0. We adopt the universal normalization condition [26,28] as

Py(0) =1 (& Py(0) =1). (2.8)

This P, (x) is the eigenvector of the similarity transformed Hamiltonian H:

HE po)™ o H o do(x) = B)(1 — &%) + D(x)(1 — e~?), (2.9)
HEP,(x) = EnPp(x). (2.10)

Explicitly, Eq. (2.10) is the difference equation for P,:
Bx)(Py(x) — Pp(x + 1)) + D) (Py(x) — Py(x — 1)) = EuPp(x). (2.11)

Since P, is a polynomial, 13,1 (x) is defined for any x € R and the difference equation (2.11) is also
valid for x € R. The eigenvectors are mutually orthogonal (d,, > 0):

. Xmax Xmax . . 1
@nsb) Y~ 3 @b (x) = Y G0 Pa0) P @) = —6um, (2.12)
x=0 x=0 n

where xmax = N for a finite case, oo for a semi-infinite case. (Although this notation d, conflicts
with the notation of the label of the pseudo virtual vector d; in Eq. (1.2), we think this does not cause
any confusion because the former appears as dlz Snm)-

n
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If we find functions B’(x) and D’(x) satisfying
Bx)D(x+ 1) =a*Bx)D'(x+1), «#0, (2.13)
B(x) + D(x) = a(B'(x) + D'(x)) + o', (2.14)
where a and o’ are real constants, we obtain the following relation:
H=aH +d, (2.15)

where H' = (H} ;)0<x,y<xmay 1S given by

B'(x)D'(x + 1) e’ — %,/B'(x —DD'(x)e~? + B'(x) + D' (x). (2.16)

For concrete examples, various quantities depend on a set of parameters A = (A1, A2,...) and g.
The parameter ¢ is 0 < g < 1 and ¢* stands for g*1*2) = (¢*1, ¢*2,...). The A-dependence is
expressed as H = HQ), A = AQ), & = E,Q), Bx) = B(x;1), ¢n(x) = ¢n(x; 1), Po(x) =
Pn(x; A) =P, (n(x;k);l), etc. If needed, the g-dependence is also expressed as &, = &,(X;q),
B(x) = B(x; 1), Pa(x) = Pa(x:X:q) = Pu(n(x; X; 9); As ), ete.

The original systems in this paper are shape invariant [26] and they satisfy the relation
AMNAMNT =k AX+8)TAA+8) + &), « >0, (2.17)

which is a sufficient condition for exact solvability. The auxiliary functions ¢ (x; A) [26] and ¢ (x; A)
[27] are defined by

def N(x + 1;4) — n(x;4)

(x; 1) , 2.18
v (1 1) @18)
x+k—1LA—nkx+j— 1A

o (6 A) def 1—[ n( k) .7.7( J )
l<j<k<M 77( _Jal)
— ]‘[ p(x+j— LA+ (k—j—13J), (2.19)
1<j<k<M

and go(x; 1) = @1(x; 1) = 1.

For the orthogonal polynomials with Jackson integral measures such as the big g-Jacobi
polynomial, the two-component formulation is needed; see Ref. [28].

The symbols (a), and (a; q), are (¢-)shifted factorials ((¢g-)Pochhammer symbols) [29]. They are
defined for a non-negative integer n by (a), = ]—[]’7:_01 (a+)) and (a;q), = ]_[j:_ol (1 — aq’), which
are extended to a real n by

['(a+n) (@ @)oo

(@p=—7—, @G@p=—""-. 2.20
I'(a) = (aq"; oo (2.20)

Note that, for a # 0 and n € Z>,
(@q e = (—a)"q """ V@ s q) 2.21)

The hypergeometric series ,F and the basic hypergeometric series ¢ are

a a > (a ap)n 2"
rFS( 1y - .,0ar Z)défz | rn_’ (2‘22)
bi, ...,by S (b1, .-, by !
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o0
ai, ...,ay def @i, ..., ar;@Pn (5= (45— in—1y 2"
) ( q;Z> = — (-1 q 2 —, (2.23)
S bla"'abs ;(blaabS9q)n (QaQ)n
def def
where (ar, ...,a,)n = [Treq(@)n and (@1, ..., ar; @Qn = [ Loy (@ @n-

The Casorati determinant (Casoratian) of a set of # functions {f;(x)} for rdQM is defined by

Welfisfo -/l @) € det (i 4+ — D)1 <z (2.24)

(forn = 0, we set W¢[-](x) = 1).

For well defined quantum systems, the range of parameters A must be chosen such that the Hamil-
tonian is real symmetric. On the other hand, our main purpose in this paper is to obtain the Casoratian
identities (3.36). Both sides of Eq. (3.36) are polynomials in x or Laurent polynomials in ¢* and Eq.
(3.36) hold for any parameter range (except for the zeros of the denominators). So we do not bother
about the range of parameters, except for in Appendix B.

3. Casoratian identities of the (g-)Racah polynomials
In this section we consider rdQM whose eigenvectors are described by the (g-)Racah polynomials.

After discussing some discrete symmetries and pseudo virtual state polynomials, the Casoratian
identities of the (g-)Racah polynomials are presented.

3.1. Original systems

Let us consider the Racah (R) and g-Racah (¢gR) systems [26]. Although there are four possible
parameter choices indexed by (e,€’) = (£1,+£1) in general, we restrict ourselves to the (e,€¢’) =
(1, 1) case for simplicity of presentation. The set of parameters A = (A1, A2, A3, Ag), its shift §, and

Kk are
R: A =(ab,c,d), §=(1,1,1,1), «x=1, (3.1)
gR: ¢* = (a,b,c,d), §=(1,1,1,1), k=q !, (3.2)
and we take
A3 =—N, namely ¢ = __]X, R (3.3)
q 1 gR.

We list the fundamental data:

G+ QG +HE A +d) .
L Cx+d)2x+14+4d) ’

PN = e = b1 =g —dg) S
- a _dq2x)(1 _dq2x+1) A
_(x+d—a)(x+d—b)(x+d—c)x ‘R

s Cx—14+d)2x+d) '

PONZN (- dgya = b gy - gy - g G-
) (1= dg™ (1 = dg™) I

gy = "D Ry 2 PO R (3.6)

(" —=DA —dq") :4qR, (* =D —dg") :4qR,
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2x+d+1 ‘R
S d+1 ~def la+b+c—d—-1 :R
A= - d= 3.7
§0( ) q x_qu+1 R {abcd_lq_l :qR, ( )
—— 4R,
1 —dq
4F3<—n,n+d,—x,x+d‘l> R
. a, b, c
Pp(x; 1) = Pp(n(x;A);4) = .
q ", dq", g, dq*
493 q9;9] :9qR
a, b, c
| Ra(ns ;e —1,d —a,c - 1,d —¢) ‘R o8
~|Ru(1+d +n(xA)saq7  da  eq7  deT ) gR, '
(aa ba C: d)x Zx + d
5 d—a+1,d—b+1,d—c+1,1), d
AT = 3.9
Pl (a,b,¢,d ; g)x 1 - dg™ G2

= 1 gR,

(a='dg,b~1dg,c7dg,q;q)xad* 1-d
where R, (x(x+y +8+1); e, B,¥,8) and Ry (¢~ +y8¢* ™, , B, v, 81q) are the Racah and g-Racah
polynomials in the conventional parametrization [29], respectively. Our parametrization respects
the correspondence between the (g-)Racah and (Askey—)Wilson polynomials, and symmetries in
(a, b, c,d) are transparent. The expressions on the right-hand sides of £, (1), n(x; 1), ¢ (x; X), 13,1 (x;A),
and ¢ (x; 1)? in Eqs. (3.6)—(3.9) are also valid for real n or real x, and we regard &, (X) etc. as functions
of real n or real x by Egs. (3.6)~(3.9). Note that ¢ (x;A1)?> = 0 for x € Z\{0,1,...,N} due to the
factor (¢),/ (1), or (c; 9)x/(q; @)x.- The R and gR systems are invariant under the exchange a < b.

