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Abstract
The problem of simulating a river network is considered. A river
network is considered to comprise of rivers, dams/lakes as well as
weirs. We suggest a numerical approach with specific features that
enable the correct representation of these assets. For each river the
flow of water is described by the shallow water equations which is a
system of hyperbolic partial differential equations and at the junctions
of the rivers, suitable coupling conditions, viewed as interior boundary
conditions are used to couple the dynamics. A different model for the
dams is also presented. Numerical test cases are presented which
show that the model is able to reproduce the expected dynamics of
the system. Other aspects of the modelling such as rainfall, run-off,
overflow/flooding, evaporation, absorption/seepage, bed-slopes, bed
friction have not been incorporated in the model due to their specific
nature.

1

Introduction

In this article we consider a time domain simulation of dynamics of river
networks. This can also be understood as simulation of the time evolution of
river networks. The need to model and simulate a water network arises due
∗
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to the fact that monitoring and prediction of the dynamics of rivers play an
important role in the predictive abilities of decision-makers. These take the
form of monitoring and predicting water levels in order to optimize water
supply, eradicating or reducing the impacts of catastrophes due to flooding
rivers, emptying of reservoirs, or breaking of dams. The main features of the
river flow network to be considered may include the following:
• modelling of the river flow;
• modelling of branched river networks;
• modelling of a reservoir or a storage basin.
In this work, we employ a network approach based on one-dimensional
models. This is a result of the fact that on a large scale, the flow is a onedimensional phenomenon. Thus topographical maps can be transformed to
network graphs. The elements of such a network graph include single river
reaches as well as dams which are edges of the graph connected by vertices
that are intersections of rivers as well as weirs. The flow in the rivers is
described mathematically by the application of the shallow water equations.
This model, which was introduced by A.J.C de Saint Venant in 1871, is widely
used to model flows in rivers and coastal areas. For a branched network, we
describe and implement some coupling mechanisms at the intersection of
three rivers, at the confluence of a big river and a tributary, and at a weir
(or a river dam). These coupling mechanisms are some algebraic equations
representing some interior boundary conditions at the intersection point [12]
which are motivated by physical considerations. The dynamics of the volume
of water in a reservoir or a storage basin is modelled by a function of the flux
of water into and out of the reservoir. This can be described by a system of
differential equations. Such modelling also allows a detailed focus on parts
of the river that could be of special interest.
The numerical approach we have applied to approximate the river flow
is an upwind scheme. This has the advantage of simplicity and robustness.
Unfortunately, it does introduce significant numerical diffusion hence steep
flow gradients are not sharply resolved. In a network it is believed that
such detail may not be very critical. Indeed, an extension to more accurate
schemes is feasible if the need for more detailed focus arises. Such high
resolution schemes have been extensively discussed in the literature and we
list some publications below [11, 13, 6, 7]. Such schemes are nonlinear and
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as a consequence are not trivial to implement and more expensive than firstorder schemes. Sharper resolutions for upwind schemes can be attained by
refining the spatial grid used in numerical approximations.
The rest of this article is organized as follows. In Section 2, we introduce
the formulation of the shallow water equations used to model the flow of
water in the rivers. The properties of this system of conservation laws is
reviewed and some parameters describing the characteristics of the flow are
introduced. In Section 3, we present the coupling conditions used at the
confluence of rivers’ reaches. These are mainly the continuity of the water
level at the intersection and the conservation of mass of water through the
junction. In Section 4, numerical schemes used to solve the flow equations
and the implementation of the coupling mechanisms are discussed. Some
numerical examples are used to demonstrate the robustness and the efficiency
of this approach.

2

Modelling the dynamics of a river

An open channel flow is a flow system in which the top surface of the fluid
is exposed to the atmosphere. Rivers and dams fall under this definition. In
this section, we will present the modelling of the rivers and dams and then
define the coupling conditions necessary for a network.