The potential functions B(x; A) and D(x; L) have the following symmetries:

R,gR: B(N —x;)) = D(x;1), DN —x;1) = B(x; 1),
A= (A1 + A3 — A, A2 + A3 — A4, 03,223 — A4), (3.10)
gR: B(x;hig™') =d7'Bx;h;q), D(xid;q7") =d 'D(x;d;q). (3.11)

Corresponding to Eq. (3.10), the identities (1.7.6) and (1.13.26) in Ref. [29] give the relations

(fl, b)n R
ByV —xid) = Byeay x LA L= bt (3.12)
c"(a, b; g)n 4R
d"(a~'dq,b='dq; q),
Corresponding to Eq. (3.11), the gR polynomial is invariant under ¢ — ¢~ '
Pu(x;x;q7") = Pulx; 139, (3.13)
which is shown by Eq. (2.21). In the conventional notation, this Eq. (3.13) is written as
Ruq" +y =167 g™ o BTy L7 g = Rula™ + v3q™ s, B, v, 819).
3.2.  Discrete symmetries
Let us consider the twist operation t, which is an involution acting on x, A, and ¢:
tonh, ) = (t0), t), tg), ¢ =id. (3.14)
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For the R system, the g-part should be ignored. We present twist operations (i)—(ii) and (T)f(’ivi), which
lead to the pseudo virtual state vectors explained in Appendix B.
First let us define twist (ii) as follows:

() ) Fxras—1, €)@ h = d3+au2 = da — A3+ Aa2 — A3,2 — 243 + Ag),

g ¥y (3.15)

By using this twist operation, the functions B’ (x) and D’ (x) satisfying Egs. (2.13)—(2.14) are obtained:

(i) : B(;A) & B —N - 1;t), D'(x:d) & D(x— N — 1;t(h)), (3.16)
1 ‘R —d-1 R
al) =1~ | ° o (L) = ( ) e (3.17)
dg— 4R, -1 =g —dg™") :qR.
Explicitly B'(x) and D’ (x) are
d+2x+2
—; x2—|— :R
(i) : B'(w;A) =D+ ;1) x { lfL_izqsz
a7l —— R
1 — dqzx Ca
d+2x—2
:zr xz ‘R
DM =Bx—Lx{ “ +1x_d - (3.18)
qzd_l—q - gR.
1 — dg*
We introduce the pseudo virtual state polynomial év (x;A) (v € Z>p),
Gi): E(h) &P (x — N — 1;t(1)), (3.19)

which is the polynomial part of the pseudo virtual state vector; see Appendix B. It is a polynomial of
degree v in n(x; ), & (x; 1) def &v(n(x;A); 1), because n(t(x); t(A)) = an(x; 1) + b (a, b : constants,
a # 0). Explicitly it is

JFs —V,V+2—c~l,~1—x—c,~x+a+b—g | ‘R
5 l+a—d,1+b—-d,2—c
(i) : &(A) = (3.20)

q—v’ gl—lqv+2’ c—lql—x’ aba—qu
493 ( q;9 :qR.

qad=", gbd=", g?c~!
By applying the symmetry (3.10) to this twist (ii), we define a twist (i):

M O 1, Qo202 23,2 -2) =28 -4, g g 321)

By using this twist (i), the functions B’ (x) and D’(x) satisfying Egs. (2.13)—(2.14) are obtained:

@) : Bh) € D(—x— 1;t0), D'd) € B(—x — 1;t0)). (3.22)

Since the inversion of the coordinate x (x — —x — 1) means the exchange of the matrices e? <> e™9,

the functions B(x) and D(x) are exchanged in this definition. Explicit forms of B'(x; 1) and D’(x; )
are the same as in Eq. (3.18),

BYx;0) =B Dx;r), DOa) =D W), (3.23)

8/30

Downl oaded from https://academ c. oup. com ptep/articl e-abstract/2017/12/123A02/ 4781702
by Shinshu Univ Med Lib user
on 08 May 2018



PTEP 2017, 123A02

S. Odake

and a(A) and «’ (L) are given by Eq. (3.17). The pseudo virtual state polynomial E.(x; ) (v € Z>p)

is defined by

def ¥

() : E(A) S Py(—x — 1;t0),

which should be proportional to the twist (ii) case. In fact, we have

— 2-d ,1-x—d
JF v, v+ , x4+ 1, b | ‘R
2—a,2—-b,2—c

(i): &L =

2,—1 1

5 q—v, &1—qu+2’ qx—i-l’ d—lql—x
g*a=l, ¢?b71, gPcm

and
@-a2-by
(i (i (I1+a—-d,14+b—4d)
EVeny =8Py x T T
d'(q°a ",q°b" " q)y
i gR.

V(qad=",qbd="; q)y

(3.24)

(3.26)

For the gR case, we can change the parameter g. By applying the symmetry (3.11) to the twists

(i)~(ii), we define the twists (i)—(ii) for gR as follows:

~

(i) : (i) with the replacement t(g) def !

B

(ﬁ) : (ii) with the replacement t(g) def q_1 ,

which give
@ Baikig) € D(—x— 1itMig™"), Dwhig) € B(—x — 1t~
@ : Brg) €BE—N - LtA)ig"), Dk €D — N — 1t 7)),
D, () e =q, A =—(1—-q1—dg™h).
Explicitly B'(x) and D’ (x) are
D, () a@B @A) = WB V(xh), aMW)D x4 =aPM)D' D).
The pseudo virtual state polynomials £ (x; ) (v € Z>p) are defined by
M : &g E Py(—x — L;t);q7"),
(D : Earig) & Py(x =N — 1t);q7"),
and Eq. (3.13) implies

EDGdig) =0 hsq), EN (A q) = V(0 9).
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The twist operations (i)—(ii) and (’iv)f(ﬁ) have essentially the same effects for the R and gR systems,
because the relations (3.23), (3.32), (3.26), and (3.35) imply that the pseudo virtual vectors (B.8)
obtained by these twists are same (proportional). So they lead to the same Casoratian identities (3.36).
However, they may have different effects for the reduced systems in Sect. 4, which are obtained as
appropriate limits of R and gR systems, because the symmetries (3.10)—(3.11) may no longer hold
for the reduced systems.

Since the R and ¢R systems are invariant under the exchange a <> b, twists (i)—(ii) and (T)—(ﬁ) can
be modified by exchanging t(11) <> t(X2).

3.3. Casoratian identities

We will present the Casoratian identities for R and gR polynomials. By using the discrete symmetries
obtained in Sect. 3.2, the pseudo virtual state vectors are defined; see Appendix B. Then the original
systems can be deformed by multi-step Darboux transformations in terms of pseudo virtual state
vectors. The original systems can also be deformed by multi-step Darboux transformations in terms
of eigenstate vectors [24]. For an appropriate choice of the index sets and shift of parameters, these
two deformed systems are found to be equivalent. We present such a calculation for the one-step
Darboux transformation in terms of the pseudo virtual state vector for the g-Racah case in Appendix
B. However, multi-step Darboux transformations in terms of pseudo virtual state vectors are rather
complicated due to the following two facts: (a) the pseudo virtual state vectors do not satisfy the
Schrédinger equation at both boundaries, (b) the size of the Hamiltonian increases at each step
(namely the (N + 1) x (N 4+ 1) matrix becomes the (N + M + 1) x (N + M + 1) matrix after
M -step). So we present and prove the Casoratian identities for R and gR polynomials in a “shortcut”
way.

We take M, N, N/, d;, c_ij, ej, and X asin Eq. (1.2). Then the Casoratian identities for the R and gR
polynomials are

om (x — M; M) T Weléa, Eays - 5 Eay 1(c — M5 L)
O<§0/\_/'(x:)_")_l WC[PelapezsapeN](x:X) (336)

Note that the variable x in the first line is shifted by —M, which corresponds to the range of x in
the deformed Hamiltonian (Hg;...qy, xy)—m<xy<N; see Appendix B. Since }V)n (x; M), év(x; A), and
@p (x; L) are defined for real x, these identities hold for real x. For the gR case, we prove Eq. (3.36)
by translating the Casoratian identities (1.3) for the Askey—Wilson polynomial. The identities for the
R case are easily obtained from the ¢R case by taking the ¢ — 1 limit. The necessary data for the
Askey—Wilson polynomial are given in Appendix A.1.

The g-Racah polynomial and the Askey—Wilson polynomial are the “same” polynomials [29]. The
replacement rule of this correspondence is

. AW R , 1,9R AW R 1,9R¢gR
MW =y iR+ 120, AV =R 1IN

namely eixAW = q’“qu%, (a1,ap,a3,a4) = (ad_%,bd_%,cd_%,d%). (3.37)
Under this replacement rule, we have

PAV AV AAWY) — 473 (4, b, ¢; ¢), PIR (x7R; AR, (3.38)
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and
VAV Ay = —BI A7), 7AWV AAY) = —DIRATY),
NV AAY) = gIRAIR),
WV AWy = L1 (nfR IR AR 1 4 d), (3.39)
AV AY) = i(dg) T2 (1 — dg)g R (R — 1 AR),
The shifts 4V and §7® are consistent. The twist tAW (AAV) (A.2) gives the twist (i) t/RDAR) (3.21).
In the following we omit the superscript gR. The twisted potential function of the AW system V'’

(A.3), the pseudo virtual state energy g’éw (A.4), the pseudo virtual state polynomial ééw (A.5),and
the auxiliary function gof/lw (A.6) become

V(AY; AV aAV)) = —D(—x — ;1Y) = =B D(x;0),
VAV eV AAY)) = —B(—x — 1;t0 ) = —D D0, (3.40)
EVAAY) = &) = £y (), (3.41)
EWV AV AWY) = (ga ) (Pa ! b T P (—x = 15100)) o BV h), (3.42)
o M) ocop(r — ML), (3.43)
The shifted parameters ):AW and X are also consistent. For functions ﬁ(xAW; AWy = gj(x; 1), the
Casoratian for idQM W,, (1.4) and that for rdQM W (2.24) are related by
Wy lfisfor oSV AW = 270" DWelgr g, gl — 2550). (B.44)
By using Egs. (3.38), (3.42)—(3.43), and (3.44), the Casoratian identities for the AW polynomial

(1.3) are rewritten as

M ( - @;)‘)_1 WC[édlaédZ" : "édM] (x - @’)‘)

v

o 0 (¢ + M5 R) T WelPey, Py, Po ] (x + 251 R), (3.45)

N

M+1
2 >
Although the proportionality constants of Eq. (3.36) are not so important, we present them for the

gR case. By explicit calculation (we assume d; < dy < --- < djr), we have

By the replacement x — x — this gives the Casoratian identities for the gR polynomial (3.36).

on G )T WD ED L ED T

M M
= H(qd—l)djcdj (D) ¢~ EL1G-Dd; 1_[ (1 — g%y . g5 1_[(1 — dghyM~

Jj=1 I<i<j<M i=1
X (a monic polynomial of degree £p in n(x; A+ (M — 1)8)), (3.46)

o ()T WelPyy, Pays o Pay 106 1)

M M
= l_ICdj(X) g 21G=Dd; 1_[ (1 — g%y . 45 1_[(1 — dghyM-i

j=1 I<i<j<M i=1

X (a monic polynomial of degree {p in n(x; A+ M- 1)8)), (3.47)
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where {p = Zjﬁi 1 di — %M (M — 1) and ¢,(X) is the coefficient of the highest-degree term of
dq"; o

P,(n;X), c,(A) = % Then the proportionality constants (we assume d; < dy < --- < dys
a: ) C; q n

and e; < ey < --- < eyy) are given by

on G = M) WElED ED, L ED 1 — M)
= A X ()T WelPey, Pey, ., Pe 1065 1), (3.48)

[T ca, (€M) TTh<igjans (1= ™% [TM, (1 = dghyM

4= = - ———— . -
M e @) Theigjexn@ = a9 TEY (1 — dg-N-M+iy Vi

wd-Zh dquinl(M+1—j)dj—l—zjj-\:[ljej—%M(M—l)(2M—l)—f(./\/' DN N+1). (3.49)

Herewehaveusedz L& = ij\ildj+%N(N+l)—NM, t5 = Ep,and n(x; A + (N — 1)3) =
g Mn(x —M; A+ M —1)8) + (¢ — DA —dg™).

4. Casoratian identities for the reduced-case polynomials

It is well known that the other members of the Askey scheme polynomials of a discrete variable can be
obtained by reductions from the (g-)Racah polynomials [29]. Not only the polynomials themselves
but also the Hamiltonians are reduced in appropriate limits (overall rescalings may be needed). Some
of the twist operations t (i)—(ii), (T)f(‘ivi) of R and ¢R systems are inherited by the reduced systems.
The twist operation t is Eq. (3.14) and the g-part should be ignored for non-g-polynomials. The
twists (i)—(ii) and (T)—(ﬁ) act on x and ¢ as

def def

Ot x—1, WYy 4.1)
(i) : to0) Ex—N -1, t(q )d—efq, (4.2)
Dt =x-1, e, (4.3)
it Erx-N-1, g g !, (4.4)

and t(A) will be given for each polynomial. For non-¢g-polynomials, the twists (T)—(ﬁ) are irrelevant.
For infinite systems, the twists (i) and (T) should be applied. By using the twist operation, the
potential functions B'(x; A) and D’ (x; 1) are defined by Egs. (3.22), (3.16), and (3.29)—(3.30), and
the pseudo virtual state polynomials £,(x; ) are defined by Egs. (3.24), (3.19), and (3.33)—(3.34),
which are polynomials of degree v in 1(x; 1), & (x; X) def £ (N0 A); 1) (or n(x;A; ), E(x;hsq) = def
Sv(n (s A5q)5 A q)). The pseudo virtual state energies £, (1) are defined in Eqs. (B.10)~(B.11) and
they satisfy Eq. (B.12). Then the Casoratian identities for these reduced-case polynomials have the

same form as in Eq. (3.36),
om (v — M; M) Welay gy, Eay 10 — M3 A)
o (6 1) WelPey, Pey, -y P 103 ), (4.5)

with the notation (1.2).
The fundamental data for the reduced-case polynomials are listed in Appendixes A.2—A.3. In the
following we present twist operations and explicit forms of the pseudo virtual state polynomials.
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For the (¢-)Hahn, dual (¢-)Hahn, (g-)Krawtchouk, and dual g-Krawtchouk cases, we have two twist
operations. Two pseudo virtual state polynomials £,(x; 1) obtained by these twists are proportional

and two pairs of potential functions (B’(x; 1), D’(x; 1)) are also proportional. Therefore the pseudo

virtual state vectors obtained by these twists are proportional and the corresponding Casoratian

identities are identical.