2.1

The shallow water model

To model the flow of water in a river the conservation of mass and momentum
of the flow is considered. The model is derived from the depth averaging of
the incompressible flow models. In general, to model the conservation of
mass along the flow direction in a channel of arbitrary cross-section one
considers the cross-sectional area of water A [L2 ], at time t[s] and point x [L]
as presented in Figure 1. If a small section of a river is considered then the
rate of change of the cross-sectional area of the river is a result of the gradient
of the total volume flow rate also known as discharge Q, in that section of
the river. This might be balanced by other mass source or sink terms Sm
(for example, rainfall, evaporation, seepage, runoff) to give equation (1a)
in which ∂t is a partial derivative with respect to time and ∂x is a partial
derivative with respect to space (distance). One also refers to Sm [L2 /T ] as
the volume flux per unit length into the stream. Equation (1b) describes
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the balance of momentum, here represented by the discharge Q : the rate of
Q2
change of discharge depends on the flow of momentum,
, the hydrostatic
A
pressure term I1 , the effect of the forces exerted by the channel walls on the
flow I2 , the bottom slope of the channel S0 , and the frictional forces at the
bottom Sf :

∂t Q + ∂ x



∂t A + ∂ x Q = S m ,

Q2
+ gI1
= g (I2 + A(S0 − Sf )) .
A

(1a)
(1b)

This is a conservative formulation in which A(x, t) is the wetted cross-section
area:
Z B(x)+h(x,t)
PSfrag replacements
A(x, t) =
σ(x, y) dy .
B(x)
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Figure 1: Cross section at x (left) and side view of the river (right)
In (1)(see Figure 1), x is the longitudinal position in the river. The river
is assumed to be of length L and t is time. The hydrostatic pressure term,
I1 = I1 (x, h) is defined as
Z B(x)+h
I1 =
(h − y)σ(x, y)dy,
(2)
B(x)

where σ is the channel breadth, h the channel height and y the coordinate
in the vertical direction. On the other hand I2 = I2 (x, h) is the term that
accounts for the forces exerted by the channel walls at the contractions and
expansions due to longitudinal width variations
Z B(x)+h
∂σ
I2 =
(h − y) (x, y)dy.
(3)
∂x
B(x)
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Note that h = h(x, t) is the water depth. Due to their geometric interpretation, we have that
σ(x, y) > 0 for all x ∈ [0, L] and y ≥ 0.

(4)

The bottom slope S0 is given by
S0 = −

dB
(x)
dx

(5)

where B = B(x) describes the bottom topography (bottom elevation) of the
channel. Any erosion effects are likely to happen in a much longer time scale
than the dynamics of interest in this paper.
The friction term is given as
Sf = −

n2m Q|Q|
A2 R4/3

(6)

where nm is the Manning roughness coefficient, given in tables, see for example [10]; and the hydraulic radius R = A/P, P being the wetted perimeter
of the river at position x.
When the channel cross section is locally rectangular, triangular or trapezoidal, the pressure force integrals I1 and I2 can be expressed as




σ0 hZ
1 ∂σ0 h
2
2
I1 = h
+
, I2 = h
+ Zx ,
2
3
2 ∂x
3
where σ0 is the channel bottom width (with σ0 = σ for a rectangular channel)
and Z is the slope of the channel (vertical to horizontal). For the case of
rectangular cross section, the model (1) takes the simplified form

∂t Q + ∂ x



∂t A + ∂ x Q = S m ,



Q
1
1 0
2
0
+ gσh
= gh
hσ − σB ,
A
2
2

(7a)

2

(7b)

where the prime stands for the derivative with respect to the space variable x.
The convective part of the model (7), that is the model (7) with a vanishing
right hand side, is strictly hyperbolic. Indeed, the Jacobian matrix of the
flux function is given by


0
1
J=
,
g Aσ − u2 2 u
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where u = Q/A is the stream-wise velocity of thepfluid. The eigenvalues and
eigenvectors are given respectively by λ∓ = u ∓ gA/σ and e∓ = (1, λ∓ )T .
Therefore when A/σ > 0, the system (7) is strictly hyperbolic.
Since here we assume locally rectangular channel, we have that
A = σ h and Q = A u = σ h u
and substituting in (7), we recover by simplifying by σ and assuming that
Sm = 0, the usual form of the shallow water equations in terms of the water
height h.
∂t h + ∂x (hu) = 0 ,
(8)
∂t (hu) + ∂x h u2 + 2g h2 = −ghB 0 .