Some formulas in Appendix B are written under the condition@(A) > 0. Fora(A) < 0, slight modi-
fications are needed. For example, Eq. (B.3): B'(x;A) — a(A)B'(x; ) and D' (x; 1) — a(A)D'(x; L),

Eq. (B.5): do(x; 1) — do(x; 1) x (sgna(h)) ", ete.

4.1. Finite cases

4.1.1. Hahn (Ha)
We have two twist operations:

() : t) & 2 A1.2 =10, —2—A3) =28 — A,

i) t) L2 =2 — a1, -2 —23).

The explicit forms of the pseudo virtual state polynomials are

Y —v,v+3—a—b,x+1
(1) &v(x;A) =3F2( ‘ 1),

2—a,N+2
v, v+3—a—-b,N+1—x

(ii) Sv(x;k)=3F2( 2—b,N+2

1)

which are proportional,

B wn) = EDn) x — b (B/“”(x;m)

(b—v—1) \D@1)

and aD(A) = @) = 1.

4.1.2. Dual Hahn (dHa)
We have two twist operations:

) ) Q2= 21,2 — 25, -2 — A3),

() 0 ) & (1 a4 a3, T+ Ay + 23, —2 — A3).

The explicit forms of the pseudo virtual state polynomials are

—vVv,2—x—a—>b,x+1 ‘1)
2—a,N+2 ’

v, x+a+b+N,N+1—x
b+N+1,N+2

(i) : & (1) =3F> (

(i) : & () = 3F, (

1)

which are proportional,

EM ;1) = 0 (x5 1) x

(b+N+ 1Dy \D@x;1)

and () = @) = —1.
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4.1.3. Krawtchouk (K)
We have two twist operations:

i)t Ly, -2 - a),

(i) ) 1 — a2 — ).

The explicit forms of the pseudo virtual state polynomials are

. — 1
(i) : sv(x;x)=zF1( v ’p‘l),

N+2
(1-p~" )
which are proportional,

(i) - Ex:h) = oF) (_V’ N l=x
o - o B/ (x:0) B D (x; 1)
(ii) /... _E . _ I\—v ’ _
£V M) =& 00 x (1—p~ )7, ( ) = (D’(i)(x;k))’

N+2
D' (x; 1)

and e (A) = W) = —1.

4.1.4. g-Hahn (qHa)
We have two twist operations:

Dt EQ-n2-2,-2-23) =21,

) t) 232 a1, -2 —13).

The explicit forms of the pseudo virtual state polynomials are

v o —1p—1,v+3 x+1
~ 4 . _ q V) a q B qx
(1) : &(sX;q) =3¢ ( GPa—l, gV+2

q;qu—x>’

q; 6]) )
which are proportional,

o o~ 2. —1. B /(i) (.- ~ 240, )
(i) o qy — £G) o (gea™";q)y (i) B (x;X) ) N (x;
gv (X, A') - gv ()C, )") X (bq_v_l , q)V B o ()") D, (ii) (x’ X) =u ()") D/ (1) ()C, X)

and ot(T) A =gq, o ) = abq_z.

— —17—-1 _v+3 _N+1—x
.. < q V, a b q > q
1) : JA) =
( ) EV(X ) 3¢2 < qzb_l, qN+2

4.1.5. Dual g-Hahn (dqHa)
We have two twist operations:

Gt EQ-n2-2,-2-23),

() t) (1 a0 423, 14+ A + 23, —2 — A3).

The explicit forms of the pseudo virtual state polynomials are

v —lp—1,2-x xtl
2 A . q Va a q H qx
(1) : & A q) =3¢ ( G2a-1, gN+2

q .qu+N+l)
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- 5 q_v, aqu+N’ qN+1—x
(i) : &v(x;X;9) =3¢ ( hgN+1, gN+2

q;a” qv“) :
which are proportional,

ED 0y = ED (o) x O29 D (B“ﬁ)(x;x)) _ (B/Gj(x; X))

bg" 9y \D'a)) ~ DO
and @ (0) = @) = ¢.

4.1.6. Quantum g-Krawtchouk (qqK)
We have one twist operation:

@ )&=, —2 -1

The explicit form of the pseudo virtual state polynomial is

-~ 5 q—v qx—i-l Nl
() : &) =201 < p2 |1 * _">-
4.1.7. g-Krawtchouk (gK)
We have two twist operations with different t(¢g):
~ def 1

D:th)=Q2—-r,-2-22), HP=q ,

Gi): t) E -, —2-1), tg =4

The explicit forms of the pseudo virtual state polynomials are

— —1 v+2 +1
~ g, - ¢ q" .
(i) : &v(x; X5 9) =301 < N2 q:-pg" " 1>,
— -1 v+2 _ N+1—x
.. Y C] V’ - q > q
(i) : &v(x;4) = 3¢ ( V2.0 q;q>,
which are proportional,
E) (1) = ED (1 1) x (—p)Vg" VD), o) B' M (x;3) G B'V(x;1)
v > v b p q > D, (11) (x’ X) D/ (1) (x’ X) B

and «® A =g, aWQ) = —pg~ 1.

4.1.8. Dual g-Krawtchouk (dgK)
We have two twist operations:

@+ ) & (a2 - 2,

i : ) &g, —2 -y,

The explicit forms of the pseudo virtual state polynomials are

- —1 N+1-— 1
gV, c gt gt

@ : & (hig) =3¢1< N

q;cqv>,
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~ . C]_V, qu+1, qN—H—x B
(i) : &v(x;A;q) = 3¢1( N2 g;¢7'q" ), (4.41)
which are proportional,
o~ L~ B (ﬁ) (x. A) B (T) (x. )»)
(i) 4. _ £y —v N — I
anda®A) = a® @) = ¢.
4.1.9. Affine g-Krawtchouk (agK)
We have one twist operation:
~ def
1) : tA) = (=r1,—2—12). (4.43)
The explicit form of the pseudo virtual state polynomial is
~ . q—v’ qx—H B _
D: Emhig) =202 © g;p~ g, (4.44)
plg, gN+2
4.2.  Semi-infinite cases
4.2.1. Meixner (M)
We have one twist operation:
. def
@ : tA) = 2= A, A). (4.45)
The explicit form of the pseudo virtual state polynomial is
. v —v,x+1 _
@) : Sv(x;l):2F1< g ‘l—c 1). (4.46)
4.2.2.  Charlier (C)
We have one twist operation:
G : t) & _a,. (4.47)
The explicit form of the pseudo virtual state polynomial is
. v —v,x+ 1 _
(i) : E(x;x) =2F) ( B a 1). (4.48)
4.2.3.  Little g-Jacobi (lgJ)
We have one twist operation:
~ def
1) : tAA) = (—A1,—22). (4.49)
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The explicit forms of the pseudo virtual state polynomials are
~ v horn @ g3 9) g, a” b gt
() : &(rhig) = (=b) Vg2 TV 0 g, » q:bg!
(b~ q;9)v a'q

qfv aflbflqurl qx+1
=3¢2< b1q. 0 4,4)

4.2.4. q-Meixner (gM)
We have one twist operation:

@t E (=11, —22).

The explicit form of the pseudo virtual state polynomial is

g, ¢!
b~lg

M) Eshq) =201 ( q;—b—lc‘lq"‘).

4.2.5. Little g-Laguerre/Wall (IqL)
We have one twist operation:

M )&y

The explicit forms of the pseudo virtual state polynomials are

C]_V, qx+l

Q) : §v(x;k;q)=z¢1< 0

q;a—lqv+l>
-V

o 1 _ q
= (—a) g " VgV 11 [ T
a lq

q;a—lqv+x+2>‘
4.2.6. Al-Salam—Carlitz II (ASCII)

We have one twist operation:

M ot o

The explicit form of the pseudo virtual state polynomial is

q—v’ qx—H
0

() : &(xAiq) =201 (

qmqu)-

4.2.7. g-Bessel (qB) (alternative g-Charlier)
We have one twist operation:

M ) o
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The explicit forms of the pseudo virtual state polynomials are

. A _ v(x+1) q_v’ qx—H . =1 2v4l—x
@D &xAq9) =¢q 260 q;—a q
—V’ _a—l v+2 3
= (—a) g2y (q 1 q;—aq" 1)
— -1 v+2 x+1
q V: —a q > q
=3¢ ( 0.0 q;Q)- (4.58)
4.2.8.  g-Charlier (qC)
We have one twist operation:
Mt & i (4.59)
The explicit form of the pseudo virtual state polynomial is
- 1
D Eoehia) = g, q" R 1.60
() &OsAsg) =260 B q;—a q - (4.60)

5. Summary and comments

In addition to the Wronskian identities for the Hermite, Laguerre, and Jacobi polynomials in oQM [20]
and the Casoratian identities for the Askey—Wilson polynomial and its reduced-form polynomials
in idQM [21], infinitely many Casoratian identities for the g-Racah polynomial and its reduced-
form polynomials in rdQM are obtained. The pseudo virtual state polynomials are defined by using
discrete symmetries of the original systems. The derivation of the Casoratian identities in this paper
is a “shortcut” way. The pseudo virtual state vectors and the one-step Darboux transformation in
terms of it for g-Racah case are discussed in Appendix B. We will report on the multi-step cases and
semi-infinite cases elsewhere. The Casoratian identities imply equivalences between the deformed
systems obtained by multi-step Darboux transformations in terms of pseudo virtual state vectors and
those in terms of eigenvectors with shifted parameters.

Curbera and Duran studied similar Casoratian identities for the Charlier, Meixner, and Hahn
polynomials [31], which have the sinusoidal coordinate n(x) = x. Their method is based on the
Krall discrete measure. Let us consider the case N' = max(D) and min(D) > 1. Then their map 7
implies /(D) = D and /(D) = D, and we have max(D) = N and min(D) > 1. Our identities (4.5)
correspond to their Theorems 1.1, 5.1, and 7.1 as follows: Charlier: F' = D, Meixner: F] = D and
Fy =@,Hahn: F| = Dand F, = F3 = (remark: / (¥#) = ¥ and max () = —1). The proportionality
constants are also presented.

Among the reduced-form polynomials, the big g-Jacobi family and the discrete g-Hermite II are
not mentioned in this paper. The orthogonality relations of the big ¢g-Jacobi family are expressed in
terms of the Jackson integral and their rdQM needs the two-component formalism [28]. The rdQM
for the discrete g-Hermite 11 is an infinite system, x € Z. We have not completed the study of the
pseudo virtual state vectors for these two systems. It is plausible that similar Casoratian identities,
which are polynomial identities, do exist. In fact R. Sasaki has checked tentative Casoratian identities
for the big g-Jacobi family (private communication).
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In Sect. 3.2 twist operations (i)—(ii) and (T)f(‘ivi) are presented. There are more discrete symmetries
(iii)—(iv) for R and ¢gR, and (iii)—(iv) for ¢R:

Gi): ) E ox— 1, W) E A+ =l 20— An2—23.2— ), @ g (D)

(V) t) Exras—1, Q) B A +a1 — A, 1 +20— 43,2 — 23,2 — 223 + Ag),

) =g, (52)
(iTi) : (iii) with the replacement t(g) def q_l, (5.3)
(i:/) : (iv) with the replacement t(g) def q_l, 5.4)

all of which give the relation

EvA) = Evint1(X). (5.5)

It is an interesting problem to clarify whether these twists give new pseudo virtual state vectors and
Casoratian identities or not.
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Appendix A. Data for orthogonal polynomials

In this appendix we present some necessary data for the orthogonal polynomials [26,29]. The
data for the Askey—Wilson polynomial are given in Appendix A.1. The data for the polynomials
appearing in finite rdQM are given in Appendix A.2 and those for semi-infinite rdQM are given in
Appendix A.3.

A. 1. Askey—Wilson
The fundamental data for the Askey—Wilson polynomial are [21,29]

A
q* = (a1,az,a3,a4) ({a},d5,d5, a3} = {a1,a2,a3,a4} as aset), y =logg,

_ _ _ def
§=03.3.3.0, k=g, &M =@ "—DA-big" "), bs= aiarazas,
n(x) =cosx, @) =2sinx,
Py(x; 1) = Py(n(x); 1) = pu(n(x); a1, a2, a3, aslq) (A.1)
h q—n’ b4q”_1, aleix’ ale—ix
=a, (a1az,a1a3,a1a4 ;q)n 493 q9:9 ),
aiay, aias, ajas

4 ; 4 —i

(1 —aje™) (1 —aje™)
pasny = =029 prany = U0

(1— eZix)(l _ quix) ’ (1— e—2ix)(1 _ qe—Zix)’
where p,(n; a1, az,as, as|q) is the Askey—Wilson polynomial. Note that the Askey—Wilson system
is invariant under the permutation of a;.
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The pseudo virtual state wavefunction is defined by using the twist operation, the discrete symmetry
of the Hamiltonian [21]. The twist operation t etc. is

() B (1 — a1 — A, 1 — a3, 1 — Ag) = 26 — A, (A.2)

V'h) V(i) ad) =big 2 o/ A) =—(1—q)(1 —bsg ), (A3)

HO) =aMWH Q) +d'A), EX) EamaE (M) +d/ M) =E 1),  (Ad)

The pseudo virtual state polynomial &, (x; A) = &y (n(x); 1) is defined by
b4 def x
Ey(x; 1) = Py(x;td)). (A.5)

The auxiliary function ¢ (x) (M € Z>o) is defined by

M-=2

(] 22 . . Mk
o @ £ o@ T ] (0 — 5 y)p +iky) !
k=1

ML NN (ML
I n(+iC5" —y) —nl+iC5~ —by) (—2)MM=1 (a6

1<j<k<M e(i5y)

and ¢o(x) = ¢1(x) = 1. Here [x] denotes the greatest integer not exceeding x.