In the rest of this article,we will be mainly interested in the water height
w = h + B (see Figure 1) and the quantity hu that we denote again for
clarity as Q = hu. Simple algebra helps to transform (8) to

∂t (Q) + ∂x



Q2
w−B

∂t w + ∂x (Q)
 = 0,

+ g2 (w − B)2

= −g(w − B)B 0 .

(9)

It is in this form that the implementation and the simulation will be carried
out later.
Since the original form of the shallow water equations [6] are derived under
the assumption of a conservation of the volume of water without taking into
account the effect of rain fall, evaporation and seepage, we choose the source
term in the mass balance equation to account for these effects. To fix our
ideas, we choose a source term that takes into account rainfall, evaporation,
seepage and infiltration. This information is obtained by measurement and
is given in the literature by coarse models deriving from the interpolation of
data [8, 9] . The rainfall rate, r(t), can be given by a meteorological station
situated near the river. The evaporation rate, e(t) depends on the surface
of the river and the weather. Seepage and infiltration rate, s(t), depend on
soil water content and groundwater resources. Putting these together, the
source term is then given by
Sm (t) = r(t) − e(t) − s(t).
We finish this section by pointing out some flow behavior that arise in the
simulation of rivers flow.
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Characteristics of the flow

We briefly discuss the characteristic of the flow in open-channels. One parameter that characterizes the flow in an open channel is the Reynolds number.
It is given by
|u|R
(10)
ν
where u is the average velocity of the flow, R is the hydraulic radius and ν is
the kinematic viscosity of the fluid. Laminar flow occurs when NR < 500 and
turbulent flow occurs when NR > 2000. The transition region corresponds
to the Reynolds number in the range 500 to 2000 [10]. Besides the viscosity
versus inertial forces that is captured by the Reynolds number, the ratio
of inertial forces to gravity forces, given by the Froude number, plays an
important role in the characterization of open channel flow. It is given by
NR =

|u|
NF = √
gyh

(11)

where yh , called the hydraulic depth, is given by yh = A/T with A being the
wetted cross-section area and T being the width of the free surface of the
fluid at the top of the channel.
√
When the Froude number is equal to 1.0, that is, when u = gyh , the
flow is called a critical flow. When NF < 1.0, the flow is subcritical (or
fluvial) and the flow is dubbed supercritical (or torrential) when NF > 1.0.
With a channel with a locally rectangular cross section, the Froude number simplifies to
|u|
NF = √ ,
gh
where h is the water height. This expression is closely related to the eigenvalues of the flux function of the shallow water equations in this case.

3

Coupling of confluencing rivers

We index the rivers and the quantities associated with them by i ∈ I =
{1, . . . , n}. We label the locations of the end points of the canals and dams,
which we shall refer to as nodes, by j ∈ J = {1, . . . , m}. We distinguish
between multiple nodes, indexed by j ∈ JM , at which various rivers come
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together, and simple nodes, indexed by j ∈ JS , which are endpoints of a
single river. For j ∈ J , we introduce
Ij = {i ∈ I : the i − th river meets the j − th node}.
For each river i ∈ I, the dynamics is described by a copy of the model (9),
that is

∂t Qi + ∂ x



∂ t wi + ∂ x Q i = 0 ,

1
2
+ g(wi − Bi )
= −g(wi − Bi )Bi0 .
wi − B 2
Q2i

(12a)
(12b)

In (12b), Bi is the bottom elevation in channel i. We will look at different
common types of intersection that are encountered in real life water networks.

3.1

Intersection of three rivers with the same size

Here we consider three rivers of equal strength (i.e. similar breadths and wetted cross-sectional areas) meeting at a node 1. The configuration is depicted
in Figure 2.
In this case, we prescribe the Rankine-Hugoniot condition at the junction:
Q3 = Q 1 + Q 2 .
This condition simply ensures that the volume flux in reach 3 at the intersection is equal to the volume flux from reach 1 and reach 2. We also impose
equal water level at the intersection, that is, we have at the junction,
w3 = w 2 = w 1 .
These conditions are physically motivated and ensure the conservation of
mass of water as well as the continuity of the water height at the junction.