A.2. Finite cases

Data for the polynomials appearing in finite rdQM are presented [26,29]. Although there are two
possible parameter choices indexed by € = +1 for the Hahn, dual Hahn, ¢g-Hahn, and dual g-Hahn
polynomials, we take € = 1 for simplicity of presentation.

A.2.1. Hahn (Ha)

)":(a’b,N)’ 6:(1’15_1)’ K:1, gn()\.):n(l’l‘i‘a‘i‘b—l),

nx =x, ¢x) =1,
—n,n+a+b—1, —x

Pn<x;x>=Qn(n(x>;a—1,b—1,N)=3F2( N

1), (A7)
Bx;M) =@ +a) (N —x), Dx;A)=x(b+ N —x),

where O, (n; «, 8, N) is the Hahn polynomial in the conventional parametrization [29]. The Hahn
polynomial is obtained from the Racah polynomial by

AR =(@,b+N+d,—N,d), d—> o0: lim PR(x;AR) = P(x; ). (A.8)
— 00

A.2.2. Dual Hahn (dHa)

X=(aab,N)a 8=(1509_1)5 K=15 g}’lzna

2x+a+b

A = b—1 (A) =
nx;A) =x(x+a-+ ), @(x;A) P

9
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. — b—1. —
PAmM=RAMmMm—1J—LN)=ﬁa<””*”*N T Q, (A9
a, —
x+ax+a+b—-—1)N —x) xx+b—1Dx+a+b+N-1)

B(x;A) = D(x;\) =

Cx—14+a+b)Q2x+a+b’ 2x—=24+a+b)2x—14+a+b)

where R,(n; v, 8, N) is the dual Hahn polynomial in the conventional parametrization [29]. The dual
Hahn polynomial is obtained from the Racah polynomial by

AR=(,b,~N,a+b-1), b > o : b;meP,?(x;xR) = P,(x; ). (A.10)

A.2.3. Krawtchouk (K)

)":(p’N), 6:(05_1), K = 1, gnZn; n(x):xa (p(x): 1:

—n, —x

—N
B(x;X) =p(N —x), D@x;d) =(1—-ph,

Emh=mWﬁnM=ﬁ«

p—‘), (A.11)

where K, (n; p, N) is the Krawtchouk polynomial. The Krawtchouk polynomial is obtained from the
Hahn polynomial by

A =0 4p,1+1=pt,N), t > o0 tgrgofv’},{a(x; A1) = P, (x; ). (A.12)

A.2.4. q-Hahn (qHa)

¢ =(a,b,q"), §=(,1,-1), k=q"', &A= (" - D —abg"™h),

nx)=qg " -1, ok =q",

n—1 —X

abq""", q
a, g~ N

Py(x;1) = 0u(1 +n(x);aq™ ", bg~ ", Nlg) = 3¢ <q_ ’ q;q>, (A.13)

B;A) =1 —ag)q ™" 1), DxN) =aqg '(1—g)g" —b),

where Q,(n;«, B, N|q) is the g-Hahn polynomial in the conventional parametrization [29]. The
g-Hahn polynomial is obtained from the g-Racah polynomial by

q"qR = (a,bq"d,qN,d), d - 0: L}in})IBZR(x;qu) = P,(x; ). (A.14)

A.2.5. Dual g-Hahn (dgHa)

ql:(aaban)a 3:(1a09_1)1 K:q_19 5n=q_n_ 1)

—X _ b
nmu=@”—nu—wfﬂ,¢W“:1T?%é
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x—1 —Xx

,abqg* ™, q
a, g N

—n

Py(x;A) = Ry(1+abg™" + n(x;M);aq~",bg™ " Nig) = 32 (q
(@ — DA — ag) (1 — abg*™")
(1 — abg®—1)(1 — abg®)

vt (U= @)1 = abg™™N =1 (1 — bg*1)
(1 — abg®=2)(1 — abg®*—1)

B(x;A) = : (A.15)

D(x;\) = ag”

b

where R, (n; ¥, 8, N|q) is the dual g-Hahn polynomial in the conventional parametrization [29]. The
dual g-Hahn polynomial is obtained from the g-Racah polynomial by

A = @b, gV, abg™), B = 0: bl,imO}V’ZR(x; ATRY = Py(x; ). (A.16)

A.2.6. Quantum g-Krawtchouk (qqK)

F=pd"), §=0,-1), k=q, E=1-4¢", 1) =q¢g*—1, ok =g,
—n =X

Py(x; 1) = KI"™(1 + n(x); p, N q) = 261 (q q’_g

q;pq”“), (A.17)
B(x;A) :P_qu(qx—N -1, Dx;A)=0-¢g"H —p_qu_N_l),

where K,?tm(n; p,N:;q) is the quantum g-Krawtchouk polynomial. The quantum g-Krawtchouk
polynomial is obtained from the g-Hahn polynomial by

qqua = (a,pq,q"), a— oo: lim PIHa(x;29H2) = P, (x;1). (A.18)
a— o0

A.2.7. g-Krawtchouk (¢K)

& =wd"),8=02,-1, k=q" &N =@" - D+pg",
nx)y=q¢ -1, ¢kx)=q",

", q " —pq"
gV, 0

Pu(x;1) = Ku(1 + n(x); p,N; q) =3¢2( q;q), (A.19)
B;A) =¢"" =1, Dx;M) =p(l — g,

where K, (n; p,N;q) is the g-Krawtchouk polynomial. The g-Krawtchouk polynomial is obtained
from the g-Hahn polynomial by

MU~ (a,—a 'pg.d"), a—0: lim PaHa(x; A9H3) — P (x; ). (A.20)
a—

A.2.8. Dual g-Krawtchouk (dgK)

& =@qd"), §=0,-1, k=q', E=qg"—1,

—x _ =N
D) = (@ — D0 —eg), pry=T 4T
1 —cqg'~
22/30

Downl oaded from https://academ c. oup. com ptep/articl e-abstract/2017/12/123A02/ 4781702
by Shinshu Univ Med Lib user
on 08 May 2018



PTEP 2017, 123A02 S. Odake

q—n q—x cqx—N

gV, 0

61;61), (A.21)
(I —g")(1 —cq)

(1 _ cqzx—l—N)(l _ Cqu—N)’

Pa(x;1) = Kn(1+cqg™™ +n(x;A);e,Nlg) = 3¢ (

@ = DA —cqg™)

4y . 2x—2N—1
(1 _ qux_N)(l _ cqzx_;’_]_N): D(xq )\«) - cq

B(x;A) =

where K, (n; ¢, N|q) is the dual g-Krawtchouk polynomial in the conventional parametrization [29].
The dual g-Krawtchouk polynomial is obtained from the dual g-Hahn polynomial by

) dgHa _ (a’a—lcqlfN’qN)’ a—0: lin})lt’qua(x; )‘qua) — Pn(x; X) (A22)
a—

A.2.9. Affine g-Krawtchouk (agK)
A N _ _ -1 _ —n X _ X
¢ =pq), §=0,-1, k=q ", &=q"-1, n0)=q¢"-1, okx)=q",
5 aff q_na ‘]_x, O
Py(x;A) = K21 + n(x);p, N3 q) = 3¢ g g | 13) (A.23)

B(;A) = (N = D1 —pg™), D1 =pg V(1 - ¢,

where Kf,‘ff(n; p,N; q) is the affine g-Krawtchouk polynomial. The affine g-Krawtchouk polynomial
is obtained from the g-Hahn polynomial by

" = (pg,b,4"), b—0: tim Pofe (o 1915) = B (). (A.24)
—

A.3.  Semi-infinite cases

Data for the polynomials appearing in semi-infinite rdQM are presented [26,29].

A.3.1. Meixner (M)

X:(ﬁ:c)a 6:(1,0)5 K = 13 gn:n’ n(x):x’ QD(X): 19

. —n, —x _
Pu(x; 1) = My(n(x); B,¢) = 2F) ( 5 e 1>, (A.25)
c 1
B(x;X) = (x+p8), Dx;d)= X,
l1—-c l—-c
where M, (n; B, c) is the Meixner polynomial. The Meixner polynomial is obtained from the Hahn
polynomial by
AHa — (,3, 14+ — CN,N), N —oo: lim PHgate) = P, h). (A.26)
c N—oo

A.3.2. Charlier (C)

A=a, 6=0, k=1 & =n nx)=x ¢k =1,

—n, —Xx

Py(x;1) = Cu(n(x); @) = 2F ( —a—l), (A.27)

B(x;A) =a, D(x)=ux,
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where Cy,(n; @) is the Charlier polynomial. The Charlier polynomial is obtained from the Meixner
polynomial by
a .y .
xwﬂﬁazxﬁangﬁﬁmnwzmmm. (A.28)

A.3.3.  Little g-Jacobi (IgJ)

& =(ab), §=010,1), k=q"', &L= (@ " - DA —abg"h),

N =1-¢q", ¢ =4,

P d) = (—a)~ng—inentd (943 Dn

ba-0) pn(l —n(x);a,blg)

” n
I (aq; q) q", abg"*!

= (—a)"q zn(nﬂ)w 20 ( q;qx—H (A.29)
g ", abq", g7 _

=3¢1< by q;a qu),

B(x;A) =alg™ —bg), Dx)=q " —1,

where p,(n; a, blq) is the little g-Jacobi polynomial in the conventional parametrization [29]. The
little g-Jacobi polynomial is obtained from the g-Hahn polynomial by

xM = N —x, q)‘qHa = (aq,bq,q"), N — oo :

v bg; Y
lim PaHa(yaHa, yatlay — (_gyngdnorth) PLEDnp oy (A.30)
N—oo (aq; Pn

A.3.4. g-Meixner (gM)

=k, §=0,-1), k=q, Ex=1-¢", 1) =¢" -1, o =q¢",

g g
bq

B(x;A) =" (1 —bg™™"), D) = (1 —¢")(1 + beg"),

Pu(; ) = My (1 + n(x); b,¢;9) = 201 ( q; —c_lq"“>, (A31)

where M,,(n; b, c; q) is the g-Meixner polynomial. The g-Meixner polynomial is obtained from the
g-Hahn polynomial by
M = (g, —b e gV ¢Y), N = oo im PaHa e Aty — P (x;). (A.32)
—00

A.3.5. Little q-Laguerre/Wall (IqL)

F=a §=1, k=q', &E=q¢"—1, n0)=1-¢" oK) =g,

—n —X

» q

Py(;)) = (@ 'q7 @) pa(1 — n(x);alq) = 260 (q q;a‘lq”‘>, (A.33)

B(x;\) =aq™", Dx)=q " —1,
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where p,(n; alq) is the little g-Laguerre polynomial in the conventional parametrization [29]. The
little g-Laguerre polynomial is obtained from the little g-Jacobi polynomial by

2]

¢ =(@b), b—>0: lim P (x; M40y = P, (x; 1), (A.34)

A.3.6. Al-Salam—Carlitz II (ASCII)

t=a §=0, k=q, E=1-¢", 10)=q¢g -1, ox)=q"
% —n_ tn=1) () g q
Py(x;)) = (—a)"q2 Vi@ (1+nx);q) = 20

q; a_lq"), (A.35)
B(x;A) = ag™, D;A) = (1 — )1 — agh),

where V@ (n; q) is the Al-Salam—Carlitz II polynomial in the conventional parametrization [29].
The Al-Salam—Carlitz II polynomial is obtained from the g-Meixner polynomial by

AM

7" =(—ac l¢), c—>0: lim PM(x; AM) = P, (x; 1), (A.36)
c—>

A.3.7. q-Bessel (¢B) (alternative q-Charlier)

¢ =a §=2, k=q"' M =@ "-DU+ag"), n®=1-4¢" ¢ =7,

q; —a_lql_”> (A.37)

q; —a_qu>,

. _ _ 5 —n, —X
Parid) = (—a) g™ yu(1 = n(0)a:q) = "™ 20 (‘] 0"

n n —X

= (—a) g " 21 (q ’O_aq ‘ q;qx+l> = 3¢0 (q T

B(x;A) =a, D@x)=q"—1,

where y,(n; a; q) is the g-Bessel polynomial (the alternative g-Charlier polynomial K, (1; a; ¢)) in
the conventional parametrization [29]. The g-Bessel polynomial is obtained from the little g-Jacobi
polynomial by

" =, —ad"'q"), d - 0: 1im013;qJ(x;xqu) = P,(x;1). (A.38)
a—

A.3.8. g-Charlier (¢qC)

F=a S§=-1, k=q, Ex=1-¢", nW)=¢" -1, o =g,

—n —X

> q
0

Py(x;0) = Cu(1 4 n(x): a3 ) = 261 (" q;—a—lq"“>, (A.39)
B(x;A) =aq", Dx)=1-¢",

where C,(n;a;q) is the g-Charlier polynomial. The g-Charlier polynomial is obtained from the
g-Meixner polynomial by

A= (ba), b—0: lim PM(x; A™) = P, (x; ). (A.40)
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Appendix B. Pseudo virtual state vectors and deformed systems

In this appendix we explain pseudo virtual state vectors and deformed systems obtained by the
one-step Darboux transformation in terms of pseudo virtual state vectors.

We illustrate them by taking the gR twist (i) case as an example. We consider the following
parameter range:

c=q N, 0O<ac<d<l1, qd<b<], (B.1)

for which the Hamiltonian is well defined, namely real symmetric, and the constant (1) is positive.
Potential functions B'(x; A) and D’ (x; A) are given by Eq. (3.23). We restrict the parameter range:

ac<dq, b<gq, d< qz. (B.2)
Then B'(x; 1) and D' (x; A) satisfy

B(x;\) >0 (x=0,1,...,N), B'(=1;1) =0,
D(x;0) >0 (x=0,1,...,N), D'(N+1;1) = 0. (B.3)

By further restricting the parameter range, we obtain the positivity of the pseudo virtual state
polynomial (3.25) in the extended domain:

E ;0 >0 (x=—1,0,...,N +1). (B.4)

The range of v may be restricted. After Eq. (2.6), let us define ¢ (x;A) by

x—1
~ def B'(x; 1)
Bo(x; A) DaiLy (B.5)
y=0
which is an “almost” zero mode of H’ (2.16):
H' (Ao (x; 1) = D' (0; 1)o(0; M)8xo + B'(N; )o (Vs 1)Sy - (B.6)
Explicitly it is
5 1—dg®™ 1
JA) = . B.7
Hid) = s (B.7)
We define the pseudo virtual state vector ¢~5\, (x; 1) as follows:
~ def ~ Yy
dy(x;A) = Po(x; L)y (x; A). (B.8)
This pseudo virtual state vector satisfies
HM Py (r;1) = E M)y (x: 1) + a(X)D'(0; 1)bo (0; L&y (=15 1)80
+a(W)B (N; Mo(N; MEW + 1;1)8.y, (B.9)
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where the pseudo virtual state energy &, () is defined by (we also present it for twists (ii) and (T)—(Ti))

def

@, () : &R E aE (D) +a' (), (B.10)
@, () : &) E ;& (kA);q7") + o' (s g). (B.11)

Namely the pseudo virtual state vector almost satisfies the Schrodinger equation, except for both
boundaries x = 0 and x = N. This is in good contrast to the virtual state vector in rdQM [12,13]},
which fails to satisfy the Schrodinger equation at only one of the boundaries. We remark that the
pseudo virtual state energies &, (1) for (i)—(ii) and (T)—(ﬁ) give the same value,

EA) = Eyv1(N), (B.12)

which is important for the equivalence between the state adding and deleting Darboux transformations
[20,21].