3.2

Intersection of a river and a tributary

Now we consider the confluence of a big river and a small tributary as shown
in Figure 3. The width of the tributary is assumed to be very small compared
to that of the main river. We are mainly interested in the influence of the
tributary downstream of the main river. A loose coupling is given if the
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Figure 2: Junction of three rivers of equal strength.
model for the tributary can be calculated at first and the model for the main
river afterwards. With this one way coupling, it is hardly possible to take into
account flow information from the large river into the model of the tributary.
We will assume here that the rivers are well instrumented. Precisely, we
assume that there is a gauging-station located directly downstream of the
relevant tributary. Therefore, the water level information wg (t), from the
gauging-station is used for a lower boundary condition for the tributary,
w1 (t, x̄) = wg (t).

(13)

Once the tributary model has been run, its calculated outflow at the junction
Q1 (t, x̄) must be considered as a lateral inflow

0
if x < x̄,
Sm2 =
Q1 (t, x̄)/(x − x̄) if x > x̄ ,

to the main river after the confluent point. This ensures that the tributary
affects the main river near to the junction only. Far from the junction, the
effect of the tributary on the main river vanishes. For the implementation,
the condition x = x̄ may be replaced by the more practical one |x − x̄| < ε
where ε > 0 is a very small number.

3.3

Coupling of a weir and storage basin

A weir is modelled by splitting the river into a reach upstream and downstream the weir. The downstream boundary condition of the upstream reach
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1

PSfrag replacements

x̄
2

Figure 3: A river and its tributary
is given as in (13), that is
wupstream = f (Qupstream , t).
Some rivers are steered in a way that the water level directly upstream of
the weir is practically constant over time, this translates to the new coupling
condition
wupstream = constant.
In any case, the upstream water level at the downstream reach needs to be
smaller than the water level downstream of the upstream reach. When floods
occur, this condition can be violated. Then to ensure a good resolution of the
flow equation, the boundary condition at the downstream of the upstream
reach needs to have the form [12]:
wupstream (t) = max(wdownstream (t), f (Qupstream , t)).
For the discharge, we prescribe naturally the conservation of mass at the
interface:
Qupstream = Qdownstream .
The effective flow area is treated as interconnecting storage basins, for each
of which the relation between storage volume and water level is known or assumed. The flow calculation between the basins is based on the continuity of
volume for each basin and non-inertial flow laws between basins. Continuity
of volume in a reservoir or storage basin j is expressed as [8]
n

X
∂Vj
=
Qij ,
∂t
i=1

(14)

where Vj [m3 ] is the volume of water in the basin j; n is the number of
connections leading to basin j, Qij [m3 /s] is the discharge from basin i to
basin j or from river cross section i to basin j.

51

Time domain simulations of dynamic river networks

4

Numerical approach to approximate
network dynamics
h

U

cell i
Xi−1/2

i

Xi+1/2 i+1

Figure 4: A finite-volume scheme discretization.
A simple discretization of the shallow water equations may follow a standard finite volume approach as shown in Figure 4. From the cell average
variable
Z xj+1/2
1
vj =
v(x, t)dx
∆xj xj−1/2
on the control volume Ij = [xj−1/2 , xj+1/2 ] of length ∆x = ∆xj = xj+1/2 −
xj−1/2 , an integration of the non-homogeneous conservation law
∂t v + ∂x f (v) = g(v)
over Ij leads to

1
1
∂t vj = −
f (v(xj+1/2 , t)) − f (v(xj−1/2 , t)) +
∆xj
∆xj

Z

xj+1/2

g(v)dx. (15)
xj−1/2

The main problem now is to recover the unknowns v(x, t) at the cell
boundaries xj±1/2 from the cell averages vj and to approximate the source
term. By using the midpoint rule for the integrals in the finite volume scheme,
one easily recovers the well known finite difference method. In general, one
can write the scheme (15) in the semi-discrete form

where Hj+ 1
2
term,

Hj+ 1 − Hj− 1
d
2
2
Vj = −
+ Gj
(16)
dt
∆x
is the numerical flux and the Gj are approximations of the source
1
Gj ≈
∆xj