Let us introduce potential functions l}dl (x;A) and [)dl (x; ) determined by one of the pseudo virtual
state polynomials édl (x;A):

Eq (x + 1;1) g (x — ;1)

By ;1) € a)B (1) . Dav) Ea)D'(x;1) . (B.13)
&, (x; 1) &, (x; 1)
which satisfy
By ;1) >0 (x=0,1,...,N), By (—=1;1) =0,
Dg, ;1) >0 (x=0,1,...,N), Dg (N +1;1) =0, (B.14)
B(x; MD(x + 1;1) = By, (x; M) Dg, (x + 1; 1),
B(x;X) + D(x; 1) = Bgy (5 1) + Dy (63 1) + 4, (M. (B.15)
The original Hamiltonian H () is rewritten by using them:
HO) = —y/ Bay (6 WDy, (x+ 1A € — /By (6 — 10Dy (13 2) 7
+ By, (55 1) + Dy, (53 1) + €4, (V) (B.16)

= <\/édl () — /Dy (1) e—a) <\/édl (x50 — e/ Dy m)
+D 4, (0;1)8x0 + E4 (V)

For this (N + 1) x (N + 1) matrix H = (Hx,y)o<x,y<n, We define a deformed Hamiltonian Hg, (1),
which is an (N + 2) x (N + 2) matrix Hy, = (Ha; xy)—1<xy<N:

def /A - - - - .
Hay ) & — By e+ 130Dy 150 €2 — By (631D (1) €77
+ Bay (s 0) + D, (x + 10) + €4, (V) (B.17)

( = («Bdl (52) — /Dy, (x; x)) (\/iedl () — /Doy (1) e—a) + & (X)).

! In Refs. [12,13], the type I and type II virtual state vectors do not satisfy the Schrodinger equation atx = N
and x = 0 respectively. For the type II virtual state vector, see Ref. [13].
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Note that, on the RHS, only f}dl (x;A) and [)dl (x;A) forx =0,1,...,N appear due to Edl (—L;A) =
Ddl (N +1;1) =0, and édl (x;A) forx = —1,0,...,N + 1 appears. The deformed Hamiltonian
Ha, (X) has N + 2 eigenvectors; N 4 1 eigenvectors ¢y, ,(x; 1) (n = 0, 1,...,N) are inherited from
the eigenvectors ¢, (x; L) for the original Hamiltonian 7 (1), and a new eigenvector dVDdl ., (x; }) with
the pseudo virtual energy gdl (L) is added:

Hay Ny n (1) = Ex(M) gy n(x31) (n=0,1,...,N), (B.18)
Hay W) Doy, 065 1) = Egy XDy, (65 1), (B.19)

Here ¢4, ,(x; 1) and é’dl ., (x; L) are given by

b w5 1) /By (65 0) ;1) — /Dy (6 + 1; 1) a(x + 11, (B.20)

. def  Po(x+ 1,1 —3)
Dy, (150) = (B.21)

Ea DB+ 150)
which are defined forx = —1,0, ..., N. We remark that Eq. (B.20) is rewritten as

—vVa(M)B'(x; X) ¢o(x; X)Wc[édl BN, vonh) & $o(x; 1)

VEa (s 0E (4 150 Po(x; 1)

This deformed Hamiltonian H4, () can be rewritten in the standard form:

¢d1 n(X; A') =

(B.22)

Hay(\) = —/Ba, (x; M)Dy, (x + 1;0) ” — /By, (x — 1; M) Dy (x; 1) e
+ Ba, (x; 1) + Dy, (x; 1) + E4, (M) (B.23)
= (VB &%) = VD0 ™) (VBay 050) = €Dy (1) ) + €, ).
Here potential functions By, (x;A) and Dy, (x; 1) are

Bay 0 ey 4 LN ) & e S LY

Eg (x+1;0) Eqy (x; 1)

, (B.24)

which satisfy
B (x;0) >0 (x=-1,0,...,N —1), Bg,(N;1) =0,
Dg (x;A) >0 (x=0,1,...,N), Dg(=1;1) =0. (B.25)

Repeating this deformation procedure M times (the parameter range should be restricted appro-
priately), we can obtain deformed Hamiltonians Hy;...q,, (A). They are (N +M + 1) x (N +M + 1)
matrices Hy,..qy, = (Hay...dys xy)—m<xy<n and their eigenvalues are £,(A) (n = 0,1,...,N) and
SNdj (G=1,2,...,M). We will report on this subject in detail elsewhere.

Next let us consider the equivalence between the above one-step deformation in terms of the
pseudo virtual state vector with d; = £ and the £-step deformation in terms of the eigenvectors with
shifted parameters. For simplicity we take N/ = max (D). The multi-step Darboux transformations
in terms of the eigenvectors were studied in Ref. [27]. Simple examples, in which the eigenvectors
o1, ¢2, . . ., P¢ are deleted, are given in its Appendix A. Equations (A.16), (A.24), and (A.26) in Ref.
[27] for the g-Racah case give:

Pe(; M) T'WelP1, Pa, ..o Pl 1) o Po(—x; —d — (£ — 1)),
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namely,
Er(r— 150 o (s A — (€4 D) T 'WelPy, Pa, ..., Prl(x A — (€ + 1)8). (B.26)

This is the special case of the Casoratian identities (3.36) with M = 1, N' = ¢, D = {¢}, and
D = {1,2,...,£}. Let us denote the potential functions of the deformed system in Appendix A of
Ref [27] as BKlA2 ) =B Py and DA (id) = D7 (x; 1), The Hamiltonian
of the deformed system in Appendix A of Ref. [27] is

KA
Hiis,0®) = (HES o)y R o<y y—eo

M, .gM) = —\/Bﬁ‘f\z, J o5 MDES  x+ 1A) €l

— /B pa— LODKEnye
+BYS 0 + DS (). (B.27)
Then Egs. (A.26), (A.29), and (A.30) in Ref. [27] give
End) = EXF e 4 10 — (0 4 1)),
Bex; M) =k By (r+ LA — (€ + D)8, (B.28)
De(x; M) =k TIDES (LA = (€ + 1)8).

Therefore we have

HeeyW) = EMSey = kT HES syt (M = €+ D8), (B.29)
namely
He-vy(A) — EL(A)S =k (R (A — (€ +1)9) . (B.30)
Eixy WA )0xy Cl<xy<N {1,2,....0} ;x+1,y+1 Cl<xyp<N

This establishes the equivalence of the two systems.
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