Z

xj+1/2

g(v)dx.
xj−1/2
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There exists many techniques to approximate the numerical fluxes Hj+ 1 .
2
The most used are the Godunov methods which take into account the local
characteristic (signal) speed at the interface of each grid cell. In its basic
form, at each time level, at the interface of two neighboring cells, a Riemann
problem is solved approximately for the approximate solution of the conservation law at the next time level. Examples of Godunov methods include
the central-upwind method introduced in [11] that uses some non-oscillatory
reconstruction of the cell average Vj via slope limiters. Many other schemes
have been developed for general conservation laws and specifically for the
shallow water equations [13, 6, 7]. In [7] the numerical solution of the shallow water equations was found as the kinetic limit of a relaxation system.
The shallow water equations admit steady state solutions (lake at rest, for
example); therefore a numerical solution should preserve such a solution and
more generally its small perturbations. A numerical scheme that satisfies this
condition is known as a well-balanced scheme. Another desirable property
for a numerical scheme for the shallow water equations is that of positivity
preserving. This property ensures a correct resolution of a dry bed where
the water height are very small. In this case, due to inherent numerical
oscillations, the water height can take a non-positive value and can lead to
non-physical solutions.
We are interested here in a simple, accurate and robust numerical method
that satisfies the desirable properties described above. We adopt here the
following first order approximation for the numerical fluxes [7],
aj+ 1
1
2
Hj+ 1 = (f (Vj+1 ) + f (Vj )) −
(Vj+1 + Vj ),
2
2
2
where the local characteristic speed aj+ 1 is given by
2

p 
p
aj+ 1 = max |uj+1 | + ghj+1 , |uj | + ghj
2

which are approximations of the spectral radius of the Jacobian of the flux.
Note that we dropped the dependence of the variable with respect to time
for simplicity. For the treatment of the source term, one can adopt the
upwinding method as presented in [6].
For the simulation of many intersecting rivers, we discretize the simulation
time ts according to the mesh tn = n∆t for n = 0, 1, ..., N where N satisfies
ts = N ∆t. For each simulation step, we solve the flow equation for t ∈
[tn , tn+1 ], we adjust the coupling and boundary condition and iterate the
process. These steps are summarized in the algorithm presented in Table 1.
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• Start with initial data in each river such that the coupling and boundary
conditions are satisfied.
For each simulation time interval [tn , tn+1 ] do the following:
• Solve the flow equation for each river for t ∈ [tn , tn+1 ];
• Adjust the boundary and coupling conditions.

Table 1: Flow diagram for the computer program for the simulations.

5

Numerical examples and results

Now we consider some examples of water network simulation.

5.1

Dam-break wave simulation

We consider the dam-break problem in a rectangular channel with flat bottom
B = 0. We compute the solution on a channel with length L = 2000 m for
time t = 20s and with initial conditions
u(x, 0) = 0,


h(x, 0) =

h1 , x ≤ 1000
h0 , x > 1000.

with h1 > h0 . We consider two cases both with h1 = 10 m: Case (a) the
depth ratio h0 /h1 = 0.7 and case (b) the depth ratio h0 /h1 = 0.01. The
dam collapse at time t = 0 and we have a shock wave (bore) travelling
downstream, a rarefaction wave (depression wave) travelling upstream (see
Figure 5).
The flow profiles are well resolved by our numerical scheme as can be seen
in the result of case (b) as well. For case(a), the flow remains subcritical
throughout the channel whereas for case (b) the flow is supercritical in the
vicinity of the dam and subcritical far away from the dam which is situated
at x = 1000, see Figure 6.

54

T. Lange, M.K. Banda and J.-M.T. Ngnotchouye

(a)
3

Water level (m)

10

Discharge (m /s)

16
9.5
14
9

Q

h

12
8.5

10

8
8

7.5

7

6

0

500

1000
Distance (m)

1500

2000

Water level in the main river (m)
10

9

4

0

500

1000
Distance (m)

1500

2000

2

Discharge in the main river (m /s)

25

8
7

20

6
15

5
4

10
3
2

5

1
0

(b)

500

1000

1500

Distance (m)

2000

0

0

500

1000

1500

Distance (m)

2000

Figure 5: Water level (left) and discharge (right) for the dam-break problems.

5.2

Simulation of three connected channels of equal
strength

The setup for this simulation is as described in Section 3.1. We consider
three rivers of equal strength meeting at the same junction. The flow in each
river reach is simulated by the numerical discretization of the shallow water
equations as described above and the coupling conditions are introduced as
interior boundary conditions. Here as in the case of the dam-break wave
simulation, we assume that the rivers have a flat bottom. To drive the flow,
we introduce a dam–break in each river.
We assume that the three rivers have equal length L = 2000m. The
bottom topography is the same in each river i.e B1 = B2 = B3 = 0.5 m. The
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Figure 6: Froude number for the dam-break problem with the depth ratio
h0 /h1 = 0.7 (left) and h0 /h1 = 0.01 (right).
initial discharge in each river is
Q1 = 0.15m3 /s,

Q2 = 0.45m3 /s,

Q3 = 0.01m3 /s.

The first and second rivers are ingoing to the junction and the third river
is outgoing. The intersetion is at x = 0. The results for the numerical
simulation for the water levels and the discharge in each river are shown in
Figure 7 and Figure 8. There appears a hydraulic jump in the first river (top)
which dissipates at the intersection. The flow in the third river (bottom) is
more uniform. This results from the effect of the intersection. The complex
dynamics in the first river and the second river lead to a more stable and
uniform flow in the third river.

5.3

Simulation of a main river with a tributary

Here, we use the coupling mechanism presented in Section 3.2. The width of
the tributary is chosen so that it is a tenth of the width of the main river.
The elevations of the river beds are assumed to be constant. We plotted in
Figure 9 the water levels and the discharge in the main river where one can
see that the influence of the tributary on the main river is limited to the
neighborhood of the intersection point.
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Figure 7: Water level in each river for the simulation of three rivers of same
strength.

5.4

Simulation of a reservoir or a storage basin

Here we consider a reservoir with arbitrary geometry. We assume that a
river, say river 1, flows into the reservoir and another river, river 2, flow out
of the reservoir. We are interested in the volume of the water in the reservoir.
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Figure 8: Discharge in each river for the simulation of three rivers of same
strength.

The dynamics of that volume of water follows the model equation (14) with
n = 2. Here one can assume that there is a pumping station located upstream
of river 1. When the filling capacity of the reservoir is reached, the pump
is switched off and therefore, the water level in river 1 and river 2 remain
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Figure 9: Water height (left) and discharge (right) in the main river. The
influence of the tributary on the main river is highlighted.

constant with the same discharge, leading to a constant volume of water
in the reservoir. This behavior is illustrated in our simulation presented in
Figure 10. For that example, the initial volume of water in the reservoir
is given by V0 = 1000 and the simulation is carried out for time length of
ts = 80 seconds.
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Figure 10: Evolution of the volume of water in the reservoir with time.
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Concluding remarks

In this article, we have reviewed and implemented some coupling mechanisms
at the junction of rivers. These comprise the analysis of dam-break wave simulations, the presence of a weir in the river or storage basins. The proposed
coupling conditions for the case of three confluencing rivers are very similar
to the cases studied by Colombo et al [4, 5, 3] in the case of the isothermal
Euler equation and by Banda et al [2] for the multiphase drift-flux model.
These authors considered the case of a network of pipes. The cases where the
boundary conditions are defined by measurement with a gauging-station are
more difficult to handle and can only be treated on a case by case basis [8, 9].
The simulations carried out in this work can be improved by using a more
accurate numerical scheme for the flow equations. High-order schemes come
at high computational costs. Nevertheless, there are quite a few suggestions
on so called high resolution well-balanced schemes in the literature. The advantage of these schemes compared to what we used here is that they allow
topography and breadth variations in addition to having high resolution of
fluvial waves as well as preserving steady flows. The simple first-order scheme
also referred to as an upwind scheme however, has the advantage of being
simple and efficient and is capable of giving satisfactory results on a network,
as our numerical simulations demonstrated. To close it must be pointed out
that the schemes presented here are explicit in the time domain. Hence one
needs to be careful of the values that are assigned to time-steps, ∆t. The
time steps will be limited by stability constraints. In addition there is no
need to solve a large system of non-linear algebraic equations which would
be the case if an implicit scheme was applied in time-marching. Further work
will include the coupling of supercritical flow, or the case of time dependent
flow beds.
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